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Abstract

Let G be a p-adic Lie group. We develop a dimension theory for coadmissible G-equivariant
D-modules on smooth rigid analytic spaces. We introduce the category of weakly holonomic
G-equivariant D-modules, study its duality and its preservation under various operations.
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1 Introduction

The category of coherent Dx-modules (differential equations) on a smooth complex analytic variety
X is omnipresent in many areas of mathematics. Among its many applications to representation
theory, we mention the Beilinson-Bernstein theorem, which relates the representations of a given
semi-simple complex Lie-algebra to D-modules on its flag variety [7]. Many interesting representa-
tions correspond thereby to so-called holonomic modules and satisfy many finiteness properties. A
non-zero coherent Dx-module is called holonomic if the dimension of its associated characteristic
variety is as small as possible, i.e. equal to dim X. An equivalent definition makes use of the duality
functor

D: D (Dx) — D" (Dx)?, M+ RHomp, (M, Dx) R0, Q% *[dim X]

on the derived category D™ (Dx). A coherent Dx-module M is then holonomic if and only if
HY(DM) = 0, for all i # 0.

In the setting of rigid analytic spaces, let K be a discretely valued complete non-archimedean
field of mixed characteristic (0,p) with valuation ring R and uniformiser 7. Let X be a smooth
rigid analytic variety over K. In [5] Ardakov-Wadsley introduced a certain sheaf of infinite order
differential operators Dx on X and used it to define the abelian category Cx of coadmissible
ﬁx—modules. Coadmissibility is a certain finiteness condition replacing coherence in the complex
analytic setting. The sheaf Dx is in fact a certain Fréchet completion of the sheaf of usual finite
order algebraic differential operators Dx. In the case of rigid analytic flag varieties the sheaf
corresponding to D on the Zariski-Riemann space was independently introduced and studied by
Huyghe-Patel-Schmidt-Strauch in [11], where it is called Zw.

In the context of D-modules on smooth rigid analytic varieties, the notion of characteristic vari-
ety is much more complicated and not yet developed. In order to define a notion of weak holonomic-
ity for 5—modules, the authors in [6] introduced a dimension theory for coadmissible D-modules
by using the homological grade of a module as its codimension. This is based on the key fact that
whenever X is affinoid with free tangent module 7(X), then D(X) is almost Auslander-Gorenstein
(it is a well-behaved inverse limit of Auslander-Gorenstein K-algebras). Weak holonomicity is then
defined as being of small dimension. The weakly holonomic modules form a full abelian subcategory
C)“(’h C Cx closed under extensions. It satisfies Bernstein’s inequality and admits an auto-duality.
However, as explained in [6], the category C)“éh does not yet satisfy all the finiteness and stability
properties one would expect from holonomic modules and serves thus only as a first approximation
(hence the adjective 'weak’).

Now let G' be a p-adic Lie group acting on the smooth rigid space X. Recently, K. Ardakov
introduced in [1] the category of coadmissible G-equivariant Dx-modules. Coadmissible equivariant
modules form an abelian category Cx ;. In the case G = 1, one recovers the former category Cx.
Since classical equivariant D-modules (e.g. Harish-Chandra sheaves) admit many applications to
representation theory, it is expected that the category Cx ;¢ (for suitable X and ) will have
important applications to the representation theory of G. A first manifestation of this principle is
the equivariant version of the rigid analytic Beilinson-Bernstein localization theorem relating Cx /¢
to locally analytic G-representations [1, 11]. Here, G is a reductive group and X is its rigid analytic
flag variety.

It is therefore a natural question whether the notion of (weakly) holonomicity and its duality
can be generalized to the equivariant setting. This is the aim of the present article.
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After recalling some elements from the theory of equivariant D-modules in section 2, we start
in section 3 the development of Ext functors and equivariant dimension in a local situation. So let
G be compact and stabilize a "small” affinoid X of dimension d. In this case, Cx /¢ is equivalent
to the category of coadmissible modules (in the original algebraic sense introduced by Schneider-
Teitelbaum [19]) over a certain Fréchet-Stein algebra D(X,G). The latter is a suitable Fréchet
completion of the skew-group ring D(X)xG. It is not difficult to see that the Fréchet-Stein structure
of 23(X,G) has noetherian Banach algebras, which are Auslander-Gorenstein rings of injective
dimension at most 2d. This allows us to follow [19] and define Ext functors and a homological
dimension for coadmissible D(X, G)-modules.

In the next section 4 we globalize these constructions to general smooth rigid analytic varieties
X endowed with a continuous G-action, using admissible open coverings. We point out that, in
contrast to the nonequivariant situation, there is no global sheaf ﬁ(—, () playing the role of the
coherent sheaf D in the equivariant setting. The globalization is therefore more subtle than in the
case G = 1 and the technical heart of the paper, see 4.2. To sum up, we construct, for all non
negative integers i € N, Ext-functors E° : Cx a — Cx s from left to right modules, where the

sheaf E*(M) is defined locally on ”small” affinoids U, as

E'(M)(U) = lim Exti; (M(U),D(U, H)),

(U,H)
where H runs over a suitable set of compact open subgroups of G stabilizing U. Similarly, the notion
of homological dimension globalizes to a well-defined dimension on coadmissible G-equivariant (left
or right) Dx-modules. The usual side-changing functors Qx®op, and Homoey (2x, —) between
Cx /g and Cx J: breserve the dimension.

After having introduced the dimension theory on the category Cx g, we define weak holo-
nomicity in section 5: a module M € Cx /¢ is weakly holonomic, if dim M < dim X. The weakly
holonomic modules form a full Serre subcategory C)“g;G of Cx /g As in the classical setting, one
needs Bernstein’s inequality to go further, cf. [10, 2.3.2]. The following theorem is our first main
result, cf. 5.8.

Theorem 1. Let X have good reduction, i.e. a formal model which is smooth. Then Bernstein’s
inequality holds in Cx jq: any non-zero M € Cx ¢ satisfies dim M > dim X.

Unfortunately, we do not know at present, if Bernstein’s inequality holds in Cx /g if X is a
general rigid analytic space with G-action. The main problem is that we do now know whether a
given smooth affinoid with G-action can be viewed as a closed stable subspace of a polydisc with
G-action, a fact which is obvious when G = 1. ! In any case, the methods developed in this paper
allow us to go beyond the case of good reduction and treat, for example, G-stable smooth closed
subspaces of G-spaces with good reduction.

As a next step, we establish the auto-duality on C)“(’};G, whenever Bernstein’s inequality holds.

We have Ext functors £ on Cx /¢ by composing E* with the side-changing functor Homoy (Qx, —)-
Our second main result is the following, cf. 5.15.

Theorem 2. Assume that Bernstein’s inequality holds in Cx jq. Then

D = gdlmx|cwh
X /G

!Note that the corresponding algebraic problem is also obvious: if G is an algebraic group, then any affine G-variety
admits a closed equivariant immersion into a finite-dimensional G-module, e.g. [9, Prop. 2.2.5].
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is an auto-duality on C)‘g’;G, i.e. satisfies D? = id.

The functor D is the correct equivariant generalization of the duality functor from [6] and we
call it the duality functor on C)“g}c.

In the last section 5 we discuss the preservation of weak holonomicity under various operations.
This allows us to exhibit large classes of weakly holonomic modules. We first generalize the ex-
tension functor from [6] to the equivariant setting and obtain a functor Ex ;g from G-equivariant
coherent Dx-modules to the category Cx g. As expected, it takes modules of minimal dimension
(in the sense of [15]) into C)?}G' In the algebraic case, when X = X" for some smooth algebraic
K-variety X, any holonomic algebraic Dx-module gives rise to a coherent Dx-module of minimal
dimension.

Back in the case of a general smooth rigid space X with G-action, we show that all (strongly)
G-equivariant integrable connections give rise to objects of C)“é’}G. Of course, the structure sheaf
Ox is weakly holonomic. We go on and prove a dimension formula for the equivariant pushforward
functor, generalizing [6, Thm. 6.1] to the equivariant setting. Making use of the equivariant
Kashiwara equivalence for coadmissible modules [2], we arrive at our third main result, cf. 6.18.

Theorem 3. Leti: Y — X be a smooth Zariski closed subspace which is G-stable. Then
Kashiwara’s equivalence restricts to an equivalence between C%l’{h/G and the category of weakly holo-

nomic equivariant 73X—modules supported on Y.

As a corollary, the module i, Oy is a weakly holonomic G-equivariant ﬁx—module for any
smooth Zariski closed subspace ¢ : 'Y — X which is G-stable. Here iy denotes equivariant push-
forward along ¢. This yields a large class of examples in C)“(”;G. We finally show that weak holo-
nomicity is preserved under the geometric induction functor from [2], cf. 6.20.

Theorem 4. Let P be a closed co-compact subgroup of G. Geometric induction indg :Cx/p —
Cx /g preserves weak holonomicity.

In particular, indez’+Oy is a weakly holonomic G-equivariant 13X—module for any smooth
Zariski closed subspace i : 'Y — X that has a co-compact stabilizer Gy .

Acknowledgements. Much of this work is contained in the second author’s PhD thesis at
Rennes university under the supervision of Tobias Schmidt. She likes to thank him for encourage-
ment and support during the prepartion of this thesis. She also likes to thank the Henri Lebesgue
Center Bretagne and Region Bretagne for financial support.

Notation: Throughout this paper, K denotes a complete discrete valuation field of mixed
characteristic (0, p) with valuation ring R, a uniformiser 7 € R and residue field k. The algebraic
closure of K is denoted by K. If M is an R-module, its m-adic completion is denoted by M. All
rings, appearing in the article, except for Lie algebras, are supposed to be associative and unital.
All modules are left modules, if not further specified.

2 Reminder on coadmissible equivariant D-modules

We review some elements of the theory of coadmissible equivariant D-modules on rigid analytic
spaces, as developed in [1]. This also allows us to set up notation for the sequel.
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2.1 Some algebraic background
2.1.1 Lie-Rinehart algebras

Let R be a commutative ring and A be a commutative R-algebra. Let Derr(A) be the space of
R-linear derivations on A. A R-Lie algebra L is called Lie-Rinehart algebra or a (R, A)-Lie algebra
if it is also an A-module equipped with an A-linear Lie algebra homomorphism p : L — Derg(A)
such that
[, ay] = alz, y] + p(z)(a)y

forall x,y € L and a € A, cf. [17]. Of course, Derg(A) itself is an (R, A)-Lie algebra (with p = id).

Let (L,p) be an (R, A)-Lie algebra. The enveloping algebra of L is the universal associative
R-algebra U(L) equipped with homomorphisms

in: A—U(L) and ip: L — U(L)

satisfying the property iy (ax) = ia(a)ip(z) and [ip(z),i4(a)] = ia(p(x)(a)) for any a € A,z € L.
If A is a Noetherian ring and L is a finitely generated A-module, then U(L) is a (left and right)
Noetherian ring. The Lie algebra L is called smooth if it is a finitely generated projective A-module.
In this case, the morphisms i 4 and ¢;, are injective and we can identify A and L with its images in

U(L).

Let ¢ : A — B be a morphism of R-algebras. We say that the action of L on A lifts to B if
there exists an A-linear Lie algebra homomorphism o : L — Derg(B) such that for every x € L,
the diagram

p(x) A

P

e

o(x) B

is commutative. In this case, the base change (B®4L,1®0) is an (R, B)-Lie algebra [5, Lemma 2.2].

2.1.2 Crossed products

We assemble some facts on crossed product rings. Our main reference for such rings is [16]. For
any ring R, we let R* denote the multiplicative group of invertible elements (units) in R.

Definition 2.1. Let R be a ring and G be a group. Then a crossed product R+ G of R and G is a
ring containing R and a set of units G = {g, g € G} C (R* G)* which is in bijection with G such
that:

(i) Rx* G is free as a right R-module with basis G
(it) 1R = Rg1 and g1g2R = g1g2R for all g1,92 € G.

It follows from (ii) that R * G is also freely generated on G as a left R-module. The following
flatness lemma for crossed products will be useful for the next sections.

Lemma 2.2. Let ¢ : R — A be a morphism of rings such that ¢ is left (resp. right) flat and that
it factors through
R— RxG — A.

Then the morphism R G — A is left (resp. right) flat.
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Proof. This is [18, Lemma 2.2]. O

An important example of a crossed product for us is the skew group ring. Let G act on R via
a group homomorphism o : G — Aut(R). The skew product ring R x G is, by definition, the free
right R-module with basis G:

RNG:{90T0+"-+gnrm TiER,giEG,TLGN}.

The multiplication on R x G is defined by:

(9171)(g2r2) = (9192)((g5 "-r1)72)

for any 1,72 € R and g1,g92 € G. Here, we let g.r (resp. r.g) denote the image of r under o(g)
(resp. o(g~')). The ring R x G naturally contains R as a subring and contains G as a subgroup of
(R x G)* and one has the relation grg=! = g.r, for any g € G, € R.

Remark 2.3. We will often use the presentation of R x G as a free left R-module with basis G:
each element in R X G has a unique representation zgeG rqg, where vy € R are zero for all but
finitely many g € G. Under this representation, one can rewrite the multiplication as follows:

(rg)(r'g") = (r(g-r"))(99")- (1)

Let a skew group ring R x G be given. Following [1, Definition 2.2.1] a trivialisation of R x G
is a group homomorphism 3 : G — R* such that

B(g)rB(g) ' =g.rforall g€ Gandr € R.

A trivialisation 8 : G — R* induces a ring isomorphism

B:R[G] — RxG
T

g— B(9) g

with the ordinary group ring R[G], cf. [1, Lemma 2.2.2]. Given a a normal subgroup of G and
B: N — R* a trivialisation of R x N, one defines the left R x G-module
RxG
RxyG=Rx)G= 2 .
(R > G)(B(N) —1)

When 3 is G-equivariant, which means 3(gng=') = g.3(n) for every n € N and g € G, then
R x G is an associative ring containing R as a subring and there is a group homomorphism
G — (Rxy G)*, cf. [1, Lemma 2.2.4].

2.2 Coadmissible equivariant D-modules on rigid analytic spaces

Let X be a rigid analytic space. If X is quasi-compact and quasi-separated (qcgs), then a choice of
formal model X for X leads to a certain Hausdorff topology on the automorphism group Aut(X, Ox)
of the G-ringed topological space (X, Ox) which is compatible with the group structure and which
is independent of the choice of X'. A filter base is given by the congruence subgroups in Aut(X, Oy),
viewed in Aut(X, Ox) via the generic fibre functor [1, 3.1.5].

Now let X be a general rigid space and G a p-adic Lie group together with a group homomor-
phism p : G — Aut(X,O0x). The action of G on X is continuous in the sense of [1, Definition
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3.1.8] if the stabilizer Gy of any qcgs admissible open U is open in G and the induced action map
Gu — Aut(U, Oy) is continuous.

Now let X be a smooth affinoid K-variety and G be a compact p-adic Lie group which acts
continuously on X. Then any affine formal model A of A := O(X) is contained in a G-stable affine
formal model [1, 3.2.4]. Let us fix a G-stable affine formal model A in A in the following.

Let L := Derg(A) denote the (K, A)-Lie algebra of K-derivations endowed with the natural action
of G. An A-submodule £ of L is called G-stable A-Lie lattice in L if it is a finitely presented .A-
module which spans L as a K-vector space and is stable under the G-action and the Lie bracket on

—

L. For such a G-stable A-Lie lattice £, we denote by U(L) the m-adic completion of the envelopping

_

algebra U (L) and write U(L)k := U(L)®r K. By functoriality, these rings have natural G-actions.

Now fix a Lie lattice £ which is smooth (i.e. finitely generated projective) as an A-module.Then
the unit ball of the K-Banach algebra U(L)y is isomorphic to U(L). Consider the skew product

U(L)k x G. Since A is G-stable, the morphism p : G — Aut(A) takes values in the subgroup
Aut(A) C Aut(A4). Write

Gr:=p exp(p°L)) C G. (2)

Here e = 1ifp=1,e=2if p > 2 and p : G — Aut(A). By [l, Theorem 3.2.12], there is a
G-equivariant trivialisation

X

Br:Gr — ULk

of the Gr-action on U(L)k. Hence the K-algebra U(L)g x g G is defined for any open normal
subgroup H of G contained in G.

Recall [1, Definition 3.2.13] that a pair (£,.J) is called an A-trivialising pair if £ is a G-stable
A-Lie lattice in L and J is an open normal subgroup of G contained in the subgroup G, of G
(which generally depends on £). The set Z(A, p, G) of all A-trivialising pairs is a partially ordered
set via (L1, N1) < (L2, No) iff Lo C L1 and Ny C Nj. In this situation, we can form the completed
skew-group algebra

D(X,G) = lim U(L)k s G,
(L.7)

where (£, J) runs over the set Z(A, p, G) of A-trivialising pairs.

In our situation, the pair (X,G) is called small [1, 3.4.4], if L has a G-stable free A-Lie lattice
L for some G-stable affine formal model A of A. In this case, there is a good chain (Jo) for L, i.e.
an open normal subgroup J, of G for each non negative integer n > 0 such that (), J, = {1}.
Finally, there is a canonical isomorphism of K-algebras

D(X,G) > lim U (x"L)k %, G-

For each n > 0, U(n"L)k X, G is a noetherian Banach K-algebra and the transition maps in the

projective limit are flat ring homomorphisms [1, 3.4.8]. This shows that ﬁ(X,G) is a two-sided
Fréchet-Stein algebra in the sense of [19, 6.4] for small (X, G).
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Remark 2.4. Let D(X) = U(O(X)) = U(L) ®@r K be the ring of global differential operators of
finite order on X. There is a canonical group homomorphism v : G — (ﬁ(X, G))* and a canonical
K -algebra homomorphism v : D(X) — ﬁ(X, G). These are defined as the inverse limit of the natural
maps yn 1 G — (7(;”\5)1{ X, G and v, : D(X) 2 U(m"L) @ K — U/(;r"\E)K X, G respectively.
The maps v and v are compatible and define a natural morphism

L xv:D(X) x G — DX, G).

For any smooth rigid-analytic space X we will write 7x or simply 7 for the tangent sheaf
Derg(Ox). We denote X,,(7) the set of all affinoid subdomains U of X such that 7 (U) admits a
free A-Lie lattice for some affine formal model A in O(U). The set X,,(7) is a basis for the strong
Grothendieck topology X,z on X [5, Lemma 9.3].

