
Weakly holonomic equivariant D-modules on rigid

analytic spaces

Tobias Schmidt and Thi Minh Phuong Vu

Abstract
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1 INTRODUCTION

1 Introduction

The category of coherent DX -modules (differential equations) on a smooth complex analytic variety
X is omnipresent in many areas of mathematics. Among its many applications to representation
theory, we mention the Beilinson-Bernstein theorem, which relates the representations of a given
semi-simple complex Lie-algebra to D-modules on its flag variety [7]. Many interesting representa-
tions correspond thereby to so-called holonomic modules and satisfy many finiteness properties. A
non-zero coherent DX -module is called holonomic if the dimension of its associated characteristic
variety is as small as possible, i.e. equal to dimX. An equivalent definition makes use of the duality
functor

D : D−(DX) −→ D+(DX)op, M . 7→ RHomDX
(M .,DX)⊗OX

Ω⊗−1
X [dimX]

on the derived category D−(DX). A coherent DX -module M is then holonomic if and only if
H i(DM) = 0, for all i ̸= 0.

In the setting of rigid analytic spaces, let K be a discretely valued complete non-archimedean
field of mixed characteristic (0, p) with valuation ring R and uniformiser π. Let X be a smooth
rigid analytic variety over K. In [5] Ardakov-Wadsley introduced a certain sheaf of infinite order

differential operators ÙDX on X and used it to define the abelian category CX of coadmissibleÙDX-modules. Coadmissibility is a certain finiteness condition replacing coherence in the complex
analytic setting. The sheaf ÙDX is in fact a certain Fréchet completion of the sheaf of usual finite
order algebraic differential operators DX. In the case of rigid analytic flag varieties the sheaf
corresponding to ÙD on the Zariski-Riemann space was independently introduced and studied by
Huyghe-Patel-Schmidt-Strauch in [11], where it is called D∞.

In the context of ÙD-modules on smooth rigid analytic varieties, the notion of characteristic vari-
ety is much more complicated and not yet developed. In order to define a notion of weak holonomic-
ity for ÙD-modules, the authors in [6] introduced a dimension theory for coadmissible ÙD-modules
by using the homological grade of a module as its codimension. This is based on the key fact that
whenever X is affinoid with free tangent module T (X), then ÙD(X) is almost Auslander-Gorenstein
(it is a well-behaved inverse limit of Auslander-Gorenstein K-algebras). Weak holonomicity is then
defined as being of small dimension. The weakly holonomic modules form a full abelian subcategory
Cwh
X ⊂ CX closed under extensions. It satisfies Bernstein’s inequality and admits an auto-duality.

However, as explained in [6], the category Cwh
X does not yet satisfy all the finiteness and stability

properties one would expect from holonomic modules and serves thus only as a first approximation
(hence the adjective ’weak’).

Now let G be a p-adic Lie group acting on the smooth rigid space X. Recently, K. Ardakov
introduced in [1] the category of coadmissible G-equivariant DX-modules. Coadmissible equivariant
modules form an abelian category CX /G. In the case G = 1, one recovers the former category CX.
Since classical equivariant D-modules (e.g. Harish-Chandra sheaves) admit many applications to
representation theory, it is expected that the category CX /G (for suitable X and G) will have
important applications to the representation theory of G. A first manifestation of this principle is
the equivariant version of the rigid analytic Beilinson-Bernstein localization theorem relating CX /G

to locally analytic G-representations [1, 11]. Here, G is a reductive group and X is its rigid analytic
flag variety.

It is therefore a natural question whether the notion of (weakly) holonomicity and its duality
can be generalized to the equivariant setting. This is the aim of the present article.
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1 INTRODUCTION

After recalling some elements from the theory of equivariant D-modules in section 2, we start
in section 3 the development of Ext functors and equivariant dimension in a local situation. So let
G be compact and stabilize a ”small” affinoid X of dimension d. In this case, CX /G is equivalent
to the category of coadmissible modules (in the original algebraic sense introduced by Schneider-

Teitelbaum [19]) over a certain Fréchet-Stein algebra ÙD(X, G). The latter is a suitable Fréchet
completion of the skew-group ring D(X)⋊G. It is not difficult to see that the Fréchet-Stein structure

of ÙD(X, G) has noetherian Banach algebras, which are Auslander-Gorenstein rings of injective
dimension at most 2d. This allows us to follow [19] and define Ext functors and a homological

dimension for coadmissible ÙD(X, G)-modules.

In the next section 4 we globalize these constructions to general smooth rigid analytic varieties
X endowed with a continuous G-action, using admissible open coverings. We point out that, in
contrast to the nonequivariant situation, there is no global sheaf ÙD(−, G) playing the role of the

coherent sheaf ÙD in the equivariant setting. The globalization is therefore more subtle than in the
case G = 1 and the technical heart of the paper, see 4.2. To sum up, we construct, for all non
negative integers i ∈ N, Ext-functors Ei : CX /G → CrX /G, from left to right modules, where the

sheaf Ei(M) is defined locally on ”small” affinoids U, as

Ei(M)(U) := lim
H
ExtiÙD(U,H)

(M(U), ÙD(U, H)),

whereH runs over a suitable set of compact open subgroups ofG stabilizingU. Similarly, the notion
of homological dimension globalizes to a well-defined dimension on coadmissible G-equivariant (left
or right) DX-modules. The usual side-changing functors ΩX⊗OX

and HomOX
(ΩX,−) between

CX /G and CrX /G preserve the dimension.

After having introduced the dimension theory on the category CX /G, we define weak holo-
nomicity in section 5: a moduleM ∈ CX /G is weakly holonomic, if dimM ≤ dimX. The weakly

holonomic modules form a full Serre subcategory Cwh
X /G of CX /G. As in the classical setting, one

needs Bernstein’s inequality to go further, cf. [10, 2.3.2]. The following theorem is our first main
result, cf. 5.8.

Theorem 1. Let X have good reduction, i.e. a formal model which is smooth. Then Bernstein’s
inequality holds in CX /G: any non-zeroM∈ CX /G satisfies dimM≥ dimX .

Unfortunately, we do not know at present, if Bernstein’s inequality holds in CX /G if X is a
general rigid analytic space with G-action. The main problem is that we do now know whether a
given smooth affinoid with G-action can be viewed as a closed stable subspace of a polydisc with
G-action, a fact which is obvious when G = 1. 1 In any case, the methods developed in this paper
allow us to go beyond the case of good reduction and treat, for example, G-stable smooth closed
subspaces of G-spaces with good reduction.

As a next step, we establish the auto-duality on Cwh
X /G, whenever Bernstein’s inequality holds.

We have Ext functors E i on CX /G by composing Ei with the side-changing functor HomOX
(ΩX,−).

Our second main result is the following, cf. 5.15.

Theorem 2. Assume that Bernstein’s inequality holds in CX /G. Then

D := EdimX|Cwh
X /G

1Note that the corresponding algebraic problem is also obvious: if G is an algebraic group, then any affine G-variety
admits a closed equivariant immersion into a finite-dimensional G-module, e.g. [9, Prop. 2.2.5].
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2 REMINDER ON COADMISSIBLE EQUIVARIANT D-MODULES

is an auto-duality on Cwh
X /G, i.e. satisfies D2 = id.

The functor D is the correct equivariant generalization of the duality functor from [6] and we
call it the duality functor on Cwh

X /G.

In the last section 5 we discuss the preservation of weak holonomicity under various operations.
This allows us to exhibit large classes of weakly holonomic modules. We first generalize the ex-
tension functor from [6] to the equivariant setting and obtain a functor EX /G from G-equivariant
coherent DX-modules to the category CX /G. As expected, it takes modules of minimal dimension

(in the sense of [15]) into Cwh
X /G. In the algebraic case, when X = Xan for some smooth algebraic

K-variety X, any holonomic algebraic DX-module gives rise to a coherent DX-module of minimal
dimension.

Back in the case of a general smooth rigid space X with G-action, we show that all (strongly)
G-equivariant integrable connections give rise to objects of Cwh

X /G. Of course, the structure sheaf
OX is weakly holonomic. We go on and prove a dimension formula for the equivariant pushforward
functor, generalizing [6, Thm. 6.1] to the equivariant setting. Making use of the equivariant
Kashiwara equivalence for coadmissible modules [2], we arrive at our third main result, cf. 6.18.

Theorem 3. Let i : Y → X be a smooth Zariski closed subspace which is G-stable. Then
Kashiwara’s equivalence restricts to an equivalence between Cwh

Y /G and the category of weakly holo-

nomic equivariant ÙDX-modules supported on Y.

As a corollary, the module i+OY is a weakly holonomic G-equivariant ÙDX-module for any
smooth Zariski closed subspace i : Y → X which is G-stable. Here i+ denotes equivariant push-
forward along i. This yields a large class of examples in Cwh

X /G. We finally show that weak holo-

nomicity is preserved under the geometric induction functor from [2], cf. 6.20.

Theorem 4. Let P be a closed co-compact subgroup of G. Geometric induction indGP : CX /P →
CX /G preserves weak holonomicity.

In particular, indGGY
i+OY is a weakly holonomic G-equivariant ÙDX-module for any smooth

Zariski closed subspace i : Y → X that has a co-compact stabilizer GY.

Acknowledgements. Much of this work is contained in the second author’s PhD thesis at
Rennes university under the supervision of Tobias Schmidt. She likes to thank him for encourage-
ment and support during the prepartion of this thesis. She also likes to thank the Henri Lebesgue
Center Bretagne and Region Bretagne for financial support.

Notation: Throughout this paper, K denotes a complete discrete valuation field of mixed
characteristic (0, p) with valuation ring R, a uniformiser π ∈ R and residue field k. The algebraic

closure of K is denoted by K. If M is an R-module, its π-adic completion is denoted by M̂ . All
rings, appearing in the article, except for Lie algebras, are supposed to be associative and unital.
All modules are left modules, if not further specified.

2 Reminder on coadmissible equivariant D-modules

We review some elements of the theory of coadmissible equivariant D-modules on rigid analytic
spaces, as developed in [1]. This also allows us to set up notation for the sequel.
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2 REMINDER ON COADMISSIBLE EQUIVARIANT D-MODULES

2.1 Some algebraic background

2.1.1 Lie-Rinehart algebras

Let R be a commutative ring and A be a commutative R-algebra. Let DerR(A) be the space of
R-linear derivations on A. A R-Lie algebra L is called Lie-Rinehart algebra or a (R,A)-Lie algebra
if it is also an A-module equipped with an A-linear Lie algebra homomorphism ρ : L → DerR(A)
such that

[x, ay] = a[x, y] + ρ(x)(a)y

for all x, y ∈ L and a ∈ A, cf. [17]. Of course, DerR(A) itself is an (R,A)-Lie algebra (with ρ = id).
Let (L, ρ) be an (R,A)-Lie algebra. The enveloping algebra of L is the universal associative

R-algebra U(L) equipped with homomorphisms

iA : A −→ U(L) and iL : L −→ U(L)

satisfying the property iL(ax) = iA(a)iL(x) and [iL(x), iA(a)] = iA(ρ(x)(a)) for any a ∈ A, x ∈ L.
If A is a Noetherian ring and L is a finitely generated A-module, then U(L) is a (left and right)
Noetherian ring. The Lie algebra L is called smooth if it is a finitely generated projective A-module.
In this case, the morphisms iA and iL are injective and we can identify A and L with its images in
U(L).

Let φ : A → B be a morphism of R-algebras. We say that the action of L on A lifts to B if
there exists an A-linear Lie algebra homomorphism σ : L −→ DerR(B) such that for every x ∈ L,
the diagram

A A

B B

ρ(x)

φ φ

σ(x)

is commutative. In this case, the base change (B⊗AL, 1⊗σ) is an (R,B)-Lie algebra [5, Lemma 2.2].

2.1.2 Crossed products

We assemble some facts on crossed product rings. Our main reference for such rings is [16]. For
any ring R, we let R× denote the multiplicative group of invertible elements (units) in R.

Definition 2.1. Let R be a ring and G be a group. Then a crossed product R ∗G of R and G is a
ring containing R and a set of units Ḡ = {ḡ, g ∈ G} ⊂ (R ∗G)× which is in bijection with G such
that:

(i) R ∗G is free as a right R-module with basis Ḡ

(ii) ḡ1R = Rḡ1 and ḡ1ḡ2R = g1g2R for all g1, g2 ∈ G.

It follows from (ii) that R ∗G is also freely generated on Ḡ as a left R-module. The following
flatness lemma for crossed products will be useful for the next sections.

Lemma 2.2. Let φ : R → A be a morphism of rings such that φ is left (resp. right) flat and that
it factors through

R −→ R ∗G→ A.

Then the morphism R ∗G→ A is left (resp. right) flat.
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2 REMINDER ON COADMISSIBLE EQUIVARIANT D-MODULES

Proof. This is [18, Lemma 2.2].

An important example of a crossed product for us is the skew group ring. Let G act on R via
a group homomorphism σ : G → Aut(R). The skew product ring R ⋊G is, by definition, the free
right R-module with basis G:

R⋊G = {g0r0 + ...+ gnrn, ri ∈ R, gi ∈ G,n ∈ N}.

The multiplication on R⋊G is defined by:

(g1r1)(g2r2) = (g1g2)((g
−1
2 .r1)r2)

for any r1, r2 ∈ R and g1, g2 ∈ G. Here, we let g.r (resp. r.g) denote the image of r under σ(g)
(resp. σ(g−1)). The ring R⋊G naturally contains R as a subring and contains G as a subgroup of
(R⋊G)× and one has the relation grg−1 = g.r, for any g ∈ G, r ∈ R.

Remark 2.3. We will often use the presentation of R ⋊ G as a free left R-module with basis G:
each element in R ⋊ G has a unique representation

∑
g∈G rgg, where rg ∈ R are zero for all but

finitely many g ∈ G. Under this representation, one can rewrite the multiplication as follows:

(rg)(r′g′) = (r(g.r′))(gg′). (1)

Let a skew group ring R⋊G be given. Following [1, Definition 2.2.1] a trivialisation of R⋊G
is a group homomorphism β : G→ R× such that

β(g)rβ(g)−1 = g.r for all g ∈ G and r ∈ R.

A trivialisation β : G→ R× induces a ring isomorphism

β̃ : R[G]
≃−→ R⋊G

r 7−→ r

g 7−→ β(g)−1g

with the ordinary group ring R[G], cf. [1, Lemma 2.2.2]. Given a a normal subgroup of G and
β : N → R× a trivialisation of R⋊N , one defines the left R⋊G-module

R⋊N G = R⋊β
N G :=

R⋊G

(R⋊G)(β̃(N)− 1)
.

When β is G-equivariant, which means β(gng−1) = g.β(n) for every n ∈ N and g ∈ G, then
R ⋊N G is an associative ring containing R as a subring and there is a group homomorphism
G→ (R⋊N G)×, cf. [1, Lemma 2.2.4].

2.2 Coadmissible equivariant D-modules on rigid analytic spaces

Let X be a rigid analytic space. If X is quasi-compact and quasi-separated (qcqs), then a choice of
formal model X forX leads to a certain Hausdorff topology on the automorphism group Aut(X,OX)
of the G-ringed topological space (X,OX) which is compatible with the group structure and which
is independent of the choice of X . A filter base is given by the congruence subgroups in Aut(X ,OX ),
viewed in Aut(X,OX) via the generic fibre functor [1, 3.1.5].

Now let X be a general rigid space and G a p-adic Lie group together with a group homomor-
phism ρ : G → Aut(X,OX). The action of G on X is continuous in the sense of [1, Definition
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2 REMINDER ON COADMISSIBLE EQUIVARIANT D-MODULES

3.1.8] if the stabilizer GU of any qcqs admissible open U is open in G and the induced action map
GU → Aut(U,OU) is continuous.

Now let X be a smooth affinoid K-variety and G be a compact p-adic Lie group which acts
continuously on X. Then any affine formal model A of A := O(X) is contained in a G-stable affine
formal model [1, 3.2.4]. Let us fix a G-stable affine formal model A in A in the following.

Let L := DerK(A) denote the (K,A)-Lie algebra of K-derivations endowed with the natural action
of G. An A-submodule L of L is called G-stable A-Lie lattice in L if it is a finitely presented A-
module which spans L as a K-vector space and is stable under the G-action and the Lie bracket on

L. For such a G-stable A-Lie lattice L, we denote by ’U(L) the π-adic completion of the envelopping

algebra U(L) and write◊�U(L)K := ’U(L)⊗RK. By functoriality, these rings have natural G-actions.

Now fix a Lie lattice L which is smooth (i.e. finitely generated projective) as an A-module.Then

the unit ball of the K-Banach algebra ◊�U(L)K is isomorphic to ’U(L). Consider the skew product◊�U(L)K ⋊ G. Since A is G-stable, the morphism ρ : G → Aut(A) takes values in the subgroup
Aut(A) ⊂ Aut(A). Write

GL := ρ−1(exp(pϵL)) ⊂ G. (2)

Here ϵ = 1 if p = 1; ϵ = 2 if p > 2 and ρ : G → Aut(A). By [1, Theorem 3.2.12], there is a
G-equivariant trivialisation

βL : GL −→◊�U(L)K
×

of the GL-action on ◊�U(L)K . Hence the K-algebra ◊�U(L)K ⋊H G is defined for any open normal
subgroup H of G contained in GL.

Recall [1, Definition 3.2.13] that a pair (L, J) is called an A-trivialising pair if L is a G-stable
A-Lie lattice in L and J is an open normal subgroup of G contained in the subgroup GL of G
(which generally depends on L). The set I(A, ρ,G) of all A-trivialising pairs is a partially ordered
set via (L1, N1) ≤ (L2, N2) iff L2 ⊂ L1 and N2 ⊂ N1. In this situation, we can form the completed
skew-group algebra ÙD(X, G) = lim←−

(L,J)

◊�U(L)K ⋊J G,

where (L, J) runs over the set I(A, ρ,G) of A-trivialising pairs.

In our situation, the pair (X, G) is called small [1, 3.4.4], if L has a G-stable free A-Lie lattice
L for some G-stable affine formal model A of A. In this case, there is a good chain (J•) for L, i.e.
an open normal subgroup Jn of GπnL for each non negative integer n ≥ 0 such that

⋂
n Jn = {1}.

Finally, there is a canonical isomorphism of K-algebrasÙD(X, G) ≃ lim←−
n

Ÿ�U(πnL)K ⋊Jn G.

For each n ≥ 0, Ÿ�U(πnL)K ⋊Jn G is a noetherian Banach K-algebra and the transition maps in the

projective limit are flat ring homomorphisms [1, 3.4.8]. This shows that ÙD(X, G) is a two-sided
Fréchet-Stein algebra in the sense of [19, 6.4] for small (X, G).
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2 REMINDER ON COADMISSIBLE EQUIVARIANT D-MODULES

Remark 2.4. Let D(X) = U(O(X)) = U(L) ⊗R K be the ring of global differential operators of

finite order on X. There is a canonical group homomorphism γ : G→ (ÙD(X, G))× and a canonical

K-algebra homomorphism ι : D(X)→ ÙD(X, G). These are defined as the inverse limit of the natural

maps γn : G → ◊�U(πnL)K ⋊Jn G and ιn : D(X) ∼= U(πnL) ⊗R K → ◊�U(πnL)K ⋊Jn G respectively.
The maps γ and ι are compatible and define a natural morphism

ι⋊ γ : D(X)⋊G −→ ÙD(X, G).
For any smooth rigid-analytic space X we will write TX or simply T for the tangent sheaf

DerK(OX). We denote Xw(T ) the set of all affinoid subdomains U of X such that T (U) admits a
free A-Lie lattice for some affine formal model A in O(U). The set Xw(T ) is a basis for the strong
Grothendieck topology Xrig on X [5, Lemma 9.3].

Suppose that (X, G) is small. Since ÙD(X, G) is a Fréchet-Stein K-algebra, there is the abelian

category CÙD(X,G)
(resp. CrÙD(X,G)

) of coadmissible left (resp. right) ÙD(X, G)-modules from [19]. It is

possible to view coadmissible ÙD(X, G)-modules as G-equivariant sheaves on X, as we now briefly

recall [1, 3.5]. Let M ∈ CÙD(X,G)
be a coadmissible left ÙD(X, G)-module, we first define a presheaf

on the set Xw(T ). For each U ∈ Xw(T ), we set

M(U, H) := ÙD(U, H)Ù⊗ÙD(X,H)
M .

Here Ù⊗ denotes the completed tensor product of coadmissible modules, which is defined in [5,

Section 7.3]. In particular, M(U, H) is a coadmissible (left) ÙD(U, H)-module. If N ≤ H is another

open subgroup of G such that (U, N) is small, then there is an isomorphism of ÙD(U, N)-modules
M(U, N)−̃→M(U, H). Thus we may form the limit when H runs over the set of open subgroups
of G such that (U, H) is small

PX(M)(U) := lim←−
H

M(U, H).

Note that the correspondence PX(M) : U ∈ Xw(T ) 7−→ PX(M)(U) defines a presheaf on
Xw(T ). The G-action on PX(M) is determined as follows. Let g ∈ G , then there is a continuous
isomorphism of K- Fréchet algebrasÛgU,H : ÙD(U, H) −→ ÙD(gU, gHg−1).

