
-famatorformalism

-Ooverview / orign story
Eshall not today attempt to

I
define the kinds

of
material I

understand to be embraced within Fal

origin in SGA
, proof of Well conjectives

shorthanddescription, and perhaps

Icould never succeed in

(GoAndind
, Deligne, Verdir,--- intelligibly doing so.

GFF
as framework

to
formulat properties of &Justice

Potter Stewart

cohomology& in particular duality
in different settings

Stopological , Cradiz
, .. )

furthe uses :
-

theory of perverse shears ,
Beihinson- Bernstein- Deligue-Gabber

-

Fomier-Maki
transforms

-function - short dictioning in geometric represitation theory

more recently :
-

GFF he motives/motvic stable homotop

-

D-categorial versions, wh improved
asiomatics encoding

coherences wa do-arts
of conespondences (Many

i

-

- a categorical framework for cohomology coefficients

want to talk about cohomology lots,F1. appropriate
coefficients,

- what properties should space we are
e.g. sheaf
.

interested in oroply of sheares, --
sucon assignment have ?

-how does cohomology mayw
?



Setup: Six-functor formalism
is assignment (suitably functorial (

un

analyticcieties I
~

rocces categories of

coefficient
/

top. spaces for cohomology

schemes
-

e(x)

/
ding whated or

· .

g. A col , shares
,
bade shears , wived Hudge models , D-modules, Dategories

motives
,

sheme
of
(moticia) Specta- -

I#refutesThe+fo · e(y)= 2(X) : Ja

of spaces.

- a long list of axious

encoding natural/properties
useful

we'll look atsome of these
& how they areapplied.

Plan :
-

how to
get cohomology out of the formalism ?

-
p

-

formulation of duality & empts

pfI-What we an do w/ GFt :

trae formula & Will cong.

in
untHefday gaina



SExample : topological spaces
& sheaf whomology

Cof. e.g. Kashima-Schapira(
spaces

= loc
, get . Husdorff space & Oh waps

X was DCX) = bouded

derived wityoy
ofsesa

-

see Tommy's

(2)g2 + Rfx ordway pullbart & pachformand lactures

Lf : pushford col compact support.

8:F =

for substant of section w/ et support.

for jkxX open immersion
, j.F is extension by zero.

f
-

right joing (only on deivedwleyony level)

① How tenir product & internal How

cohomology : HFX
, 5) = RN(X

,
5) derived global sections

col . w/opt support
: It (X, 5) = R

*

g: (5)

-worexamples

-

D-modules (hopological & alebic
-

nied Hodge cocubs

also realization fructors
-

ladis shears

- coherent sheaves ↓asmorphismsbettea b

- motives
,

motive stable homotopy
-

equimiant topology
,

(also stacks (

-

paraetized spectin

~ recently a lot of work
inp-wiel analytic settings



-3Kohomology from sir functors

for p
: X ->

pt venor cohomology etc . hour six factors :

cohomology :

Pap

*

1 T(ph) - in examplebore

&
His is RP(X

,E)

or col.gp How
(1
,
papIn]) =H(x,

↓coh
. W/ upt

·

Support
:

p : p

-

1

Fin
grand

homology :

p ! p:

t f
,
x
- y

Bovel - More homology : pop'.
relative versions.
-

factorialitiesrecopred from adjunctions :

8- go at unit
may

id -> fof11 He's ,all /
Coresponds to id :

f
*

- >85

under aljuction,

85-90885
=

Pog's induces Ho (4
,5)
-> 1%x, 805)

amlogus : 8+ 8
:
> count

unap

0: 0
:
% =

9 : 8:8 g!1
-> 9 .91 indus Ho(x,e) -> H (Y#)

productfrom 88 strong monoidal
:

for 8 : X-Y m 80
: (4) - CCX) is strong monoidal functor,

in
f

%

(MON) = fof
°

C

-
go lat

monoidal
,

i
.e

.

have natural buf, fo(M)@fo(M
->

fo (MON)

m for At CAly(2(X) , 80 A
E CAy([()