Suppose that (X, G) is small. Since 73(X, G) is a Fréchet-Stein K-algebra, there is the abelian

category Cﬁ(x, ) (resp. C% x G)) of coadmissible left (resp. right) ﬁ(X, G)-modules from [19]. It is

possible to view coadmissible ﬁ(X, G)-modules as G-equivariant sheaves on X, as we now briefly
recall [1, 3.5]. Let M € Cﬁ(x ) be a coadmissible left D(X, G)-module, we first define a presheaf
on the set X, (7). For each U € X,,(T), we set

M(U,H) :=D(U,H M.

)®§(X,H)

Here ® denotes the completed tensor product of coadmissible modules, which is defined in [5,

Section 7.3]. In particular, M (U, H) is a coadmissible (left) D(U, H)-module. If N < H is another
open subgroup of G such that (U, N) is small, then there is an isomorphism of D(U, N)-modules
M(U,N)—M (U, H). Thus we may form the limit when H runs over the set of open subgroups

of G such that (U, H) is small

Px(M)(U) == lim M (U, H).
H

Note that the correspondence Px (M) : U € X,(T) — Px(M)(U) defines a presheaf on
Xw(T). The G-action on Px (M) is determined as follows. Let g € G , then there is a continuous
isomorphism of K- Fréchet algebras

gu.m : D(U,H) — D(gU,gHg ™).

This isomorphism, together with the group homomorphism v in Remark 2.4, determines the fol-
lowing isomorphism:
9U.m : M(U,H) — M(gU,gHg™")
a@m — gu,r(a)@y(g)m
which is linear relative to gy . We then see that there is a G-equivariant structure on Px (M)
which is locally determined by the inverse limit of the maps g{\f{ g When H runs over all the open

subgroups H of G such that (U, H) is small. According to [1, 3.5.8/11]), the presheaf Px (M) is a
G-equivariant sheaf of Dx-modules on X,,(7). It can therefore be extended uniquely to a sheaf on

X, which is denoted by LOCQ(X’G) (M) or Locx (M) for simplicity (whenever there is no ambiguity).

Now we drop the assumption that (X, G) is small and let X be a smooth rigid analytic variety and G
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be a p-adic Lie group acting continuously on X. There is the well-known notion of a G-equivariant
(left or right) Dx-module, which we do not recall here, e.g. [1, Definition 2.3.4]. Instead, we recall
that a G-equivariant left Dx-module M on X is called locally Fréchet if for each U € X,,(7),
M(U) is equipped with a K-Fréchet topology and the maps ¢ (U) : M(U) — M(gU) are
continuous for any g € G, cf. [1, Definition 3.6.7]. There is the obvious notion of a morphism
of G-equivariant locally Fréchet D-modules. The category of G-equivariant locally Fréchet left
Dx-modules is denoted by Frech(G — D).

A G-equivariant locally Fréchet Dx-module M is called coadmissible if there exists a X, (7T)-
covering U of X satisfying that for every U € U, there is an open compact subgroup H of G
stabilising U and a coadmissible ﬁ(U, H)-module M such that one has an isomorphism

Locy(M) ~ M |u

of H-equivariant locally Fréchet Dy-modules. The category of coadmissible G-equivariant Dx-
modules is denoted by Cx /. This is a full subcategory of Frech(G — D). In the case where (X, G)
is small, the functor

Locx : Cﬁ(X,G) — Cx /G
is an equivalence of categories [1, 3.6.11].

Note that the category Cy /G of coadmissible G-equivariant right D-modules can be defined
similarly and, in the case of small (X, ), the above equivalence of categories still holds for the
, . . - B - L .
category Cﬁ(xg) via a localization functor "Locx(—) on Cﬁ(X,G)’ which is defined in complete
analogy. For future reference, let us note that the group G acts (locally) on "Locx (M) as follows:

if g € G and (U, H) is small, then g produces an isomorphism of K-modules
Mo M®s.y DU, H) M@~ D(gU,gHg ™)
9gu,H : D(X,H) ’ D(X,gHg—1) gyu,giig
m@a — my(g~1)@g(a).

Next, we recall from [5] some important classes of affinoid subdomains of X. Let U be an
affinoid subdomain of X and let r{s : O(X) — O(U) be the restriction morphism. Fix an affine
formal model A of O(X) and an A-Lie lattice £ in T (X).

Definition 2.5. (i) An affine formal model B in O(U) is called L-stable if ri(A) C B and the
action of L on A lifts to B. If U admits a L-stable affine formal model, then U is said to be
L-admissible.

(ii) Suppose that U is rational. Then U is L-accessible in n-steps if U = X for n = 0 and for
n > 0, there is a chain U C Z C X such that
. Z C X is L-accessible in (n — 1)-steps,
 U=Z(f) or Z(1/f) for some non-zero f € O(Z),
. there is a L-stable affine formal model C C O(Z) such that L.f C wC.
(i1i) An affinoid subdomain (not necessary rational) U of X is called L-accessible if it is L-

admissible and there is a finite covering U = U;_, U;, where each U; is a L-accessible rational
subdomain of X.

We also recall that an arbitrary affinoid subdomain U C X becomes, after ”rescaling the
lattice”, " L-accessible for any sufficiently large n, cf. [5, Prop. 7.6].
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Following [1] we denote by X,,(£,G) and X.(L,G) the sets of G-stable affinoid subdomains
of X which are also £-admissible and L-accessible respectively (note that X,.(£,G) C X, (L, G)).
These sets form Grothendieck topologies on X (with respect to inclusion).

If N is a subgroup of G such/t@t (L, N) is an A-trivialising pair, then following [1, Section 4],

we may construct the presheaf U(L); xn G on X (L, G) as follows.

Definition 2.6. Let U € X,,(L,G). Then for any choice of a G-stable L-stable affine formal model
B of O(U), we set:

—

UL xNG)(U):=UB @4 L)y xnG.
By [1, Cor. 4.3.12] this gives rise to a well-defined sheaf on X,,(£, G).

Proposition 2.7. If £ is smooth as an A-module and U € X,(L,G) is L-accessible, then the
noetherian ring (U(L) xn G)(U) is flat as a (left and right) U(L) ;- X n G-module.

Proof. [1, Theorem 4.3.14]. O

Finally, we briefly recall the side-changing functors between Cx ;¢ and Cx er cf. [2]. Let

Qx = Homoy (Ao * T, 0x)
be the canonical sheaf on X. This is an invertible sheaf of Ox-modules.

Theorem 2.8. (i) The functors Qx ®ox — and Homoy (Qx,—) are mutually quasi-inverse
equivalences of categories between Cx /g and Cx es

(i) Let (X,G) be small. Then Q(X) @px) — and Homox)(Q(X),
alences between the category of coadmissible left resp. right ﬁ(X, G)-modules, interchanging
the two localization functors Locx and "Locx.

—) are quasi-inverse equiv-

Proof. This is [2, Theorem 4.1.14, 4.1.15]. O

3 Ext groups and dimension for coadmissible ﬁ(X, G)-modules

In this section, we develop the local theory of Ext functors and equivariant dimension theory,
generalizing the non-equivariant approach from [6]. As in loc.cit., all is based on the notion of an
Auslander-Gorenstein ring, which we recall briefly. Let A be a ring. The grade of an A-module M
is defined to be

ja(M) :=min{i : Ext'y(M, A) # 0}

and oo if no such ¢ exists. The ring A is called Gorenstein if it is two-sided noetherian and has finite
left and right injective dimension injdim(A). A Gorenstein ring A is an Auslander-Gorenstein ring
(or an AG ring) if it is Gorenstein and satisfies the Auslander condition:

e For any finitely generated A-module M and any i > 0, one has j4(N) > i whenever N is a
(right) submodule of Extl (M, A).

In the next section, we want to develop a dimension theory for coadmissible 5(X, G)-modules,
generalizing the case G = 1 from [6, Section 5]. We shall need the following lemma, which is a mild
generalization of [19, Lemma 8.8] to the non-noetherian case.
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3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ﬁ(X, G)-MODULES

Lemma 3.1. Let Ry — Ry be a unital homomorphism of unital (possibly non-noetherian) rings.
Suppose that there are units by = 1,b1, ..., by € (R1)™ which form a basis of Ry as a left Ry-module
and which satisfy:

(i) b;Ro = Rob; for any 1 <i < m.
(it) For any 0 < 1i,j < m, there is a natural integer k with 0 < k < m such that b;b; € byRy.
(i1i) For any 0 < i < m, there is a a natural integer | with 0 <1 < m such that bi_1 € b Ry.

Then for any (left or right) Ri-module M and (left or right) Ro-module N, we have an isomorphism
of Ro-modules

Hompg,(M,Ry ®r, N)—Hompg,(M,N)
fr—polf.

Here, p : Ri — Ry is the projection map onto the first summand in the decomposition R; =
@2’;0 b;Ry = @1‘10 Rob; and is Ro-linear on both sides. In particular, for any integer © > 0, this
induces an isomorphism of (right or left) Ro-modules.

Extly (M, Ry ®g, N) ~ Extly (M, N).

Proof. The proof is partly similar to [19, Lemma 8.8]. Note that p is Rp-linear on both sides.
Indeed, if a € Ry and )", a;b; € Ry, one has

- pla- 3ot aibi) = p(31L aaibi) = aag = a.p(}_;, aibi)
(g aibi).a) = p(X1g asbia) = p(3-1t aiazh;) = apag = aga = p(3_1" aibs).a,

here a; € Ry such that a = af and bja = a;bi Vi > 1, since b;Ry = Rpb; from (7). Thus the
morphism:

p: R ®ry, N — Ry ®p, Nm-N
b®@n+— p(b) ® n — p(b)n

is Ro-linear. Now by using a free resolution P of the Rj-module M, which is also a free resolution
of M as a Rg-module, we see that the map p induces a map

Exthy (M, Ry ®g, N) = h'(Hompg, (P, R ®g, N)) — h'(Homp,(P",N)) = Ext (M, N).

Therefore, it suffices to show that for any N € Mod(Ry) and M € Mod(R;), we have an isomor-
phism
Hompg, (M, Ry ®p, N)—>Hompg,(M,N).

Take a presentation of M by free Ri-modules:
RI R/ —M—o0.
Since Homp, (—, N) is left exact, we obtain the following commutative diagram:

0—— HOle(M,Rl PRy N) — Hole(Ri],Rl QR N) —_— Hole(R{,Rl QR N)

| l l

0 ——  Hompg,(M,N) ———  Hompg,(R{,N) ——  Hompg,(R,N)

11



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ﬁ(X, G)-MODULES

Hence it is enough to consider the case M = R; and to prove that

& : Homp, (R1,R1 ®r, N)—Homp,(Ri,N)
Y poi.

This is well-defined since p is Rp-linear.
(1) @ is surjective. Indeed, if ¢ : Ry — N be an Ry-linear map, one defines:

¢ZR1—>R1®RON

br— > b ®¢(b;'b).

=0

Then

 Po(b) = BTy bi @ ¢(b; 'b)) = 2oy p(bi)p(b; 'b) = ¢(b), since p(b;) = 0 for i # 0.
. ¢ is Ry-linear. Indeed, if b= Y. a;b; with a; € Ry and ¥’ € Ry, one can compute:

Y(bb') = Zb ® p(b; 'bb') = ZZbi®d)(b;1ajbjb’)
:ZZbi@)d)ablbb’ ZZba@d) “1hib')
7 7

_Zzagb ® p(b; "b;b') = Z(Z%bb 'bi ® o(b; by bl))
J
:Zaj by (V') = bip(b).

Here, thanks to (ii) and (iii), we have ¢(b') = 3", b; @ ¢(b; '0') = 3°,b;b; @ ¢(b; 'b,b').
Therefore v is R;-linear. This implies ¢ € Hompg, (R1, R1 ®pg, V) and <I> is surjective.

(2) @ is injective. Indeed, let us first prove that if ¢ : Ry — Ry ®p, N is an R;-linear map,
then

P(b) =Y b @ (o) (b 'b).
=0

Indeed, suppose that ¥(b) = >, b; ® n;, with n; € N for all i. ( recall that Ry ®p, N ~
@, biRo @p, N ~ @, b; ® N), then

(b7 1) = b hap(b Zb ' @n;.

Thus,
Zb ®po(b Zb ®Zpb bj)n; = Zb ®n; =1

Consequently, if ®(¢) =0 <= potp =0 — 1(b) = 0 for all b. this implies ® is injective.

O]
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3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ﬁ(X, G)-MODULES

Proposition 3.2. Let Ry, R be two rings which satisfy the assumptions in the above lemma. If a
(left or right) Ri-module N is injective, then N is also injective as Ry-module. Moreover

(i) injdim(Ry) = injdim(Ry),
(ii) Exty (N, Ry) ~ Ext} (N,Ro) and jr,(N) = jr,(N),
(iii) If Ry, R1 are noetherian and if Ry is Auslander-Gorenstein, then so is R;.

Proof. Suppose that IV is an injective Rj-module. By assumption, R; is free over Ry on both sides,
so it is flat as a left and right Rp-module. Moreover,

Homp,(M,N) ~ Hompg, (R1 ®gr, M,N)

for any M € Mod(Ryp). By consequence, N is also injective as an Ry-module.

Now (ii) is a direct consequence of Lemma 3.1 while (iii) can be proved by using (i) and (i7), it
remains to prove ().

If 0 = Ry — I is an injective resolution of Ry , then it follows from Lemma 3.1 that if M is an
Ri-module, then Hompg, (M, Ry ®g, I*) ~ Hompg,(M, I*) for any component I* of the complex I".
Thus R1 ®pg, I kis an injective Ri-module for every k. This proves that 0 -+ Ry — Ry ®g, I is an
injective resolution of R; by Rj-modules. Therefore

injdim(Ry) < injdim(Ry).

It remains to prove that injdim(Ry) < injdim(R;1). Suppose that injdim(R;) = n < 00, so we
need to prove that injdim(Rp) < n. This is equivalent to

Extit' (N, Ro) = 0 for any N € Mod(Ry).

Notice that
Extit (N, Ro) ®r, R1 ~ Bt} (R ®g, N, Ry).

Since n = injdim(R;), one has E:ct?%l(Rl @R, N, R1) = 0 implying that Ext%;rl(]\f, Ry)®p,R1 = 0.
On the other hand, R; is a free Rgp-module on both sides, thus R; is faithfully flat over Ry on both
sides. As a result, Ext’g)rl(N, Ry) = 0 which proves that injdim(Ry) < n = injdim(R).

O

Now, as an application, let us consider the following example which will be important for the
next section. Suppose that X = Sp(A) is a smooth affinoid K-variety for a K-affinoid algebra A
and G is a compact p-adic Lie group which acts continuously on X such that (X, G) is small. We
assume the following extra conditions:

x H is an open normal subgroup of G,
x A is a G-stable affine formal model in A,

x (L,J) is an A-trivialising pair such that J < H.

—

Then Lemma 3.1 and Proposition 3.2 can partially be applied to the case where Ry = U(L) j X
G and Ry = U(L), xj H as follows:

13



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ﬁ(X, G)-MODULES

Lemma 3.3. The natural morphism of rings E(_E\) xyH — U(E) x G satisfies the hypothesis

of Lemma 3.1. In particular, there is a two-sided U(E) X j H linear projection map

POy UL) e 3y G— U(L) %y H. (3)
Proof. Following [1, Lemma 2.2.6], the ring R; := E(E)K X ;7 G is isomorphic to (E(E)K Xy H)xgG

and the latter is isomorphic to the crossed product (U(L), xj H) * G/H ([1, Lemma 2.2.4]). If
we denote by S = {1 = g1, 92, ..., gm} the representatives of the right cosets of H in G, then R; is

freely generated over the subring Ry := U(L), x; H by the units S = {gi, ..., m }, equal to the

image of S in U(L); X G [14, Lemma 5.9(7) ]. Now the properties (i) and (ii) from 3.1 follow
directly from the properties of a crossed product, as recalled in Def. 2.1. For property (iii), given
1 there is [ such that gi_1 € giH, i.e. there is h € H such that 1 € g;g;h. This means 1 € g;g;Ro,
whence g; L'¢ iRy, as claimed. Finally, there is the projection map as claimed. O

o —

Remark 3.4. The injection U(L), — U/(Z) Xy G also satzsﬁes the hypotheszs of Lemma 3.1.
This can be shown along the lines of the preceding proof, using U(E) Xy G U( Vi *G/J.

Proposition 3.5. Suppose that (X, Q) is small and H is an open normal subgroup of G. The ring
D(X, Q) is freely generated over D(X, H) with a basis satisfying the hypothesis of Lemma 3.1.

Proof. By taking the inverse limit of the morphisms p)G( g,y in Lemma 3.3 when (L, J) runs over

the set of all A-trivialising pairs , we see that D(X G) is freely generated as a D(X H)-module by
the image S = {§1, g2, .., Gm} of S in D(X G) which defines a two-sided D(X H)-linear map

pG’H : D(X, G) — D(X, H) (4)

m
Z aigi — ag.
i=1

Corollary 3.6. (i) The maps péH and p)GsH,J fit into a commutative diagram

X
J el s

D(X,G) D(X, H)

QG,J\L lQH,J

X
X PG, H,J

UL)g xgG —= U(E) xj H,

—

where qg.7 : ﬁ(X,G) — [T(Z)K xg G and qm,J : ﬁ(X,H) — U(L)x xg H denote the
canonical maps induced from the definition of f)\(X, G) and 5(X, H) respectively.

(11) If U € X, (T) is such that (U, G) is small, then the diagram

D(X,G) 2o, D(X, H)

U U
Tcl J/TH

U
D(U,G) 241, DU, H)

14



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ﬁ(X, G)-MODULES

1s commutative.

Proof. The statement (i) is evident from definition. To show (i7), let us fix a G-stable free A-Lie
lattice £ in T(X) for some G-stable affine formal model A of A. By rescaling £ if necessary, we
may assume that U is L-admissible [5, Lemma 7.6]. Under this assumption, [1, Proposition 4.3.6]
showed that L' := B® 4 L is a G-stable B-Lie lattice in 7 (U) for any choice of a G stable L-stable
affine formal model B in O(U). This is even free as a B-module. Let J < G2 be an open normal
subgroup of G such that (£,J) and (£',J) are trivialising pairs (this is thanks to [1, Proposition
4.3.6]). By definition, it is enough to show that the diagram

—

U(L)y %5 G 2% U (L) s H
Tg,Jl

U
\LTH,J
U
— X PG, H,J

ULy g G S8 UL, g H

GHJ

is commutative.

Note that J is of finite index in G and in H, so that we can choose a set of representatives 1 =
91502, -y Gms -y gn (m < n) of G modulo J such that G/J = {gi1,....,gn} and H/J = {q1, g2, ...Gm }-
Therefore

—

U(L)y % G = U(L)g + G = {0y aigi : a; € U(L) )

and

—

U(L)ge 55 H e U(L) g+ H/T = {30, aigi = ai € U(L) ).