This isomorphism, together with the group homomorphism γ in Remark 2.4, determines the fol-
lowing isomorphism:

gMU,H :M(U, H) −→M(gU, gHg−1)

aÙ⊗m 7−→ ÛgU,H(a)Ù⊗γ(g)m
which is linear relative to ÛgU,H . We then see that there is a G-equivariant structure on PX(M)
which is locally determined by the inverse limit of the maps gMU,H when H runs over all the open
subgroups H of G such that (U, H) is small. According to [1, 3.5.8/11]), the presheaf PX(M) is a
G-equivariant sheaf of DX-modules on Xw(T ). It can therefore be extended uniquely to a sheaf on

X, which is denoted by Loc
ÙD(X,G)
X (M) or LocX(M) for simplicity (whenever there is no ambiguity).

Now we drop the assumption that (X, G) is small and letX be a smooth rigid analytic variety and G
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2 REMINDER ON COADMISSIBLE EQUIVARIANT D-MODULES

be a p-adic Lie group acting continuously on X. There is the well-known notion of a G-equivariant
(left or right) DX-module, which we do not recall here, e.g. [1, Definition 2.3.4]. Instead, we recall
that a G-equivariant left DX-module M on X is called locally Fréchet if for each U ∈ Xw(T ),
M(U) is equipped with a K-Fréchet topology and the maps gM(U) : M(U) −→ M(gU) are
continuous for any g ∈ G, cf. [1, Definition 3.6.7]. There is the obvious notion of a morphism
of G-equivariant locally Fréchet D-modules. The category of G-equivariant locally Fréchet left
DX-modules is denoted by Frech(G−D).

A G-equivariant locally Fréchet DX-moduleM is called coadmissible if there exists a Xw(T )-
covering U of X satisfying that for every U ∈ U , there is an open compact subgroup H of G
stabilising U and a coadmissible ÙD(U, H)-module M such that one has an isomorphism

LocU(M) ≃M |U

of H-equivariant locally Fréchet DU-modules. The category of coadmissible G-equivariant DX-
modules is denoted by CX /G. This is a full subcategory of Frech(G−D). In the case where (X, G)
is small, the functor

LocX : CÙD(X,G)
−→ CX /G

is an equivalence of categories [1, 3.6.11].

Note that the category CrX /G of coadmissible G-equivariant right D-modules can be defined

similarly and, in the case of small (X, G), the above equivalence of categories still holds for the
category CrÙD(X,G)

via a localization functor rLocX(−) on CrÙD(X,G)
, which is defined in complete

analogy. For future reference, let us note that the group G acts (locally) on rLocX(M) as follows:
if g ∈ G and (U, H) is small, then g produces an isomorphism of K-modules

gMU,H : MÙ⊗ÙD(X,H)
ÙD(U, H)−̃→MÙ⊗ÙD(X,gHg−1)

ÙD(gU, gHg−1)

mÙ⊗a 7−→ mγ(g−1)Ù⊗Ûg(a).
Next, we recall from [5] some important classes of affinoid subdomains of X. Let U be an

affinoid subdomain of X and let rXU : O(X) → O(U) be the restriction morphism. Fix an affine
formal model A of O(X) and an A-Lie lattice L in T (X).

Definition 2.5. (i) An affine formal model B in O(U) is called L-stable if rXU(A) ⊂ B and the
action of L on A lifts to B. If U admits a L-stable affine formal model, then U is said to be
L-admissible.

(ii) Suppose that U is rational. Then U is L-accessible in n-steps if U = X for n = 0 and for
n > 0, there is a chain U ⊂ Z ⊂ X such that

� Z ⊂ X is L-accessible in (n− 1)-steps,

� U = Z(f) or Z(1/f) for some non-zero f ∈ O(Z),
� there is a L-stable affine formal model C ⊂ O(Z) such that L.f ⊂ πC.

(iii) An affinoid subdomain (not necessary rational) U of X is called L-accessible if it is L-
admissible and there is a finite covering U = ∪ri=1Ui, where each Ui is a L-accessible rational
subdomain of X.

We also recall that an arbitrary affinoid subdomain U ⊂ X becomes, after ”rescaling the
lattice”, πnL-accessible for any sufficiently large n, cf. [5, Prop. 7.6].

9



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ÙD(X, G)-MODULES

Following [1] we denote by Xw(L, G) and Xac(L, G) the sets of G-stable affinoid subdomains
of X which are also L-admissible and L-accessible respectively (note that Xac(L, G) ⊂ Xw(L, G)).
These sets form Grothendieck topologies on X (with respect to inclusion).

If N is a subgroup of G such that (L, N) is an A-trivialising pair, then following [1, Section 4],

we may construct the presheaf ’U(L)K ⋊N G on Xw(L, G) as follows.

Definition 2.6. Let U ∈ Xw(L, G). Then for any choice of a G-stable L-stable affine formal model
B of O(U), we set:

(’U(L)K ⋊N G)(U) :=¤�U(B ⊗A L)K ⋊N G.

By [1, Cor. 4.3.12] this gives rise to a well-defined sheaf on Xw(L, G).

Proposition 2.7. If L is smooth as an A-module and U ∈ Xac(L, G) is L-accessible, then the

noetherian ring (’U(L)K ⋊N G)(U) is flat as a (left and right) ’U(L)K ⋊N G-module.

Proof. [1, Theorem 4.3.14].

Finally, we briefly recall the side-changing functors between CX /G and CrX /G, cf. [2]. Let

ΩX := HomOX
(
∧dimX

OX
T ,OX)

be the canonical sheaf on X. This is an invertible sheaf of OX-modules.

Theorem 2.8. (i) The functors ΩX ⊗OX
− and HomOX

(ΩX,−) are mutually quasi-inverse
equivalences of categories between CX /G and CrX /G.

(ii) Let (X, G) be small. Then Ω(X) ⊗O(X) − and HomO(X)(Ω(X),−) are quasi-inverse equiv-

alences between the category of coadmissible left resp. right ÙD(X, G)-modules, interchanging
the two localization functors LocX and rLocX.

Proof. This is [2, Theorem 4.1.14, 4.1.15].

3 Ext groups and dimension for coadmissible ÙD(X, G)-modules

In this section, we develop the local theory of Ext functors and equivariant dimension theory,
generalizing the non-equivariant approach from [6]. As in loc.cit., all is based on the notion of an
Auslander-Gorenstein ring, which we recall briefly. Let A be a ring. The grade of an A-module M
is defined to be

jA(M) := min{i : ExtiA(M,A) ̸= 0}

and∞ if no such i exists. The ring A is called Gorenstein if it is two-sided noetherian and has finite
left and right injective dimension injdim(A). A Gorenstein ring A is an Auslander-Gorenstein ring
(or an AG ring) if it is Gorenstein and satisfies the Auslander condition:

• For any finitely generated A-module M and any i ≥ 0, one has jA(N) ≥ i whenever N is a
(right) submodule of ExtiA(M,A).

In the next section, we want to develop a dimension theory for coadmissible ÙD(X, G)-modules,
generalizing the case G = 1 from [6, Section 5]. We shall need the following lemma, which is a mild
generalization of [19, Lemma 8.8] to the non-noetherian case.

10



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ÙD(X, G)-MODULES

Lemma 3.1. Let R0 → R1 be a unital homomorphism of unital (possibly non-noetherian) rings.
Suppose that there are units b0 = 1, b1, ..., bm ∈ (R1)

× which form a basis of R1 as a left R0-module
and which satisfy:

(i) biR0 = R0bi for any 1 ≤ i ≤ m.

(ii) For any 0 ≤ i, j ≤ m, there is a natural integer k with 0 ≤ k ≤ m such that bibj ∈ bkR0.

(iii) For any 0 ≤ i ≤ m, there is a a natural integer l with 0 ≤ l ≤ m such that b−1
i ∈ blR0.

Then for any (left or right) R1-moduleM and (left or right) R0-module N , we have an isomorphism
of R0-modules

HomR1(M,R1 ⊗R0 N)−̃→HomR0(M,N)

f 7−→ p ◦ f.

Here, p : R1 → R0 is the projection map onto the first summand in the decomposition R1 =⊕m
i=0 biR0 =

⊕m
i=0R0bi and is R0-linear on both sides. In particular, for any integer i ≥ 0, this

induces an isomorphism of (right or left) R0-modules.

ExtiR1
(M,R1 ⊗R0 N) ≃ ExtiR0

(M,N).

Proof. The proof is partly similar to [19, Lemma 8.8]. Note that p is R0-linear on both sides.
Indeed, if a ∈ R0 and

∑m
i=0 aibi ∈ R1, one has

. p(a.
∑m

i=0 aibi) = p(
∑m

i=0 aaibi) = aa0 = a.p(
∑m

i=0 aibi)

. p((
∑m

i=0 aibi).a) = p(
∑m

i=0 aibia) = p(
∑m

i=0 aia
′
ibi) = a0a

′
0 = a0a = p(

∑m
i=0 aibi).a,

here a′i ∈ R0 such that a = a′0 and bia = a
′
ibi ∀i ≥ 1 , since biR0 = R0bi from (i). Thus the

morphism:

p̃ : R1 ⊗R0 N −→ R0 ⊗R0 N ˜7−→N
b⊗ n 7−→ p(b)⊗ n 7−→ p(b)n

is R0-linear. Now by using a free resolution P . of the R1-module M , which is also a free resolution
of M as a R0-module, we see that the map p̃ induces a map

ExtiR1
(M,R1 ⊗R0 N) = hi(HomR1(P

., R1 ⊗R0 N)) −→ hi(HomR0(P
., N)) = ExtiR0

(M,N).

Therefore, it suffices to show that for any N ∈ Mod(R0) and M ∈ Mod(R1), we have an isomor-
phism

HomR1(M,R1 ⊗R0 N)−̃→HomR0(M,N).

Take a presentation of M by free R1-modules:

RI
1 −→ RJ

1 −→M −→ 0.

Since HomR1(−, N) is left exact, we obtain the following commutative diagram:

0 −−−→ HomR1(M,R1 ⊗R0 N) −−−→ HomR1(R
J
1 , R1 ⊗R0 N) −−−→ HomR1(R

I
1, R1 ⊗R0 N)y y y

0 −−−→ HomR0(M,N) −−−→ HomR0(R
J
1 , N) −−−→ HomR0(R

I
1, N)

11



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ÙD(X, G)-MODULES

Hence it is enough to consider the case M = R1 and to prove that

Φ : HomR1(R1, R1 ⊗R0 N)−̃→HomR0(R1, N)

ψ 7−→ p̃ ◦ ψ.

This is well-defined since p̃ is R0-linear.

(1) Φ is surjective. Indeed, if ϕ : R1 −→ N be an R0-linear map, one defines:

ψ : R1 −→ R1 ⊗R0 N

b 7−→
m∑
i=0

bi ⊗ ϕ(b−1
i b).

Then

� p̃ ◦ ψ(b) = p̃(
∑m

i=0 bi ⊗ ϕ(b
−1
i b)) =

∑m
i=0 p(bi)ϕ(b

−1
i b) = ϕ(b), since p(bi) = 0 for i ̸= 0.

� ψ is R1-linear. Indeed, if b =
∑m

i=0 aibi with ai ∈ R0 and b′ ∈ R1, one can compute:

ψ(bb′) =
∑
i

bi ⊗ ϕ(b−1
i bb′) =

∑
j

∑
i

bi ⊗ ϕ(b−1
i ajbjb

′)

=
∑
j

∑
i

bi ⊗ ϕ(a
′
jb

−1
i bjb

′) =
∑
j

∑
i

bia
′
j ⊗ ϕ(b−1

i bjb
′)

=
∑
j

∑
i

ajbi ⊗ ϕ(b−1
i bjb

′) =
∑
j

(∑
i

ajbjb
−1
j bi ⊗ ϕ(b−1

i bjb
′)

)
=
∑
j

ajbjψ(b
′) = bψ(b′).

Here, thanks to (ii) and (iii), we have ψ(b′) =
∑

i bi ⊗ ϕ(b
−1
i b′) =

∑
i bjbi ⊗ ϕ(b

−1
i bjb

′).
Therefore ψ is R1-linear. This implies ψ ∈ HomR1(R1, R1 ⊗R0 N) and Φ is surjective.

(2) Φ is injective. Indeed, let us first prove that if ψ : R1 −→ R1⊗R0N is an R1-linear map,
then

ψ(b) =
m∑
i=0

bi ⊗ (p̃ ◦ ψ)(b−1
i b).

Indeed, suppose that ψ(b) =
∑

i bi ⊗ ni, with ni ∈ N for all i. ( recall that R1 ⊗R0 N ≃⊕
i biR0 ⊗R0 N ≃

⊕
i bi ⊗N), then

ψ(b−1
i b) = b−1

i ψ(b) =
∑
j

b−1
i bj ⊗ nj .

Thus,
m∑
i=0

bi ⊗ p̃ ◦ ψ(b−1
i b) =

m∑
i=0

bi ⊗
m∑
j=0

p(b−1
i bj)nj =

m∑
i=0

bi ⊗ ni = ψ(b).

Consequently, if Φ(ψ) = 0⇐⇒ p̃◦ψ = 0→ ψ(b) = 0 for all b. this implies Φ is injective.

12



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ÙD(X, G)-MODULES

Proposition 3.2. Let R0, R1 be two rings which satisfy the assumptions in the above lemma. If a
(left or right) R1-module N is injective, then N is also injective as R0-module. Moreover

(i) injdim(R0) = injdim(R1),

(ii) ExtiR1
(N,R1) ≃ ExtiR0

(N,R0) and jR1(N) = jR0(N),

(iii) If R0, R1 are noetherian and if R0 is Auslander-Gorenstein, then so is R1.

Proof. Suppose that N is an injective R1-module. By assumption, R1 is free over R0 on both sides,
so it is flat as a left and right R0-module. Moreover,

HomR0(M,N) ≃ HomR1(R1 ⊗R0 M,N)

for any M ∈Mod(R0). By consequence, N is also injective as an R0-module.
Now (ii) is a direct consequence of Lemma 3.1 while (iii) can be proved by using (i) and (ii), it
remains to prove (i).
If 0 → R0 → I · is an injective resolution of R0 , then it follows from Lemma 3.1 that if M is an
R1-module, then HomR1(M,R1⊗R0 I

k) ≃ HomR0(M, Ik) for any component Ik of the complex I ..
Thus R1 ⊗R0 I

k is an injective R1-module for every k. This proves that 0→ R1 → R1 ⊗R0 I
· is an

injective resolution of R1 by R1-modules. Therefore

injdim(R1) ≤ injdim(R0).

It remains to prove that injdim(R0) ≤ injdim(R1). Suppose that injdim(R1) = n < ∞, so we
need to prove that injdim(R0) ≤ n. This is equivalent to

Extn+1
R0

(N,R0) = 0 for any N ∈Mod(R0).

Notice that
Extn+1

R0
(N,R0)⊗R0 R1 ≃ Extn+1

R1
(R1 ⊗R0 N,R1).

Since n = injdim(R1), one has Ext
n+1
R1

(R1⊗R0N,R1) = 0 implying that Extn+1
R0

(N,R0)⊗R0R1 = 0.
On the other hand, R1 is a free R0-module on both sides, thus R1 is faithfully flat over R0 on both
sides. As a result, Extn+1

R0
(N,R0) = 0 which proves that injdim(R0) ≤ n = injdim(R1).

Now, as an application, let us consider the following example which will be important for the
next section. Suppose that X = Sp(A) is a smooth affinoid K-variety for a K-affinoid algebra A
and G is a compact p-adic Lie group which acts continuously on X such that (X, G) is small. We
assume the following extra conditions:

∗ H is an open normal subgroup of G,

∗ A is a G-stable affine formal model in A,

∗ (L, J) is an A-trivialising pair such that J ≤ H.

Then Lemma 3.1 and Proposition 3.2 can partially be applied to the case where R1 = ’U(L)K⋊J

G and R0 = ’U(L)K ⋊J H as follows:

13



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ÙD(X, G)-MODULES

Lemma 3.3. The natural morphism of rings ’U(L)K ⋊JH −→’U(L)K ⋊J G satisfies the hypothesis

of Lemma 3.1. In particular, there is a two-sided ’U(L)K ⋊J H linear projection map

pXG,H,J : ’U(L)K ⋊J G −→’U(L)K ⋊J H. (3)

Proof. Following [1, Lemma 2.2.6], the ring R1 := ’U(L)K⋊JG is isomorphic to (’U(L)K⋊JH)⋊HG

and the latter is isomorphic to the crossed product (’U(L)K ⋊J H) ∗ G/H ([1, Lemma 2.2.4]). If
we denote by S = {1 = g1, g2, ..., gm} the representatives of the right cosets of H in G, then R1 is

freely generated over the subring R0 := ’U(L)K ⋊J H by the units S̄ = {ḡ1, ..., ḡm}, equal to the

image of S in ’U(L)K ⋊J G [14, Lemma 5.9(i) ]. Now the properties (i) and (ii) from 3.1 follow
directly from the properties of a crossed product, as recalled in Def. 2.1. For property (iii), given
i there is l such that g−1

i ∈ glH, i.e. there is h ∈ H such that 1 ∈ giglh. This means 1 ∈ ḡiḡlR0,
whence ḡ−1

i ∈ ḡlR0, as claimed. Finally, there is the projection map as claimed.

Remark 3.4. The injection ’U(L)K → ’U(L)K ⋊J G also satisfies the hypothesis of Lemma 3.1.

This can be shown along the lines of the preceding proof, using ’U(L)K ⋊J G ∼= ’U(L)K ∗G/J.
Proposition 3.5. Suppose that (X, G) is small and H is an open normal subgroup of G. The ringÙD(X, G) is freely generated over ÙD(X, H) with a basis satisfying the hypothesis of Lemma 3.1.

Proof. By taking the inverse limit of the morphisms pXG,H,J in Lemma 3.3 when (L, J) runs over

the set of all A-trivialising pairs , we see that ÙD(X, G) is freely generated as a ÙD(X, H)-module by

the image S̃ = {g̃1, g̃2, .., g̃m} of S in ÙD(X, G) which defines a two-sided ÙD(X, H)-linear map

pXG,H : ÙD(X, G) −→ ÙD(X, H) (4)
m∑
i=1

aig̃i 7−→ a0.

Corollary 3.6. (i) The maps pXG,H and pXG,H,J fit into a commutative diagramÙD(X, G) ÙD(X, H)’U(L)K ⋊J G ’U(L)K ⋊J H,

pXG,H

qG,J qH,J

pXG,H,J

where qG,J : ÙD(X, G) −→ ’U(L)K ⋊J G and qH,J : ÙD(X, H) −→ ’U(L)K ⋊J H denote the

canonical maps induced from the definition of ÙD(X, G) and ÙD(X, H) respectively.

(ii) If U ∈ Xw(T ) is such that (U, G) is small, then the diagramÙD(X, G) ÙD(X, H)ÙD(U, G) ÙD(U, H)

pXG,H

rUG rUH

pUG,H

14



3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ÙD(X, G)-MODULES

is commutative.

Proof. The statement (i) is evident from definition. To show (ii), let us fix a G-stable free A-Lie
lattice L in T (X) for some G-stable affine formal model A of A. By rescaling L if necessary, we
may assume that U is L-admissible [5, Lemma 7.6]. Under this assumption, [1, Proposition 4.3.6]
showed that L′ := B⊗A L is a G-stable B-Lie lattice in T (U) for any choice of a G stable L-stable
affine formal model B in O(U). This is even free as a B-module. Let J ≤ GL be an open normal
subgroup of G such that (L, J) and (L′, J) are trivialising pairs (this is thanks to [1, Proposition
4.3.6]). By definition, it is enough to show that the diagram’U(L)K ⋊J G ’U(L)K ⋊J H’U(L′)K ⋊J G ’U(L′)K ⋊J H

pXG,H,J

rUG,J rUH,J

pUG,H,J

is commutative.
Note that J is of finite index in G and in H, so that we can choose a set of representatives 1 =
g1, g2, ..., gm, ..., gn (m ≤ n) of G modulo J such that G/J = {ḡ1, ..., ḡn} and H/J = {ḡ1, ḡ2, ...ḡm}.
Therefore ’U(L)K ⋊J G ≃’U(L)K ∗G/J = {

∑n
i=1 aiḡi : ai ∈’U(L)K}

and ’U(L)K ⋊J H ≃’U(L)K ∗H/J = {
∑m

i=1 aiḡi : ai ∈’U(L)K}.

Notice that here we identified each ḡi ∈ G/J with its image in ’U(L)K ∗ G/J . Furthermore, these
formulas still hold when we replace L by L′. Thus

rUH,J ◦ pXG,H,J(
n∑

i=1

aiḡi) = rUH,J(
m∑
i=1

aiḡi) =
m∑
i=1

ãiḡi

and

pUG,H,J ◦ rUG,J(
n∑

i=1

aiḡi) = pUG,H,J(
n∑

i=1

ãiḡi) =
m∑
i=1

ãiḡi.

Here for each i, ãi denotes the image of ai in ’U(L′)K via the canonical morphism ’U(L)K −→’U(L′)K . This proves the commutativity of the diagram.

Corollary 3.7. Suppose that (X, G) is small with dimX = d and that the A-Lie lattice L is smooth

as an A-module. Then there exist m ≥ 0 such that the ring ◊�U(πnL)K ⋊Jn G is an Auslander-
Gorenstein ring of (injective) dimension at most 2d for any n ≥ m and for any open normal
subgroup Jn of G which is contained in GπnL.