So pol is
Cal↳targetmodenea



application:

formulating duality

let's start w/ simple adjuction , far 8 : X-p

18: 8
:

1th]
,
1) = Hour(1

, 108"-2)

/ I

H(x) (B(x)

can beJoken as

def of Bowel - More honology

this becomes more interesting , for of
smooth

,

proper

-proper: f55

Difa, so <s is H(x) = It(x)

sofa
ta come
t

underlyDe
die bundle

+
= XxY

so RHS is How(1
, fo Wyth-n])

= 194(X
, Wx)

if
is addition X Orientable (WX =E ) As is 164h(x)

=> Poincare duality

↳ get.
vintaanmobs

& Hen take colom



Evedidualm How

ex

(M , 81)

- duality on constructible ( = compact) objects

Do Dx
=
M

-

exchanges So , 8 & 80 , g
:

HGod , (g'd = gid

version of pug
:

formula

ep
: 8 : %'I is the Verdia And of for *1 , in Clpt).

dualit between cohomology and homology

useful for relative versions & qualizations of deality

benefit of formulating duality

Wa six factors :

- similar patters in different settings

-one we have shay foundation of
Poncic damble compatiblewI Sir factor,

are
proce by load computation

,



S5proper pushforward
& base change pashfemme fructors

I relatedo
e

maps

2-

these is a natural transformation () -Go

which is an isomorphism for proper maps

Consequence : proper pushforwards
in cohomology :) W/ Cpt support

nidad by 7 . 5-9 : 88
*

5 =

9: 8: 85
=

p, 85

basechange : for a critesian
synme XX

we have a comonical ison. ↓ ↓ p

s - s

f

Perigg
*

Co Suitable
assumptions,

Sep / Los
. fir. type (

consequence :

proper
base change

Deorem

for of : X
-> Y

proper
stalk

of
R
*

825 at ye

I sharf or X is 164(8"() , 5) cod
of file

-projectionformular:

#f:
(N)
f: (gamon)

iso left/igh only , / ambolatile

f : (f
+

yux)

proj , founda for
ada clare

=

yuf(x) .



~

G Smooth pullband , parity
&
fundamental classes

all

bacfunctde
a

factors as regular
closed immasion & smooth map twist by than space
/

for
Loi morphisms f

: X-4 there is a

ofpelative
cotangent lo.

natural transformation f (-)@thy (f)
-> f()

which is an isomorphism if of is susott,

& Ar is alled relative parity.

consequence

- Gysin maps (transfers , wong-way fuctiviality

for f
: x-> Y Smooth

proper
,
reldimd

,

have puchford in cohomology

H

*

1x
, 85)
-

> H
"

/y
, 5)

Similar for

induced from Prf[d]
=

yo 8.85
it

905 regular coli
de

immeric

- trace
up 8: Zig

*

- in by adjunction

- fundamental classes

Forh(f)= y't)

Do Th(Tg) = 8'l

2 Thow Som
, Enly classes as ssoin)

for zo sation :X-E ofb

basechange : for a critesian
synme XX

we have a comonical ison. ↓ Up
s - s

f

rect+po (a Suitable
assumptions,

Sep / Los
. fir. type (



-7Example : (quasi)coherent sheaves

For maDach)

Gothendia , Hartshome Residues & Duality , but no f!

can be
fixed by solid modules in Clause-Scholze condensed with

decily: coherent setting

fix-proper morphism northerian
finidin schemes

w
(185 , G) = Rfo Rkmy

(5
, f

:

G)

I bounded above sply of
Oxlad
, gamical, whom

& boude below - be colect colom

recour sere duality for 8
: X- > Speak , Xenoh ,proj ,

im d

(AS = H
+ (X

,

5) v
G

=

Oper

RAS = E

" -
&
(5

, 2) 8g = 2x[a]

duatting staf.

adjunction ump fif" -> in inde

trace
up 1

*

X, -&, iso for X Smoot props

premie of
108 fundamentalclass /

cole form .

(
more

generally 8
: X -> 4 Smooth

,

weldin d

(8"() =[]