Notice that here we identified each ¢; € G/J with its image in U(E) i * G/J. Furthermore, these
formulas still hold when we replace £ by £'. Thus

n m m
rH.© p)G(,H,J(Z aigi) = TE,J(Z aigi) = Z a;gi
=1

i=1 i=1
and
n n m
U U - U - -
PG,H,J ° TG,J(Z aigi) = pG,H,J(Z aigi) = Z a;9i-
i=1 i=1 i=1

o — —

Here for each i, @; denotes the image of a; in U(L'), via the canonical morphism U(L), —

U(L') . This proves the commutativity of the diagram. O

Corollary 3.7. Suppose that (X, G) is small with dim X = d and that the A-Lie lattice L is smooth

as an A-module. Then there exist m > 0 such that the ring U(n"L),; %, G is an Auslander-
Gorenstein ring of (injective) dimension at most 2d for any n > m and for any open normal
subgroup Jn, of G which is contained in Gunp.

o —

Proof. Following [6, Theorem 4.3], there exists m > 0 such that the ring U(n"L)k is Auslander-
Gorenstein of dimension at most 2d for all n > m. Thanks to Proposition 3.2 and Remark 3.4 it

follows that U(n" L), »; G is Auslander-Gorenstein of dimension at most 2d. O
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3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ﬁ(X, G)-MODULES

Recall from [6, Section 5.1] that a two-sided Fréchet-Stein algebra A ~ lim Ay is called c-
Auslander-Gorenstein of dimension at most d if each A, is an Auslander-Gorenstein ring with
injective dimension at most d for a non negative integer d. If A is c-Auslander-Gorenstein of
dimension at most d, then every (non-zero) coadmissible A-module has grade at most d. Moreover,
every coadmissible A-module M satisfies the c-Auslander condition, i.e. for any i > 0, one has
ja(N) > i whenever N is a coadmissible (right) submodule of Ext’(M, A).

Theorem 3.8. Let X = Sp(A) be a smooth affinoid variety of dimension d and G be a compact
p-adic Lie group acting continuously on X such that (X,G) is small. Then the Fréchet-Stein
K-algebra D(X, G) is coadmissibly Auslander-Gorenstein of dimension at most 2d.

Proof. We may choose a G-stable affine formal model A in A and a G-stable free A-Lie lattice £
in L = Derg(A) and a good chain (J,) for £ such that

—

D(X,G) ~ imU(7"L)k x s, G-
n

—

By Corollary 3.7, there exists m > 0 such that the ring U(n"L)x %, G is Auslander-Gorenstein
of dimension at most 2d for each n > m, so the theorem follows. O

Definition 3.9. Let M be a non-zero (left or right) coadmissible ﬁ(X, G)-module. The dimension
of M is defined by:
da(M) :=2d — jﬁ(X,G)(M)'

We set dg(M) =0 if M = 0.
Remark 3.10. (i) By the above discussion, one has 0 < dg(M) < 2d for any coadmissible M.

(ii) If H is an open subgroup of G, then there exists an open normal subgroup N of G which is
contained in H ([1], Lemma 3.2.1) and

D(X,G) ~D(X,N) xy G~ D(X,N)*G/N.

Then the 5(X, G)-module M is also coadmissible as a ﬁ(X, N)-module. Therefore dg(M) =
dn(M) by Proposition 3.2(ii) and we obtain dg(M) = dn(M) = dg(M). For this reason, we
will write d(M) instead of dg(M) for simplicity.

Proposition 3.11. Let
00— My — My —> Mg — 0

be an exact sequence of coadmissible ﬁ(X, G)-modules. Then
d(Ms) = max{d(My),d(Ms)}.

Proof. Suppose that
D(X,G) = limU(7"L)k », G

n

for a G-stable free Lie lattice £ of Derg(O(X)) and a good chain (J,,) for £. Write D := D(X, G)

—

and D, := U(m"L)k Xz, G. Note that there exists an integer m such that for every ¢ and n > m,
one has that (Remark 3.10(i)):
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Since D —» D,, is a flat morphism ([19, Remark 3.2]), it follows that the sequence
0— D, ®z5 M — D, ®5 My — Dy, @5 M3z — 0

is exact. Now applying [13, Proposition 4.5(i7)] gives the result. O

Example 3.12. The ﬁ(X, G)-module ﬁ(X, G) is of dimension 2d. Indeed

Homs - (D(X,G),D(X,G)) = D(X,G).

D(X,G)

Hence j(ﬁ(X, G)) =0, so that d(ﬁ(X, G)) = 2d. Similarly, the free 5(X, G)-module 5(X,G)” of
rank n > 1 is of dimension 2d.

A less trivial example is given by the following proposition:

Proposition 3.13. Let X be a smooth affinoid variety of dimension d and P € D(X) be a reqular

differential operator (i.e P is not a zero divisor of D(X)). Then the coadmissible left D(X,G)-
module

M =D(X,G)/D(X,G)P
is of dimension d(M) < 2d — 1.

Proof. Write D := D(X) and D := 13(X, G). Choose a G-stable free A-Lie lattice £ of Derg (O(X))
for some G-stable affine formal model A in O(X). Then

D= limU(x"L) %, G

is a Fréchet-Stein structure on D. Write D, := U(m" L) %, G, then

Thus there is a n > 0 such that d(M) = d(D,,/D,,P). Furthermore, one has that
D,/D,P = D, ®p D/DP.
The ring D,, is flat as a right D-module. It follows
Ext,(D/DP, D) ®p Dy, & Ext}, (D, ®p D/DP, Dy,).

As a consequence, we obtain the inequality dp, (D,/D,P) < dp(D/DP). But dp(D/DP) < 2d,
since otherwise one would have jp(D/DP) = 0, whence Homp(D/DP,D) ={Q € D : QP =0} #
0, in contradiction to the regularity of P. O

Let X be an affinoid variety and G a p-adic Lie group acting continuously on X such that (X, G)
is small. The following proposition relates the dimension to the side-changing functors 2.8.

Proposition 3.14. Let M be a coadmissible left 73(X,G)—module. Then there is an isomorphism
of left D(X, G)-modules

Eats o (AX) @ox) M, D(X,G)) ~ Homox) (UX), Bats o (M, D(X,G))).

(X,G) (X,G)

In particular, d(M) = d(Q(X) ®@ox) M).
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Proof. The proof uses the same arguments as in [6, Lemma 5.2]. Write A = O(X), Q =
(X)), D = ﬁ(X,G). Then the left hand side is exactly the i-th cohomology of the complex
RHomz (2 ®L M, ﬁ), as {2 is a projective A-module. Now, the right hand side is the i-th cohomol-
ogy of RHom (2, RHomz(M, D)). Thus, using the derived tensor-hom adjunction gives the first
part of the proposition. For the second part, note that since € is a finitely generated projective

A-module, one has ' _ ' _
Hom 4(£2, Ext%(M, D)) =20 ®4 Ext’ﬁ(M, D)),

where Q* = Homy(Q, A) is its dual. Thus, if Homx (€, E{L‘t%(M, ﬁ)) =0, then
Eat's(M, D) = (Q®4 Q%) @4 Eat's(M, D)) = Q®4 Homa(Q, Ext’s(M, D)) = 0.

Here, Q ®4 Q* =2 A, as Q) is an invertible A-module. By consequence, Ewt%(M , 5) = 0 if and only
it Hom (€, Extls (M, D)) = 0 and hence d(M) = d((X) @ M). O

4 Ext functors for coadmissible equivariant D-modules

In this section, we develop the global theory of equivariant Ext functors. This is considerably more
complicated than in the non-equivariant setting [6], since there is no global sheaf D(—, G) playing
the role of the coherent sheaf D in the equivariant setting.

4.1 Modules over the sheaf of rings O

In this subsection we prepare on the Banach level the globalization of the Ext functors, by showing
several compatibilities of the local Ext groups.

Let X be a smooth affinoid variety of dimension d and G be a compact p-adic Lie group acting
continuously on X. Fix a G-stable affine formal model A in A = O(X), a G-stable A-Lie lattice £
of T(X) = Derg(A) and an open normal subgroup J of G which is contained in Gz (which means
that (£, J) is a A-trivialising pair).

Notation: Throughout this section, we will be working under the following notations and as-
sumptions:

x L is a smooth A-module, which means that £ is projective and finitely generated over A.

x When H is an open subgroup of G, X,,(7)/H denotes the set of all open affinoid subsets
U € X, (T) such that (U, H) is small. If U € X,,(7)/H, then H is called an U-small
subgroup of G.

Before Def. 2.6, we have recalled the Grothendieck topologies X,.(£,G) C X (L, G) of G-
stable L-accessible resp. L£-admissible affinoid subdomains of X. Recall from 2.6 the sheaf of rings
on X, (L, G)

Q(—, G) = U(E)K X G.

If H < G is an open compact subgroup of G and J is contained in Gy N H, then Q(—, H) is
also a sheaf on the canonical (strong) Grothendieck topology X, (£, H) containing all the H-stable
L-admissible affinoid subdomains of X. In the sequel, if there is no ambiguity, we denote Q(—, G)
simply by ©Q whenever the groups G and J are given.
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Definition 4.1. ([1, Definition 4.3.17] Let M be a finitely generated Q(X)-module. Then there is
a presheaf Loco(M) on Xu(L,G) associated to M which is defined as follows:

Locg(M)(Y) := Q(Y) ®gx) M
for all' Y € X4e(L,G).

Following [1, Corollary 4.3.19], under the extra assumption on £ that [£,£] C 7L and L.A C
wA, then Locg(M) is a sheaf of Q-modules on X,.(£,G) for every finitely generated Q(X)-module
M.

Definition 4.2. Let U be a Xyo(L, G)-covering of X. Then a Q-module M on Xqo(L,G) is said
to be U-coherent if for any Y € U, there exists a finitely generated Q(Y)-module M such that

Locg,, (M) = M|y,
where Y := Xge(L,G) NY .

It is proved in [1, Theorem 4.3.21] that if [£, L] C 7L, L.A C ©A, then for any U-coherent
sheaf of Q-modules M, M(X) is a finitely generated Q(X)-module and we have an isomorphism
of O-modules

Locg(M(X))—M.
In the following, we fix a sheaf M of Q-modules on X,.(L,G).

Proposition 4.3. Let H be an open normal subgroup of G. There is an isomorphism of right
Q(X, H)-modules

Pen(X): Extgx o)(M(X), Q(X, G))—Eatyx iy (M(X), Q(X, H)).
Furthermore, if H < H is another open normal subgroup of G, then one has

P, (X) 0 06, 1(X) = 0, 10 (X).

Proof. Write M := M(X). The first part of the proposition is in fact a consequence of Lemma 3.1
and Lemma 3.3. When ¢ = 0, then

pau(X)(f) =G a(X)(f) =pEmof

for f € Homgx,a) (M, Q(X, G)), where p)G(’H is the projection map Q(X,G) — Q(X, H) which
is defined in Lemma 3.1. For the second part, if H' < H are open normal subgroups of G, then
both H and H' are of finite index in G and H’ is of finite index in H (since G is compact). Hence
we can choose a Q(X, H')-basis {1 = ¢1,92, ---s Gm, -, gn} of Q(X,G) such that {g1,...,gm} is a
basis of Q(X, H) as a Q(X, H')-module. Then by definition

péH/(algl + azg2 + ... + mGm + ... + angn) = a1

and
Pl © P (@191 + aaga + o+ GmGm + -+ angn) = PRy (@191 + a2g2 + o + amgm) = a1

This implies p)G(’H, = pﬁH, opéH. Therefore py r/(X) o pg,u(X) = pg,u/(X), which means that
the assertion is true for ¢ = 0. For i > 0, by taking a resolution of M by free Q(X, G)-modules of
finite rank, the case ¢ > 0 reduces to the case i = 0. O
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Lemma 4.4. Let ¢ : A — B be a flat morphism of rings and M be a finitely presented A-module.
There is an isomorphism of right B-modules

Ext'y (M, A\ B — Ext'y(Bo M, B).

Proof. This is a consequence of the flatness of ¢ and the Five lemma, using the fact that M is
finitely presented as an A-module. O

Proposition 4.5. Let U € X,.(L,G). There is a morphism of right Q(X, G)-modules
Txuc: Ertox o(M(X),QX,G)) = Extyy o (M(U), Q(U,G)).
Proof. Denote M := M(X). Then
M(U) = 9Q(U,G) ®o(x,a) M.
Since U is L-accessible, the morphism
Q(X,G) — Q(U,G)
is flat (Proposition 2.7). Now applying Lemma 4.4 gives
ExtiQ(U,G) (M(U),Q(0,aq)) = Extig(x,a)(M7 X, G)) ®ox,a QU,G).
By consequence, we obtain the natural morphism of right Q(X, G)-modules:
RUG: Eﬂig(x,c) (M(X), 9(X,G)) — EftiQ(U,G) (M(U), Q(U, G)).
O
Proposition 4.6. Let H be a normal open subgroup of G and U € X4.(L,G). Then the following
diagram is commutative:
i piG,H(X) i
El‘tg(xyg) (M(X),9(X,G)) —— ExtQ(XJ—[) (M(X), Q(X, H))
v | (5)

4 6.n(0) .
Extyy q)(M(U), Q(U,G)) e Bty mM(U), AU, H))

Proof. Write M := M(X). Then Locg(M) = M. Hence
M(U) = Q(U,G) ®gx,q) M = Q(U, H) ®grx,xn) M.

Now take a resolution P- of M by free Q(X, G)-modules of finite rank. Since U € X,.(£,G) is
supposed to be L-accessible, the ring Q(U, G) is flat over Q(X, G) (Proposition 2.7). This implies
Q(U,G) ®gx,q) P is also a free resolution of Q(U, G) ®gx,q) M = M(U). Hence it reduces to
prove that for any Q(X, G)-module P, the following diagram is commutative:

ra,u(X)

Homgx,c) (P, Q(X, G)) Homgx,m) (P, Q(X, H))

| |

.z (U)
Homgu o) (Q(U,G) ®gx.) P, Q(U, G)) "5 Homowu i) (Q(U, H) @ox.my P, Q(U, H)).
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This means the diagram
X

Q(X,G) —% Q(X, H)

Lo

PG H

is commutative, which is already contained in (the proof of) Corollary 3.6(ii).

4.2 Globalization of Ext functors

In this subsection we prepare on the Fréchet level the globalization of the Ext functors, by showing
several compatibilities of the local Ext groups.

Let X be a smooth rigid analytic space and G be a p-adic Lie group acting continuously on X.
For each non negative integer i € N, we will construct a global Ext functor E from coadmissible
G-equivariant left Dx-modules to coadmissible G-equivariant right Dx-modules. Let M € Cx ;g
be a coadmissible G-equivariant Dx-module. Then locally we want E*(M)(U) to be isomorphic to
Ext%(U’H) (M(U),D(U, H)) for every open affinoid subset U € X,,(T) and open subgroup H < G
such that (U, H) is small. We need to show that such a local definition of E*(M)(U) is well-defined,
i.e. independent of the choice of the subgroup H.

Proposition 4.7. Suppose that X is a smooth affinoid variety and G is such that (X, G) is small
and H is an open normal subgroup of G. Then for any left D(X,G)-module M, there is an
isomorphism of right D(X, H)-modules:

Pou(X): Eats M, D(X,G))—Exts M,D(X, H)).

(X,G)( (X,H)(

Furthermore, if H < H is another open normal subgroup of G, then one has
ﬁH,H’(X) © ﬁG,H(X) = ﬁG,H’(X)-

Proof. Since Lemma 3.1 holds for the morphism of rings ﬁ(X, H) — ﬁ(X7 G) (Proposition 3.5),
the proof of this proposition uses exactly the same arguments as in the proof of Proposition 4.3.
We just write down here the definition of ﬁG y(X). Let P be a resolution of M by free D(X, G)-

modules. Then ﬁlG (X)) is determined by taking the i —th-cohomology of the following isomorphism
of complexes:

P, D(X,G)) — Homs, (P, D(X,H))

H omp( D(X,H)

x.6)

f—pEmof

In particular, when ¢ = 0 then for every f € Hom,E(X ) (M, 23(X7 G)), one has

Pa.u(X)(f) = D&u (X)(f) = pGm o f.

21



4 EXT FUNCTORS FOR COADMISSIBLE EQUIVARIANT D-MODULES

Here we recall that p)G(’ g is the projection map

where go, ..., Gm denote the images of the set of cosets G/H (which is finite) in D(X, G). O

—

Let (X, G) be small as above and M be a coadmissible (left) D(X, G)-module. Suppose that
H < @G is an open normal subgroup of G. Let us choose a G-stable free A-Lie lattice £ for some
G-stable affine formal model A in O(X) and a good chain (J,,) for this Lie lattice such that J, < H
for any n. Then we may form the sheaves of rings

On(—,G) =U(T"L), %, G, and Qp(—, H) =U(T"L) X, H (6)
on X.(L£,G) and X, (L, H) respectively. Hence
D(X,G) ~lim Q,(X,G) and D(X, H) ~ lim Q,(X, H).

Thus the projection map (4) : pé g 13(X,G) — 73(X,H ) is defined as the inverse limit
of the maps (3): pé,H,n (X, G) — 9n(X,H). Suppose that M = fim M, with M, =
2,(X,G) D5x.q) M, which is finitely generated over Q,(X,G). Then following Proposition 4.3
for every n, there is also an isomorphism of D, (X, H)-modules

Po.mn(X) : El’tign(x,c)(Mm (X, G))%Extign(x,H)(Mna On(X, H)).
Lemma 4.8. There is a commutative diagram

Bl 1 (X)

M,D(X, H))

M
Eaxti l Po.n () l

,D(X,G))
b x.c) (M, Qu(X, G)) 5 Bty ¢y (M, Qu(X, H)).

i i
Emt6 E:ct6

(X,G)( (XvH)(

In particular, ﬁGH(X) equals the inverse limit of the maps ngn(X)
Proof. Note that D(X, G) (which is finitely freely generated as a D(X,H )-module ) is a coadmissible
D(X, H)-module. It follows that M is coadmissbile as a D(X, H)-module, so

Extiﬁ(x,c) (M,D(X,@)) = lim Bty x ¢)(Mn, Qn(X, G))

and

Ezt%(X,H)(M,D(X, H)) @Emtzgn(xﬂ)(j\/jn, 0,(X, H)).