Proof. Following [6, Theorem 4.3], there exists m ≥ 0 such that the ring ÷U(πnL)K is Auslander-
Gorenstein of dimension at most 2d for all n ≥ m. Thanks to Proposition 3.2 and Remark 3.4 it

follows that ◊�U(πnL)K ⋊J G is Auslander-Gorenstein of dimension at most 2d.
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3 EXT GROUPS AND DIMENSION FOR COADMISSIBLE ÙD(X, G)-MODULES

Recall from [6, Section 5.1] that a two-sided Fréchet-Stein algebra A ≃ lim←−n
An is called c-

Auslander-Gorenstein of dimension at most d if each An is an Auslander-Gorenstein ring with
injective dimension at most d for a non negative integer d. If A is c-Auslander-Gorenstein of
dimension at most d, then every (non-zero) coadmissible A-module has grade at most d. Moreover,
every coadmissible A-module M satisfies the c-Auslander condition, i.e. for any i ≥ 0, one has
jA(N) ≥ i whenever N is a coadmissible (right) submodule of ExtiA(M,A).

Theorem 3.8. Let X = Sp(A) be a smooth affinoid variety of dimension d and G be a compact
p-adic Lie group acting continuously on X such that (X, G) is small. Then the Fréchet-Stein

K-algebra ÙD(X, G) is coadmissibly Auslander-Gorenstein of dimension at most 2d.

Proof. We may choose a G-stable affine formal model A in A and a G-stable free A-Lie lattice L
in L = DerK(A) and a good chain (Jn) for L such thatÙD(X, G) ≃ lim←−

n

÷U(πnL)K ⋊Jn G.

By Corollary 3.7, there exists m ≥ 0 such that the ring ÷U(πnL)K ⋊Jn G is Auslander-Gorenstein
of dimension at most 2d for each n ≥ m, so the theorem follows.

Definition 3.9. Let M be a non-zero (left or right) coadmissible ÙD(X, G)-module. The dimension
of M is defined by:

dG(M) := 2d− jÙD(X,G)
(M).

We set dG(M) = 0 if M = 0.

Remark 3.10. (i) By the above discussion, one has 0 ≤ dG(M) ≤ 2d for any coadmissible M .

(ii) If H is an open subgroup of G, then there exists an open normal subgroup N of G which is
contained in H ([1], Lemma 3.2.1) andÙD(X, G) ≃ ÙD(X, N)⋊N G ≃ ÙD(X, N) ∗G/N.

Then the ÙD(X, G)-module M is also coadmissible as a ÙD(X, N)-module. Therefore dG(M) =
dN (M) by Proposition 3.2(ii) and we obtain dG(M) = dN (M) = dH(M). For this reason, we
will write d(M) instead of dG(M) for simplicity.

Proposition 3.11. Let
0 −→M1 −→M2 −→M3 −→ 0

be an exact sequence of coadmissible ÙD(X, G)-modules. Then

d(M2) = max{d(M1), d(M3)}.

Proof. Suppose that ÙD(X, G) ∼= lim←−
n

÷U(πnL)K ⋊Jn G

for a G-stable free Lie lattice L of DerK(O(X)) and a good chain (Jn) for L. Write ÙD := ÙD(X, G)
and Dn := ÷U(πnL)K ⋊Jn G. Note that there exists an integer m such that for every i and n ≥ m,
one has that (Remark 3.10(i)):

jÙD(Mi) = jDn(Dn ⊗ÙD Mi).
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Since ÙD −→ Dn is a flat morphism ([19, Remark 3.2]), it follows that the sequence

0 −→ Dn ⊗ÙD M1 −→ Dn ⊗ÙD M2 −→ Dn ⊗ÙD M3 −→ 0

is exact. Now applying [13, Proposition 4.5(ii)] gives the result.

Example 3.12. The ÙD(X, G)-module ÙD(X, G) is of dimension 2d. Indeed

HomÙD(X,G)
(ÙD(X, G), ÙD(X, G)) ∼= ÙD(X, G).

Hence j(ÙD(X, G)) = 0, so that d(ÙD(X, G)) = 2d. Similarly, the free ÙD(X, G)-module ÙD(X, G)n of
rank n ≥ 1 is of dimension 2d.

A less trivial example is given by the following proposition:

Proposition 3.13. Let X be a smooth affinoid variety of dimension d and P ∈ D(X) be a regular

differential operator (i.e P is not a zero divisor of D(X)). Then the coadmissible left ÙD(X, G)-
module

M = ÙD(X, G)/ÙD(X, G)P
is of dimension d(M) ≤ 2d− 1.

Proof. WriteD := D(X) and ÙD := ÙD(X, G). Choose aG-stable freeA-Lie lattice L ofDerK(O(X))
for some G-stable affine formal model A in O(X). ThenÙD ∼= lim←−

n

◊�U(πnL)K ⋊Jn G

is a Fréchet-Stein structure on ÙD. Write Dn := ◊�U(πnL)K ⋊Jn G, then

M ∼= lim←−
n

Dn/DnP.

Thus there is a n ≥ 0 such that d(M) = d(Dn/DnP ). Furthermore, one has that

Dn/DnP ∼= Dn ⊗D D/DP.

The ring Dn is flat as a right D-module. It follows

ExtiD(D/DP,D)⊗D Dn
∼= ExtiDn

(Dn ⊗D D/DP,Dn).

As a consequence, we obtain the inequality dDn(Dn/DnP ) ≤ dD(D/DP ). But dD(D/DP ) < 2d,
since otherwise one would have jD(D/DP ) = 0, whence HomD(D/DP,D) = {Q ∈ D : QP = 0} ≠
0, in contradiction to the regularity of P .

Let X be an affinoid variety and G a p-adic Lie group acting continuously on X such that (X, G)
is small. The following proposition relates the dimension to the side-changing functors 2.8.

Proposition 3.14. Let M be a coadmissible left ÙD(X, G)-module. Then there is an isomorphism

of left ÙD(X, G)-modules

ExtiÙD(X,G)
(Ω(X)⊗O(X) M, ÙD(X, G)) ≃ HomO(X)(Ω(X), ExtiÙD(X,G)

(M, ÙD(X, G))).
In particular, d(M) = d(Ω(X)⊗O(X) M).

17
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Proof. The proof uses the same arguments as in [6, Lemma 5.2]. Write A = O(X), Ω :=

Ω(X), ÙD := ÙD(X, G). Then the left hand side is exactly the i-th cohomology of the complex

RHomÙD(Ω⊗L
AM, ÙD), as Ω is a projective A-module. Now, the right hand side is the i-th cohomol-

ogy of RHomA(Ω, RHomÙD(M, ÙD)). Thus, using the derived tensor-hom adjunction gives the first
part of the proposition. For the second part, note that since Ω is a finitely generated projective
A-module, one has

HomA(Ω, Ext
iÙD(M, ÙD)) ∼= Ω∗ ⊗A Ext

iÙD(M, ÙD)),

where Ω∗ = HomA(Ω, A) is its dual. Thus, if HomA(Ω, Ext
iÙD(M, ÙD)) = 0, then

ExtiÙD(M, ÙD) ∼= (Ω⊗A Ω∗)⊗A Ext
iÙD(M, ÙD)) ∼= Ω⊗A HomA(Ω, Ext

iÙD(M, ÙD)) = 0.

Here, Ω⊗A Ω∗ ∼= A, as Ω is an invertible A-module. By consequence, ExtiÙD(M, ÙD) = 0 if and only

if HomA(Ω, Ext
iÙD(M, ÙD)) = 0 and hence d(M) = d(Ω(X)⊗M).

4 Ext functors for coadmissible equivariant D-modules

In this section, we develop the global theory of equivariant Ext functors. This is considerably more
complicated than in the non-equivariant setting [6], since there is no global sheaf ÙD(−, G) playing
the role of the coherent sheaf ÙD in the equivariant setting.

4.1 Modules over the sheaf of rings Q

In this subsection we prepare on the Banach level the globalization of the Ext functors, by showing
several compatibilities of the local Ext groups.

Let X be a smooth affinoid variety of dimension d and G be a compact p-adic Lie group acting
continuously on X. Fix a G-stable affine formal model A in A = O(X), a G-stable A-Lie lattice L
of T (X) = DerK(A) and an open normal subgroup J of G which is contained in GL (which means
that (L, J) is a A-trivialising pair).

Notation: Throughout this section, we will be working under the following notations and as-
sumptions:

∗ L is a smooth A-module, which means that L is projective and finitely generated over A.

∗ When H is an open subgroup of G, Xw(T )/H denotes the set of all open affinoid subsets
U ∈ Xw(T ) such that (U, H) is small. If U ∈ Xw(T )/H, then H is called an U-small
subgroup of G.

Before Def. 2.6, we have recalled the Grothendieck topologies Xac(L, G) ⊂ Xw(L, G) of G-
stable L-accessible resp. L-admissible affinoid subdomains of X. Recall from 2.6 the sheaf of rings
on Xw(L, G)

Q(−, G) :=’U(L)K ⋊J G.

If H ≤ G is an open compact subgroup of G and J is contained in GL ∩ H, then Q(−, H) is
also a sheaf on the canonical (strong) Grothendieck topology Xw(L, H) containing all the H-stable
L-admissible affinoid subdomains of X. In the sequel, if there is no ambiguity, we denote Q(−, G)
simply by Q whenever the groups G and J are given.

18



4 EXT FUNCTORS FOR COADMISSIBLE EQUIVARIANT D-MODULES

Definition 4.1. ([1, Definition 4.3.17] Let M be a finitely generated Q(X)-module. Then there is
a presheaf LocQ(M) on Xac(L, G) associated to M which is defined as follows:

LocQ(M)(Y) := Q(Y)⊗Q(X) M

for all Y ∈ Xac(L, G).

Following [1, Corollary 4.3.19], under the extra assumption on L that [L,L] ⊂ πL and L.A ⊂
πA, then LocQ(M) is a sheaf of Q-modules on Xac(L, G) for every finitely generated Q(X)-module
M .

Definition 4.2. Let U be a Xac(L, G)-covering of X. Then a Q-module M on Xac(L, G) is said
to be U-coherent if for any Y ∈ U , there exists a finitely generated Q(Y)-module M such that

LocQ|Y (M) ∼=M|Y ,

where Y := Xac(L, G) ∩Yw.

It is proved in [1, Theorem 4.3.21] that if [L,L] ⊂ πL, L.A ⊂ πA, then for any U-coherent
sheaf of Q-modules M, M(X) is a finitely generated Q(X)-module and we have an isomorphism
of Q-modules

LocQ(M(X))−̃→M.

In the following, we fix a sheafM of Q-modules on Xac(L, G).

Proposition 4.3. Let H be an open normal subgroup of G. There is an isomorphism of right
Q(X, H)-modules

piG,H(X) : ExtiQ(X,G)(M(X),Q(X, G))−̃→ExtiQ(X,H)(M(X),Q(X, H)).

Furthermore, if H ′ ≤ H is another open normal subgroup of G, then one has

piH,H′(X) ◦ piG,H(X) = piG,H′(X).

Proof. Write M :=M(X). The first part of the proposition is in fact a consequence of Lemma 3.1
and Lemma 3.3. When i = 0, then

pG,H(X)(f) := p0G,H(X)(f) = pXG,H ◦ f

for f ∈ HomQ(X,G)(M,Q(X, G)), where pXG,H is the projection map Q(X, G) −→ Q(X, H) which
is defined in Lemma 3.1. For the second part, if H ′ ≤ H are open normal subgroups of G, then
both H and H ′ are of finite index in G and H ′ is of finite index in H (since G is compact). Hence
we can choose a Q(X, H ′)-basis {1 = g1, g2, ..., gm, ..., gn} of Q(X, G) such that {g1, ..., gm} is a
basis of Q(X, H) as a Q(X, H ′)-module. Then by definition

pXG,H′(a1g1 + a2g2 + ...+ amgm + ...+ angn) = a1

and

pXH,H′ ◦ pXG,H(a1g1 + a2g2 + ...+ amgm + ...+ angn) = pXH,H′(a1g1 + a2g2 + ...+ amgm) = a1

This implies pXG,H′ = pXH,H′ ◦ pXG,H . Therefore pH,H′(X) ◦ pG,H(X) = pG,H′(X), which means that
the assertion is true for i = 0. For i > 0, by taking a resolution of M by free Q(X, G)-modules of
finite rank, the case i > 0 reduces to the case i = 0.
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Lemma 4.4. Let φ : A→ B be a flat morphism of rings and M be a finitely presented A-module.
There is an isomorphism of right B-modules

ExtiA(M,A)⊗AB −→ ExtiB(B⊗AM,B).

Proof. This is a consequence of the flatness of φ and the Five lemma, using the fact that M is
finitely presented as an A-module.

Proposition 4.5. Let U ∈ Xac(L, G). There is a morphism of right Q(X, G)-modules

τ iX,U,G : ExtiQ(X,G)(M(X),Q(X, G))→ ExtiQ(U,G)(M(U),Q(U, G)).

Proof. Denote M :=M(X). Then

M(U) ∼= Q(U, G)⊗Q(X,G) M.

Since U is L-accessible, the morphism

Q(X, G) −→ Q(U, G)

is flat (Proposition 2.7). Now applying Lemma 4.4 gives

ExtiQ(U,G)(M(U),Q(U, G)) ∼= ExtiQ(X,G)(M,Q(X, G))⊗Q(X,G) Q(U, G).

By consequence, we obtain the natural morphism of right Q(X, G)-modules:

τ iX,U,G : ExtiQ(X,G)(M(X),Q(X, G))→ ExtiQ(U,G)(M(U),Q(U, G)).

Proposition 4.6. Let H be a normal open subgroup of G and U ∈ Xac(L, G). Then the following
diagram is commutative:

ExtiQ(X,G)(M(X),Q(X, G)) ExtiQ(X,H)(M(X),Q(X, H))

ExtiQ(U,G)(M(U),Q(U, G)) ExtiQ(U,H)(M(U),Q(U, H))

piG,H(X)

τ iX,U,G τ iX,U,H

piG,H(U)

(5)

Proof. Write M :=M(X). Then LocQ(M) ∼=M. Hence

M(U) ∼= Q(U, G)⊗Q(X,G) M ∼= Q(U, H)⊗Q(X,H) M.

Now take a resolution P . of M by free Q(X, G)-modules of finite rank. Since U ∈ Xac(L, G) is
supposed to be L-accessible, the ring Q(U, G) is flat over Q(X, G) (Proposition 2.7). This implies
Q(U, G)⊗Q(X,G) P

. is also a free resolution of Q(U, G)⊗Q(X,G) M ∼=M(U). Hence it reduces to
prove that for any Q(X, G)-module P , the following diagram is commutative:

HomQ(X,G)(P,Q(X, G)) HomQ(X,H)(P,Q(X, H))

HomQ(U,G)(Q(U, G)⊗Q(X,G) P,Q(U, G)) HomQ(U,H)(Q(U, H)⊗Q(X,H) P,Q(U, H)).

pG,H(X)

pG,H(U)
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This means the diagram

Q(X, G) Q(X, H)

Q(U, G) Q(U, H)

pXG,H

pUG,H

is commutative, which is already contained in (the proof of) Corollary 3.6(ii).

4.2 Globalization of Ext functors

In this subsection we prepare on the Fréchet level the globalization of the Ext functors, by showing
several compatibilities of the local Ext groups.

Let X be a smooth rigid analytic space and G be a p-adic Lie group acting continuously on X.
For each non negative integer i ∈ N, we will construct a global Ext functor Ei from coadmissible
G-equivariant left DX-modules to coadmissible G-equivariant right DX-modules. Let M ∈ CX /G

be a coadmissible G-equivariant DX-module. Then locally we want Ei(M)(U) to be isomorphic to

ExtiÙD(U,H)
(M(U), ÙD(U, H)) for every open affinoid subset U ∈ Xw(T ) and open subgroup H ≤ G

such that (U, H) is small. We need to show that such a local definition of Ei(M)(U) is well-defined,
i.e. independent of the choice of the subgroup H.

Proposition 4.7. Suppose that X is a smooth affinoid variety and G is such that (X, G) is small

and H is an open normal subgroup of G. Then for any left ÙD(X, G)-module M , there is an

isomorphism of right ÙD(X, H)-modules:ÛpiG,H(X) : ExtiÙD(X,G)
(M, ÙD(X, G))−̃→ExtiÙD(X,H)

(M, ÙD(X, H)).

Furthermore, if H ′ ≤ H is another open normal subgroup of G, then one hasÛpiH,H′(X) ◦ ÛpiG,H(X) = ÛpiG,H′(X).

Proof. Since Lemma 3.1 holds for the morphism of rings ÙD(X, H) −→ ÙD(X, G) (Proposition 3.5),
the proof of this proposition uses exactly the same arguments as in the proof of Proposition 4.3.
We just write down here the definition of ÛpiG,H(X). Let P . be a resolution of M by free ÙD(X, G)-
modules. Then ÛpiG,H(X) is determined by taking the i−th-cohomology of the following isomorphism
of complexes:

HomÙD(X,G)
(P ., ÙD(X, G)) −→ HomÙD(X,H)

(P ., ÙD(X, H))

f . 7−→ pXG,H ◦ f .

In particular, when i = 0 then for every f ∈ HomÙD(X,G)
(M, ÙD(X, G)), one hasÛpG,H(X)(f) := Ûp0G,H(X)(f) := pXG,H ◦ f.
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Here we recall that pXG,H is the projection map

pXG,H : ÙD(X, G) −→ ÙD(X, H)
m∑
i=0

aiḡi 7−→ a0,

where ḡ0, ..., ḡm denote the images of the set of cosets G/H (which is finite) in ÙD(X, G).
Let (X, G) be small as above and M be a coadmissible (left) ÙD(X, G)-module. Suppose that

H ≤ G is an open normal subgroup of G. Let us choose a G-stable free A-Lie lattice L for some
G-stable affine formal model A in O(X) and a good chain (Jn) for this Lie lattice such that Jn ≤ H
for any n. Then we may form the sheaves of rings

Qn(−, G) = ◊�U(πnL)K ⋊Jn G, and Qn(−, H) = ◊�U(πnL)K ⋊Jn H (6)

on Xac(L, G) and Xac(L, H) respectively. HenceÙD(X, G) ≃ lim←−n
Qn(X, G) and ÙD(X, H) ≃ lim←−n

Qn(X, H).

Thus the projection map (4) : pXG,H : ÙD(X, G) −→ ÙD(X, H) is defined as the inverse limit

of the maps (3): pXG,H,n : Qn(X, G) −→ Qn(X, H). Suppose that M ∼= lim←−n
Mn with Mn =

Qn(X, G) ⊗ÙD(X,G)
M , which is finitely generated over Qn(X, G). Then following Proposition 4.3

for every n, there is also an isomorphism of Dn(X, H)-modules

piG,H,n(X) : ExtiQn(X,G)(Mn,Qn(X, G))−̃→ExtiQn(X,H)(Mn,Qn(X, H)).

Lemma 4.8. There is a commutative diagram

ExtiÙD(X,G)
(M, ÙD(X, G)) ExtiÙD(X,H)

(M, ÙD(X, H))

ExtiQn(X,G)(Mn,Qn(X, G)) ExtiQn(X,H)(Mn,Qn(X, H)).

ÛpiG,H(X)

piG,H,n(X)

In particular, ÛpiG,H(X) equals the inverse limit of the maps piG,H,n(X).

Proof. Note that ÙD(X, G) (which is finitely freely generated as a ÙD(X, H)-module ) is a coadmissibleÙD(X, H)-module. It follows that M is coadmissbile as a ÙD(X, H)-module, so

ExtiÙD(X,G)
(M, ÙD(X, G)) ∼= lim←−

n

ExtiQn(X,G)(Mn,Qn(X, G))

and
ExtiÙD(X,H)

(M, ÙD(X, H)) ∼= lim←−
n

ExtiQn(X,H)(Mn,Qn(X, H)).

[19, Lemma 8.4]. These isomorphisms give the definitions of the two vertical arrows of the diagram
in the lemma.
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For any ÙD(X, G)-module P (which is not necessary coadmissible), we have an isomorphism of
Qn(X, H)-modules

Qn(X, G)⊗ÙD(X,G)
P ≃ (Qn(X, H)⊗ÙD(X,H)

ÙD(X, G))⊗ÙD(X,G)
P ≃ Qn(X, H)⊗ÙD(X,H)

P.

Now, let P . →M → 0 be a projective resolution ofM by free ÙD(X, G)-modules. Since ÙD(X, G)
is free over ÙD(X, H) on both sides, P . is also a projective resolution of M in Mod(ÙD(X, H)).

Moreover, it is proved [19, Remark 3.2] that the canonical maps ÙD(X, G) → Qn(X, G) andÙD(X, H) → Qn(X, H) are right flat, so that Qn(X, G) ⊗ P and Qn(X, H) ⊗ P are projective
resolutions of Qn(X, G) ⊗M and Qn(X, H) ⊗M , respectively. Thus, by definitions of ÛpiG,H(X)

and piG,H,n(X) it suffices to show that for any ÙD(X, G) -module P , the diagram

HomÙD(X,G)
(P, ÙD(X, G)) HomÙD(X,H)

(P, ÙD(X, H))

HomQn(X,G)(Qn(X, G)⊗ P,Qn(X, G)) HomQn(X,H)(Qn(X, H)⊗ P,Qn(X, H))

pXG,H◦

id⊗̄− id⊗̄−
pXG,H,n◦

is commutative. (Note that, for every f ∈ HomÙD(X,G)
(P, ÙD(X, G)), the map

id⊗̄f ∈ HomQn(X,G)(Qn(X, G)⊗ P,Qn(X, G))

is defined by (id⊗̄f)(a⊗m) = af(m) with a ∈ Qn(X, G), m ∈ P ). This reduces to show that the
diagram ÙD(X, G) ÙD(X, H)

Qn(X, G) Qn(X, H)

pXG,H

pXG,H,n

is commutative. Now the proof can be completed by applying Corollary 3.6(i).