[19, Lemma 8.4]. These isomorphisms give the definitions of the two vertical arrows of the diagram
in the lemma.
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For any ﬁ(X, G)-module P (which is not necessary coadmissible), we have an isomorphism of
9, (X, H)-modules

2,(X,G) OBx,c) P~ (9,X,H) OB, H) D(X,G)) ®Bx,c) P~Q,(X,H) OB, H) P.

Now, let P — M — 0 be a projective resolution of M by free Z3(X7 G)-modules. Since 5(X, G)
is free over 5(X,H) on both sides, P is also a projective resolution of M in Mod(ﬁ(X,H)).
Moreover, it is proved [19, Remark 3.2] that the canonical maps 13(X,G) — On(X,G) and
ﬁ(X, H) — 9,(X,H) are right flat, so that Q,(X,G) ® P and Q,(X,H) ® P are projective
resolutions of Q,(X,G) ® M and Q,(X, H) ® M, respectively. Thus, by definitions of ﬁG 5 (X)

and p"G, Hn(X) it suffices to show that for any 5(X, G) -module P, the diagram

X
PG, H®

Homspx o (P, D(X,G)) (P,D(X, H))

id@—l . lid@—
Hoan(X,G)(Qn(Xa G) ® P, Qn(Xv G)) % Hoan(X,H)(Qn(Xv H) ® P, Qn(X, H))

Homﬁ(X,H)

is commutative. (Note that, for every f € Homﬁ(X G)(P, 23(X, G)), the map

Zd@f c Hoan(X7g)(Qn<X, G) X P, Qn(X, G))

is defined by (id®f)(a ® m) = af(m) with a € Q,(X,G), m € P). This reduces to show that the
diagram

X
D(X,G) ", D(X, H)

! |

0,(X,G) "3 (X, H)

is commutative. Now the proof can be completed by applying Corollary 3.6(i). O

Now let X be a smooth rigid analytic space, let G be a p-adic Lie group which acts continuously
on X. Let M € Cx /g be a coadmissible G-equivariant left Dx-module. Fix an open affinoid subset
U € X, (7). Recall that for any U-small subgroup H < G, one has an isomorphism of coadmissible

H-equivariant Dy-modules: _
M|y ~ LOCE(ILH) (M(U)).

Definition 4.9. If (U, H) is small, we define for all i > 0:

E'(M)(U,H) := Bats, . (M(U),D(U, H)).

(U,H)
This is, in fact, a coadmissible right 23(U, H)-module.

Proposition 4.10. Let H < H be U-small open subgroups of G. There is an isomorphism of
right D(U)-modules:

—_

Py g (U) : Eatls (M(U),D(U, H'))—>Eats . (M(U),D(U, H)).

(U,H") (U,H)

The pairs (El(M)(U,H),ﬁH,H(U)) form an inverse system when H', H run over the (partially
ordered) set of all U-small subgroups of G.
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Proof. Since H' < G is open compact in H, there is an open normal subgroup N of H which
is contained in H' ([1, Lemma 3.2.1]). Hence following Proposition 4.7, one has the following
isomorphism:

and
P n(U) ¢ Batly o (M(U), D(U, H)) =Bty (M(U), D(U, N)).
Now, we define ' ‘ .
P p(U) = (ﬁlH,N(U))_l o prr n(U).
By definition ﬁ‘H, ;7 (U) is an isomorphism of D(U)-modules. Furthermore, this is independent from

the choice of an open normal subgroup N of H. Indeed, if N " < N is an other normal subgroup of
H, then N’ is also normal in N, thus Proposition 4.7 gives

ﬁﬁ’,N’ (U) = ﬁH/7N(U) oﬁN,N/(U) a.nd ﬁﬁ,N’ (U) = ﬁH,N(U) OﬁN N/(U)
Consequently
(P, (U)o Dl v (U) = (Dl 5 (U) 0 Py (U)) " 0 Plyr v (U) © ply v (U)
= (ﬁH,N(U))_l OFH’,N(U)'
]

Remark 4.11. If H' is normal in G, then we may choose N = H' in the proof of the above
proposition and we have

P 1(U) = (P (U))
Thanks to Proposition 4.10, we are ready to give the following definition:

Definition 4.12. For every open affinoid subset U € X,,(T), we define:

E'(M)(U) = lim E'(M)(U, H) = lim Eatis ., (M(U), D(U, H)),
H H

where the inverse limit is taken over the set of all U-small subgroups H of G.

Remark 4.13. E*(M)(U) obviously has a structure of right D(U)-module. Furthermore, we obtain
from Proposition 4.7 that the natural map

E'(M)(U) — E'(M)(U, H)
18 a bijection for every U-small subgroup H of G.

Lemma 4.14. Let U = l&ln U, V = l&ln V. be Fréchet-Stein K-algebras and U — V be a
continuous morphism of Fréchet-Stein algebras. Suppose that for each n, the induced morphism of
rings U, — V, is flat. Then for any coadmissible U-module M, there is an isomorphism of right
V-modules

Extt (M, U)®yV — Extl,(VRyM, V).
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Proof. Since M is coadmissible as U-module, we have the following isomorphism:
M =2 1limU, ®y M = lim M,
iy iy
with M, := U, ®uy M for every n. Hence V@UM = @n Vi ®u,, My, and this implies:

Eatly (M, U)8uV = lim Baty, (My, Un) @0, Vi
n

and
Extl,(VoyM,V) = LEth Va®u, My, V2).

So it suffices to prove, for every n, the existence of compatible isomorphisms of right V,-modules
Ext}y (M, Un)®u, Vi——Extl, (Va®u, Mn, Vy).
This follows from Lemma 4.4. ]

Proposition 4.15. Suppose that (U, H) is small and V. C U is an open affinoid subset in
Xw(T)/H, then there is a morphism of right D(U, H)-modules

Tova: E(M)(UH)— E'(M)(V, H).
If W C 'V C U are open subsets in X,(T)/H, then the diagram

TUVH

E{(M)(U, H) 2% B (M)(V, H)
NVH lTVWH

M)(W, H)

1s commutative.

Proof. We choose a free A-Lie lattice £ of 7(U) for some H-stable affine formal model A of O(U)
and a good chain (J,,) for £. By rescaling £, we may assume that V is L-accessible.
Recall the sheaves Q,(—, H) on U, (L, H). Under these assumptions, the morphism

is flat. Thus we can apply Lemma 4.14 and obtain:

E'(M)(U, H)®+

D(U’H)ﬁ(v, H) ~ E'(M)(V,H).

This provides a natural map of right 13(U, H)-modules

EYM)(U,H) — EX(M)(U,H)® D(V,H) ~ E'(M)(V, H)

D(U,H)
m —s m®1.

If W C V C U are open subsets in X,,(7)/H, then following [5, Corollary 7.4]

Ei(M)(U,H)@ﬁ(U’H)ﬁ(W,H) ~ E'(M)(U, H)®py i DV, H) S5y gy D(W, H)
~ E'(M)(V, H)®p iy DIW, H) (= E'(M)(W, H)).
Hence the commutative diagram follows. O
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Proposition 4.16. Let H be an open compact subgroup of G and U,V € X, (T)/H such that
V C U. Suppose that N < H is another open compact subgroup of G. Then the following diagram
18 commutative:

P, (U)

E'(M)(U,N) == E(M)(U, H)

v [ (7)
; Py (V) .
E'M)(V,N) —— E*(M)(V,H).
Proof. Firstly, suppose that IV is normal in H. Then following Remark 4.11

Py, (U) = (Pl x(U))~" and ply 4 (V) = (0 v (V)™
We need to prove that: 4 ' ' '
?IZJ,V,N o ﬁH,N(U) = ﬁH,N(V) o ?IlJ,V,H'
For this we choose a H-stable free A-Lie lattice £ in T (U) for some H-stable affine formal model
A of O(U) and a good chain (J,,) for £ such that J, < N for any n. By rescaling £ if necessary,

we may suppose in addition that V is L-accessible, which means that V € U,.(L, H). Consider
the sheaves of rings

On(— H) =U(T"L) g %y, Hand Qp(—,N) =U(T"L) X, N
on Uy (L, H) and Uy (L, N) respectively. Since V € Uy (L, H), then
D(U, H) = lim Q,(U, H) and D(U, N) = lim Q,(U,N),
D(V,H) = mn 9,(V,H) and D(V,N) = gnn Q,.(V,N).

Since all modules appearing in the diagram (7) are coadmissible, following Lemma 4.8, it suffices
to prove that:

» v (U)
Eatly o (Qn(U, H) & M(U), Qu(U, 1)) 222Vt - (0,(U, N) & M(U), 0,(U, V)
Batly, g i (Qu(V, H) @ M(V), Qu(V, )] 2 Bty 1 (Qu(V, N) & M(V), Qu(V, N))

is commutative. Now, Proposition 4.6 gives the result for the case N is normal in H.

When N is not longer necessarily normal in H, then there is an open normal subgroup N’ of
H in N (as H is compact and N is open). Then

?IiJ,V,H OﬁN,H(U) = ?IiJ,V,H ° (ﬁN/,H(U) ° (ﬁN/,N(U))_I)
= FN/,H(V) oTgv.n © (P y(U) !
Na(V) OPN/ (V)o ?IiJV N © (ﬁ}vf,N(U))_l
= PN,H(V) ° 7'U V,N © PN' (U)o (ﬁN/,N(U))_l
)

—ﬁNH(V OTUVN

,2

Hence the commutativity of (7) holds for N. O

Proposition 4.17. For every U,V € X, (T) such that V. C U, there is a right D(U)-linear
restriction map ' ‘ A
Tov P E'(M)(U) — E"(M)(V).
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Proof. Let N be a V-small subgroup of G and Ny the stabilizer of U in N. Then there exists a
U-small subgroup H inside Nyy, which is normal in N [1, Lemma 3.2.1]. By Proposition 4.15, one
has a morphism of right D(U)-modules

vt B (M)(U,H) — E'(M)(V, H).
Then we can define a right D(U)-linear morphism

E'(M)(U) — E'(M)(V,N)

as the composition

7A—Ii_I,V,H ; PH N(V)
e

= lim B'(M)(U, H) — E'(M)(U, H) EY(M)(V,H) —"—= E'(M)(V,N).
H

If H' is another open U-small subgroup of H in Ny, then Proposition 4.10 and Proposition 4.16
ensure that this map is independent of the choice of H. It amounts to showing that if N’ < N is
another V-small subgroup in G, then the following diagram is commutative:

E{M)(U) —— E{M)(V,N')

\ Por (V) (8)

E{(M)(V,N).

If we take H' := Ny; N H, then H' is a U-small subgroup of Ny;. Again by Proposition 4.16
and Proposition 4.10, it follows that the diagram

?G,V,Hl . ﬁ‘LH/ Nl (V)
e

EY(M)(U, H') E{(M)(V,H) ——= E*(M)(V,N)

l l l

E{(M)(U, H) % E{(M)(V,H) M E{(M)(V,N)

is commutative, so that the triangle (8) is commutative. Now, by the universal property of the
inverse limit, this induces a right D(U)-linear map

E{(M)(U) = lim,, B{(M)(U, H) — E{(M)(V) = lim | F/(M)(V, N).
O

Remark 4.18. Thanks to Proposition 4.17, we see that E*(M) is a presheaf of Dx-modules on the
set Xo(T). Furthermore, E*(M)|y = E{(M|u), if U € Xy, (T) is an open affinoid subset of X.

Let us now define a G-equivariant structure on the presheaf E‘(M) of right Dx-modules on
Xw(T). Let g € G and U € X,,(T). Recall that g defines a morphism

g=¢°(U): O(U) — O(gU)
fr—g.f

Here, for any function f € O(U), the function g.f € O(g U) is defined as

(9-N)y) == flg7'y), Yy e gU
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This induces an isomorphism of K-Lie algebras
g7 =¢"(U): T(U) — T(9U)
V> govo g*1

which is linear relative to g (U).
Let H be a U-small subgroup of G. Suppose that A is an H-stable formal model in O(U) and £
is an H-stable A-Lie lattice in 7 (U).

Lemma 4.19. (i) g(A) is a gHg '-stable formal model of O(gU) and g7 (L) is a gHg™'-stable
g(A)-Lie lattice in T (g U). If L is smooth (resp. free ) over A, then g7 (L) is smooth (resp.
free) over g(A).

(i) Let V € X (T) be an open affinoid subset in U. If V is a L-accessible subdomain of U then
gV is a g7 (L)-accessible subdomain of g U.

Proof. (i) Let g € G and f € O(U). Since the morphism g : O(U) — O(gU) is K-linear, then
+ Kg(A) = g(KA) = g(O(U)) = O(g U).
. if h € H then ghg~'(g(A)) = g(hA) C g(A), so that g(A) is gHg !-stable.

Similarly,
. Kg7(L) = g7 (KL) = ¢"(T(U)) = T(gU).

. (ghg DT (g7 (L)) = (gh)T (L) € g7 (L). Hence L is a gHg '-stable Lie lattice in 7 (gU). It
remains to prove that if £ is smooth (resp. free ) over A, then g7 (L) is smooth (resp. free)
over g(A). But this is straighforward in view of the fact that we have the bijection

97 le: L=g7 (L)
which is linear with respect to the (iso)morphism of rings g|4 : A — g(A).

(ii) Without loss of generality, we may suppose that U = X and V is a rational subset of X.
We prove (i) by induction on n. If V is L-accessible in zero steps, then V.= X and V is
g7 (L)-accessible in zero steps. Now, suppose that the statement is true for n — 1. Let V be
L-accessible in n steps. We may assume that there is a chain V C Z C X such that Z is
L—accessible in (n — 1) steps, V = Z(f) for some non zero f € O(Z) and there is a L-stable
formal model C C O(Z) such that L.f C 7C. Then ¢V = {gy : y € V} and

(9Z)(g.f) = {9y : l(g-Ngy)| <1, Vy € Z} = {gy : |f (g gy)| = |f(y)] < 1,Vy € V}.

Hence gV = (¢ Z)(gf). By assumption g Z C X is g7 (£)-accessible in (n— 1) steps. Further-
more, by (i), g(C) is a gHg '-stable formal model of O(gZ) and it is straightforward that
g7 (£).(9f) € 7.(9(C)). This shows that ¢ U is also gL-accessible in n-steps.

[

Let (U, H) be small. Recall the isomorphism of K —algebras

Gu.s : D(U,H)—D(gU,gHg™")
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and the isomorphism
g s M(U) — M(gU)

which is linear with respect to gy, (since M € Cx /q).

Proposition 4.20. Suppose that (U, H) is small and g € G. There ezists a K-linear map
E{(M i i _
go. " E(M)(UH) — E(M)(gU,gHg ")

such that for every a € D(U, H),m € E‘(M)(U, H), we have:

651 (ma) = gg; 577 (m).Gu,m (a). 9)

Proof. Denote YH := gHg~'. We construct a map

gugi: Batyy  (M(U),D(UH)) — Eatly 0 (M(gU),D(g U, /1))
as follows. Let P — M(U) — 0 be a free resolution of M(U) as a 5(U,H)—module. Then
by regarding each term of the complex P as a D(gU,9H )-module via the isomorphism of rings
fjﬁlH : D(gU,9H)—D(U, H), we can also view P as a free resolution of M(gU) ~ M(U) by
ﬁ(g U, 9H)-modules and denote it by 9P-. Thus, the map gggw can be defined by applying the
i-th cohomology functor to the morphism of complexes whose components are morphisms of the
form:

(P*, D(U,H)) — Hom~ (9(P*),D(gU,H))

D(gU,9H)
f— gumnolf,

gb%,H : Homﬁ(UyH)

where 9(P¥) denotes the component P* of the complex P viewed as a ﬁ(g U, 9H )-module via the
morphism §61H We need to check the following facts:

nggH)(g(Pk),ﬁ(g U,9H)), which means gy g o f is ﬁ(g U, 9H)-linear.
Indeed, if b € D(g U,9H) and m € 9(P¥), then:

1. @U,H of € HOTTlﬁ(

— —

(gu, o £)(b.m) = gu,u(f(g7 u u()m) = gu,u(9 y u () f(m)) = b(gu,m o f)(m).

Here the second equality follows from the fact that f is Y,D\(U, H)-linear and the third one is
based on the fact that gy g is a morphism of K-algebras.

2. For any a € 5(U, H) and f € Homz (Pk,ﬁ(U, H)), we check that:

(U,H)
U.u(fa) =64 1 (fgu.u(a).
Let m € 9(P)*. We compute:

U.z(fa)(m) = gu u(f(m)a) = gu u(f(m)gu,u(a) = &4 4 (f)(m)gu,u(a).
Finally, by definition of gﬁfg\/[), this implies (9). O
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Next, we study some properties of the morphisms gﬁi%\/() with g € G. Let L be a H-stable free
A-Lie lattice of 7(U) for some H-stable affine formal model A in O(U). Write A" := g(.A) and
L' := g7 (L). Lemma 4.19 shows us that there is a bijection between the following Grothendieck
topologies:

Uae(L, H) — (9 U)ae(L', gHg ™)
V—gV.
Furthermore, if J < G is an open normal subgroup of G such that (J, £) is an A-trivialising pair
in H, then (¢gJg~!,L') is also an A’-trivialising pair in gHg~'. Let (J,), be a good chain for £
and recall the sheaves Q,, from (6). If V € U,.(L, H), there is an isomorphism of K-algebras:
9y Qu(V, H) — Qu(g V., gHg ™).

These maps satisfy

o~ — 1i On
gv,u = limgyy.
n

Let M be a coadmissible G-equivariant Dx-module. For each n, we define the following presheaves.
Let V € U,(L, H), then:
M, (V) :=Q,(V,H) OB, m) M(U) (10)

and
Mu(g V)= Qul(g V. gHg™") ®5,y gyt M V). (11)

Note that they defined sheaves of modules on U, (£, H) and on (g U),(£’,gHg™ "), respectively.
If VeU,(L, H), the isomorphism

Ryt M(V) — M(g V)
induces an isomorphism
Wi Ma(V) — Ma(gV)
s@m — gy (s) ® g3y (m).

We have the following result:

Proposition 4.21. Let g € G. There is an isomorphism
G041 Bt (11 (Ma(U), Qu(U, H)) — Batly, (g o) (Malg U), Qulg U, H)

such that

1. Forany s € Qn(U,H) and m € Emtign(U H)(/\/ln(U), Q,(U, H)), one has

EY (M EY{(M
To 0 (ms) = g0 s (m).g87(s).