Now let X be a smooth rigid analytic space, let G be a p-adic Lie group which acts continuously
on X. LetM∈ CX /G be a coadmissible G-equivariant left DX-module. Fix an open affinoid subset
U ∈ Xw(T ). Recall that for any U-small subgroup H ≤ G, one has an isomorphism of coadmissible
H-equivariant DU-modules:

M|U ≃ Loc
ÙD(U,H)
U (M(U)).

Definition 4.9. If (U, H) is small, we define for all i ≥ 0:

Ei(M)(U, H) := ExtiÙD(U,H)
(M(U), ÙD(U, H)).

This is, in fact, a coadmissible right ÙD(U, H)-module.

Proposition 4.10. Let H ′ ≤ H be U-small open subgroups of G. There is an isomorphism of
right D(U)-modules:ÛpiH′,H(U) : ExtiÙD(U,H′)

(M(U), ÙD(U, H ′))−̃→ExtiÙD(U,H)
(M(U), ÙD(U, H)).

The pairs (Ei(M)(U, H), ÛpiH′,H(U)) form an inverse system when H ′, H run over the (partially
ordered) set of all U-small subgroups of G.
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Proof. Since H ′ ≤ G is open compact in H, there is an open normal subgroup N of H which
is contained in H ′ ([1, Lemma 3.2.1]). Hence following Proposition 4.7, one has the following
isomorphism:ÛpiH′,N (U) : ExtiÙD(U,H′)

(M(U), ÙD(U,H ′))−̃→ExtiÙD(U,N)
(M(U), ÙD(U, N))

and ÛpiH,N (U) : ExtiÙD(U,H)
(M(U), ÙD(U, H))−̃→ExtiÙD(U,N)

(M(U), ÙD(U, N)).

Now, we define ÛpiH′,H(U) := (ÛpiH,N (U))−1 ◦ ÛpiH′,N (U).

By definition ÛpiH′,H(U) is an isomorphism of D(U)-modules. Furthermore, this is independent from

the choice of an open normal subgroup N of H. Indeed, if N
′ ≤ N is an other normal subgroup of

H, then N ′ is also normal in N , thus Proposition 4.7 givesÛpiH′,N ′(U) = ÛpiH′,N (U) ◦ ÛpiN,N ′(U) and ÛpiH,N ′(U) = ÛpiH,N (U) ◦ ÛpiN,N ′(U).

Consequently

(ÛpiH,N ′(U))−1 ◦ ÛpiH′,N ′(U) = (ÛpiH,N (U) ◦ ÛpiN,N ′(U))−1 ◦ ÛpiH′,N (U) ◦ ÛpiN,N ′(U)

= (ÛpiH,N (U))−1 ◦ ÛpiH′,N (U).

Remark 4.11. If H ′ is normal in G, then we may choose N = H ′ in the proof of the above
proposition and we have ÛpiH′,H(U) = (ÛpiH,H′(U))−1.

Thanks to Proposition 4.10, we are ready to give the following definition:

Definition 4.12. For every open affinoid subset U ∈ Xw(T ), we define:

Ei(M)(U) := lim←−
H

Ei(M)(U, H) = lim←−
H

ExtiÙD(U,H)
(M(U), ÙD(U, H)),

where the inverse limit is taken over the set of all U-small subgroups H of G.

Remark 4.13. Ei(M)(U) obviously has a structure of right D(U)-module. Furthermore, we obtain
from Proposition 4.7 that the natural map

Ei(M)(U) −→ Ei(M)(U, H)

is a bijection for every U-small subgroup H of G.

Lemma 4.14. Let U ∼= lim←−n
Un, V ∼= lim←−n

Vn be Fréchet-Stein K-algebras and U → V be a
continuous morphism of Fréchet-Stein algebras. Suppose that for each n, the induced morphism of
rings Un → Vn is flat. Then for any coadmissible U -module M , there is an isomorphism of right
V -modules

ExtiU (M,U)Ù⊗UV −→ ExtiV (VÙ⊗UM,V ).
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Proof. Since M is coadmissible as U -module, we have the following isomorphism:

M ∼= lim←−
n

Un ⊗U M = lim←−
n

Mn

with Mn := Un ⊗U M for every n. Hence VÙ⊗UM ∼= lim←−n
Vn ⊗Un Mn and this implies:

ExtiU (M,U)Ù⊗UV ∼= lim←−
n

ExtiUn
(Mn, Un)⊗UnVn

and
ExtiV (VÙ⊗UM,V ) ∼= lim←−

n

ExtiVn
(Vn⊗UnMn, Vn).

So it suffices to prove, for every n, the existence of compatible isomorphisms of right Vn-modules

ExtiUn
(Mn, Un)⊗UnVn−̃→ExtiVn

(Vn⊗UnMn, Vn).

This follows from Lemma 4.4.

Proposition 4.15. Suppose that (U, H) is small and V ⊂ U is an open affinoid subset in

Xw(T )/H, then there is a morphism of right ÙD(U, H)-modulesÛτ iU,V,H : Ei(M)(U, H)→ Ei(M)(V, H).

If W ⊂ V ⊂ U are open subsets in Xw(T )/H, then the diagram

Ei(M)(U, H) Ei(M)(V, H)

Ei(M)(W, H)

Ûτ iU,V,HÛτ iU,W,H Ûτ iV,W,H

is commutative.

Proof. We choose a free A-Lie lattice L of T (U) for some H-stable affine formal model A of O(U)
and a good chain (Jn) for L. By rescaling L, we may assume that V is L-accessible.
Recall the sheaves Qn(−, H) on Uac(L, H). Under these assumptions, the morphism

Qn(U, H) −→ Qn(V, H)

is flat. Thus we can apply Lemma 4.14 and obtain:

Ei(M)(U, H)Ù⊗ÙD(U,H)
ÙD(V, H) ≃ Ei(M)(V, H).

This provides a natural map of right ÙD(U, H)-modules

Ei(M)(U, H) −→ Ei(M)(U, H)Ù⊗ÙD(U,H)
ÙD(V, H) ≃ Ei(M)(V, H)

m 7−→ mÙ⊗1.
If W ⊂ V ⊂ U are open subsets in Xw(T )/H, then following [5, Corollary 7.4]

Ei(M)(U, H)Ù⊗ÙD(U,H)
ÙD(W, H) ≃ Ei(M)(U, H)Ù⊗ÙD(U,H)

ÙD(V, H)Ù⊗ÙD(V,H)
ÙD(W, H)

≃ Ei(M)(V, H)Ù⊗ÙD(V,H)
ÙD(W, H) (≃ Ei(M)(W, H)).

Hence the commutative diagram follows.
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Proposition 4.16. Let H be an open compact subgroup of G and U,V ∈ Xw(T )/H such that
V ⊂ U. Suppose that N ≤ H is another open compact subgroup of G. Then the following diagram
is commutative:

Ei(M)(U, N) Ei(M)(U, H)

Ei(M)(V, N) Ei(M)(V, H).

ÛpiN,H(U)Ûτ iU,V,N Ûτ iU,V,HÛpiN,H(V)

(7)

Proof. Firstly, suppose that N is normal in H. Then following Remark 4.11ÛpiN,H(U) = (ÛpiH,N (U))−1 and ÛpiN,H(V) = (ÛpiH,N (V))−1.

We need to prove that: Ûτ iU,V,N ◦ ÛpiH,N (U) = ÛpiH,N (V) ◦ Ûτ iU,V,H .

For this we choose a H-stable free A-Lie lattice L in T (U) for some H-stable affine formal model
A of O(U) and a good chain (Jn) for L such that Jn ≤ N for any n. By rescaling L if necessary,
we may suppose in addition that V is L-accessible, which means that V ∈ Uac(L, H). Consider
the sheaves of rings

Qn(−, H) = ◊�U(πnL)K ⋊Jn H and Qn(−, N) = ◊�U(πnL)K ⋊Jn N

on Uac(L, H) and Uac(L, N) respectively. Since V ∈ Uac(L, H), thenÙD(U, H) = lim←−n
Qn(U, H) and ÙD(U, N) = lim←−n

Qn(U, N),ÙD(V, H) = lim←−n
Qn(V, H) and ÙD(V, N) = lim←−n

Qn(V, N).

Since all modules appearing in the diagram (7) are coadmissible, following Lemma 4.8, it suffices
to prove that:

ExtiQn(U,H)(Qn(U, H)⊗M(U),Qn(U, H)) ExtiQn(U,N)(Qn(U, N)⊗M(U),Qn(U, N))

ExtiQn(V,H)(Qn(V, H)⊗M(V),Qn(V, H)) ExtiQn(V,N)(Qn(V, N)⊗M(V),Qn(V, N))

piH,N,n(U)

τ iU,V,H τ iU,V,N

piH,N,n(V)

is commutative. Now, Proposition 4.6 gives the result for the case N is normal in H.

When N is not longer necessarily normal in H, then there is an open normal subgroup N ′ of
H in N (as H is compact and N is open). ThenÛτ iU,V,H ◦ ÛpiN,H(U) = Ûτ iU,V,H ◦ (ÛpiN ′,H(U) ◦ (ÛpiN ′,N (U))−1)

= ÛpiN ′,H(V) ◦ Ûτ iU,V,N ◦ (ÛpiN ′,N (U))−1

= ÛpiN,H(V) ◦ ÛpiN ′,N (V) ◦ Ûτ iU,V,N ◦ (ÛpiN ′,N (U))−1

= ÛpiN,H(V) ◦ Ûτ iU,V,N ◦ ÛpiN ′,N (U) ◦ (ÛpiN ′,N (U))−1

= ÛpiN,H(V) ◦ Ûτ iU,V,N .

Hence the commutativity of (7) holds for N .

Proposition 4.17. For every U,V ∈ Xw(T ) such that V ⊂ U, there is a right D(U)-linear
restriction map Ûτ iU,V : Ei(M)(U) −→ Ei(M)(V).
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Proof. Let N be a V-small subgroup of G and NU the stabilizer of U in N . Then there exists a
U-small subgroup H inside NU, which is normal in N [1, Lemma 3.2.1]. By Proposition 4.15, one
has a morphism of right D(U)-modulesÛτ iU,V,H : Ei(M)(U, H) −→ Ei(M)(V, H).

Then we can define a right D(U)-linear morphism

Ei(M)(U) −→ Ei(M)(V, N)

as the composition

Ei(M)(U) = lim←−
H

Ei(M)(U, H) −→ Ei(M)(U, H)
Ûτ iU,V,H−−−−→ Ei(M)(V, H)

ÛpiH,N (V)
−−−−−→ Ei(M)(V, N).

If H ′ is another open U-small subgroup of H in NU, then Proposition 4.10 and Proposition 4.16
ensure that this map is independent of the choice of H. It amounts to showing that if N ′ ≤ N is
another V-small subgroup in G, then the following diagram is commutative:

Ei(M)(U) Ei(M)(V, N ′)

Ei(M)(V, N).

Ûpi
N′,N (V) (8)

If we take H ′ := N ′
U ∩ H, then H ′ is a U-small subgroup of N ′

U. Again by Proposition 4.16
and Proposition 4.10, it follows that the diagram

Ei(M)(U, H ′)
Ûτ i
U,V,H′
−−−−−→ Ei(M)(V, H ′)

Ûpi
H′,N′ (V)

−−−−−−→ Ei(M)(V, N ′)y y y
Ei(M)(U, H)

Ûτ iU,V,H−−−−→ Ei(M)(V, H)
ÛpiH,N (V)
−−−−−→ Ei(M)(V, N)

is commutative, so that the triangle (8) is commutative. Now, by the universal property of the
inverse limit, this induces a right D(U)-linear map

Ei(M)(U) = lim←−H
Ei(M)(U, H) −→ Ei(M)(V) = lim←−N

Ei(M)(V, N).

Remark 4.18. Thanks to Proposition 4.17, we see that Ei(M) is a presheaf of DX-modules on the
set Xw(T ). Furthermore, Ei(M)|U = Ei(M|U), if U ∈ Xw (T ) is an open affinoid subset of X.

Let us now define a G-equivariant structure on the presheaf Ei(M) of right DX-modules on
Xw(T ). Let g ∈ G and U ∈ Xw(T ). Recall that g defines a morphism

g = gO(U) : O(U) −→ O(gU)

f 7−→ g.f.

Here, for any function f ∈ O(U), the function g.f ∈ O(gU) is defined as

(g.f)(y) := f(g−1y), ∀y ∈ gU
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This induces an isomorphism of K-Lie algebras

gT := gT (U) : T (U) −→ T (gU)

v 7−→ g ◦ v ◦ g−1

which is linear relative to gO(U).
Let H be a U-small subgroup of G. Suppose that A is an H-stable formal model in O(U) and L
is an H-stable A-Lie lattice in T (U).

Lemma 4.19. (i) g(A) is a gHg−1-stable formal model of O(gU) and gT (L) is a gHg−1-stable
g(A)-Lie lattice in T (gU). If L is smooth (resp. free ) over A, then gT (L) is smooth (resp.
free) over g(A).

(ii) Let V ∈ Xw(T ) be an open affinoid subset in U. If V is a L-accessible subdomain of U then
gV is a gT (L)-accessible subdomain of gU.

Proof. (i) Let g ∈ G and f ∈ O(U). Since the morphism g : O(U) −→ O(gU) is K-linear, then

� Kg(A) = g(KA) = g(O(U)) = O(gU).

� if h ∈ H then ghg−1(g(A)) = g(hA) ⊂ g(A), so that g(A) is gHg−1-stable.

Similarly,

� KgT (L) = gT (KL) = gT (T (U)) = T (gU).

� (ghg−1)T (gT (L)) = (gh)T (L) ⊂ gT (L). Hence L is a gHg−1-stable Lie lattice in T (gU). It
remains to prove that if L is smooth (resp. free ) over A, then gT (L) is smooth (resp. free)
over g(A). But this is straighforward in view of the fact that we have the bijection

gT |L : L−̃→gT (L)

which is linear with respect to the (iso)morphism of rings g|A : A −→ g(A).

(ii) Without loss of generality, we may suppose that U = X and V is a rational subset of X.
We prove (ii) by induction on n. If V is L-accessible in zero steps, then V = X and V is
gT (L)-accessible in zero steps. Now, suppose that the statement is true for n− 1. Let V be
L-accessible in n steps. We may assume that there is a chain V ⊂ Z ⊂ X such that Z is
L−accessible in (n− 1) steps, V = Z(f) for some non zero f ∈ O(Z) and there is a L-stable
formal model C ⊂ O(Z) such that L.f ⊂ πC. Then gV = {gy : y ∈ V} and

(gZ)(g.f) = {gy : |(g.f)(gy)| ≤ 1,∀y ∈ Z} = {gy : |f(g−1gy)| = |f(y)| ≤ 1, ∀y ∈ V}.

Hence gV = (gZ)(gf). By assumption gZ ⊂ X is gT (L)-accessible in (n−1) steps. Further-
more, by (i), g(C) is a gHg−1-stable formal model of O(gZ) and it is straightforward that
gT (L).(gf) ⊂ π.(g(C)). This shows that gU is also gL-accessible in n-steps.

Let (U, H) be small. Recall the isomorphism of K−algebrasÛgU,H : ÙD(U, H)−̃→ÙD(gU, gHg−1)
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and the isomorphism
gMU,H : M(U) −→M(gU)

which is linear with respect to ÛgU,H (sinceM∈ CX /G).

Proposition 4.20. Suppose that (U, H) is small and g ∈ G. There exists a K-linear map

g
Ei(M)
U,H : Ei(M)(U, H) −→ Ei(M)(gU, gHg−1)

such that for every a ∈ ÙD(U, H),m ∈ Ei(M)(U, H), we have:

g
Ei(M)
U,H (ma) = g

Ei(M)
U,H (m).ÛgU,H(a). (9)

Proof. Denote gH := gHg−1. We construct a map

g
Ei(M)
U,H : ExtiÙD(U,H)

(M(U), ÙD(U, H)) −→ ExtiÙD(gU,gH)
(M(gU), ÙD(gU, gH))

as follows. Let P . → M(U) → 0 be a free resolution of M(U) as a ÙD(U, H)-module. Then

by regarding each term of the complex P . as a ÙD(gU, gH)-module via the isomorphism of ringsÛg−1
U,H : ÙD(gU, gH)−̃→ÙD(U, H), we can also view P . as a free resolution of M(gU) ≃ M(U) byÙD(gU, gH)-modules and denote it by gP .. Thus, the map g

Ei(M)
U,H can be defined by applying the

i-th cohomology functor to the morphism of complexes whose components are morphisms of the
form:

ϕgU,H : HomÙD(U,H)
(P k, ÙD(U, H)) −→ HomÙD(gU,gH)

(g(P k), ÙD(gU, gH))

f 7−→ ÛgU,H ◦ f,

where g(P k) denotes the component P k of the complex P . viewed as a ÙD(gU, gH)-module via the
morphism Ûg−1

U,H . We need to check the following facts:

1. ÛgU,H ◦ f ∈ HomÙD(gU,gH)
(g(P k), ÙD(gU, gH)), which means ÛgU,H ◦ f is ÙD(gU, gH)-linear.

Indeed, if b ∈ ÙD(gU, gH) and m ∈ g(P k), then:

(ÛgU,H ◦ f)(b.m) = ÛgU,H(f(g̃−1
U,H(b)m) = ÛgU,H(g̃−1

U,H(b)f(m)) = b(ÛgU,H ◦ f)(m).

Here the second equality follows from the fact that f is ÙD(U, H)-linear and the third one is
based on the fact that ÛgU,H is a morphism of K-algebras.

2. For any a ∈ ÙD(U, H) and f ∈ HomÙD(U,H)
(P k, ÙD(U, H)), we check that:

ϕgU,H(fa) = ϕgU,H(f)ÛgU,H(a).

Let m ∈ g(P )k. We compute:

ϕgU,H(fa)(m) = ÛgU,H(f(m)a) = ÛgU,H(f(m))ÛgU,H(a) = ϕgU,H(f)(m)ÛgU,H(a).

Finally, by definition of g
Ei(M)
U,H , this implies (9).
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Next, we study some properties of the morphisms g
Ei(M)
U,H with g ∈ G. Let L be a H-stable free

A-Lie lattice of T (U) for some H-stable affine formal model A in O(U). Write A′ := g(A) and
L′ := gT (L). Lemma 4.19 shows us that there is a bijection between the following Grothendieck
topologies:

Uac(L, H) −→ (gU)ac(L′, gHg−1)

V 7−→ gV .

Furthermore, if J ≤ GL is an open normal subgroup of G such that (J,L) is an A-trivialising pair
in H, then (gJg−1,L′) is also an A′-trivialising pair in gHg−1. Let (Jn)n be a good chain for L
and recall the sheaves Qn from (6). If V ∈ Uac(L, H), there is an isomorphism of K-algebras:

gQn
V,H : Qn(V, H) −→ Qn(gV, gHg

−1).

These maps satisfy ÛgV,H = lim←−
n

gQn
V,H .

LetM be a coadmissible G-equivariant DX-module. For each n, we define the following presheaves.
Let V ∈ Uw(L, H), then:

Mn(V) := Qn(V, H)⊗ÙD(U,H)
M(U) (10)

and
Mn(gV) := Qn(gV, gHg

−1)⊗ÙD(gU,gHg−1)
M(gU). (11)

Note that they defined sheaves of modules on Uw(L, H) and on (gU)w(L′, gHg−1), respectively.
If V ∈ Uw(L, H), the isomorphism

gMV,H :M(V) −→M(gV)

induces an isomorphism

gMn
V,H : Mn(V) −→Mn(gV)

s⊗m 7−→ gQn
V,H(s)⊗ gMV,H(m).

We have the following result:

Proposition 4.21. Let g ∈ G. There is an isomorphism

g
Ei(M)
U,H,n : ExtiQn(U,H)(Mn(U),Qn(U, H)) −→ ExtiQn(gU,gH)(Mn(gU),Qn(gU,

gH))

such that

1. For any s ∈ Qn(U, H) and m ∈ ExtiQn(U,H)(Mn(U),Qn(U, H)), one has

g
Ei(M)
U,H,n (ms) = g

Ei(M)
U,H,n (m).gQn

U,H(s).

2. Let V ∈ Uac(L, H). Then the following diagram is commutative:

ExtiQn(U,H)(Mn(U),Qn(U, H))
g
Ei(M)
U,H,n−−−−→ ExtiQn(gU,gH)(Mn(gU),Qn(gU,

gH))yτ iH,n

yτ igH,n

ExtiQn(V,H)(Mn(V),Qn(V, H))
g
Ei(M)
V,H,n−−−−→ ExtiQn(gV,gH)(Mn(gV),Qn(gV,

gH))

.