2. Let V € Uye(L,H). Then the following diagram is commutative:

E{(M)
; g ,H,n i
Extly )(Mn(U), Qu(U, H)) == Eatly v om)(Mn(gU), Qu(g U, 7H))
T}I,n 7—;H,n
gZ M

ExtiQ"(V’H) (Mp(V), Qn(V,H)) —— Ewtign(gng) (Mn(9V),Qn(9V,9H))

are restriction maps which are defined in Proposition 4.6.

i i
Here THn and ToH.n
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Proof. (1.) We define gg%) similarly as defining ggigw) in Proposition 4.21. Let P, — M,,(U) —
0 be a resolution of M,,(U) by free Q, (U, H)-modules. Then by considering each term of this
resolution as a Q,(g U, 9 H)-module via the isomorphism of K-algebras g%”H : 9, (U,H) —

O,(9U,9H), we see that P, is also a resolution of M, (g U) by free 9, (g U,9H )-modules.

Let us denote this by 9P,. Then the morphism gg%) is determined by taking the i-th

cohomology of the following morphism of complexes:
Homg, (u,m) (P, Qn(U, H)) — Homg, (qusm(* P, Qu(g U, 7 H))
f — gIQJTH o f
EYM)

Now the required property can be proved similarly as for g{; ;; ' in proposition 4.21.

(2.) Note that
Mn(v) - Qn(V7H) ®5(V,H) M(V) = Qn(vv H) ®Qn(U,H) Mn(U)

Mn(gv) = Qn(g VagH) ®§(gV,9H) M(gv) = Qn(gvagH) ®Qn(gU,9H) Mn(g U)

By taking a projective resolution of M,,(U) by free Q,,(U, H)-modules together with the flat-
ness of the morphisms 9, (U, H) — Q,(V,H) and Q,(¢gU,9H) — Q,(g V,9H) (Proposition
2.7), it reduces to show the assertion for i = 0, which means that the diagram

Homg, (u,m) (M, (U), Qn(U, H)) —— Homg, (yusm) (Mn(gU),Qn(9U,9H))

Homg, (v.,1)(Mn(V), Qu(V, H)) —— Homg, (4vs1)(Mn(g V), Qu(g V,7H))

is commutative.

Let f : M,(U) — Q,(U,H) be a Q,(U, H)-linear morphism and write r,, 75 for the
restrictions Q,(U,H) — Q,(V,H) and Q,(¢9U,9H) — Q, (g V,9H), respectively. For a €
Qn(gV,9H), m € M, (gU), we have:

(1808 0 (927 0 £ o (g5) ™)) (a @ m) = arf (98 (F(gd's) " (m))))

and

(9975 0 (18ra 0 f) 0 (g5 ") (a @ m) = agdy (ra(F((915) " (m))).
So it reduces to prove that for any b € Q,, (¢’ V,9H), one has that:

3 (957 (1) = 9375 (ra (b)),

which is a consequence of [1, Definition 3.4.9(c¢) and Proposition 3.4.10].
O

Notation: In the sequel, whenever V, H are given and whenever there is no ambiguity, we

o, gfi(M) (M)

simply write g for gv g and gMn. g etc. instead of g@f%, g\Q,fH, gg Hn ete respectively.
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Proposition 4.22. The following diagram is commutative:

EY (M)

— g ; —
M(U)7D(U7H)> EE— Ewtﬁ(gU7gH)(M(gU)7D(gUagH)>

l l

EY (M)

E'Ttign(U,H) (Mnp(U), 9,(U, H)) R Extign(g U,9H) (Mn(gU), Qn(9U,9H)).

Ets g )\

Proof. First, we note that the morphisms

— —

qun:DU,H) — Q,(U,H) and qyu,n : D(gU,9H) — Q,(9U,H)

are flat. By using a resolution P~ — M(U) —s 0 of M(U) by free D(U, H)-modules, it
reduces to show the commutativity of the above diagram for the case where i = 0. Let f €

Homz (M(U),D(U, H)), then by definition:

g7 M(f)=Go fo(gM)
Let s € Q,(gU,9H) and m € M,,(gU). It follows that

(iday0(@o fo (™)) (s @ m) = s.qy00 @ () (m))))

(U,H)
-1

and

(99" (1&qum o f) o (g™")7") (s @ m) = 5.9 (quan(f((g™) ! (m))))-

Now the result follows from the commutativity of the diagram

D(U,H) — D(gU,9H)

qU,nl J/Qg U,n

0.(U, H) 2% 0,(gU,9H)

which is evident as g = Hm g, O
Remark 4.23. The above proposition shows that for any g € G , U € Xw(T) and H < G such
that (U, H) is small, the following equality holds:

EY (M) — L EY (M)

Ju,g Iy Hp -
n

Proposition 4.24. If N < H and V is a N-stable subdomain of U in X,,(T), the diagram

E*(M)
E(M)(V,N) 2 Bi(M)(gV,gNg™)
jm, v) jm’mw
. gZrn
EM)(V, H) X2 B(M)(g 'V, gHg™)
R vu R vu
. g
E(M)(U, H) 2225 Bi(M)(gU, gHg™")

18 commutative.
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Proof. 1t is enough to prove the proposition for the case where N is normal in H, as the general
case can be proved by choosing an open normal subgroup of H which is contained in N.

1. Let us prove the commutativity of the upper square. Take a projective resolution of M (V)

—_ —_

by free modules in Mod(D(V, H)). It is enough to show that for any (left) D(V, H)-module
P, the diagram

— ®7
(P,D(V,H)) —s Homx

Hompy ) Bovom (OP DoV, 9H))
ﬁH’N(V)J/ lﬁgH,gN(g V)
. ¢g/,N —_
Homﬁ(vyN)(P,D(V, N)) —— Homﬁ(gv’gNg_l)(gpjD(gv’gN))
is commutative. It means that if f € Hom= (P, ﬁ(V, H)), then one has :

D(V,H)
paran(gV)(gv,z o f) =gv.n o paN(V)(f).

But this reduces to proving that the diagram

(V,H) ™% D(gV,9H)

vV
Nl . lngf‘"N (12)
(V,N) =% D(gV,9N)

D)

3
=<

D)

is commutative. For this, choose a H-stable free A-Lie lattice £ for some H-stable formal
model A of O(V) and a good chain (.J,,) for £. Recall from Lemma 4.19(i) that £' = g7 (L) is
a gH g~ '-stable free g(A)-Lie lattice in 7 (g U). For a fixed natural integer n € N, we consider
the following diagram:

Qn
9v.H
) ! -1
U(m"L) g Xy, H —— U(m"L') ¢ Xy, 9Hg
pX,N,ni ip}ilH,gN,n
Qn

U(r"L) e x5, N RN U(mL!) i Xg5.9-1 gNg L.

Let {¢g1 = 1,....,9m, .., gn} be a set of representatives of cosets of G modulo J,, such that

{01 =1,92,9m, .-, gn} is a basis of U(n"L) - x5, H and {g1, ..., gm } is a basis of U(7"L) ;c x4,
N over the ring U(7"L)k (as left modules). Then we get a basis of U(n"L') X5 o1

gHg™! (respectively, of U(mL), x4, gNg~') over the ring U(7"L’)  induced by classes of
{99197 -, 99mg ™", -, ggng ™'} (vespectively, of {gg1g~, -'-,Vggmg‘l} ) modulo gJng~!. This
implies, by definition of the projection maps pX, Non and p an e that the above diagram is
commutative for each n, which produces the commutativity of (12).

33



4 EXT FUNCTORS FOR COADMISSIBLE EQUIVARIANT D-MODULES

2. It remains to show the commutativity of the lower square. We still fix a H-stable free A-Lie
lattice of T (U), a good chain (J,) for £ and keep notations as above. Suppose in addition
that V is an £- accessible subdomain of U (by rescaling £). Then gV is an £'- accessible
subdomain of ¢ U by Lemma 4.19(ii). Now, since all morphisms of the lower square are linear
maps between coadmissible modules, it is enough to show that the diagram

Batly, 111y (Mn(U), Qu(U. H)) —— Eatly, (15,0 Mn(90). ulgU.7H))

|

Extign(vyH) (Mn(V),Qn(V,H)) —— Extign(gV,gH)v (Mn(gV),Qn(gV,9H))

is commutative. This is indeed Proposition 4.21(2).

All our efforts so far culminate in the following theorem.

Theorem 4.25. Let X be a smooth rigid analytic space and G be a p-adic Lie group acting con-
tinuously on X. Let M € Cx g, then for all i > 0, EY{(M) is a G-equivariant presheaf of right
Dx -modules on X, (T).

Proof. Let W C 'V C U be affinoid subdomains of X in X,,(7). By [l, Lemma 3.4.7] there exists
an open compact subgroup H < G such that the pairs (W, H), (V,H), (U, H) are all small. We
consider the following diagram:

EY (M) (W, H)

EY(M)(U, H)

The three quadrilaterals are commutative by definition. The outer triangle is commutative by
Proposition 4.15 and the three arrows connecting the two triangles are bijections by Remark 4.13.
Hence the inner triangle is commutative and this proves that E*(M) is a presheaf.

Next, fix g € G and U € X,,(T). We define

g7 U) . BYM)(U) — B (M)(gU)

M)

to be the inverse limit of the maps gf, 5 in Proposition 4.20. Then

* By (9) (Proposition 4.20), it is straightforward to see that gZ ) (m.a) = ¢&' M) (m).¢P(a) for
any a € D(U) and m € E{(M)(U).

34



4 EXT FUNCTORS FOR COADMISSIBLE EQUIVARIANT D-MODULES

* Assume that V C U are in X,,(7). Let H be a U-small subgroup of Gy N Gy. We consider the
following diagram:

E{(M)(U, H) y EY(M)(gU,9H)

N /

E(M)(U) — E'(M)(gU)

/ N\

E{(M)(V,H) y EX(M)(gV,9H)

Note that the outer square is commutative by Proposition 4.24, the four trapezia are commutative
by definition and the arrows connecting the two squares are bijections. This proves that the inner
square is commutative. Hence gEi(M) : EY (M) — g*(E*(M)) is a morphism of presheaves on
Xu(T).

* Finally, if g,h € G, we need to show that (gh)Ei(M) = gEi(M) o hE' M), By taking a free
resolution of M(U) by free ﬁ(U, H)-modules, it is enough to show that for any ﬁ(U, H)-module
P, the diagram

¢

Homz (P,ﬁ(U,H)) —2% s Homs

D(U,H) D(h'UhHh~ 1)( "P,D(hU,hHh™"))

gh
U, H
\ \Ld)hU hH

Homﬁ(ghU,thh—lgﬂ)( PD(ghU,thh 1 ,1>)

is commutative. Let f € Hom. (P, 5(U, H)), then

D(U,H)
¢ o 0O (F) = 0% g up(hun o f) =Gyurmohumo f

while qbgh g = ghU g © f. Hence the commutativity of the diagram follows from the equality

ghU H = 0gUhH© hU 1, which is from [1, Lemma 3.4.3].
O

4.3 The Ext functors on the category Cx /¢

We keep all the notation of the preceding section. We now show that for any M € Cx g and any
i > 0, the presheaf E*(M) on X,,(7) constructed in the previous subsection is in fact a sheaf and
extends therefore to a G-equivariant Dx-module on X. It then turns out that it actually defines
an object in C§(/G‘
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We first assume that (X, () is small and let M € Cx /g be a sheaf of coadmissible G-equivariant
left Dx-modules.

Lemma 4.26. Let U € X,(7) and H be a U-small subgroup of G. Then there is an isomorphism
of right D(U, H)-modules

D(U,H)—~Exts (M(U),D(U, H)).

Oyt Bats o o (M(X),D(X,G))85 D(U,H)

D(X,Q) (X,H)

Proof. Recall that M = Locx (M (X)), so that

M(U) = D(U, H)B5x i M(X).

By applying Proposition 4.7, we obtain an isomorphism of right ﬁ(X, H)-modules

Pon(X) : Bats o o (M(X), DX, @)= Batly o (M(X), DX, H)). (13)
Hence
Eq:t%(x o MX), D(X, @)®sx, H)ﬁ(U, H)%Emt%(x 1y (M(X), D(X, H))®5x.11/D(U, H).
(14)

Finally, apply Lemma 4.14 gives:

—_

Ext%(xﬂ) (M(X),D(X, H))@ﬁ(xﬂ)ﬁ(u H)%Emt%wﬂ) (M(U),D(U, H)). (15)

Let us explain how the isomorphism <I>%7 ;7 looks like, when H is an open normal subgroup in
G. Write &y g := Q)%H. Then

—_ —_

(M(X),D(X,G))®=y DU, H—Homs,.- ,..(M(U),D(U, H)).

Py, ¢ Homg D(X,H) D(U,H)

X7G)

Let us choose a G-stable Lie lattice £ of T (X) such that U is L-accessible. Let (J,,) be a good
chain for £. Then we can take the sheaves Q,, into account and obtain that:

D(X,G) =lim Q,(X,G), DX, H) =lim Q,(X,H) and D(U, H) = lim Q,,(U, H).

Write M := M(X) = lgln M,,. Then M,,(U) = Q,(U, H) ®9, x,#) Mn -The morphism @y g is
defined as the inverse limit of an inverse system (®v, g, )n of morphisms, where

Qu.Hn : Homo, (x,¢)(Mn, Qu(X, G))®0, x,1)Ln(U, H)——Homg, wu,m)(Mn(U), @(U, H))

is defined as follows. If f,, : M,, — O,(X,G) is a 9, (X, G)-linear morphism and a € 9,(U, H),
then applying (13), we obtain the Q,, (X, H)-linear morphism

Pt © ot My — Qn(X, H),

where p)G(, 1., 18 defined in (3). Next, (p)G( Hon© fn) ®a is the image of f,, ® a via the isomorphism
(14). Finally, by applying the isomorphism (15), we get the map

1®((p§,H7n o fn).a): Qun(U,H)® M, — Qn(U, H)
b®m+— b.pG,H(fn(m)).a.
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Note that in the above formula, we identify pé’Hm(fn(m)) € O,(X, H) with its image in 9, (U, H)
via the canonical morphism Q,, (X, H) — Q,,(U, H). Therefore

CuHn(fn) = {dS((PF g © fn)-a) € Homg, u m)(Ma(U), Qu(U, H)). (16)

Recall that " Locx (—) denotes the localisation functor on the category C~

Bx.Q) of coadmissible right
D(X, G)-modules.

Proposition 4.27. Suppose that (X, G) is small. There is an isomorphism of presheaves of right
Dx -modules on X, (T)

®: "Locx (Bats . . (M(X), D(X,G))—=E(M).

(X.G)

Proof. Write M := M(X) and fix an open affinoid subset U € X,,(7). By Lemma 4.26, for any
U-small subgroup H of G, there is an isomorphism of right D(U, H)-modules

—

D(U,H)—=sExt- __ (M(U),D(U, H)).

(M(X),D(X,G))® BU.H)

7 . % ~
(bU,H . Extﬁ 'D(X,H)

(X,G)

If H' < H is another U-small subgroup of G, we need to show that

—_

— - i, ) —
(M, D(X,G)@px DU, H') —5 Bty i 4y (M(U), D(U, H'))

l . FH’*H (17)

1 (M(U), D(U, H))

7
Erls x q)

— P .
D(U,H) —% Exti

Emtﬁ (X,H) D(U,H)

(X.G)

is commutative. It suffices to assume that H’ and H are normal in G. Then Py, ;;(U) is the inverse
of the map ﬁH 1/(U) (which is defined in Proposition 4.7). So it is equivalent to show that the
diagram

Ext%(x,c)(M’ D(X, G))@5x 1 P(U, H) — Ext%(UvH,)(M(U), D(U, H"))

| T

Exti (M,’B(X,G))@ﬁ(xﬂ)ﬁ(U,H)—)Ext% (M(U),D(U, H))

D(X,G) (U,H)

is commutative.

Fix a G-stable free A-Lie lattice £ in 7(X) for some G-stable affine formal model A of O(X)
and a good chain (J,) for £. By rescaling £ if necessary, we may suppose that U is L-accessible
[5, Prop. 7.6]. Recall the sheaves Q,, and M,, in (6), (10), and (11). Then

D(X,G) = lim, Qu(X,G), D(U, H) = lim, (U, H) and D(U, H') = lim, Q,(U, ).

Thus M = @n M, with M, := 9,(X, Q) ®§(X @) M. Since the morphisms in the above square
are linear between coadmissible modules, it is enough to prove that the diagram

37



4 EXT FUNCTORS FOR COADMISSIBLE EQUIVARIANT D-MODULES

Extg, x,0)(Mn; Qu(X, G)) @g,x.1r) Qu(U, H') — Bty (y yn(Mn(U), Qu(U, H'))

| T

Baty, x.¢)(Mn: @u(X, Q) ©,0¢,1) (U, H) —— Baty, ) (Ma(U), Qu(U, H))

is commutative.

Now, by taking a free resolution of M, as a Q,(X,G)-module and by using the flatness of the
morphisms Q, (X, H') — 9,(U,H’) and 9,(X,H) — Q,(U, H) (Proposition 2.7), it remains
to prove that, for any 9, (X, G)-module P, the diagram

Hoan(X,G’)(P7 Qn(X7 G)) & Qn(Ua H/) — Hoan(U,H’)(Qn(Ua Hl) ® Pa QTL(U7 Hl))

| |

Hoan(X,G)(Pv Qn(Xv G)) ® Qn(Ua H) B Hoan(U,H)(Qn(U7H) ® P, QH(U7H))

is commutative.

Let f € Homg, (x,6)(P, @n(X,G)) and a € Q,(U, H), then we need to show that:

Piam © QWG 0 £lia) = 18((0F v © fa). (18)

Where, i : Q,(U,H') — Q,,(U, H) is the natural inclusion. Let b € Q,(U, H') and m € P, then
we compute by using (16)

it © (LT 110 © £)i@)) (0@ m) = i 110 (00T 1, (f (M) )i(a))
= 01 11 (P 1.0 (f (1))@ = B 111, © D8 1. (f ()0 = 08, g1 (F ().

Thus, the equality (18) is proved and so the commutativity of the diagram (17) follows. As a
consequence of this, by taking the inverse limit of the maps @%J, 17> we obtain a right D(U)-linear
isomorphism

®'(U) : "Locx (Eatl M(X),D(X, G))(U)—=E(M)(U).

(XvG)(

Finally, ®’ being a morphism of presheaves amounts to showing that if V. C U are open subsets in
Xw(T) and H is an open normal subgroup of G which stabilizes U and V, the following diagram
is commutative:

Bxts (M, D(X,G)®5

D(X,G) (X,H) D(U,H)

L

Exti.  (M,D(X, G)®5

D(X,G) X,H)

This is indeed a consequence of Proposition 4.15, where it is proved that:

Bats |, . (M(V),D(V, H)) = Extls . (M(U),D(U, H)&z DV, H).

(V.H) (U.H) (U.H)
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Corollary 4.28. Let M € Cx /g be a coadmissible G-equivariant Dx-module on X. The presheaf
EY(M) is a sheaf on the basis X,,(T) of the Grothendieck topology on X. In particular, this can be
extended to a sheaf on Xy, which is still denoted by E*(M).

Proof. Fix U € X,,(7) and let H be a U-small open subgroup of G. Then following Proposition
4.27
E'(M)|y ~"Locy(Exts . (M(U),D(U, H)).

D(U,H)
Since the right hand side is a sheaf on U, (7T |y), one has that E*(M) |y is also a sheaf on Uy, (T |u).
It follows that the presheaf E*(M) is actually a sheaf on X, (7) as claimed. O

Theorem 4.29. Let M be a coadmissible G-equivariant left Dx-module. Then E*(M) is a coad-
missible G-equivariant right Dx-module for every M € Cx /g and every i > 0.

Proof. First, let us show that E*(M) is a sheaf of G- equivariant locally Fréchet right Dx-modules.
Let U € X,(T) and H be a U-small subgroup of G. Then the bijection

E'(M)(U) = E((M)(U, H) = Eatly . (M(U), D(U, H))

from Remark 4.13 tells us that E*(M)(U) can be equipped with a canonical Fréchet topology
transferred from the canonical topology on Ext% (U.H) (M(U),D(U, H)). This topology does not
depend on the choice of H, so that E'(M)(U) becomes a coadmissible (right) D(U, H)-module. It
remains to check that if g € G then each map ¢g¥ M) (U) : EY(M)(U) — E*(M)(g U) is continu-
ous for any U € X,,(7). Indeed, note that the map gZ (M) (U) is a linear isomorphism with respect
to the K- algebras isomorphism gy g : D(U, H) — D(g U, gHg™"). We obtain that g )(U) is
continuous by [1, Lemma 3.6.5]. Thus E*(M) is in Frech” (G — Dx).

Next, write M := M(X). In view of Theorem 4.25, Proposition 4.27 and Corollary 4.28, it remains
to prove that when (X, G) is small, the morphism

' "Locx Bty o) (M, D(X,QA))) — EY(M)

is indeed a G-equivariant morphism.

In the sequel, to simplify the notations, we write

N = E{(M) and N := TLocX(Ext% (M,D(X,Q))).

(X,G)

Let U € X,(7) and g € G. Then by definition, ®*(U) = lim @%’H, it reduces to prove that for
any U-small subgroup H of G which is normal, the diagram

!

N
i ~ o ~ 9u,H i —~ —_ —
Ewts o) (M DX, G)@px gy D(U, H) —— Eats (M, D(X,G))®5x o) P9 U, H)
B | |#h00m

(D(U, H)®5x 11 D(gU,"H)@px o 5yM D(g U, 7H))

X,9H)""

N
Eati M,D(U, H)) 225, Bati (
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is commutative. Here recall that gg g and g{\J/IH correspond to the G-equivariant structures on the
sheaf A and on N’ respectively.
Choose a Lie lattice £ in 7 (X) and a good chain (J,) for £ such that

n

By rescaling £, we may suppose that U is L-accessible. This implies

n

Now, following Lemma 4.19, ¢ U is also £’-accessible with £ := ¢7 (£). Thus £’ together with the
good chain (gJ,¢g~ ') defines the Frechet-Stein structures

D(X,9H) = lim_Q,(X,9H) and D(gU,9H) = lim Q. (g'U,7H).

Since each map of the above diagram is a linear map between coadmissible modules, they can be
regarded as the inverse limits of systems of morphisms:

i T i i 1 i
‘I’U,H = %Lnn ‘I’U,H,m <I’g U9H — l&nn q)g U9Hn
N N Ny N7
Ju,.gH = @n Ju,Hn 9UH = @n 9U,Hn-
As a consequence, it is enough to prove that the diagram
!
g’I/\J/’,H,n

Exty, x a)(Mn, Qu(X, G)) @ Qu(U, H) —== Euaty (x g)(Mn, Qu(X,G)) © Qu(g U, 7H)

(I)%J,H,nl \LCI);U,QH,n
N

. 9U,H.n i
Eaty, w,m(@n(U, H) © My, Qu(U, H)) =5 Bty (1.011)(Qn(9 U, 9H) @ My, Qn(g'U,9H)

is commutative. Here we assume that M = 1£1n M, with respect to the given Frechet-Stein

structure on D(X, G). After taking a resolution of M,, by free Q, (X, G)-modules, it amounts to
proving the commutativity of the above diagram for the case ¢ = 0, which means that the following
diagram is commutative:

Nl
g n
Homg, (x.c)(Mn, Qn(X,G)) ® Qu(U, H) —" Homg, x.c)(Mn, Qu(X,G)) ® Qu(9U,9H)
¢U,H,nl v l@g U,9H,n
9U,H,n

Hoan(U,H)(QTL(U7H) @ Mn7 QH(U7 H)) — Hoan(gU,gH)(Qn(g U79H) @ Mn7 Q’ﬂ(g U’QH))

Let f € Homg, x,q)(Mn, Qn(X,G)) and a € Q,(U, H). It is enough to show that:
®g U79H (gg:H,TL (f ® a’)) = g{\J[,H,n (QU,H,T’L (f ® a))

Since @)y, (f @ a) = (f1n(9))-907 (a) and @y g.(f ® a) = 1&(pg,ma(f))-a (which are mor-
phisms in Homg,, (4u,9m)(2n(9 U, H) ® My, Q,(g U,9H))), it is equivalent to show that:

1860 ((Fm(g™))-987(0)) = 987 © (1&(pa.an(f))-a) o (97 )y
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4 EXT FUNCTORS FOR COADMISSIBLE EQUIVARIANT D-MODULES

where

G — Qu(X,G)" = (UL x5, G) g

is the canonical group homomorphism from Remark 2.4.
Let m € My,,b € Q,(¢gU,9H), we compute

(186t 0 (F1a(g™)-985(@) (b ® m) = b.peoma(f(M)yalg™)9S (@)

and

(98", © (1P frn 0 £)-a) o (g7 ) (b @ m)

= 92 0 (1OWE 1 © £)-0) (g0 (5) © (g™ )m)
)-987s1 (P 1.0 (F (v (g~ m)a)

= b.98" (08 1. (F (g™ )m)) 957 (a).

Here, we identify the element pé’H’n(f(fyn(g_l)m) € O,(X, H) with its image in 9, (U, H) via the
natural restriction Q,(X, H) — Q, (U, H) and the element pgapn(f(m)y(g71)) € On(X,9H)
with its image in Q, (¢ U,9H) via Q,(X,9H) — Q,(g U,9H). Thus, it remains to show that for
any m € M, one has

PG ta(F(m)1a(9™") = 95 (P81 (g™ 1) F(m). (19)

Consider the following diagram:

0,(X,G) 9, o (X, @)

X _
pG,H,nl lpG’gHg Ln
Qn
9x,H

Qn<X7H) I Qn(XagHgil) (20)

| e

0,(U, H) 225, 0, (gU, gHg™).

By [1, Definition 3.4.9(c) and Propostion 3.4.10], we see that Ad,, () = g)%”H on Q,(X,H) C
9,(X,G) and the commutativity of the lower diagram of the diagram (20) follows from loc.cit.
On the other hand, it is proved in the proof of Proposition 4.24 that the upper diagram of (20) is
commutative. Hence we may compute as follows:

pGo i (f(m)n(9™") = pasin (1 (g) (g™ ) F(m)m(g™))
= pGﬂH,n(.g)Q(:LH(’Yn(g_l)f<m))>
= 90" (pc,1 (v (g™ ") f(m)).

Hence we obtain the commutativity of (20) and so the theorem follows.

Definition 4.30. Let M € Cx ;q, then we define for any non-negative integer i > 0:

EYM) == Homoy (Ox, EY(M)).
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5 DIMENSION AND WEAKLY HOLONOMIC EQUIVARIANT D-MODULES

Proposition 4.31. For every i > 0, £ is an endofunctor on the category Cx /G-

Proof. Following Theorem 2.8 and Theorem 4.29, the sheaf £(M) is a coadmissible G-equivariant
left Dx-module. Now if f : M — M’ is a morphism of coadmissible G-equivariant left Dx-
modules, then for any U € X,,(7) and any U-small subgroup H of G, it follows that the D(U, H)-
linear map f(U) : M(U) — M’(U) induces a morphism

E:ct%(uH) (M'(U),D(U,H)) — Ea:t%(UyH) (M(U),D(U, H)),
which is right ﬁ(U, H)-linear. Hence by [1, Lemma 3.6.5], this is a continuous map with respect to
the natural Fréchet topologies on both sides. In this way we obtain a morphism of G-equivariant

locally Fréchet Dxmodules ‘ ' ‘

E'(f): E“(M') — E"(M)
whose local sections are continuous. Now, if g : M’ —> M" is another morphism in Cx /¢, then it
is straightforward to show that E(id) = id and E'(go f) = E(f) o E*(g), which ensures that E’

is a functor from Cx /¢ into Cx /G Finally £ is a composition of two functors, so it is a functor
from Cx /¢ into itself, as claimed. O

5 Dimension and weakly holonomic equivariant D-modules

5.1 Dimension theory for coadmissible equivariant D-modules

In this section, we fix a smooth rigid analytic K-variety X of dimension d and a p-adic Lie group G
acting continuously on X. We are now ready to introduce the notion of dimension for coadmissible
G-equivariant Dx-modules. Recall that the set X,,(7) is a basis for the Grothendieck topology on
X.

Definition 5.1. Let M € Cx /q. Let U be an admissible covering of X by affinoid subdomains in
Xu(T). The dimension of M with respect to U is defined as follows:

dy (M) := sup {d(M(U))|U € U},

where d(M(U)) is the dimension of the coadmissible 5(U,H)—m0dule M(U) for some U-small
subgroup H of G.

Recall that d(M(U)) does not depend on the choice of H, cf. remark 3.10.

Proposition 5.2. Let M € Cx /g and let U and V be two admissible coverings of X by elements
in Xy(T). Then dy(M) = dy(M).

Proof. We may assume that V is a refinement of &/ and every element of U has an admissible
covering by elements of V. Let Uj,..., U, € V be a cover of Uy € U (which is quasi-compact!).
We fix an open compact subgroup H of G such that (U, H) is small and choose a H-stable affine
formal model A in O(Uy) and a H-stable smooth A-Lie lattice £ in 7 (Upg). Then by [1, Lemma
4.4.1], we may assume that H stabilizes A, £ and each member U; in V. By replacing £ by a
sufficiently large m-power multiple, we may also assume that each U; is a L-accessible affinoid
subspace in Ug so that Uy, ..., U € (Up)ac(L, H) and they form an (Ug)q.(L, H)-covering. Recall
from section 4.1 the sheaf of rings Q,,(—, H) and the sheaf of modules M,, on the Grothendieck
topology X,.(L, H), which are induced by M. Then
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5 DIMENSION AND WEAKLY HOLONOMIC EQUIVARIANT D-MODULES

D(U;, H) ~ lim Q,(U;, H) and M(U;) = lim M, (U;) foralli=0,1,..k.

Each M(U;) is a coadmissible D(U;, H )-module and by Definition 3.9, d(M(U;)) = 2d—jg(M(U;))
for each i.

Now by [1, Theorem 4.3.14], one has that @le Q,(U;, H) is a faithfully flat right Q,,(Uy, H)-
module. Thus applying [5, Proposition 7.5(c)] gives that @le D(U;, H) is c-faithfully flat over

—_

D(Uy, H). On the other hand, the completed tensor product commutes with finite direct sum, so
that:

—

Exts . (M(U0), D(Uo, H)&5 5, i) &k, D(U,, H)

~ ©f Batls 0 (M(Uo), D(Uo, H)) S5y, 4D (Ui, H)

(Uo,H)(

~ B Bty ) (M(U), D(U;, H)).

(U

By consequence, one has
ju(M(Uo)) = inf{ju(M(U;)) : M(U;) #0,i = 1,2, ...k},
so the proposition follows immediately. ]

The above proposition means that the dimension of a module M € Cx ;g does not depend on
the choice of an admissible covering U of X. Hence we we will from now on denote it by dx (M)
or simply d(M) if the space X is clear. By definition,

0 <dx(M) < 2d.

5.2 Bernstein’s inequality

Let X be a smooth rigid analytic variety and G be a p-adic Lie group acting continuously on X.
We say that Bernstein’s inequality holds in Cx /g, if d(M) > dim X for all nonzero M € Cx . In
this section, we show that Bernstein’s inequality holds in Cx g whenever X has good reduction,
i.e. admits a formal model which is smooth. We do not know whether this result generalizes to all
X (with continuous G-action). In the case G = 1, we know that Bernstein’s inequality holds in Cx
for any X, cf. [6, Thm. 6.2].

We recall the following basic notion. Let R be a commutative ring and A a commutative R-
algebra. Let L be a (R, A)-Lie algebra. Let I C A be an ideal. A finite set {x1, ..., x4} of elements
in L is an I-standard basis if it satisfies the following conditions:

(i) {x1,...,zq} is a basis of L as an A-module (which implies that L is free over A),

(ii) There exists a set F' = {f1,..., fr} C I with r < d which generates I such that
foJ:(;Z] fOraHlS’iSdandlSjST.

Lemma 5.3. Let (X,G) be small and suppose that X = Sp(K(x1,...,x4)) is a polydisc. Then
Bernstein’s inequality holds in Cx /q-

Proof. Let M be a non-zero module in Cx /g and M := M(X) € Cﬁ(x ) Denote by 04, ..., 0y

the partial derivations with respect to coordinates zi,...,z4. Write A := R{x1,...,x4) and L :=
Derg(A) =01 A® ... » JgA. Then A is an affine formal model of O(X) = K(x1,...,xz4) and L is a
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5 DIMENSION AND WEAKLY HOLONOMIC EQUIVARIANT D-MODULES

free A-Lie lattice in 7(X). Now, we can choose an open subgroup H of G which stabilises .4 and
L [1, Lemma 3.2.4/3.2.8]. Thus, (X, H) is small and

D(X, H) = limU(n"L) c x5, H

n

for any choice of a good chain (J,),, for £. Note that dﬁ(x G) (M) = dﬁ(x I (M) (Remark 3.10
(ii)) and there exist n sufficiently large such that

M,), with M, = (U(x"L) ; ¥, H) ®= 5 1 M.

1506, M) = Jgmss oy w1l B(X,H)

On the other hand, Proposition 3.2 and Lemma 3.3 tell us that

jU(w"c)KmnH(M”) - jWK(M”)'

Now applying [3, Corollary 7.4] gives j (M,,) < d and so d(M) > d as claimed. O

U(mnL) g
Lemma 5.4. Let X be a smooth affinoid of dimension d. Let A be an affine formal model and L
a smooth Lie lattice in T (X). Suppose that U is a finite Xac(L)-covering by affinoid subdomains

X; with L-stable affine formal models A; of O(X;). Let L; = A; ® 4 L. Suppose that U(L), and

—

each U(L;) i is Auslander-Gorenstein of dimension at most 2d. Then
d(M) = supd(M;)

for any non-zero finitely generated U/(Z)K-module M, where M; = O(X;) @ M.

—

Proof. The map U(L), — ®;U (L) is faithfully flat by [4, Thm. 4.9]. By definition of the grade
and faithfully flat descent for Ext-groups, this implies j(M) = inf{j(M;) | M; # 0}. O

We prepare the next result with an auxiliary lemma. Let X be a smooth affinoid with A = O(X).
Let A be an affine formal model and Z C A an ideal. Let £ be an A-Lie lattice in 7 (X). Recall
the normalizer Nz(Z):={z € L:2-Z CZ} of Z in A and let

N :=N.(T)]IL.

Let W:=UWN)g and U :=U(L)k and set I =ZA. The (W, U)-bimodule U/IU gives rise to the
functor
iy M Moy U/IU

from finitely generated right W-modules to finitely generated right U-modules. For a set F' C A,
we let Cp(F):={x € L:x-f=0forall fe€ F} be the centralizer of F in L.

Lemma 5.5. Suppose there are generators F = {f1,..., fr} for the ideal I such that L-f; C A for
each 1 <i <r and elements x1,...,x, € L such that x; - f; = 0;5. Then jy(it(M)) = jw (M) + .

Proof. Let C = C(F). According to [4, Lem. 4.1] one has £ = ( @—1,..» Ax;) & C. In particular,
C is a smooth (R, .A)-Lie algebra. Moreover, the equality implies that

Ne(Z) = (®im1,..p Tai) ®C.

Indeed, any z = Y ;_, a;z; + ¢ with ¢ € C such that a; ¢ Z for some k does not belong to N(Z),
because of z - fr = ap ¢ Z. This shows the forward inclusion. For the reverse inclusion, note that
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®i=1,.rLx; C Ng(Z) is clear, since z; - A C A for any i. Moreover, if z € C and f € Z, say
f= Zj a; f; with a; € A, then

z-f=Y aj(@-fi)+(@-a)fj=) (¢-a5)f; e INA=T,
j

J

which proves C C N, (Z). The statement implies that the natural map C — N (Z)/Z L is surjective.
Its kernel equals Z LNC = ZC, so that C / ZC ~ N as (R, A)-Lie algebras. Let g1, ..., gs generate the
ideal Z in A and let A = A /Z. As in the proof of [4, 5.8], this induces a complex of U(C)-modules

U —U((C) — UA®4C) — 0,

which is exact, according to [5, 2.3], since C is a smooth (R, .A)-Lie algebra. It stays exact after
m-adic completion, since U(C) is noetherian and all modules are of finite type. This yields an

—

isomorphism of Banach algebras V/FV ~ W, where V := U(C)kx. Hence as right U-modules
iy(M) =M @w U/IU ~ M ®y U. The claim now follows from [6, 6.2]. O

For example, the hypothesis of the preceding lemma are satisfied, if £ admits an Z-standard
basis. As to the existence of such bases, we mention the following integral version of [4, 6.2].

Lemma 5.6. Suppose that A is an affine formal model, T C A an ideal with T # I?. Let L be
an (R, A)-Lie algebra which is free as A-module. Suppose that Nz(T)/ZL and T/I? are free as
A = A/Z-modules and that the map L/IL — Homz(Z/I?, A) is surjective. Then there is an
element g € 1 + I, such that with A" := A{1/g), L := A @4 L and T' := A' @4 Z, the (R, A’)-Lie
algebra L' admits an I'-standard basis. The formal open subscheme D(1/g) = Spf A" of Spf A

contains the closed subspace Spf(A).