Here τ iH,n and τ igH,n are restriction maps which are defined in Proposition 4.6.
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Proof. (1.) We define g
Ei(M)
U,H,n similarly as defining g

Ei(M)
U,H in Proposition 4.21. Let P .

n →Mn(U)→
0 be a resolution ofMn(U) by free Qn(U, H)-modules. Then by considering each term of this
resolution as a Qn(gU,

gH)-module via the isomorphism of K-algebras gQn
U,H : Qn(U, H) −→

Qn(gU,
gH), we see that P .

n is also a resolution of Mn(gU) by free Qn(gU,
gH)-modules.

Let us denote this by gP .
n. Then the morphism g

Ei(M)
U,H,n is determined by taking the i-th

cohomology of the following morphism of complexes:

HomQn(U,H)(P
.
n,Qn(U, H)) −→ HomQn(gU,gH)(

gP .
n,Qn(gU,

gH))

f 7−→ gQn
U,H ◦ f.

Now the required property can be proved similarly as for g
Ei(M)
U,H in proposition 4.21.

(2.) Note that

Mn(V) = Qn(V, H)⊗ÙD(V,H)
M(V) ∼= Qn(V, H)⊗Qn(U,H)Mn(U).

Mn(gV) = Qn(gV,
gH)⊗ÙD(gV,gH)

M(gV) ∼= Qn(gV,
gH)⊗Qn(gU,gH)Mn(gU).

By taking a projective resolution ofMn(U) by free Qn(U, H)-modules together with the flat-
ness of the morphisms Qn(U, H)→ Qn(V, H) and Qn(gU,

gH)→ Qn(gV,
gH) (Proposition

2.7), it reduces to show the assertion for i = 0, which means that the diagram

HomQn(U,H)(Mn(U),Qn(U, H)) −−−→ HomQn(gU,gH)(Mn(gU),Qn(gU,
gH))y y

HomQn(V,H)(Mn(V),Qn(V, H)) −−−→ HomQn(gV,gH)(Mn(gV),Qn(gV,
gH))

is commutative.
Let f : Mn(U) → Qn(U, H) be a Qn(U, H)-linear morphism and write rn, r

g
n for the

restrictions Qn(U, H) → Qn(V, H) and Qn(gU,
gH) → Qn(gV,

gH), respectively. For a ∈
Qn(gV,

gH), m ∈Mn(gU), we have:Ä
1⊗̄rgn ◦ (gQn

U,H ◦ f ◦ (g
Mn
U,H)−1)

ä
(a⊗m) = a.rgn(g

Qn
U,H(f((gMn

U,H)−1(m))))

and Ä
gQn
V,H ◦ (1⊗̄rn ◦ f) ◦ (g

Mn
V,H)−1

ä
(a⊗m) = a.gQn

V,H(rn(f((g
Mn
V,H)−1(m)))).

So it reduces to prove that for any b ∈ Qn(gV,
gH), one has that:

rgn(g
Qn
U,H((b)) = gQn

V,H(rn(b)),

which is a consequence of [1, Definition 3.4.9(c) and Proposition 3.4.10].

Notation: In the sequel, whenever V, H are given and whenever there is no ambiguity, we

simply write Ûg for ÛgV,H and gMn , gQn , g
Ei(M)
n etc. instead of gMn

V,H , gQn
V,H , g

Ei(M)
V,H,n etc. respectively.
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Proposition 4.22. The following diagram is commutative:

ExtiÙD(U,H)
(M(U), ÙD(U, H))

gE
i(M)

−−−−→ ExtiÙD(gU,gH)
(M(gU), ÙD(gU, gH))y y

ExtiQn(U,H)(Mn(U),Qn(U, H))
g
Ei(M)
n−−−−→ ExtiQn(gU,gH)(Mn(gU),Qn(gU,

gH)).

Proof. First, we note that the morphisms

qU,n : ÙD(U, H) −→ Qn(U, H) and qgU,n : ÙD(gU, gH) −→ Qn(gU,
gH)

are flat. By using a resolution P . −→ M(U) −→ 0 of M(U) by free ÙD(U, H)-modules, it
reduces to show the commutativity of the above diagram for the case where i = 0. Let f ∈
HomÙD(U,H)

(M(U), ÙD(U, H)), then by definition:

gE
0(M)(f) = Ûg ◦ f ◦ (gM)−1

.

Let s ∈ Qn(gU,
gH) and m ∈Mn(gU). It follows thatÄ
id⊗̄qgU,n(Ûg ◦ f ◦ (gM)−1

ä
(s⊗m) = s.qgU,n(Ûg(f((gM)−1(m))))

and (
gQn ◦ (1⊗̄qU,n ◦ f) ◦ (gMn)−1

)
(s⊗m) = s.gQn(qU,n(f((g

M)−1(m)))).

Now the result follows from the commutativity of the diagramÙD(U, H) ÙD(gU, gH)

Qn(U, H) Qn(gU,
gH)

Ûg
qU,n qgU,n

gQn

which is evident as Ûg = lim←−n
gQn .

Remark 4.23. The above proposition shows that for any g ∈ G , U ∈ Xw(T ) and H ≤ G such
that (U, H) is small, the following equality holds:

g
Ei(M)
U,H = lim←−

n

g
Ei(M)
U,H,n .

Proposition 4.24. If N ≤ H and V is a N -stable subdomain of U in Xw(T ), the diagram

Ei(M)(V, N)
g
Ei(M)
V,N−−−−→ Ei(M)(gV, gNg−1)yÛpiN,H(V)

yÛpiN,H(V)

Ei(M)(V, H)
g
Ei(M)
V,H−−−−→ Ei(M)(gV, gHg−1)xÛτ iU,V,H

xÛτ iU,V,H

Ei(M)(U, H)
g
Ei(M)
U,H−−−−→ Ei(M)(gU, gHg−1)

is commutative.
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Proof. It is enough to prove the proposition for the case where N is normal in H, as the general
case can be proved by choosing an open normal subgroup of H which is contained in N .

1. Let us prove the commutativity of the upper square. Take a projective resolution ofM(V)

by free modules in Mod(ÙD(V, H)). It is enough to show that for any (left) ÙD(V, H)-module
P , the diagram

HomÙD(V,H)
(P, ÙD(V, H)) HomÙD(gV,gH)

(gP, ÙD(gV, gH))

HomÙD(V,N)
(P, ÙD(V, N)) HomÙD(gV,gNg−1)

(gP, ÙD(gV, gN))

ϕg
V,HÛpH,N (V) ÛpgH,gN (gV)

ϕg
V,N

is commutative. It means that if f ∈ HomÙD(V,H)
(P, ÙD(V, H)), then one has :ÛpgH,gN (gV)(ÛgV,H ◦ f) = ÛgV,N ◦ ÛpH,N (V)(f).

But this reduces to proving that the diagramÙD(V, H) ÙD(gV, gH)ÙD(V, N) ÙD(gV, gN)

ÛgV,H

pVH,N pVgH,gNÛgV,N

(12)

is commutative. For this, choose a H-stable free A-Lie lattice L for some H-stable formal
model A of O(V) and a good chain (Jn) for L. Recall from Lemma 4.19(i) that L′ = gT (L) is
a gHg−1-stable free g(A)-Lie lattice in T (gU). For a fixed natural integer n ∈ N, we consider
the following diagram:◊�U(πnL)K ⋊Jn H

ÿ�U(πnL′)K ⋊gJng−1 gHg−1

◊�U(πnL)K ⋊Jn N
ÿ�U(πnL′)K ⋊gJng−1 gNg−1.

gQn
V,H

pVH,N,n pVgH,gN,n

gQn
V,N

Let {g1 = 1, ..., gm, ..., gn} be a set of representatives of cosets of G modulo Jn such that

{ḡ1 = 1, ḡ2, ḡm, .., ḡn} is a basis of ◊�U(πnL)K ⋊Jn H and {ḡ1, ..., ḡm} is a basis of ◊�U(πnL)K ⋊Jn

N over the ring Ÿ�U(πnL)K (as left modules). Then we get a basis of ÿ�U(πnL′)K ⋊gJng−1

gHg−1 (respectively, of ÿ�U(πnL′)K ⋊Jn gNg
−1) over the ring ⁄�U(πnL′)K induced by classes of

{gg1g−1, ..., ggmg
−1, ..., ggng

−1} (respectively, of {gg1g−1, ..., ggmg
−1} ) modulo gJng

−1. This
implies, by definition of the projection maps pVH,N,n and pgVgH,gN,n, that the above diagram is
commutative for each n, which produces the commutativity of (12).
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2. It remains to show the commutativity of the lower square. We still fix a H-stable free A-Lie
lattice of T (U), a good chain (Jn) for L and keep notations as above. Suppose in addition
that V is an L- accessible subdomain of U (by rescaling L). Then gV is an L′- accessible
subdomain of gU by Lemma 4.19(ii). Now, since all morphisms of the lower square are linear
maps between coadmissible modules, it is enough to show that the diagram

ExtiQn(U,H)(Mn(U),Qn(U, H)) ExtiQn(gU,gN)Mn(gU),Qn(gU,
gH))

ExtiQn(V,H)(Mn(V),Qn(V, H)) ExtiQn(gV,gH), (Mn(gV),Qn(gV,
gH))

is commutative. This is indeed Proposition 4.21(2).

All our efforts so far culminate in the following theorem.

Theorem 4.25. Let X be a smooth rigid analytic space and G be a p-adic Lie group acting con-
tinuously on X. Let M ∈ CX /G, then for all i ≥ 0, Ei(M) is a G-equivariant presheaf of right
DX-modules on Xw(T ).

Proof. Let W ⊂ V ⊂ U be affinoid subdomains of X in Xw(T ). By [1, Lemma 3.4.7] there exists
an open compact subgroup H ≤ G such that the pairs (W, H), (V, H), (U, H) are all small. We
consider the following diagram:

Ei(M)(U, H) Ei(M)(V, H)

Ei(M)(W, H)

Ei(M)(U) Ei(M)(V)

Ei(M)(W)

The three quadrilaterals are commutative by definition. The outer triangle is commutative by
Proposition 4.15 and the three arrows connecting the two triangles are bijections by Remark 4.13.
Hence the inner triangle is commutative and this proves that Ei(M) is a presheaf.

Next, fix g ∈ G and U ∈ Xw(T ). We define

gE
i(M)(U) : Ei(M)(U) −→ Ei(M)(gU)

to be the inverse limit of the maps g
Ei(M)
U,H in Proposition 4.20. Then

⋆ By (9) (Proposition 4.20), it is straightforward to see that gE
i(M)(m.a) = gE

i(M)(m).gD(a) for
any a ∈ D(U) and m ∈ Ei(M)(U).
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⋆ Assume that V ⊂ U are in Xw(T ). Let H be a U-small subgroup of GU ∩GV. We consider the
following diagram:

Ei(M)(U, H)

Ei(M)(U) Ei(M)(gU)

Ei(M)(gU, gH)

Ei(M)(gV)Ei(M)(V)

Ei(M)(V, H) Ei(M)(gV, gH)

Note that the outer square is commutative by Proposition 4.24, the four trapezia are commutative
by definition and the arrows connecting the two squares are bijections. This proves that the inner
square is commutative. Hence gE

i(M) : Ei(M) −→ g∗(Ei(M)) is a morphism of presheaves on
Xw(T ).
⋆ Finally, if g, h ∈ G, we need to show that (gh)E

i(M) = gE
i(M) ◦ hEi(M). By taking a free

resolution ofM(U) by free ÙD(U, H)-modules, it is enough to show that for any ÙD(U, H)-module
P , the diagram

HomÙD(U,H)
(P, ÙD(U, H)) HomÙD(hU,hHh−1)

(hP, ÙD(hU, hHh−1))

HomÙD(ghU,ghHh−1g−1)
(ghP, ÙD(ghU, ghHh−1g−1))

ϕh
U,H

ϕgh
U,H

ϕg

hU,hH

is commutative. Let f ∈ HomÙD(U,H)
(P, ÙD(U, H)), then

ϕg
hU,hH

◦ ϕhU,H(f) = ϕg
hU,hH

(ÛhU,H ◦ f) = ÛghU,hH ◦ ÛhU,H ◦ f

while ϕghU,H = ıghU,H ◦ f . Hence the commutativity of the diagram follows from the equalityıghU,H = ÛggU,hH ◦ ÛhU,H , which is from [1, Lemma 3.4.3].

4.3 The Ext functors on the category CX /G

We keep all the notation of the preceding section. We now show that for anyM ∈ CX /G and any
i ≥ 0, the presheaf Ei(M) on Xw(T ) constructed in the previous subsection is in fact a sheaf and
extends therefore to a G-equivariant DX-module on X. It then turns out that it actually defines
an object in CrX /G.
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We first assume that (X, G) is small and letM∈ CX /G be a sheaf of coadmissible G-equivariant
left DX-modules.

Lemma 4.26. Let U ∈ Xw(T ) and H be a U-small subgroup of G. Then there is an isomorphism

of right ÙD(U, H)-modules

Φi
U,H : ExtiÙD(X,G)

(M(X), ÙD(X, G))Ù⊗ÙD(X,H)
ÙD(U, H)−̃→ExtiÙD(U,H)

(M(U), ÙD(U, H)).

Proof. Recall thatM∼= LocX(M(X)), so that

M(U) ≃ ÙD(U, H)Ù⊗ÙD(X,H)
M(X).

By applying Proposition 4.7, we obtain an isomorphism of right ÙD(X, H)-modulesÛpiG,H(X) : ExtiÙD(X,G)
(M(X), ÙD(X, G))−̃→ExtiÙD(X,H)

(M(X), ÙD(X, H)). (13)

Hence

ExtiÙD(X,G)
(M(X), ÙD(X, G))Ù⊗ÙD(X,H)

ÙD(U, H)−̃→ExtiÙD(X,H)
(M(X), ÙD(X, H))Ù⊗ÙD(X,H)

ÙD(U, H).

(14)
Finally, apply Lemma 4.14 gives:

ExtiÙD(X,H)
(M(X), ÙD(X, H))Ù⊗ÙD(X,H)

ÙD(U, H)−̃→ExtiÙD(U,H)
(M(U), ÙD(U, H)). (15)

Let us explain how the isomorphism Φ0
U,H looks like, when H is an open normal subgroup in

G. Write ΦU,H := Φ0
U,H . Then

ΦU,H : HomÙD(X,G)
(M(X), ÙD(X, G))Ù⊗ÙD(X,H)

ÙD(U, H)−̃→HomÙD(U,H)
(M(U), ÙD(U, H)).

Let us choose a G-stable Lie lattice L of T (X) such that U is L-accessible. Let (Jn) be a good
chain for L. Then we can take the sheaves Qn into account and obtain that:ÙD(X, G) = lim←−n

Qn(X, G), ÙD(X, H) = lim←−n
Qn(X, H) and ÙD(U, H) = lim←−n

Qn(U, H).

Write M :=M(X) ∼= lim←−n
Mn. ThenMn(U) = Qn(U, H) ⊗Qn(X,H) Mn .The morphism ΦU,H is

defined as the inverse limit of an inverse system (ΦU,H,n)n of morphisms, where

ΦU,H,n : HomQn(X,G)(Mn,Qn(X, G))⊗Qn(X,H)Qn(U, H)−̃→HomQn(U,H)(Mn(U),Qn(U, H))

is defined as follows. If fn : Mn −→ Qn(X, G) is a Qn(X, G)-linear morphism and a ∈ Qn(U, H),
then applying (13), we obtain the Qn(X, H)-linear morphism

pXG,H,n ◦ fn : Mn −→ Qn(X, H),

where pXG,H,n is defined in (3). Next, (pXG,H,n ◦fn)⊗a is the image of fn⊗a via the isomorphism
(14). Finally, by applying the isomorphism (15), we get the map

1⊗̄((pXG,H,n ◦ fn).a) : Qn(U, H)⊗Mn −→ Qn(U, H)

b⊗m 7−→ b.pG,H(fn(m)).a.
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Note that in the above formula, we identify pXG,H,n(fn(m)) ∈ Qn(X, H) with its image in Qn(U, H)
via the canonical morphism Qn(X, H) −→ Qn(U, H). Therefore

ΦU,H,n(fn) = id⊗̄((pXG,H,n ◦ fn).a) ∈ HomQn(U,H)(Mn(U),Qn(U, H)). (16)

Recall that rLocX(−) denotes the localisation functor on the category CrÙD(X,G)
of coadmissible rightÙD(X, G)-modules.

Proposition 4.27. Suppose that (X, G) is small. There is an isomorphism of presheaves of right
DX-modules on Xw(T )

Φ : rLocX(ExtiÙD(X,G)
(M(X), ÙD(X, G))−̃→Ei(M).

Proof. Write M :=M(X) and fix an open affinoid subset U ∈ Xw(T ). By Lemma 4.26, for any

U-small subgroup H of G, there is an isomorphism of right ÙD(U, H)-modules

Φi
U,H : ExtiÙD(X,G)

(M(X), ÙD(X, G))Ù⊗ÙD(X,H)
ÙD(U, H)−̃→ExtiÙD(U,H)

(M(U), ÙD(U, H)).

If H ′ ≤ H is another U-small subgroup of G, we need to show that

ExtiÙD(X,G)
(M, ÙD(X, G))Ù⊗ÙD(X,H′)

ÙD(U, H ′) ExtiÙD(U,H′)
(M(U), ÙD(U, H ′))

ExtiÙD(X,G)
(M, ÙD(X, G))Ù⊗ÙD(X,H)

ÙD(U, H) ExtiÙD(U,H)
(M(U), ÙD(U, H))

Φi
U,H′

Ûpi
H′,H

Φi
U,H

(17)

is commutative. It suffices to assume that H ′ and H are normal in G. Then ÛpiH′H(U) is the inverse
of the map ÛpiH,H′(U) (which is defined in Proposition 4.7). So it is equivalent to show that the
diagram

ExtiÙD(X,G)
(M, ÙD(X, G))Ù⊗ÙD(X,H)

ÙD(U, H) ExtiÙD(U,H)
(M(U), ÙD(U, H))

ExtiÙD(X,G)
(M, ÙD(X, G))Ù⊗ÙD(X,H′)

ÙD(U, H ′) ExtiÙD(U,H′)
(M(U), ÙD(U, H ′))

is commutative.

Fix a G-stable free A-Lie lattice L in T (X) for some G-stable affine formal model A of O(X)
and a good chain (Jn) for L. By rescaling L if necessary, we may suppose that U is L-accessible
[5, Prop. 7.6]. Recall the sheaves Qn andMn in (6), (10), and (11). ThenÙD(X, G) = lim←−n

Qn(X, G), ÙD(U, H) = lim←−n
Qn(U, H) and ÙD(U, H ′) = lim←−n

Qn(U, H
′).

Thus M ∼= lim←−n
Mn, with Mn := Qn(X, G) ⊗ÙD(X,G)

M. Since the morphisms in the above square

are linear between coadmissible modules, it is enough to prove that the diagram
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ExtiQn(X,G)(Mn,Qn(X, G))⊗Qn(X,H) Qn(U, H) ExtiQn(U,H)(Mn(U),Qn(U, H))

ExtiQn(X,G)(Mn,Qn(X, G))⊗Qn(X,H′) Qn(U, H
′) ExtiQn(U,H′)(Mn(U),Qn(U, H

′))

is commutative.
Now, by taking a free resolution of Mn as a Qn(X, G)-module and by using the flatness of the
morphisms Qn(X, H

′) −→ Qn(U, H
′) and Qn(X, H) −→ Qn(U, H) (Proposition 2.7), it remains

to prove that, for any Qn(X, G)-module P , the diagram

HomQn(X,G)(P,Qn(X, G))⊗Qn(U, H) HomQn(U,H)(Qn(U, H)⊗ P,Qn(U, H))

HomQn(X,G)(P,Qn(X, G))⊗Qn(U, H
′) HomQn(U,H′)(Qn(U, H

′)⊗ P,Qn(U, H
′))

is commutative.
Let f ∈ HomQn(X,G)(P,Qn(X, G)) and a ∈ Qn(U, H), then we need to show that:

pUH,H′,n ◦ (1⊗̄(pXG,H,n ◦ f)i(a)) = 1⊗̄((pXG,H′,n ◦ f)a). (18)

Where, i : Qn(U, H
′) −→ Qn(U, H) is the natural inclusion. Let b ∈ Qn(U, H

′) and m ∈ P , then
we compute by using (16)

pUH,H′,n ◦ (1⊗̄(pXG,H,n ◦ f)i(a))(b⊗m) = pUH,H′,n(bp
X
G,H,n(f(m))i(a))

= bpUH,H′,n(p
X
G,H,n(f(m)))a = bpUH,H′,n ◦ pXG,H,n(f(m))a = bpXG,H′,n(f(m))a.

Thus, the equality (18) is proved and so the commutativity of the diagram (17) follows. As a
consequence of this, by taking the inverse limit of the maps Φi

U,H , we obtain a right D(U)-linear
isomorphism

Φi(U) : rLocX(ExtiÙD(X,G)
(M(X), ÙD(X, G))(U)−̃→Ei(M)(U).

Finally, Φi being a morphism of presheaves amounts to showing that if V ⊂ U are open subsets in
Xw(T ) and H is an open normal subgroup of G which stabilizes U and V, the following diagram
is commutative:

ExtiÙD(X,G)
(M, ÙD(X, G))Ù⊗ÙD(X,H)

ÙD(U, H) ExtiÙD(U,H)
(M(U), ÙD(U, H))

ExtiÙD(X,G)
(M, ÙD(X, G))Ù⊗ÙD(X,H)

ÙD(V, H) ExtiÙD(V,H)
(M(V), ÙD(V, H)).