Proof. As in [4, 6.2], one obtains an element abc € 1 +Z C A (in the notation of loc.cit.) such
that with g := abc, A" := A(1/g) and I’ := A'(1/g) ® 4 T the (R, A’)-Lie algebra £ admits an Z'-
standard basis. Moreover, D(1/g) contains the closed subspace Spf(A /Z). Indeed, suppose there
is p € Spf(A/Z), an open prime ideal of A which contains Z, such that g(p) = 0, i.e. g € p. Since
g € 14+ Z, this implies 1 € p, a contradiction. O

Proposition 5.7. Let (X, G) be small and suppose that X has good reduction. Then Bernstein’s
inequality holds in Cx q-

Proof. By Prop. 3.14 it suffices to consider right modules. If X is a polydisc, we are done by lemma
5.3. So assume that X is not a polydisc. Let a nonzero M € Cx ; be given and let M := M(X) €

C%(X o By hypothesis, there is a formal polydisc Y = Spf(.A) with A = R(yi, ..., yq) and an ideal

T C A such that A := A/T is a smooth affine formal model for O(X). Let Y = Yy be the generic
fibre of Y. Let £ := Derg(A). Then N := N¢(Z)/ZL =~ Derg(A) is a A-Lie lattice in 7(X) and
there is a compact open subgroup H of G which stablizes both A and N, cf. [1, 3.2.4 and 3.2.8].
Hence

D(X, H) = lim U (7" N) ¢ %, H

for any choice of a good chain (Jo) for NV, cf. [1, 3.3.4]. Note that d5
(Remark 3.10 (ii)) and there exist n sufficiently large such that

(X,G) (M) = dﬁ(x,H) (M)

H(Mn),with Mn:(U(ﬂ'nN)K X J, H) ®5 M

B¢, (M) = jUwN)KM (X,H) 7
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On the other hand, Proposition 3.2 and Lemma 3.3 tell us that j

U(ﬂ'nN)K*‘JnH(Mn) - jU(ﬂ'"N)K (Mn)

It therefore suffices to prove for sufficiently large n the main assertion:

dx <d
X = U(rn”N) g

(M)

Our proof relies on Bernstein’s inequality for completed deformed Weyl algebras as proved in

[3, 7.4]: for any n > 1, the Banach algebra U(n"L)k is of this type, whence

for any finitely generated nonzero right U(7"L) g-module N.

Let X = Spf(A) and let ¢ : X — Y be the induced embedding. The second fundamental
sequence for differentials associated to the smooth embedding ¢ is exact. Dualizing it yields the
exact sequence of A-modules

0 — N = Ng(I)/IL — L/IL — Homx(Z/I?, A) — 0.

Note that multiplication by 7" gives 7" N = Npnp(Z)/Z(7"L). Now let W := U(7"N )k and
U :=U(m"L)k and consider the functor

i M Moy U/IU

from finitely generated right W-modules to finitely generated right U-modules. Here I = ZA. The
functor is compatible with localization in the following sense. Let )’ = Spf(A’) C Y be an open
affine subscheme with generic fibre Y’ = )’ inducing the closed embedding

i X =xn)y =Y.

Let 7/ = ZA and L' = A/ ®4L and N' = Np/(Z')/T'L'. The above exact sequence tensored
over A with A’ = A’ /7’ remains exact by flatness and proves that N’ ~ A’ ®4 AN . In particular,
TN =~ A @A(r" N). Let W' = U(7"N") g and U' = U(7"L')  giving rise, as above, to a functor
(#')4+. Evaluating this functor on the finitely generated W’-module M’ = M @y W' yields

(") (M) = (M ow W) @w U/T'U ~ (M @w U/IU) @y U =i (M) @y U'.

In other words, the sheaf Loc(iy (M)) on Y (L) has local sections over Y’ equal to (i')(M’).

Since 7 is a smooth embedding, there is a finite covering of ) by affine open formal subschemes
V' such that B
0= N'=Ng(T)/T'L — L£')T'L — Homg(T' /T A') — 0

is a sequence of finite free A’-modules. Passing to connected components, we may suppose that
each )’ is connected. There are two cases.

Suppose first that Z' = Z'2. Then either Z/ = 0 or Z/ = A’ (compare [4, 6.3 ]) and so either
Y c Xor YNX = 0. Note that ) C X implies d = dimY < dimX, whence X = Y, a
contradiction.

Suppose secondly that 7' # Z'2. According to 5.6, there is an affine open formal subscheme
V" = Spf A” C )’ containing the closed subspace X’ := )’ N X and such that with £"” := A" @ 4 L'
and 7" := A" ® 4 T’ the following holds: the (R, .A"”)-Lie algebra £” admits an Z”-standard basis.
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By replacing )’ by )" and by adding finitely many connected affine open formal subschemes in the
open complement )\ X, we may therefore assume that each member of our finite covering )’ of )
satisfies exactly one of the following conditions: either )’ N X = ) or else £ admits an Z’-standard
basis.

Let Y = V) and X' = X%. Note that U and U’ is Auslander-Gorenstein of dimension at
most 2d accordmg to [6, 4.3] and its proof (this is the case m = 0 in the notation of loc.cit., since
we have Gorenstein models and smooth Lie lattices). Of course, any Y’ is L-admissible, since A’
is an L-stable formal model of Y. According to 5.4, we therefore have d(N) = supys d(N’) for

any nonzero finitely generated U(n"L) ,-module N. For similar reasons, we have that W and W’

is Auslander-Gorenstein of dimension at most 2dx. Any X' is N-admissible, since A is an N-
stable formal model of X’. According to 5.4, we have d(M) = supx: d(M’) for any nonzero finitely

generated U(m"N) j-module M.

We now finish the proof of the main assertion on the U(7"N) -module M,,. Let N := iy (M,).

Its dimension is then computed over those N’ such that )’ NX # 0. Hence, there is X’ with

d(N) = dy/(N’) and such that £" admits an Z’-standard basis. Let fi,..., f, be the corresponding

set of generators for Z'. The hypothesis in Lem. 5.5 for the Lie lattice £’ and the ideal I’ are

therefore satisfied. Hence, the same is true for the Lie lattice 7" £ relative to the generators 7{—31

for I' and we obtain j (e (M) = 5 (M]) + r. The compatibility of i; with
U(rn L) U(m™N) ¢

localization shows that N/ = (i') (M), so this yields

d<d N') =2d — N')=2d - M) —r.
— U(ﬂnﬁl) ( ) J ( n[,/) ( ) ] ( an) ( n) r
Because of d = dx + r, the right-hand side equals
/ _g /
2r 4+ (2dx —] T (M) —r = dU(rr"N’)K(M”) +7r
g /

andsodx =d—r < d g (M]). Hence

dx < d—— (M) =d—— (M,

X -~ S;;P U(ﬂ'nN/)K( n) U(ﬂ'nN)K( )

O

The following result is a direct consequence of the preceding proposition, given the local nature
of the dimension function, cf. 5.1.

Corollary 5.8. Let X be a smooth rigid variety and G be a p-adic Lie group which acts continuously
on X. Suppose that X has good reduction. Then Bernstein’s inequality holds in Cx ;g -
5.3 Weakly holonomic equivariant D-modules and duality

Let X be a smooth rigid analytic variety of dimension d and G be a p-adic Lie group which acts
continuously on X.

Definition 5.9. A module M € Cx ;g is called weakly holonomic if d(M) < dim X. The category
of weakly holonomic equivariant Dx-modules is denoted by CX Tz

There is an analogous version of the preceding definition for right modules in Cy ez

Here is a first example in dimension one.
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Example 5.10. Let (X,G) be small with dimX = 1. Let P € D(X) be a regular differential
operator and M = D(X,G)/D(X,G)P. Then Locx(M) € C%’}G. Indeed, this follows from 3.13.

Proposition 5.11. Let
00— M| — My —> My —0

be an exact sequence in Cx jq. Then My is weakly holonomic if and only if My, Mz are weakly
holonomic. The category C)lgh/G is a full abelian subcategory of Cx g closed under extensions.

Proof. Let U be an admissible covering of X by affinoid subdomains in X,,(7"). For every U € U,
it follows from Proposition 3.11 that

d(Mo(U)) = max{d(M:(U)),d(M2(U))}.
This implies all statements. O
Recall the family of endofunctors £ on Cx /G cf. Definition 4.30, for 7 > 0.
Proposition 5.12. The functor £ takes values in the subcategory C)“(’};G.

Proof. Since this is a local problem, we may assume that (X, G) is small. Let A = O(X). Let
M € Cx jg- Then M =~ Locx (M), with M = M(X) € C5 By Proposition 4.27 and Theorem
2.8, one has that:

(X.G)’

EYM) ~ Loc M,D(X,G)))).

Bx.c) Homa(QX), Extd

(X,G)(

The grade of the coadmissible (right) module Ext%(x & (M, 13(X, G)) is > d, by the c-Auslander

condition, so that its dimension is less than d. Now Proposition 3.14 implies

d(Homa(Q(X), Exts M, D(X,@3)))) < d.

(X:G)(
This shows that £4(M) € C)“g;G. O

Lemma 5.13. Suppose that Bernstein’s inequality holds in Cx ;g and let M € C)“é};G. Then
EYM) =0 for any i # d.

Proof. We may suppose M # 0. Then j(M) > d by Bernstein’s inequality, whence £/(M) = 0 for
alli < d. Soleti > d. Then j(£%(M)) > i > d by the c-Auslander condition, so that d(£*(M)) < d.
So £{(M) = 0, by Bernstein’s inequality. O

The preceding lemma motivates the following definition.

Definition 5.14. Suppose thal Bernstein’s inequality holds in Cx ;q. The duality functor D on
C)lzh/c into itself is defined as follows:

D(M) := EYM) = Homoy (Qx, EY(M))

for any M € C)“(’};G.

Proposition 5.15. Suppose that Bernstein’s inequality holds in Cx /. There is a natural isomor-
phism of functors D? ~ id on C}%};G'
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Proof. This can be proved along the lines of the proof of [6, Proposition 7.3] for weakly holonomic
Dx-modules. By the local nature of the functor D and since X,,(7) is a basis for the Grothendieck
topology on X, we may assume that (X, &) is small and and need to show the existence of an
isomorphism

(X, D?(M)) ~ T(X, M)

compatible with restriction maps whenever U C X in X,,(7). We may assume that there are G-
stable formal models A and B for A = O(X) and B = O(U) respectively, such that O(X) — O(U)
maps A into B. We choose a G-stable free A-Lie lattice £ for 7(X) such that B exhibits U as
L-accessible. We may assume that [£, £] C 7L and that £-.4 C 7A. Choose a good chain J,, for
L. Then

S=D(X,G) ~lim S, with S, 1= U(z"L); %, G

and

T:=D(U,G) ~ lim T, with T, := U(x"(B@4 L)) %1, G

are realizations of the corresponding Fréchet-Stein structures of S and T'. According to Cor. 3.7,
we may assume that D,, and T}, are Auslander-Gorenstein rings of dimension at most 2d for each
n > 0. Write M :=T'(X, M) = lim M, with My := S, ©5 M and N := rnu,m) = Hm Ny, with
N,, :=T, ®r N. Note that N, = T,, ®g, M,. Let Q := Q(X). By Proposition 3.14, one has:

(X, D*(M)) = Hom(Q, Ext&(Homa(Q, Extd (M, S)), S)
~ Extd(Q ®4 Homa(Q, Extd (M, S)), S)
~ Extd(Extd(M,S), S).

According to [19, Lemma 8.4], one has Extd(M, S) = Hm Extl (M, Sy,). Moreover, Lemma 5.13

implies that Ea:t"sn (M,,,S,) = 0 for any i # d. The classical duality over Auslander-Gorenstein
rings [12, Theorem 4] therefore gives the S,-linear isomorphism

Extl (Exth (M,,Sy),Sn)) ~ M,.

Recall here that the duality morphism comes from the usual convergent spectral sequence with
FEs-term
Ey™ .= Batly (BExtg™(Ma, Sn), Sn)

and abutment E'™™ := M, for [ +m = 0, resp. := 0 for [ +m # 0, appearing in the global duality
M,, — RHomg, (M,, S,). We have the commutative diagram

S, —— T,

| |

Snfl — Tnfl

in which all ring homomorphism are flat: the horizontal ones according to [1, Thm. 4.3.14]. The
base extension S,,_1 ®g, () transforms the whole spectral sequence and hence the duality morphism
for the S,,-module M, into the corresponding spectral sequence and duality morphism for the S,,_1-
module M,,_; = S,,_1®g, M,,. The base extension T}, ®g, (-) transforms the whole spectral sequence
and hence the duality morphism for the S,,-module M,, into the corresponding spectral sequence
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6 PRESERVATION OF WEAK HOLONOMICITY AND EXAMPLES

and duality morphism for the T},-module N,, = T, ®g, M. This means that we may pass the above
Sp-linear isomorphism to the projective limit in n to obtain the isomorphism

(X, D*(M)) = Extd(Ext&(M,S),S) ~ M = T'(X, M)

and that this latter isomorphism is indeed compatible with the restriction maps to U C X. ]

6 Preservation of weak holonomicity and examples

6.1 Extension.

We generalize the extension functor [6, Section 7.2] to the equivariant setting. This functor is de-
fined on the category of G-equivariant coherent Dx-module and takes values in the category Cx /q-
We will show that it preserves weak holonomicity in a suitable sense.

Let X be a smooth rigid analytic space and G a p-adic Lie group acting continuously on X.
Lemma 6.1. Suppose that (X, G) is small and that H is an open subgroup of G. The natural map
D(X, H) ®px)wa (P(X) x G) — D(X, G)

is an isomorphism. If M is a D(X) x G-module, the natural morphism
D(X, H) QD(X)xH M-—=D(X,G) ®px)xg M
1$ bijective.
Proof. Following [1, Proposition 3.4.10] there is a bijection D(X, H) @ g K[G] ~ D(X, G), which
factors into
D(X, H) @ K[G] — DX, H) ®px)urr (D(X) x G) — D(X, G).

The first morphism is surjective, which implies that both morphisms are in fact bijective. This
implies the first claim of the lemma. The second claim follows from this. O

Proposition 6.2. Suppose that (X, G) is small. Let M be a D(X) x G-module which is coherent
as a D(X)-module. Then the tensor product

M :=D(X,G) ®px)xg M

is a coadmissible D(X, G)-module.

Proof. Since G is compact p-adic Lie group, it is topologically finitely generated. As M is finitely
presented as a D(X)-module, it follows that the 73(X, G)-module 13(X7 G) ®px) M is coadmissible
[19, Corollary 3.4(v)]. Now, let g1, g2, ..., gr be a set of topological generators for G and my, ..., mg €
M which generate M as a D(X)-module and let I be the ﬁ(X,G)-Submodule generated by the
finite set {g; ®m; —1®@g;m;}. Then I is a coadmissible ﬁ(X, G)-module by [19, Corollary 3.4(iv)].
There is a surjective map

f:D(X,G) @px) M — D(X,G) @p(xync M.

We will show that I = ker(f), which proves the proposition. The inclusion I C ker(f) is clear.
Moreover, ker(f) is generated over D(X, G) by the elements g ® m — 1 ® gm with g € G,m € M.
Let © € L = T(X). Then gizg; ' = g;.x in D(X) x G = U(L) x G, so that we can compute as
follows:
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6 PRESERVATION OF WEAK HOLONOMICITY AND EXAMPLES

9 ®@ xmj — 1 ® gizmj = (gizg; 1 )gi @ myj — 1@ (gizg; gim; = (9;.7)g; @ mj — 1 ® (g.x)gim;j =
(9i-2)(9: @ mj — 1 ® gimy)

Hence I contains all elements of the form g; ® m — 1 ® g;m with m € M. Now, let g € G and
(9n) € (g1, .-, gr) such that lim g, = g. Note that the coadmissible module D(X, G) @p(x) M has

a natural Fréchet topology such that the map D(X,G) — D(X, G) ®p(x) M is continuous. this
implies:
lim(g,@®m—-10¢g,m)=g@m—1Rg.

Here we note that G C D(X,G). Since I is a closed subspace of D(X, G) ®px) M [19, Lemma
3.6], we obtain g®@m — 1 ® gm € I for any g € G and m € M. Thus I = ker(f). O

Let M be a G-equivariant Dx-module which is coherent as a Dx-module. Then we define the
presheaf Ex /(M) on X, (T) as follows. Let U € X,,(7). Then define

—

Ex jc(M)(U) := lim D(U, H) @p(u)»u M(U)
H

where the inverse limit is taken over the set of all U-small subgroups H of G.

Proposition 6.3. The presheaf Ex (M) extends to a coadmissible G-equivariant Dx-module
(still denoted by Ex jq(M)).

Proof. For every U € X,,(T), there is a U-small open subgroup H of G. To verify the sheaf
property on X,,(7), we may therefore assume that (X, G) is small. Denote
M := M(X) and M = D(X,G) @pxyuc M.
Let U € X,(T). Then
DU, H)® M =~ D(U, H)®

D(X, H) Qpx)ng M = D(U, H) Qpx)nm M.

D(X,H) D(X,H)

Furthermore, since M is a coherent Dx-module, one has
M(U) = D(U) XD(X) M.

Consequently, M(U) = D(U) @pxy M = D(U) x H @px)xzg M, whence

—_—

Ex jg(M)(U) = ﬁ(U> H) @pw)wun M(U) = 5(U> H) @pxyxr M = 5(Ua H)@ﬁ(va)M.

This proves Ex /q(M) = Locx(]\? ), which implies the proposition. O
Let Coh(G — Dx) be the category of G-equivariant coherent Dx-modules.
Corollary 6.4. The formation of Ex (M) is a functor
Ex /g : Coh(G — Dx) — Cx /-

Recall the dimension of a coherent Dx-module M on the smooth rigid analytic variety X, cf.
[15]. The module M is said to be of minimal dimension if its dimension is not greater than dim X.

Proposition 6.5. Let M € Coh(G — Dx) be of minimal dimension. Then Ex jc(M) € C;gh/G.
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6 PRESERVATION OF WEAK HOLONOMICITY AND EXAMPLES

Proof. Since the question is local, we may assume that (X, G) is small. Choose a G-stable free Lie
lattice £ and a good chain (J,), for £ such that D(X,G) = U(r"L) e %y, G. Write D := D(X),
D :=D(X,G), Dy = U(n"L) ¢ 7, G, M := M(X) and let d = dim X. Recall that by definition
M = D ®pwg M. By assumption d(M) < d. Now D-module D ®p M is coadmissible nd there is

a n sufficiently large, such that jp, (D, ®p M) = jﬁ(f) ®@p M). As we know that D, is flat over
D, it follows that

Ext}y(M, D) ®p Dy, = Exty, (Dy ®p M, Dy).
Thus jp, (D, ®p M) > jp(M), which implies

d(D ®@p M) =d(D, ®p M) < d(M) < d.
Since D ®@p M surjects onto M, this proves d(]\?) <d. O

Here is the link to classical holonomic algebraic D-modules when X is algebraic. Let for the
rest of this subsection X be a smooth K-scheme of locally finite type and X = X" be its rigid
analytification. Consider the induced morphism of locally ringed G-spaces p : X — X and the
pull-back functor

pPM=0x ®,-10, p~'M

on Ox-modules. Since p*Dx = Dx, this restricts to a functor from (coherent) Dx-modules to
(coherent) Dx-modules.