ϕi
U,H

ϕi
V,H

This is indeed a consequence of Proposition 4.15, where it is proved that:

ExtiÙD(V,H)
(M(V), ÙD(V, H)) ∼= ExtiÙD(U,H)

(M(U), ÙD(U, H))Ù⊗ÙD(U,H)
ÙD(V, H).
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Corollary 4.28. Let M ∈ CX /G be a coadmissible G-equivariant DX-module on X. The presheaf
Ei(M) is a sheaf on the basis Xw(T ) of the Grothendieck topology on X. In particular, this can be
extended to a sheaf on Xrig, which is still denoted by Ei(M).

Proof. Fix U ∈ Xw(T ) and let H be a U-small open subgroup of G. Then following Proposition
4.27

Ei(M)|U ≃ rLocU(ExtiÙD(U,H)
(M(U), ÙD(U, H)).

Since the right hand side is a sheaf on Uw(T |U), one has that Ei(M) |U is also a sheaf on Uw(T |U).
It follows that the presheaf Ei(M) is actually a sheaf on Xw(T ) as claimed.

Theorem 4.29. Let M be a coadmissible G-equivariant left DX-module. Then Ei(M) is a coad-
missible G-equivariant right DX-module for everyM∈ CX /G and every i ≥ 0.

Proof. First, let us show that Ei(M) is a sheaf of G- equivariant locally Fréchet right DX-modules.
Let U ∈ Xw(T ) and H be a U-small subgroup of G. Then the bijection

Ei(M)(U) ≃ Ei(M)(U, H) = ExtiÙD(U,H)
(M(U), ÙD(U, H))

from Remark 4.13 tells us that Ei(M)(U) can be equipped with a canonical Fréchet topology

transferred from the canonical topology on ExtiÙD(U,H)
(M(U), ÙD(U, H)). This topology does not

depend on the choice of H, so that Ei(M)(U) becomes a coadmissible (right) ÙD(U, H)-module. It
remains to check that if g ∈ G then each map gE

i(M)(U) : Ei(M)(U) −→ Ei(M)(gU) is continu-
ous for any U ∈ Xw(T ). Indeed, note that the map gE

i(M)(U) is a linear isomorphism with respect

to the K- algebras isomorphism ÛgU,H : ÙD(U, H) −→ ÙD(gU, gHg−1). We obtain that gE
i(M)(U) is

continuous by [1, Lemma 3.6.5]. Thus Ei(M) is in Frechr(G−DX).

Next, writeM :=M(X). In view of Theorem 4.25, Proposition 4.27 and Corollary 4.28, it remains
to prove that when (X, G) is small, the morphism

Φi : rLocX(ExtiÙD(X,G)
(M, ÙD(X, G))) −→ Ei(M)

is indeed a G-equivariant morphism.

In the sequel, to simplify the notations, we write

N := Ei(M) and N ′ := rLocX(ExtiÙD(X,G)
(M, ÙD(X, G))).

Let U ∈ Xw(T ) and g ∈ G. Then by definition, Φi(U) = lim←−H
Φi
U,H , it reduces to prove that for

any U-small subgroup H of G which is normal, the diagram

ExtiÙD(X,G)
(M, ÙD(X, G))Ù⊗ÙD(X,H)

ÙD(U, H) ExtiÙD(X,G)
(M, ÙD(X, G))Ù⊗ÙD(X,gH)

ÙD(gU, gH)

ExtiÙD(U,H)
(ÙD(U, H)Ù⊗ÙD(X,H)

M, ÙD(U, H)) ExtiÙD(gU,gH)
(ÙD(gU, gH)Ù⊗ÙD(X,gH)

M, ÙD(gU, gH))

gN
′

U,H

Φi
U,H Φi

gU,gH

gNU,H
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is commutative. Here recall that gNU,H and gN
′

U,H correspond to the G-equivariant structures on the
sheaf N and on N ′ respectively.
Choose a Lie lattice L in T (X) and a good chain (Jn) for L such thatÙD(X, G) = lim←−

n

Qn(X, G).

By rescaling L, we may suppose that U is L-accessible. This impliesÙD(U, H) = lim←−
n

Qn(U, H).

Now, following Lemma 4.19, gU is also L′-accessible with L′ := gT (L). Thus L′ together with the
good chain (gJng

−1) defines the Frechet-Stein structuresÙD(X, gH) = lim←−n
Qn(X,

gH) and ÙD(gU, gH) = lim←−n
Qn(gU,

gH).

Since each map of the above diagram is a linear map between coadmissible modules, they can be
regarded as the inverse limits of systems of morphisms:

Φi
U,H = lim←−n

Φi
U,H,n, Φi

gU,gH = lim←−n
Φi
gU,gH,n

gNU,H = lim←−n
gNU,H,n g

N ′
U,H = lim←−n

gN
′

U,H,n.

As a consequence, it is enough to prove that the diagram

ExtiQn(X,G)(Mn,Qn(X, G))⊗Qn(U, H) ExtiQn(X,G)(Mn,Qn(X, G))⊗Qn(gU,
gH)

ExtiQn(U,H)(Qn(U, H)⊗Mn,Qn(U, H)) ExtiQn(gU,gH)(Qn(gU,
gH)⊗Mn,Qn(gU,

gH))

gN
′

U,H,n

Φi
U,H,n Φi

gU,gH,n

gNU,H,n

is commutative. Here we assume that M = lim←−n
Mn, with respect to the given Frechet-Stein

structure on ÙD(X, G). After taking a resolution of Mn by free Qn(X, G)-modules, it amounts to
proving the commutativity of the above diagram for the case i = 0, which means that the following
diagram is commutative:

HomQn(X,G)(Mn,Qn(X, G))⊗Qn(U, H) HomQn(X,G)(Mn,Qn(X, G))⊗Qn(gU,
gH)

HomQn(U,H)(Qn(U, H)⊗Mn,Qn(U, H)) HomQn(gU,gH)(Qn(gU,
gH)⊗Mn,Qn(gU,

gH))

gN
′

U,H,n

ΦU,H,n ΦgU,gH,n

gNU,H,n

Let f ∈ HomQn(X,G)(Mn,Qn(X, G)) and a ∈ Qn(U, H). It is enough to show that:

ΦgU,gH

Ä
gN

′
U,H,n (f ⊗ a)

ä
= gNU,H,n (ΦU,H,n (f ⊗ a))

Since gN
′

U,H,n (f ⊗ a) = (fγn(g)).g
Qn
U,H(a) and ΦU,H,n(f ⊗ a) = 1⊗̄(pG,H,n(f)).a (which are mor-

phisms in HomQn(gU,gH)(Qn(gU,
gH)⊗Mn,Qn(gU,

gH))), it is equivalent to show that:

1⊗̄(pG,gH,n((fγn(g
−1)).gQn

U,H(a))) = gQn
U,H ◦ (1⊗̄(pG,H,n(f)).a) ◦ (g−1)Mn

U,H
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where

γn : G −→ Qn(X, G)
× =

(◊�U(πnL)K ⋊Jn G
)×

is the canonical group homomorphism from Remark 2.4.
Let m ∈Mn, b ∈ Qn(gU,

gH), we compute

(1⊗̄(pG,gH,n ◦ (fγn(g−1)).gQn
U,H(a)))(b⊗m) = b. pG,gH,n(f(m)γn(g

−1))gQn
U,H(a)

and

(gQn
U,H, ◦ (1⊗̄(p

X
G,H,n ◦ f).a) ◦ (g−1)Mn

U,H)(b⊗m)

= gQn
U,H ◦ (1⊗̄(p

X
G,H,n ◦ f).a)(g−1Qn

U,H(b)⊗ γn(g−1)m)

= gQn
U,H(g−1Qn

U,H(b)).gQn
U,H(pXG,H,n(f(γn(g

−1)m)a)

= b.gQn
U,H(pXG,H,n(f(γn(g

−1)m))gQn
U,H(a).

Here, we identify the element pXG,H,n(f(γn(g
−1)m) ∈ Qn(X, H) with its image in Qn(U, H) via the

natural restriction Qn(X, H) −→ Qn(U, H) and the element pG,gH,n(f(m)γn(g
−1)) ∈ Qn(X,

gH)
with its image in Qn(gU,

gH) via Qn(X,
gH) −→ Qn(gU,

gH). Thus, it remains to show that for
any m ∈Mn, one has

pG,gH,n(f(m)γn(g
−1)) = gQn

U,H(pXG,H,n(γn(g
−1)f(m)). (19)

Consider the following diagram:

Qn(X, G) Qn(X, G)

Qn(X, H) Qn(X, gHg
−1)

Qn(U, H) Qn(gU, gHg
−1).

Adγn(g)

pXG,H,n
pG,gHg−1,n

gQn
X,H

gQn
U,H

(20)

By [1, Definition 3.4.9(c) and Propostion 3.4.10], we see that Adγn(g) = gQn
X,H on Qn(X, H) ⊂

Qn(X, G) and the commutativity of the lower diagram of the diagram (20) follows from loc.cit.
On the other hand, it is proved in the proof of Proposition 4.24 that the upper diagram of (20) is
commutative. Hence we may compute as follows:

pG,gH,n(f(m)γn(g
−1)) = pG,gH,n(γn(g)γn(g

−1)f(m)γn(g
−1))

= pG,gH,n(g
Qn
X,H(γn(g

−1)f(m)))

= gQn
U,H(pG,H(γn(g

−1)f(m)).

Hence we obtain the commutativity of (20) and so the theorem follows.

Definition 4.30. LetM∈ CX /G, then we define for any non-negative integer i ≥ 0:

E i(M) := HomOX
(ΩX, E

i(M)).
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Proposition 4.31. For every i ≥ 0, E i is an endofunctor on the category CX /G.

Proof. Following Theorem 2.8 and Theorem 4.29, the sheaf E i(M) is a coadmissible G-equivariant
left DX-module. Now if f : M −→ M′ is a morphism of coadmissible G-equivariant left DX-
modules, then for any U ∈ Xw(T ) and any U-small subgroup H of G, it follows that the ÙD(U, H)-
linear map f(U) :M(U) −→M′(U) induces a morphism

ExtiÙD(U,H)
(M′(U), ÙD(U, H)) −→ ExtiÙD(U,H)

(M(U), ÙD(U, H)),

which is right ÙD(U, H)-linear. Hence by [1, Lemma 3.6.5], this is a continuous map with respect to
the natural Fréchet topologies on both sides. In this way we obtain a morphism of G-equivariant
locally Fréchet DXmodules

Ei(f) : Ei(M′) −→ Ei(M)

whose local sections are continuous. Now, if g :M′ −→M′′ is another morphism in CX /G, then it
is straightforward to show that Ei(id) = id and Ei(g ◦ f) = Ei(f) ◦ Ei(g), which ensures that Ei

is a functor from CX /G into CrX /G. Finally E i is a composition of two functors, so it is a functor
from CX /G into itself, as claimed.

5 Dimension and weakly holonomic equivariant D-modules

5.1 Dimension theory for coadmissible equivariant D-modules

In this section, we fix a smooth rigid analytic K-variety X of dimension d and a p-adic Lie group G
acting continuously on X. We are now ready to introduce the notion of dimension for coadmissible
G-equivariant DX-modules. Recall that the set Xw(T ) is a basis for the Grothendieck topology on
X.

Definition 5.1. Let M ∈ CX /G. Let U be an admissible covering of X by affinoid subdomains in
Xw(T ). The dimension ofM with respect to U is defined as follows:

dU (M) := sup {d(M(U))|U ∈ U} ,

where d(M(U)) is the dimension of the coadmissible ÙD(U, H)-module M(U) for some U-small
subgroup H of G.

Recall that d(M(U)) does not depend on the choice of H, cf. remark 3.10.

Proposition 5.2. Let M ∈ CX /G and let U and V be two admissible coverings of X by elements
in Xw(T ). Then dU (M) = dV(M).

Proof. We may assume that V is a refinement of U and every element of U has an admissible
covering by elements of V. Let U1, ...,Uk ∈ V be a cover of U0 ∈ U (which is quasi-compact!).
We fix an open compact subgroup H of G such that (U0, H) is small and choose a H-stable affine
formal model A in O(U0) and a H-stable smooth A-Lie lattice L in T (U0). Then by [1, Lemma
4.4.1], we may assume that H stabilizes A, L and each member Ui in V. By replacing L by a
sufficiently large π-power multiple, we may also assume that each Ui is a L-accessible affinoid
subspace in U0 so that U1, ...,Uk ∈ (U0)ac(L, H) and they form an (U0)ac(L, H)-covering. Recall
from section 4.1 the sheaf of rings Qn(−, H) and the sheaf of modules Mn on the Grothendieck
topology Xac(L, H), which are induced byM. Then
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5 DIMENSION AND WEAKLY HOLONOMIC EQUIVARIANT D-MODULESÙD(Ui, H) ≃ lim←−n
Qn(Ui, H) and M(Ui) ≃ lim←−n

Mn(Ui) for all i = 0, 1, .., k.

EachM(Ui) is a coadmissible ÙD(Ui, H)-module and by Definition 3.9, d(M(Ui)) = 2d−jH(M(Ui))
for each i.
Now by [1, Theorem 4.3.14], one has that

⊕k
i=1Qn(Ui, H) is a faithfully flat right Qn(U0, H)-

module. Thus applying [5, Proposition 7.5(c)] gives that
⊕k

i=1
ÙD(Ui, H) is c-faithfully flat overÙD(U0, H). On the other hand, the completed tensor product commutes with finite direct sum, so

that:

ExtiÙD(U0,H)
(M(U0), ÙD(U0, H))Ù⊗ÙD(U0,H)

⊕k
i=1

ÙD(Ui, H)

≃ ⊕k
i=1Ext

iÙD(U0,H)
(M(U0), ÙD(U0, H))Ù⊗ÙD(U0,H)

ÙD(Ui, H)

≃ ⊕k
i=1Ext

iÙD(Ui,H)
(M(Ui), ÙD(Ui, H)).

By consequence, one has

jH(M(U0)) = inf{jH(M(Ui)) :M(Ui) ̸= 0, i = 1, 2, ..., k},

so the proposition follows immediately.

The above proposition means that the dimension of a moduleM ∈ CX /G does not depend on
the choice of an admissible covering U of X. Hence we we will from now on denote it by dX(M)
or simply d(M) if the space X is clear. By definition,

0 ≤ dX(M) ≤ 2d.

5.2 Bernstein’s inequality

Let X be a smooth rigid analytic variety and G be a p-adic Lie group acting continuously on X.
We say that Bernstein’s inequality holds in CX /G, if d(M) ≥ dimX for all nonzeroM∈ CX /G. In
this section, we show that Bernstein’s inequality holds in CX /G whenever X has good reduction,
i.e. admits a formal model which is smooth. We do not know whether this result generalizes to all
X (with continuous G-action). In the case G = 1, we know that Bernstein’s inequality holds in CX
for any X, cf. [6, Thm. 6.2].

We recall the following basic notion. Let R be a commutative ring and A a commutative R-
algebra. Let L be a (R,A)-Lie algebra. Let I ⊂ A be an ideal. A finite set {x1, ..., xd} of elements
in L is an I-standard basis if it satisfies the following conditions:

(i) {x1, ..., xd} is a basis of L as an A-module (which implies that L is free over A),

(ii) There exists a set F = {f1, ..., fr} ⊂ I with r ≤ d which generates I such that

xi.fj = δij for all 1 ≤ i ≤ d and 1 ≤ j ≤ r.

Lemma 5.3. Let (X, G) be small and suppose that X = Sp(K⟨x1, ..., xd⟩) is a polydisc. Then
Bernstein’s inequality holds in CX /G.

Proof. Let M be a non-zero module in CX /G and M := M(X) ∈ CÙD(X,G)
. Denote by ∂1, ..., ∂d

the partial derivations with respect to coordinates x1, ..., xd. Write A := R⟨x1, ..., xd⟩ and L :=
DerR(A) = ∂1A⊕ ...⊕ ∂dA. Then A is an affine formal model of O(X) = K⟨x1, ..., xd⟩ and L is a
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free A-Lie lattice in T (X). Now, we can choose an open subgroup H of G which stabilises A and
L [1, Lemma 3.2.4/3.2.8]. Thus, (X, H) is small andÙD(X, H) ∼= lim←−

n

◊�U(πnL)K ⋊Jn H

for any choice of a good chain (Jn)n for L. Note that dÙD(X,G)
(M) = dÙD(X,H)

(M) (Remark 3.10

(ii)) and there exist n sufficiently large such that

jÙD(X,H)
(M) = jÿ�U(πnL)K⋊JnH

(Mn), with Mn = (◊�U(πnL)K ⋊Jn H)⊗ÙD(X,H)
M .

On the other hand, Proposition 3.2 and Lemma 3.3 tell us that

jÿ�U(πnL)K⋊JnH
(Mn) = jÿ�U(πnL)K

(Mn).

Now applying [3, Corollary 7.4] gives jÿ�U(πnL)K
(Mn) ≤ d and so d(M) ≥ d as claimed.

Lemma 5.4. Let X be a smooth affinoid of dimension d. Let A be an affine formal model and L
a smooth Lie lattice in T (X). Suppose that U is a finite Xac(L)-covering by affinoid subdomains

Xi with L-stable affine formal models Ai of O(Xi). Let Li = Ai ⊗A L. Suppose that ’U(L)K and

each ÷U(Li)K is Auslander-Gorenstein of dimension at most 2d. Then

d(M) = sup d(Mi)

for any non-zero finitely generated ’U(L)K-moduleM, whereMi = O(Xi)⊗M.

Proof. The map ’U(L)K → ⊕i
÷U(Li)K is faithfully flat by [4, Thm. 4.9]. By definition of the grade

and faithfully flat descent for Ext-groups, this implies j(M) = inf{j(Mi) | Mi ̸= 0}.

We prepare the next result with an auxiliary lemma. LetX be a smooth affinoid with A = O(X).
Let A be an affine formal model and I ⊂ A an ideal. Let L be an A-Lie lattice in T (X). Recall
the normalizer NL(I) := {x ∈ L : x · I ⊆ I} of I in A and let

N := NL(I)/ I L .

Let W := ◊�U(N )K and U :=◊�U(L)K and set I = IA. The (W,U)-bimodule U/IU gives rise to the
functor

i+ :M 7→M ⊗W U/IU

from finitely generated right W -modules to finitely generated right U -modules. For a set F ⊆ A,
we let CL(F ) := {x ∈ L : x · f = 0 for all f ∈ F} be the centralizer of F in L .

Lemma 5.5. Suppose there are generators F = {f1, ..., fr} for the ideal I such that L ·fi ⊆ A for
each 1 ≤ i ≤ r and elements x1, ..., xr ∈ L such that xi · fj = δij. Then jU (i+(M)) = jW (M) + r.

Proof. Let C = CL(F ). According to [4, Lem. 4.1] one has L =
(
⊕i=1,...,r Axi

)
⊕ C . In particular,

C is a smooth (R,A)-Lie algebra. Moreover, the equality implies that

NL(I) =
(
⊕i=1,...,r I xi

)
⊕ C .

Indeed, any z =
∑r

i=1 aixi + c with c ∈ C such that ak /∈ I for some k does not belong to NL(I),
because of z · fk = ak /∈ I. This shows the forward inclusion. For the reverse inclusion, note that
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⊕i=1,...,r I xi ⊆ NL(I) is clear, since xi · A ⊆ A for any i. Moreover, if x ∈ C and f ∈ I, say
f =

∑
j ajfj with aj ∈ A, then

x · f =
∑
j

aj(x · fj) + (x · aj)fj =
∑
j

(x · aj)fj ∈ I ∩ A = I,

which proves C ⊆ NL(I). The statement implies that the natural map C → NL(I)/ I L is surjective.
Its kernel equals I L∩C = I C, so that C / I C ≃ N as (R,A)-Lie algebras. Let g1, ..., gs generate the
ideal I in A and let A = A / I. As in the proof of [4, 5.8], this induces a complex of U(C)-modules

U(C)s −→ U(C) −→ U(A⊗A C) −→ 0,

which is exact, according to [5, 2.3], since C is a smooth (R,A)-Lie algebra. It stays exact after
π-adic completion, since U(C) is noetherian and all modules are of finite type. This yields an

isomorphism of Banach algebras V/FV ≃ W , where V := ÷U(C)K . Hence as right U -modules
i+(M) =M ⊗W U/IU ≃M ⊗V U. The claim now follows from [6, 6.2].

For example, the hypothesis of the preceding lemma are satisfied, if L admits an I-standard
basis. As to the existence of such bases, we mention the following integral version of [4, 6.2].

Lemma 5.6. Suppose that A is an affine formal model, I ⊂ A an ideal with I ̸= I2. Let L be
an (R,A)-Lie algebra which is free as A-module. Suppose that NL(I)/IL and I/I2 are free as
A = A / I-modules and that the map L/IL → HomA(I/I2,A) is surjective. Then there is an
element g ∈ 1 + I, such that with A′ := A⟨1/g⟩,L′ := A′⊗A L and I ′ := A′⊗A I, the (R,A′)-Lie
algebra L′ admits an I ′-standard basis. The formal open subscheme D(1/g) = Spf A′ of Spf A
contains the closed subspace Spf(A).

Proof. As in [4, 6.2], one obtains an element abc ∈ 1 + I ⊂ A (in the notation of loc.cit.) such
that with g := abc, A′ := A⟨1/g⟩ and I ′ := A′⟨1/g⟩ ⊗A I the (R,A′)-Lie algebra L′ admits an I ′-
standard basis. Moreover, D(1/g) contains the closed subspace Spf(A / I). Indeed, suppose there
is p ∈ Spf(A / I), an open prime ideal of A which contains I, such that g(p) = 0, i.e. g ∈ p. Since
g ∈ 1 + I, this implies 1 ∈ p, a contradiction.

Proposition 5.7. Let (X, G) be small and suppose that X has good reduction. Then Bernstein’s
inequality holds in CX /G.

Proof. By Prop. 3.14 it suffices to consider right modules. If X is a polydisc, we are done by lemma
5.3. So assume that X is not a polydisc. Let a nonzeroM∈ CrX /G be given and let M :=M(X) ∈
CrÙD(X,G)

. By hypothesis, there is a formal polydisc Y = Spf(A) with A = R⟨y1, ..., yd⟩ and an ideal

I ⊂ A such that A := A/I is a smooth affine formal model for O(X). Let Y = YK be the generic
fibre of Y. Let L := DerR(A). Then N := NL(I)/IL ≃ DerR(A) is a A-Lie lattice in T (X) and
there is a compact open subgroup H of G which stablizes both A and N , cf. [1, 3.2.4 and 3.2.8].
Hence ÙD(X, H) ∼= lim←−

n

ÿ�U(πnN )K ⋊Jn H

for any choice of a good chain (J•) for N , cf. [1, 3.3.4]. Note that dÙD(X,G)
(M) = dÙD(X,H)

(M)

(Remark 3.10 (ii)) and there exist n sufficiently large such that

jÙD(X,H)
(M) = jŸ�U(πnN )K⋊JnH

(Mn), with Mn = (ÿ�U(πnN )K ⋊Jn H)⊗ÙD(X,H)
M .
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On the other hand, Proposition 3.2 and Lemma 3.3 tell us that jŸ�U(πnN )K⋊JnH
(Mn) = jŸ�U(πnN )K

(Mn).

It therefore suffices to prove for sufficiently large n the main assertion:

dX ≤ dŸ�U(πnN )K
(Mn).

Our proof relies on Bernstein’s inequality for completed deformed Weyl algebras as proved in

[3, 7.4]: for any n ≥ 1, the Banach algebra Ÿ�U(πnL)K is of this type, whence

d ≤ d⁄�U(πnL)K
(N)

for any finitely generated nonzero right Ÿ�U(πnL)K-module N .

Let X = Spf(A) and let i : X → Y be the induced embedding. The second fundamental
sequence for differentials associated to the smooth embedding i is exact. Dualizing it yields the
exact sequence of A-modules

0→ N = NL(I)/IL → L/IL → HomA(I/I
2,A)→ 0.

Note that multiplication by πn gives πnN = NπnL(I)/I(πnL). Now let W := ⁄�U(πnN )K and

U := Ÿ�U(πnL)K and consider the functor

i+ :M 7→M ⊗W U/IU

from finitely generated right W -modules to finitely generated right U -modules. Here I = IA. The
functor is compatible with localization in the following sense. Let Y ′ = Spf(A′) ⊂ Y be an open
affine subscheme with generic fibre Y′ = Y ′

K inducing the closed embedding

i′ : X ′ = X ∩ Y ′ → Y ′.

Let I ′ = I A′ and L′ = A′⊗A L and N ′ = NL′(I ′)/I ′L′. The above exact sequence tensored
over A with A′ = A′ / I ′ remains exact by flatness and proves that N ′ ≃ A′⊗AN . In particular,

πnN ′ ≃ A′⊗A(π
nN ). LetW ′ = ⁄�U(πnN ′)K and U ′ =⁄�U(πnL′)K giving rise, as above, to a functor

(i′)+. Evaluating this functor on the finitely generated W ′-module M ′ =M ⊗W W ′ yields

(i′)+(M
′) = (M ⊗W W ′)⊗W ′ U ′/I ′U ′ ≃ (M ⊗W U/IU)⊗U U

′ = i+(M)⊗U U
′.

In other words, the sheaf Loc(i+(M)) on Yw(L) has local sections over Y′ equal to (i′)+(M
′).

Since i is a smooth embedding, there is a finite covering of Y by affine open formal subschemes
Y ′ such that

0→ N ′ = NL′(I ′)/I ′L′ → L′/I ′L′ → HomA′(I ′/I ′2,A′)→ 0

is a sequence of finite free A′-modules. Passing to connected components, we may suppose that
each Y ′ is connected. There are two cases.

Suppose first that I ′ = I ′2. Then either I ′ = 0 or I ′ = A′ (compare [4, 6.3 ]) and so either
Y ′ ⊂ X or Y ′ ∩X = ∅. Note that Y ′ ⊂ X implies d = dimY ≤ dimX, whence X = Y, a
contradiction.

Suppose secondly that I ′ ̸= I ′2. According to 5.6, there is an affine open formal subscheme
Y ′′ = Spf A′′ ⊂ Y ′ containing the closed subspace X ′ := Y ′ ∩X and such that with L′′ := A′′⊗A′ L′
and I ′′ := A′′⊗A′ I ′ the following holds: the (R,A′′)-Lie algebra L′′ admits an I ′′-standard basis.
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By replacing Y ′ by Y ′′ and by adding finitely many connected affine open formal subschemes in the
open complement Y \X , we may therefore assume that each member of our finite covering Y ′ of Y
satisfies exactly one of the following conditions: either Y ′ ∩X = ∅ or else L′ admits an I ′-standard
basis.

Let Y′ = Y ′
K and X′ = X ′

K . Note that U and U ′ is Auslander-Gorenstein of dimension at
most 2d according to [6, 4.3] and its proof (this is the case m = 0 in the notation of loc.cit., since
we have Gorenstein models and smooth Lie lattices). Of course, any Y′ is L-admissible, since A′

is an L-stable formal model of Y′. According to 5.4, we therefore have d(N) = supY′ d(N ′) for

any nonzero finitely generated ◊�U(πnL)K-module N . For similar reasons, we have that W and W ′

is Auslander-Gorenstein of dimension at most 2dX. Any X′ is N -admissible, since A′
is an N -

stable formal model of X′. According to 5.4, we have d(M) = supX′ d(M ′) for any nonzero finitely

generated ÿ�U(πnN )K-module M .

We now finish the proof of the main assertion on the ÿ�U(πnN )K-module Mn. Let N := i+(Mn).
Its dimension is then computed over those N ′ such that Y ′ ∩X ̸= ∅. Hence, there is X ′ with
d(N) = dY′(N ′) and such that L′ admits an I ′-standard basis. Let f1, ..., fr be the corresponding
set of generators for I ′. The hypothesis in Lem. 5.5 for the Lie lattice L′ and the ideal I ′ are
therefore satisfied. Hence, the same is true for the Lie lattice πn L′ relative to the generators

fj
πn

for I ′ and we obtain jŸ�U(πnL′)K
((i′)+(M

′
n)) = jŸ�U(πnN ′)K

(M ′
n) + r. The compatibility of i+ with

localization shows that N ′ = (i′)+(M
′
n), so this yields

d ≤ dŸ�U(πnL′)K
(N ′) = 2d− jŸ�U(πnL′)K

(N ′) = 2d− jŸ�U(πnN ′)K
(M ′

n)− r.

Because of d = dX + r, the right-hand side equals

2r + (2dX − jŸ�U(πnN ′)K
(M ′

n))− r = dŸ�U(πnN ′)K
(M ′

n) + r

and so dX = d− r ≤ dŸ�U(πnN ′)K
(M ′

n). Hence

dX ≤ sup
X′

dŸ�U(πnN ′)K
(M ′

n) = dŸ�U(πnN )K
(Mn).

The following result is a direct consequence of the preceding proposition, given the local nature
of the dimension function, cf. 5.1.

Corollary 5.8. Let X be a smooth rigid variety and G be a p-adic Lie group which acts continuously
on X. Suppose that X has good reduction. Then Bernstein’s inequality holds in CX /G.

5.3 Weakly holonomic equivariant D-modules and duality

Let X be a smooth rigid analytic variety of dimension d and G be a p-adic Lie group which acts
continuously on X.

Definition 5.9. A moduleM∈ CX /G is called weakly holonomic if d(M) ≤ dimX. The category

of weakly holonomic equivariant DX-modules is denoted by Cwh
X /G.

There is an analogous version of the preceding definition for right modules in CrX /G.

Here is a first example in dimension one.
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Example 5.10. Let (X, G) be small with dimX = 1. Let P ∈ D(X) be a regular differential

operator and M = ÙD(X, G)/ÙD(X, G)P . Then LocX(M) ∈ Cwh
X /G. Indeed, this follows from 3.13.

Proposition 5.11. Let
0 −→M1 −→M0 −→M2 −→ 0

be an exact sequence in CX /G. Then M0 is weakly holonomic if and only if M1,M2 are weakly

holonomic. The category Cwh
X /G is a full abelian subcategory of CX /G closed under extensions.

Proof. Let U be an admissible covering of X by affinoid subdomains in Xw(T ). For every U ∈ U ,
it follows from Proposition 3.11 that

d(M0(U)) = max{d(M1(U)), d(M2(U))}.

This implies all statements.

Recall the family of endofunctors E i on CX /G, cf. Definition 4.30, for i ≥ 0.

Proposition 5.12. The functor Ed takes values in the subcategory Cwh
X /G.

Proof. Since this is a local problem, we may assume that (X, G) is small. Let A = O(X). Let
M∈ CX /G. ThenM≃ LocX(M), with M =M(X) ∈ CÙD(X,G)

. By Proposition 4.27 and Theorem

2.8, one has that:

Ed(M) ≃ LocÙD(X,G)
(HomA(Ω(X), ExtdÙD(X,G)

(M, ÙD(X, G)))).
The grade of the coadmissible (right) module ExtdÙD(X,G)

(M, ÙD(X, G)) is ≥ d, by the c-Auslander

condition, so that its dimension is less than d. Now Proposition 3.14 implies

d(HomA(Ω(X), ExtdÙD(X,G)
(M, ÙD(X, G)))) ≤ d.

This shows that Ed(M) ∈ Cwh
X /G.

Lemma 5.13. Suppose that Bernstein’s inequality holds in CX /G and let M ∈ Cwh
X /G. Then

E i(M) = 0 for any i ̸= d.

Proof. We may supposeM ≠ 0. Then j(M) ≥ d by Bernstein’s inequality, whence E i(M) = 0 for
all i < d. So let i > d. Then j(E i(M)) ≥ i > d by the c-Auslander condition, so that d(E i(M)) < d.
So E i(M) = 0, by Bernstein’s inequality.

The preceding lemma motivates the following definition.

Definition 5.14. Suppose that Bernstein’s inequality holds in CX /G. The duality functor D on

Cwh
X /G into itself is defined as follows:

D(M) := Ed(M) = HomOX
(ΩX, E

d(M))

for anyM∈ Cwh
X /G.

Proposition 5.15. Suppose that Bernstein’s inequality holds in CX /G. There is a natural isomor-

phism of functors D2 ≃ id on Cwh
X /G.
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Proof. This can be proved along the lines of the proof of [6, Proposition 7.3] for weakly holonomic
DX-modules. By the local nature of the functor D and since Xw(T ) is a basis for the Grothendieck
topology on X, we may assume that (X, G) is small and and need to show the existence of an
isomorphism

Γ(X,D2(M)) ≃ Γ(X,M)

compatible with restriction maps whenever U ⊂ X in Xw(T ). We may assume that there are G-
stable formal models A and B for A = O(X) and B = O(U) respectively, such that O(X)→ O(U)
maps A into B. We choose a G-stable free A-Lie lattice L for T (X) such that B exhibits U as
L-accessible. We may assume that [L,L] ⊆ πL and that L · A ⊆ πA. Choose a good chain Jn for
L. Then

S := ÙD(X, G) ≃ lim←−n
Sn with Sn := ◊�U(πnL)K ⋊Jn G

and

T := ÙD(U, G) ≃ lim←−n
Tn with Tn := ¤�U(πn(B ⊗A L))K ⋊Jn G

are realizations of the corresponding Fréchet-Stein structures of S and T . According to Cor. 3.7,
we may assume that Dn and Tn are Auslander-Gorenstein rings of dimension at most 2d for each
n ≥ 0. Write M := Γ(X,M) ∼= lim←−n

Mn with Mn := Sn ⊗S M and N := Γ(U,M) ∼= lim←−n
Nn with

Nn := Tn ⊗T N. Note that Nn = Tn ⊗Sn Mn. Let Ω := Ω(X). By Proposition 3.14, one has:

Γ(X,D2(M)) = HomA(Ω, Ext
d
S(HomA(Ω, Ext

d
S(M,S)), S)

≃ ExtdS(Ω⊗A HomA(Ω, Ext
d
S(M,S)), S)

≃ ExtdS(ExtdS(M,S), S).

According to [19, Lemma 8.4], one has ExtdS(M,S) ∼= lim←−n
ExtdSn

(Mn, Sn). Moreover, Lemma 5.13

implies that ExtiSn
(Mn, Sn) = 0 for any i ̸= d. The classical duality over Auslander-Gorenstein

rings [12, Theorem 4] therefore gives the Sn-linear isomorphism

ExtdSn
(ExtdSn

(Mn, Sn), Sn)) ≃Mn.

Recall here that the duality morphism comes from the usual convergent spectral sequence with
E2-term

El,m
2 := ExtlSn

(Ext−m
Sn

(Mn, Sn), Sn)

and abutment El+m :=Mn for l+m = 0, resp. := 0 for l+m ̸= 0, appearing in the global duality
Mn → RHomSn(Mn, Sn). We have the commutative diagram

Sn Tn

Sn−1 Tn−1

in which all ring homomorphism are flat: the horizontal ones according to [1, Thm. 4.3.14]. The
base extension Sn−1⊗Sn (·) transforms the whole spectral sequence and hence the duality morphism
for the Sn-moduleMn into the corresponding spectral sequence and duality morphism for the Sn−1-
moduleMn−1 = Sn−1⊗SnMn. The base extension Tn⊗Sn (·) transforms the whole spectral sequence
and hence the duality morphism for the Sn-module Mn into the corresponding spectral sequence
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and duality morphism for the Tn-module Nn = Tn⊗SnMn. This means that we may pass the above
Sn-linear isomorphism to the projective limit in n to obtain the isomorphism

Γ(X,D2(M)) = ExtdS(Ext
d
S(M,S), S) ≃M = Γ(X,M)

and that this latter isomorphism is indeed compatible with the restriction maps to U ⊂ X.

6 Preservation of weak holonomicity and examples

6.1 Extension.

We generalize the extension functor [6, Section 7.2] to the equivariant setting. This functor is de-
fined on the category of G-equivariant coherent DX-module and takes values in the category CX /G.
We will show that it preserves weak holonomicity in a suitable sense.

Let X be a smooth rigid analytic space and G a p-adic Lie group acting continuously on X.

Lemma 6.1. Suppose that (X, G) is small and that H is an open subgroup of G. The natural mapÙD(X, H)⊗D(X)⋊H (D(X)⋊G) −→ ÙD(X, G)
is an isomorphism. If M is a D(X)⋊G-module, the natural morphismÙD(X, H)⊗D(X)⋊H M−̃→ÙD(X, G)⊗D(X)⋊G M

is bijective.

Proof. Following [1, Proposition 3.4.10] there is a bijection ÙD(X, H)⊗K[H]K[G] ≃ ÙD(X, G), which
factors into ÙD(X, H)⊗K[H] K[G] −→ ÙD(X, H)⊗D(X)⋊H (D(X)⋊G) −→ ÙD(X, G).
The first morphism is surjective, which implies that both morphisms are in fact bijective. This
implies the first claim of the lemma. The second claim follows from this.

Proposition 6.2. Suppose that (X, G) is small. Let M be a D(X)⋊G-module which is coherent
as a D(X)-module. Then the tensor productıM := ÙD(X, G)⊗D(X)⋊G M

is a coadmissible ÙD(X, G)-module.

Proof. Since G is compact p-adic Lie group, it is topologically finitely generated. As M is finitely
presented as a D(X)-module, it follows that the ÙD(X, G)-module ÙD(X, G)⊗D(X)M is coadmissible
[19, Corollary 3.4(v)]. Now, let g1, g2, ..., gr be a set of topological generators for G and m1, ...,ms ∈
M which generate M as a D(X)-module and let I be the ÙD(X, G)-submodule generated by the

finite set {gi⊗mj−1⊗gimj}. Then I is a coadmissible ÙD(X, G)-module by [19, Corollary 3.4(iv)].
There is a surjective map

f : ÙD(X, G)⊗D(X) M −→ ÙD(X, G)⊗D(X)⋊G M.

We will show that I = ker(f), which proves the proposition. The inclusion I ⊆ ker(f) is clear.
Moreover, ker(f) is generated over D(X, G) by the elements g ⊗m− 1⊗ gm with g ∈ G,m ∈ M .
Let x ∈ L = T (X). Then gixg

−1
i = gi.x in D(X) ⋊ G = U(L) ⋊ G, so that we can compute as

follows:
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gi ⊗ xmj − 1⊗ gixmj = (gixg
−1
i )gi ⊗mj − 1⊗ (gixg

−1
i )gimj = (gi.x)gi ⊗mj − 1⊗ (gi.x)gimj =

(gi.x)(gi ⊗mj − 1⊗ gimj)

Hence I contains all elements of the form gi ⊗ m − 1 ⊗ gim with m ∈ M . Now, let g ∈ G and
(gn) ∈ ⟨g1, ..., gr⟩ such that lim gn = g. Note that the coadmissible module ÙD(X, G) ⊗D(X) M has

a natural Fréchet topology such that the map ÙD(X, G) −→ ÙD(X, G) ⊗D(X) M is continuous. this
implies:

lim(gn ⊗m− 1⊗ gnm) = g ⊗m− 1⊗ g.

Here we note that G ⊂ ÙD(X, G). Since I is a closed subspace of ÙD(X, G) ⊗D(X) M [19, Lemma
3.6], we obtain g ⊗m− 1⊗ gm ∈ I for any g ∈ G and m ∈M . Thus I = ker(f).

LetM be a G-equivariant DX-module which is coherent as a DX-module. Then we define the
presheaf EX /G(M) on Xw(T ) as follows. Let U ∈ Xw(T ). Then define

EX /G(M)(U) := lim←−
H

ÙD(U, H)⊗D(U)⋊HM(U)

where the inverse limit is taken over the set of all U-small subgroups H of G.

Proposition 6.3. The presheaf EX /G(M) extends to a coadmissible G-equivariant DX-module
(still denoted by EX /G(M)).

Proof. For every U ∈ Xw(T ), there is a U-small open subgroup H of G. To verify the sheaf
property on Xw(T ), we may therefore assume that (X, G) is small. Denote

M :=M(X) and ıM = ÙD(X, G)⊗D(X)⋊G M .

Let U ∈ Xw(T ). ThenÙD(U, H)Ù⊗ÙD(X,H)
ıM ∼= ÙD(U, H)Ù⊗ÙD(X,H)

ÙD(X, H)⊗D(X)⋊H M ∼= ÙD(U, H)⊗D(X)⋊H M.

Furthermore, sinceM is a coherent DX-module, one has

M(U) ∼= D(U)⊗D(X) M.

Consequently,M(U) ∼= D(U)⊗D(X) M ∼= D(U)⋊H ⊗D(X)⋊H M , whence

EX /G(M)(U) ∼= ÙD(U, H)⊗D(U)⋊HM(U) ∼= ÙD(U, H)⊗D(X)⋊H M ∼= ÙD(U, H)Ù⊗ÙD(X,H)
ıM.

This proves EX /G(M) ∼= LocX(ıM), which implies the proposition.

Let Coh(G−DX) be the category of G-equivariant coherent DX-modules.

Corollary 6.4. The formation of EX /G(M) is a functor

EX /G : Coh(G−DX) −→ CX /G.

Recall the dimension of a coherent DX-moduleM on the smooth rigid analytic variety X, cf.
[15]. The moduleM is said to be of minimal dimension if its dimension is not greater than dimX.

Proposition 6.5. LetM∈ Coh(G−DX) be of minimal dimension. Then EX /G(M) ∈ Cwh
X /G.
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Proof. Since the question is local, we may assume that (X, G) is small. Choose a G-stable free Lie

lattice L and a good chain (Jn)n for L such that ÙD(X, G) ∼= ◊�U(πnL)K ⋊Jn G. Write D := D(X),ÙD := ÙD(X, G), Dn := ◊�U(πnL)K ⋊Jn G, M :=M(X) and let d := dimX. Recall that by definitionıM = ÙD ⊗D⋊G M . By assumption d(M) ≤ d. Now ÙD-module ÙD ⊗D M is coadmissible nd there is

a n sufficiently large, such that jDn(Dn ⊗D M) = jÙD(ÙD ⊗D M). As we know that Dn is flat over
D, it follows that

ExtiD(M,D)⊗D Dn
∼= ExtiDn

(Dn ⊗D M,Dn).

Thus jDn(Dn ⊗D M) ≥ jD(M), which implies

d(ÙD ⊗D M) = d(Dn ⊗D M) ≤ d(M) ≤ d.

Since ÙD ⊗D M surjects onto ıM , this proves d(ıM) ≤ d.