Lemma 6.6. Let M be a holonomic Dx-module. Then p* M is a Dx-module of minimal dimension.

Proof. Let M be a nonzero holonomic Dx-module. Let U be an open affine subdomain of X over
which M is nonzero. Let i = {U;,i € I} be an admissible covering of p~ U by affinoid subdomains
of X. As p is flat, we may suppose that Ox(U) — Ox(U;) is flat, whence Dx(U) — Dx(U;) is
flat. Since p* M(U;) = Dx(U;) @p, ) M(U), one obtains

Extp (v, (p"M(U;), Dx(U;)) = Extp, ) (M(U), Dx(U)) ®py ) Px(Us).

By consequence

Ip2 ) (M(U)) < Jipg (uy) (P"M(U)).
Since M is holonomic and nonzero over U, we have jp, () (M(U)) = dim X, which implies that
dim X < jp, (u,)(P*M(U;)) and dpy (u,)(p* M(U;)) < dim X = dim X for every i. Letting U vary
implies d(p*M) < dim X, as claimed. O

6.2 Equivariant integrable connections

Let X be a smooth rigid analytic variety and G be a p-adic Lie group which acts continuously on
X. A G-equivariant Dx-module, which is coherent as an Ox-module will be called a G-equivariant
integrable connection. The subcategory of Coh(G — Dx) consisting of the G-equivariant integrable
connections on X is denoted by Con(G — Dx). Of course, Con(G — Dx) contains the structure
sheaf Ox.

Proposition 6.7. Let M be a G-equivariant integrable connection on X. Then M € Frech(G —
Dx).
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Proof. Let U € X,,(T) be an affinoid subdomain. Then M|y is a coherent Oy-module, so that by
Kieh!l’s theorem, M(U) is a coherent O(U)-module. this implies M(U) has a canonical Banach
topology by [8, Chapter 3, Proposition 3.7.3.3]. For any g € GG, the map

g"(U) : M(U) — M(gU)

is a bijection which is linear with respect to the continuous morphism of K-Banach algebras ¢©(U) :
O(U) — O(gU). If we consider the O(g U)-module M(gU) as a O(U), then M(g U) is coherent
as a O(U)-module such that the map O(U) x M(gU) — M(gU) is continuous and g™ (U) is
a O(U)-linear map. By [8, Chapter 3, Proposition 3.7.3.2], ¢ (U) is continuous between Banach
spaces. Since Banach spaces are Fréchet spaces, this proves that M € Frech(G — Dx). ]

Lemma 6.8. Suppose that (X, G) is small. Let M be a D(X) x G-module which is coherent over
O(X). Let L be a G-stable A-Lie lattice L in T (X) for some G-stable affine formal model A of

O(X). Then there exists m > 0 such that there is a structure of U(n™L)x x G-module on M for
all n > m which extends the given D(X) x G-action.

Proof. Let A = O(X). By assumption M is finitely generated as an A-module. Let S be a finite
generating set of M on A. Then M := AS is an A-submodule of M which generates M over K.
Furthermore, since £ is an A-Lie lattice by assumption, there exists m > 0 such that for all n > m,
LM C M, forcing M to be an U(7"L)-module. Now, since A is m-adically complete, so is the
finitely generated A-module M, so that M is also an U(7n™L)-module. Therefore, M = K @ M

is a U(n"L) -module. On the other hand, we see that the structure of U(7"L)-module (which
extends the given D(X)-action) on M is compatible with the G-action. O

Proposition 6.9. Suppose that (X, G) is small. Let M be a D(X) x G-module which is coherent
over O(X). Let L be a G-stable free A-Lie lattice L for some G-stable affine formal model A of

O(X). The D(X)xG-action on M eztends to a D(X, G)-module structure if the following condition
holds in M :
gm = Benp(g)m for all m € M and g € Jp,. (21)

for some good chain (Jo) for L. In this case, M =~ ﬁ(X, G) Qpx)yng M and M is a coadmissible
D(X, G)-module.

Proof. By Lemma 6.8, the module M is a U(n"L), x G-module for sufficiently large n. Clearly,
M is a ’B(X,G)—module, if and only if the U(n"L); » G-module structure factors through the

quotient U(7"L) g x5, G for some good chain (J,) for £. Hence, if and only if the condition (21)
holds. In this case, the natural morphism i : M — U(7"L) ; X G @y (ryxg M is an isomorphism.
Indeed, the U(n"L); »x G-linear map

j : U(?Tnﬁ)K X G®U(L)>4G M — M

a®@m——am

satisfies j o4 = idys and i is injective. For the surjectivity of ¢, we note that the ring U(7"L); X G
(resp. U(L) x G) consists of elements of the form ) a;g;, where the sum is finite with ¢; € G

and a; € U(m"L)y (vesp. a; € U(L)). As a consequence, the map U(n"L), @iy M —

U(m"L) ¢ ¥ G @y(ryxe M is surjective. On the other hand, the map i factors through
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M-—=U(m"L) ;e @u(ry M — U(m"L) i X G @u(ryxc M.

Where the first map is an isomorphism by [4, Lemma 7.2]. Therefore ¢ is surjective, so it is an
isomorphism as claimed. As a consequence, this proves that the canonical morphism

M — U(ﬂ'nﬁ)K X J, G®U(L)><1G M

is an isomorphism of U(n"L); %, G-modules, as M is also an U(7"L) », G-module. Passing
to the projective limit over all n shows that M ~ D(X, G) @px)xa M. O

Remark 6.10. In the situation of the preceding proposition, one has M ~ Ex /G(./\/l), for M the
coadmissible equivariant module associated with M.

Definition 6.11. An equivariant integrable connection M € Con(G — Dx) is called strongly equiv-
ariant if the D(U) x H-module M(U) satisfies the condition (21) for every (U, H) small.

Remark 6.12. The condition (21) is the analogue in our context of the condition [20, Prop.2.6]
appearing in the classical theory of equivariant algebraic D-modules and marking there the difference
between "weakly equivariant” and "equivariant”.

Proposition 6.13. Every strongly equivariant M € Con(G — Dx) lies in C)“éh/G.

Proof. Any G-equivariant integrable connection lies in Frech(G — Dx), according to 6.7. By 6.9
and the subsequent remark, the module M coincides locally on small affinoids with its extension to
Cx /q- Since the extension takes modules of minimal dimension into C)ﬂé}}c’ cf. 6.5, the proposition
follows. O

Corollary 6.14. The structure sheaf Ox is strongly equivariant and thus lies in C)“(’h/G.

Proof. Without loss of generality, we may suppose that (X, G) is small. Let A be a G-stable affine
formal model of A = O(X) and L is a G-stable A-Lie lattice in Derg(A). Recall that each g € G
acts on A via the morphism of groups p : G — Aut(A) and on L via

g.x = p(g)oxop(g™t) forall z € L.
Now if g € Gz, we can write p(g) = exp(p‘z) with x € L. Then for a € A,

€N (323

Be(g).a = exp(pu(z)).a =3, Eri(z)".a =3, Pra™.a=exp(pz)(a) = p(g)(a) = g.a.

This proves that 8-(g) — g acts trivially on A. Since J,, C Grnp for any good chain (J,) for £, we
see that the condition (21) holds for any such chain. O

6.3 Weak holonomicity and push-forward

In this section, we prove a dimension formula for the equivariant pushforward functor, generalizing
[6, Thm. 6.1] to the equivariant setting. It implies that the equivariant Kashiwara equivalence [2]
descends to weakly holonomic modules.

We start with the affinoid situation. Suppose that i : Y = Sp(A/I) — X = Sp(A4) is a closed
embedding of smooth affinoid varieties and G be a compact p-adic Lie group which acts continuously
on X and stabilizes Y. We suppose that:

(a) T(X) admits a free G-stable A-Lie lattice £ = A0, & ... ® A0, for some G-stable affine formal
model A C O(X) and such that [£, L] C 7L, L.A C TA,
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(b) {01,...,04} is an I-standard basis with respect to a generating set {f1, ..., fr} C I.

Recall from [2] the equivariant pushforward functor i : CT BY.0) — C% X.0) defined by

i+N = N®s5 BY.C) D(X,G)/ID(X,G).

We explain why i4 N is indeed a coadmissible (right) ﬁ(X,G)—module, thereby fixing some
notation for future use. So let Z := I N A and consider the integral normalizer

Ne(@):={x e L:2(T) CZ}.

Then N := N (Z)/ZL is a G-stable A/Z-Lie lattice in T(Y) = (A/I)0r41 ® ... ® (A/1)dy. Thus,
for a good chain (J,,), of G, we have

D(X,G) =lim U(x"L)y %, G and D(Y,G) = lim U(x"N); x5, G

(note that Gyr C G by [2, Lemma 4.3.2] so we can choose a good chain of G such that each J,, is
contained in Gpr). Write T;, := U(n"L) ;; x5, G and Sy, := U (7"N ) %, G, then

i N = @n N, ®s, T,/IT,, with N, = N D5y, Sh.
Proposition 6.15. Given N € C Bx.q) OM€ has
dﬁ(X,G) (’L+N) = dﬁ(Y,G)(N) + dim A — dim A/I.

Proof. Since iy N is a coadmissible 5(X, G)-module, there exist n sufficiently large such that
Ipx,q) (+N) = i1, (i N ©5x o) Tn) = jm}((ﬂN D5x.c) In)-
Here, the last equality follows from Proposition 3.2 and Lemma 3.3. Note that:
i+ N ) T, = N, ®s, Tn/1T,,

where N & @n N, with N, ®5(K ) Sn. Furthermore

~ N, ®U( . U(ﬂ” )i/ TU (7 L) 1.

On the other hand, since L is a flat R-module, multiplication by 7" yields an isomorphism of the
A/Z-Lie lattice "N of T(Y) with Nyng(Z)/Z(7"L). According to [4, 5.2] one has U(7"N), =
U(Chn) i /IU(Cy) ¢, where

Ch=Crnp(F)={zen"L:x.f=0VfeF}

denotes the centraliser of F' in 7™L. So we have

N, ® U L)y JIU (T L) je = Ny @ ——  U(7"L) .

U(mN) i U(Cn) g
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Hence applying [6, Prop. 6.1] gives

jU(wnﬁ)K(i+N Dpx,q) In) = jU/(;r”\L)K(Nn O U(m"L) )
=I5 /FOE), V) 1 = ]U(ﬂ"/\/')K(N") +r

= an (Nn) —+ 7.

Here, the last equality follows from Proposition 3.2 and Lemma 3.3. Finally, for n sufficiently large,
one has that:

d5x gy (14 N) = 2d = j5x ¢ (i+-N)
= 2d — jr, (i, N ®5y ) Tn)
=2d — (r + js,(Nn))
— 1+ (24— 2 — iy oy (V)

= dﬁ(Y,G)(N) +dimA—dimA/I.

O]

Now, let i : Y — X be a closed embedding of smooth rigid varieties, G be a p-adic Lie group
which acts continuously on X and which preserves Y. Let Z C Ox be the ideal sheaf defining
Y. Recall from [2] that the above affinoid version i extends to a general equivariant pushforward
functor iy : Cy ) = Cx /- Its construction makes crucial use of the fact [4, Theorem 6.2] that
there is an admissible covering B of X of connected affinoid subdomains U such that

(i) there is a free A-Lie lattice L = 014 @ ... ® 944 for some affine formal model A C O(U)
satisfying [£, L] C 7.L and L.A C T A,

(i3) either Z(U) = Z(U)?, or Z(U) admits a generating set F' = {fi, ..., f,} with 9;(f;) = d;; for
everyi=1....,dand j=1,...,7.

Let U € B. By definition, there is a free A-Lie lattice £L = 01 A @ ... ® 044 for some affine formal
model A C O(U) satisfying the conditions (i) and (i7) of the above theorem. Following [2, Lemma
4.4.2], there exists a compact open subgroup H of G which stabilies U, A and £. The subgroup H
is then called U-good. Let N € CY, /G- Then i+ N of N can be defined locally as follows

i+ N (U) :=lim M[U, H]
H

—_ —_

for any U € B, where M[U, H] := N(UNY)®+ D(U,H)/Z(U)D(U, H) and H runs over

D(UNY,H)
the set of all U-good subgroups of G.

Proposition 6.16. Leti: Y — X be a closed embedding of smooth rigid varieties, G be a p-adic
Lie group which acts continuously on X and which preserves Y. Then for every N € C, /G

dx (iy4N) =dy(N) +dimX —dim Y .
Proof. Given the above result, this is a direct consequence of Proposition 6.15. O

We give two applications.
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Theorem 6.17. Let X be a smooth rigid analytic variety with a continuous G-action. Suppose that
Y is a Zariski closed subspace of X which is stable under the G-action. If Bernstein’s inequality
holds in Cx /g, then it holds in Cy ;q-

Proof. This is a direct consequence of Proposition 6.16 and Proposition 3.14. ]

Theorem 6.18. Leti: Y — X be a closed embedding of smooth rigid varieties, G be a p-adic
Lie group which acts continuously on X and which preserves Y. Then Kashiwara’s equivalence
restricts to an equivalence between C%”{h/G and the category of weakly holonomic equivariant Dx -
modules supported on Y.

Proof. This is a direct consequence of the preceding proposition. ]

Corollary 6.19. Leti: Y — X be a closed embedding of smooth rigid varieties, G be a p-adic
Lie group which acts continuously on X and which preserves Y. Then i1 Oy is a weakly holonomic
G-equivariant Dx -module.

Proof. This follows from 6.18 and 6.14. O

6.4 Weak holonomicity and geometric induction

Let X be a smooth rigid analytic space and G be a p-adic Lie group acting continuously on X.
Suppose that P is a closed subgroup of G such that G/P is compact. Note that under this condi-
tion, the set of double cosets |H \ G/P]| is finite for every open subgroup H < G.

We recall from [2, 2.2] the geometric induction functor
indJGD : Cx/p — CX/G

which is locally defined as follows. Let N € Cx /p- Let U € X,(T) be an affinoid open subset, H
be a U-small subgroup of G and s € G. If J < G is a subgroup, we write *J = sJs~ 1, J¥ = s~ 1Js.
Then we set

[SIN (571 U) == {[s]m : m € N (s~ 1 U)}.

Note that H is open in G, the subgroup P N H* is also open in P and the pair (s~ U, PN H*) is
small. Hence NV (s71U)} is a D(s~! U, PN H*)-module. So [s]N(s~! U) can be equipped with a
structure of D(U,*P N H)-module via the isomorphism of K-algebras

s~ :D(U,*PN H)-—>D(s ' U, PN H®).
This is a coadmissile 5(U, P N H)-module and one forms the coadmissible ﬁ(U, H)-module:
M(U, H,s) = D(U, H)® 5y + pp) [V (s 71 U).

The D(U, H)-module M(U, H,s) only depends on the double coset HsP which contains s ([2,
Proposition 3.2.7]), which means that if ¢ € HsP such that s = h™'th/ with h € H,h' € P,
then M(U, H,s) = M(U,H,t) as D(U, H)-modules.This allows to define for each double coset
Z e H\G/P:

M(U,H,Z) = EEHZlM(U, H,s).
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6 PRESERVATION OF WEAK HOLONOMICITY AND EXAMPLES

Note that M(U,H,Z) = M(U, H,s) in Cﬁ(
that

U.H) for all s € Z. Since | H\ G/P | is finite, we obtain

MU H):= € M(UHZ2Z)
ZeH\G/P
is also a coadmissible 5(U, H)-module. If J < H are U-small subgroups of G then there is an
isomorphism of D(U, J)-modules M (U, J)=>M (U, H). In this situation as D(U, H)-modules
indf(A)(U) = lim @ Ly DU, H)B 05y IV (57 )
H zen\q/p

= lim M(U, H),
H

where the inverse limit is taken over the set of U-small subgroups H of G.

Proposition 6.20. Geometric induction md% preserves weak holonomicty, i.e restricts to a functor
h h

Proof. Since the sum M(U, H) := @ ¢ g\ p M(U, H, Z) is finite, one has

Ext%(U,H) (M(U,H),D(U,H)) = B zema/p Ef’«"t%(UyH) (M(U,H,Z),D(U, H)).

In particular, Eacti5 )(M(U, H),D(U, H)) = 0 if and only if

(UH

Butls o, 1y (M(U.H,2), D(U, H)) = 0 for all Z € H\G/P.

This shows that

J(M(U, 7)) = inf (j(M(U, H,2)) : Z € H\ G/P}. (22)
Now let Z € H\ G/P. Since M(U,H,Z) = M(U, H, s) in Cﬁ(U,H)
map D(U,*PN H) — D(U, H) is faithfully c—flat [2, Lemma 3.5.3] (note that P N H is closed
in H), we obtain

for any choice of s € Z and the

EIt%(U,H) (D(U, H)@ﬁ(U,SPﬂH) [s]V(s71U), D(U, H))

= Butls (SN (s~1 U),D(U,*P N H))@5(U75POH)6(U, H).

This implies:
jﬁ(UVH)(M([L H, Z)) = jﬁ(U’H)(M(Uv H, S)) = jﬁ(ngmH)([S]N(sil U)) (23)

Next, the isomorphism of K-algebras ﬁ(U, SPNH )%23(3‘1 U, PN H?) implies that

Ext%(U,stH)([S]N(S_l U),D(U,°P N H)) = E:ct%(s_l U,PﬂHs)(N(S_l U),D(s ' U, PN H")).
By consequence,
35 pnm BN (T 0)) = g1y prgs WV (s7H0)). (24)
Now since N is weakly holonomic, (22), (23) and (24) imply that d(ind%(N)) < dim X. O

Corollary 6.21. Leti: Y — X be a closed embedding of smooth rigid varieties, G be a p-adic Lie
group which acts continuously on X and suppose that the stabilizer Gy of Y in G is co-compact.
Then indei+OY is a weakly holonomic G-equivariant Dx-module.

Proof. This follows from the preceding result and 6.19. O
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