Here is the link to classical holonomic algebraic D-modules when X is algebraic. Let for the
rest of this subsection X be a smooth K-scheme of locally finite type and X = Xan be its rigid
analytification. Consider the induced morphism of locally ringed G-spaces ρ : X → X and the
pull-back functor

ρ∗M = OX ⊗ρ−1OX ρ
−1M

on OX-modules. Since ρ∗DX = DX, this restricts to a functor from (coherent) DX-modules to
(coherent) DX-modules.

Lemma 6.6. LetM be a holonomic DX-module. Then ρ∗M is a DX-module of minimal dimension.

Proof. LetM be a nonzero holonomic DX-module. Let U be an open affine subdomain of X over
whichM is nonzero. Let U = {Ui, i ∈ I} be an admissible covering of ρ−1U by affinoid subdomains
of X. As ρ is flat, we may suppose that OX(U) → OX(Ui) is flat, whence DX(U) → DX(Ui) is
flat. Since ρ∗M(Ui) = DX(Ui)⊗DX(U)M(U), one obtains

ExtnDX(Ui)
(ρ∗M(Ui),DX(Ui)) ∼= ExtnDX(U)(M(U),DX(U))⊗DX(U) DX(Ui).

By consequence
jDX(U)(M(U)) ≤ jDX(Ui)(ρ

∗M(Ui)).

Since M is holonomic and nonzero over U , we have jDX(U)(M(U)) = dimX, which implies that
dimX ≤ jDX(Ui)(ρ

∗M(Ui)) and dDX(Ui)(ρ
∗M(Ui)) ≤ dimX = dimX for every i. Letting U vary

implies d(ρ∗M) ≤ dimX, as claimed.

6.2 Equivariant integrable connections

Let X be a smooth rigid analytic variety and G be a p-adic Lie group which acts continuously on
X. A G-equivariant DX-module, which is coherent as an OX-module will be called a G-equivariant
integrable connection. The subcategory of Coh(G−DX) consisting of the G-equivariant integrable
connections on X is denoted by Con(G − DX). Of course, Con(G − DX) contains the structure
sheaf OX.

Proposition 6.7. Let M be a G-equivariant integrable connection on X. Then M ∈ Frech(G −
DX).
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Proof. Let U ∈ Xw(T ) be an affinoid subdomain. ThenM|U is a coherent OU-module, so that by
Kiehl’s theorem, M(U) is a coherent O(U)-module. this implies M(U) has a canonical Banach
topology by [8, Chapter 3, Proposition 3.7.3.3]. For any g ∈ G, the map

gM(U) :M(U) −→M(gU)

is a bijection which is linear with respect to the continuous morphism ofK-Banach algebras gO(U) :
O(U) −→ O(gU). If we consider the O(gU)-moduleM(gU) as a O(U), thenM(gU) is coherent
as a O(U)-module such that the map O(U) ×M(gU) −→ M(gU) is continuous and gM(U) is
a O(U)-linear map. By [8, Chapter 3, Proposition 3.7.3.2], gM(U) is continuous between Banach
spaces. Since Banach spaces are Fréchet spaces, this proves thatM∈ Frech(G−DX).

Lemma 6.8. Suppose that (X, G) is small. Let M be a D(X)⋊G-module which is coherent over
O(X). Let L be a G-stable A-Lie lattice L in T (X) for some G-stable affine formal model A of

O(X). Then there exists m ≥ 0 such that there is a structure of Ÿ�U(πnL)K ⋊ G-module on M for
all n ≥ m which extends the given D(X)⋊G-action.

Proof. Let A = O(X). By assumption M is finitely generated as an A-module. Let S be a finite
generating set of M on A. Then M := AS is an A-submodule of M which generates M over K.
Furthermore, since L is an A-Lie lattice by assumption, there exists m ≥ 0 such that for all n ≥ m,
πnL.M⊂M, forcingM to be an U(πnL)-module. Now, since A is π-adically complete, so is the

finitely generated A-module M, so that M is also an ◊�U(πnL)-module. Therefore, M ∼= K ⊗M
is a ◊�U(πnL)K-module. On the other hand, we see that the structure of ◊�U(πnL)K-module (which
extends the given D(X)-action) on M is compatible with the G-action.

Proposition 6.9. Suppose that (X, G) is small. Let M be a D(X)⋊G-module which is coherent
over O(X). Let L be a G-stable free A-Lie lattice L for some G-stable affine formal model A of

O(X). The D(X)⋊G-action onM extends to a ÙD(X, G)-module structure if the following condition
holds in M :

g.m = βπnL(g)m for all m ∈M and g ∈ Jn. (21)

for some good chain (J•) for L. In this case, M ≃ ÙD(X, G) ⊗D(X)⋊G M and M is a coadmissibleÙD(X, G)-module.

Proof. By Lemma 6.8, the module M is a ◊�U(πnL)K ⋊ G-module for sufficiently large n. Clearly,

M is a ÙD(X, G)-module, if and only if the ◊�U(πnL)K ⋊ G-module structure factors through the

quotient Ÿ�U(πnL)K ⋊Jn G for some good chain (J•) for L. Hence, if and only if the condition (21)

holds. In this case, the natural morphism i :M −→ ◊�U(πnL)K ⋊G⊗U(L)⋊G M is an isomorphism.

Indeed, the ◊�U(πnL)K ⋊G-linear map

j : ◊�U(πnL)K ⋊G⊗U(L)⋊G M −→M

a⊗m 7−→ am

satisfies j ◦ i = idM and i is injective. For the surjectivity of i, we note that the ring ◊�U(πnL)K ⋊G
(resp. U(L) ⋊ G) consists of elements of the form

∑
aigi, where the sum is finite with gi ∈ G

and ai ∈ ◊�U(πnL)K (resp. ai ∈ U(L)). As a consequence, the map ◊�U(πnL)K ⊗U(L) M −→◊�U(πnL)K ⋊G⊗U(L)⋊G M is surjective. On the other hand, the map i factors through
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M−̃→◊�U(πnL)K ⊗U(L) M −→ ◊�U(πnL)K ⋊G⊗U(L)⋊G M .

Where the first map is an isomorphism by [4, Lemma 7.2]. Therefore i is surjective, so it is an
isomorphism as claimed. As a consequence, this proves that the canonical morphism

M −→ ◊�U(πnL)K ⋊Jn G⊗U(L)⋊G M

is an isomorphism of ◊�U(πnL)K ⋊Jn G-modules, as M is also an ◊�U(πnL)K ⋊Jn G-module. Passing

to the projective limit over all n shows that M ≃ ÙD(X, G)⊗D(X)⋊G M .

Remark 6.10. In the situation of the preceding proposition, one has M≃ EX /G(M), for M the
coadmissible equivariant module associated with M .

Definition 6.11. An equivariant integrable connectionM∈ Con(G−DX) is called strongly equiv-
ariant if the D(U)⋊H-moduleM(U) satisfies the condition (21) for every (U, H) small.

Remark 6.12. The condition (21) is the analogue in our context of the condition [20, Prop.2.6]
appearing in the classical theory of equivariant algebraic D-modules and marking there the difference
between ”weakly equivariant” and ”equivariant”.

Proposition 6.13. Every strongly equivariantM∈ Con(G−DX) lies in Cwh
X /G.

Proof. Any G-equivariant integrable connection lies in Frech(G − DX), according to 6.7. By 6.9
and the subsequent remark, the moduleM coincides locally on small affinoids with its extension to
CX /G. Since the extension takes modules of minimal dimension into Cwh

X /G, cf. 6.5, the proposition
follows.

Corollary 6.14. The structure sheaf OX is strongly equivariant and thus lies in Cwh
X /G.

Proof. Without loss of generality, we may suppose that (X, G) is small. Let A be a G-stable affine
formal model of A = O(X) and L is a G-stable A-Lie lattice in DerK(A). Recall that each g ∈ G
acts on A via the morphism of groups ρ : G −→ Aut(A) and on L via

g.x := ρ(g) ◦ x ◦ ρ(g−1) for all x ∈ L.

Now if g ∈ GL, we can write ρ(g) = exp(pϵx) with x ∈ L. Then for a ∈ A,

βL(g).a = exp(pϵι(x)).a =
∑

n
pϵn

n! ι(x)
n.a =

∑
n

pϵn

n! x
n.a = exp(pϵx)(a) = ρ(g)(a) = g.a.

This proves that βL(g)− g acts trivially on A. Since Jn ⊆ GπnL for any good chain (J•) for L, we
see that the condition (21) holds for any such chain.

6.3 Weak holonomicity and push-forward

In this section, we prove a dimension formula for the equivariant pushforward functor, generalizing
[6, Thm. 6.1] to the equivariant setting. It implies that the equivariant Kashiwara equivalence [2]
descends to weakly holonomic modules.

We start with the affinoid situation. Suppose that i : Y = Sp(A/I)→ X = Sp(A) is a closed
embedding of smooth affinoid varieties and G be a compact p-adic Lie group which acts continuously
on X and stabilizes Y. We suppose that:

(a) T (X) admits a free G-stable A-Lie lattice L = A∂1⊕ ...⊕A∂d for some G-stable affine formal
model A ⊂ O(X) and such that [L,L] ⊂ πL, L.A ⊂ πA,
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(b) {∂1, ..., ∂d} is an I-standard basis with respect to a generating set {f1, ..., fr} ⊂ I.

Recall from [2] the equivariant pushforward functor i+ : CrÙD(Y,G)
→ CrÙD(X,G)

defined by

i+N := NÙ⊗ÙD(Y,G)
ÙD(X, G)/IÙD(X, G).

We explain why i+N is indeed a coadmissible (right) ÙD(X, G)-module, thereby fixing some
notation for future use. So let I := I ∩ A and consider the integral normalizer

NL(I) := {x ∈ L : x(I) ⊂ I}.

Then N := NL(I)/IL is a G-stable A/I-Lie lattice in T (Y) = (A/I)∂r+1 ⊕ ... ⊕ (A/I)∂d. Thus,
for a good chain (Jn)n of G, we haveÙD(X, G) ∼= lim←−n

◊�U(πnL)K ⋊Jn G and ÙD(Y, G) ∼= lim←−n
ÿ�U(πnN )K ⋊Jn G

(note that GN ⊂ GL by [2, Lemma 4.3.2] so we can choose a good chain of G such that each Jn is

contained in GN ). Write Tn := ◊�U(πnL)K ⋊Jn G and Sn := ÿ�U(πnN )K ⋊Jn G, then

i+N ∼= lim←−n
Nn ⊗Sn Tn/ITn, with Nn = N ⊗ÙD(Y,G)

Sn.

Proposition 6.15. Given N ∈ CrÙD(X,G)
, one has

dÙD(X,G)
(i+N) = dÙD(Y,G)

(N) + dimA− dimA/I.

Proof. Since i+N is a coadmissible ÙD(X, G)-module, there exist n sufficiently large such that

jÙD(X,G)
(i+N) = jTn(i+N ⊗ÙD(X,G)

Tn) = jÿ�U(πnL)K
(i+N ⊗ÙD(X,G)

Tn).

Here, the last equality follows from Proposition 3.2 and Lemma 3.3. Note that:

i+N ⊗ÙD(X,G)
Tn = Nn ⊗Sn Tn/ITn,

where N ∼= lim←−n
Nn with Nn ⊗ÙD(Y,G)

Sn. Furthermore

Nn ⊗Sn Tn/ITn = Nn ⊗Ÿ�U(πnN )K⋊JnG
◊�U(πnL)K ⋊Jn G/I(

◊�U(πnL)K ⋊Jn G)

∼= Nn ⊗Ÿ�U(πnN )K

◊�U(πnL)K/I◊�U(πnL)K .

On the other hand, since L is a flat R-module, multiplication by πn yields an isomorphism of the

A/I-Lie lattice πnN of T (Y) with NπnL(I)/I(πnL). According to [4, 5.2] one has ÿ�U(πnN )K
∼=÷U(Cn)K/I÷U(Cn)K , where

Cn := CπnL(F ) = {x ∈ πnL : x.f = 0 ∀f ∈ F}

denotes the centraliser of F in πnL. So we have

Nn ⊗Ÿ�U(πnN )K

◊�U(πnL)K/I◊�U(πnL)K ∼= Nn ⊗÷U(Cn)K
◊�U(πnL)K .
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Hence applying [6, Prop. 6.1] gives

jÿ�U(πnL)K
(i+N ⊗ÙD(X,G)

Tn) = jÿ�U(πnL)K
(Nn ⊗÷U(Cn)K

◊�U(πnL)K)

= j÷U(Cn)K/F÷U(Cn)K
(Nn) + r = jŸ�U(πnN )K

(Nn) + r

= jSn(Nn) + r.

Here, the last equality follows from Proposition 3.2 and Lemma 3.3. Finally, for n sufficiently large,
one has that:

dÙD(X,G)
(i+N) = 2d− jÙD(X,G)

(i+N)

= 2d− jTn(i+N ⊗ÙD(Y,G)
Tn)

= 2d− (r + jSn(Nn))

= r + (2d− 2r − jÙD(Y,G)
(N))

= dÙD(Y,G)
(N) + dimA− dimA/I.

Now, let i : Y → X be a closed embedding of smooth rigid varieties, G be a p-adic Lie group
which acts continuously on X and which preserves Y. Let I ⊂ OX be the ideal sheaf defining
Y. Recall from [2] that the above affinoid version i+ extends to a general equivariant pushforward
functor i+ : CrY /G → C

r
X /G. Its construction makes crucial use of the fact [4, Theorem 6.2] that

there is an admissible covering B of X of connected affinoid subdomains U such that

(i) there is a free A-Lie lattice L = ∂1A ⊕ ... ⊕ ∂dA for some affine formal model A ⊂ O(U)
satisfying [L,L] ⊂ π.L and L.A ⊂ πA,

(ii) either I(U) = I(U)2, or I(U) admits a generating set F = {f1, ..., fr} with ∂i(fj) = δij for
every i = 1..., d and j = 1, ..., r.

Let U ∈ B. By definition, there is a free A-Lie lattice L = ∂1A⊕ ... ⊕ ∂dA for some affine formal
model A ⊂ O(U) satisfying the conditions (i) and (ii) of the above theorem. Following [2, Lemma
4.4.2], there exists a compact open subgroup H of G which stabilies U, A and L. The subgroup H
is then called U-good. Let N ∈ CrY /G. Then i+N of N can be defined locally as follows

i+N (U) := lim←−
H

M [U, H]

for any U ∈ B, where M [U, H] := N (U∩Y)Ù⊗ÙD(U∩Y,H)
ÙD(U, H)/I(U)ÙD(U, H) and H runs over

the set of all U-good subgroups of G.

Proposition 6.16. Let i : Y → X be a closed embedding of smooth rigid varieties, G be a p-adic
Lie group which acts continuously on X and which preserves Y. Then for every N ∈ CrY /G

dX(i+N ) = dY(N ) + dimX−dimY .

Proof. Given the above result, this is a direct consequence of Proposition 6.15.

We give two applications.
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Theorem 6.17. Let X be a smooth rigid analytic variety with a continuous G-action. Suppose that
Y is a Zariski closed subspace of X which is stable under the G-action. If Bernstein’s inequality
holds in CX /G, then it holds in CY /G.

Proof. This is a direct consequence of Proposition 6.16 and Proposition 3.14.

Theorem 6.18. Let i : Y → X be a closed embedding of smooth rigid varieties, G be a p-adic
Lie group which acts continuously on X and which preserves Y. Then Kashiwara’s equivalence
restricts to an equivalence between Cwh

Y /G and the category of weakly holonomic equivariant ÙDX-
modules supported on Y.

Proof. This is a direct consequence of the preceding proposition.

Corollary 6.19. Let i : Y → X be a closed embedding of smooth rigid varieties, G be a p-adic
Lie group which acts continuously on X and which preserves Y. Then i+OY is a weakly holonomic
G-equivariant ÙDX-module.

Proof. This follows from 6.18 and 6.14.

6.4 Weak holonomicity and geometric induction

Let X be a smooth rigid analytic space and G be a p-adic Lie group acting continuously on X.
Suppose that P is a closed subgroup of G such that G/P is compact. Note that under this condi-
tion, the set of double cosets |H \G/P | is finite for every open subgroup H ≤ G.

We recall from [2, 2.2] the geometric induction functor

indGP : CX /P −→ CX /G

which is locally defined as follows. Let N ∈ CX /P . Let U ∈ Xw(T ) be an affinoid open subset, H
be a U-small subgroup of G and s ∈ G. If J ≤ G is a subgroup, we write sJ = sJs−1, Js = s−1Js.
Then we set

[s]N (s−1U) := {[s]m : m ∈ N (s−1U)}.

Note that H is open in G, the subgroup P ∩Hs is also open in P and the pair (s−1U, P ∩Hs) is

small. Hence N (s−1U)} is a ÙD(s−1U, P ∩Hs)-module. So [s]N (s−1U) can be equipped with a

structure of ÙD(U, sP ∩H)-module via the isomorphism of K-algebras

s−1 : ÙD(U, sP ∩H)−̃→ÙD(s−1U, P ∩Hs).

This is a coadmissile ÙD(U, sP ∩H)-module and one forms the coadmissible ÙD(U, H)-module:

M(U, H, s) = ÙD(U, H)Ù⊗ÙD(U,sP∩H)
[s]N (s−1U).

The ÙD(U, H)-module M(U, H, s) only depends on the double coset HsP which contains s ([2,
Proposition 3.2.7]), which means that if t ∈ HsP such that s = h−1th′ with h ∈ H,h′ ∈ P ,

then M(U, H, s) ∼= M(U, H, t) as ÙD(U, H)-modules.This allows to define for each double coset
Z ∈ H \G/P :

M(U, H, Z) := lim
s∈Z

M(U, H, s).
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Note that M(U, H, Z) ∼=M(U, H, s) in CÙD(U,H)
for all s ∈ Z. Since | H \G/P | is finite, we obtain

that
M(U, H) :=

⊕
Z∈H\G/P

M(U, H, Z)

is also a coadmissible ÙD(U, H)-module. If J ≤ H are U-small subgroups of G then there is an

isomorphism of ÙD(U, J)-modules M(U, J)→̃M(U, H). In this situation as ÙD(U, H)-modules

indGP (N )(U) = lim←−
H

⊕
Z∈H\G/P

lim
s∈Z

ÙD(U, H)Ù⊗ÙD(U,sP∩H)
[s]N (s−1U)

= lim←−
H

M(U, H),

where the inverse limit is taken over the set of U-small subgroups H of G.

Proposition 6.20. Geometric induction indGP preserves weak holonomicty, i.e restricts to a functor

Cwh
X /P −→ C

wh
X /G.

Proof. Since the sum M(U, H) :=
⊕

Z∈H\G/P M(U, H, Z) is finite, one has

ExtiÙD(U,H)
(M(U, H), ÙD(U, H)) ∼=

⊕
Z∈H\G/P Ext

iÙD(U,H)
(M(U, H, Z), ÙD(U, H)).

In particular, ExtiÙD(U,H)
(M(U, H), ÙD(U, H)) = 0 if and only if

ExtiÙD(U,H)
(M(U, H, Z), ÙD(U, H)) = 0 for all Z ∈ H \G/P .

This shows that
j(M(U, H)) = inf{j(M(U, H, Z)) : Z ∈ H \G/P}. (22)

Now let Z ∈ H \G/P . Since M(U, H, Z) ∼=M(U, H, s) in CÙD(U,H)
for any choice of s ∈ Z and the

map ÙD(U, sP ∩H) −→ ÙD(U, H) is faithfully c−flat [2, Lemma 3.5.3] (note that sP ∩H is closed
in H), we obtain

ExtiÙD(U,H)
(ÙD(U, H)Ù⊗ÙD(U,sP∩H)

[s]N (s−1U), ÙD(U, H))

∼= ExtiÙD(U,sP∩H)
([s]N (s−1U), ÙD(U, sP ∩H))Ù⊗ÙD(U,sP∩H)

ÙD(U, H).

This implies:

jÙD(U,H)
(M(U, H, Z)) = jÙD(U,H)

(M(U, H, s)) = jÙD(U,sP∩H)
([s]N (s−1U)). (23)

Next, the isomorphism of K-algebras ÙD(U, sP ∩H)−̃→ÙD(s−1U, P ∩Hs) implies that

ExtiÙD(U,sP∩H)
([s]N (s−1U), ÙD(U, sP ∩H)) ∼= ExtiÙD(s−1 U,P∩Hs)

(N (s−1U), ÙD(s−1U, P ∩Hs)).

By consequence,
jÙD(U,sP∩H)

([s]N (s−1U)) = jÙD(s−1 U,P∩Hs)
(N (s−1U)). (24)

Now since N is weakly holonomic, (22), (23) and (24) imply that d(indGP (N )) ≤ dimX.

Corollary 6.21. Let i : Y → X be a closed embedding of smooth rigid varieties, G be a p-adic Lie
group which acts continuously on X and suppose that the stabilizer GY of Y in G is co-compact.
Then indGGY

i+OY is a weakly holonomic G-equivariant ÙDX-module.

Proof. This follows from the preceding result and 6.19.
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[8] S. Bosch, U. Güntzer, and R. Remmert. Non-Archimedean analysis, volume 261 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1984. A systematic approach to rigid analytic geometry.

[9] Michel Brion. Linearizations of algebraic group actions. Handbook of Group Actions, IV(ALM
41):291–340, 2018.

[10] Ryoshi Hotta, Kiyoshi Takeuchi, and Toshiyuki Tanisaki. D-modules, perverse sheaves, and
representation theory, volume 236 of Progress in Mathematics. Birkhäuser Boston, Inc., Boston,
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