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ABSTRACT. Let G be a connected split reductive group over a finite extension L of Q,,
denote by X the flag variety of G, and let G = G(L). In this paper we prove that
formal models X of the rigid analytic flag variety X'& are @;7 p-affine for certain sheaves
of arithmetic differential operators @; i~ Furthermore, we show that the category of
admissible locally analytic G-representations with trivial central character is naturally
anti-equivalent to a full subcategory of the category of G-equivariant families (.4 j) of
modules .# j, over @;  on the projective system of all formal models X of Xris,
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1. INTRODUCTION

Let L/Q, be a finite extension with ring of integers 0 = oy. In [32] the authors introduced
certain sheaves of differential operator @l,k on a family of semistable formal models X,
of the rigid-analytic projective line over L (the notion of formal model is in the sense of [7,
Def. 4 in sec. 7.4]). A key result there is that X, is 2! ,-affine. Moreover, it was shown
in loc. cit. how admissible locally L-analytic represeutations with trivial infinitesimal
character of the L-analytic group GLy(L), or rather their associated coadmissible modules,
can be described in terms of GLy(L)-equivariant projective systems of coherent sheaves
My, over D . We generalized the construction of the sheaves 9:1,1@ to higher-dimensional
formal schemes, which are not necessarily semi-stable, in [22].

In this paper we generalize the previous results on Z1-affinity, as well as the representation
theoretic results to (not necessarily semistable) formal models of general flag varieties of
split reductive groups. So let Gy be a connected split reductive group scheme over o,
and denote by X, the formal completion of the flag scheme X of Gy. We then consider
a formal admissible blow-up X of X,. In section [2] we briefly recall the definition of the
sheaves of differential operators @T & as introduced in [22]. Here k is an integer which we
call the congruence level. 1t is bounded below by a non-negative integer kx which depends
on the blow-up morphism X — Xy. Our first main result is then

Theorem 1 (cf. . For all k = kx the formal scheme X is .@;k—aﬁine.

This means that the global sections functor furnishes an equivalence of categories between
coherent modules over @;k and finitely presented modules over the ring H°(X, @;k)

It is shown that HO(X, .@;k) can be identified with the central reduction D**(G(k)°)y,
of Emerton’s analytic distribution algebra D*'(G(k)°) of the wide open rigid-analytic
kth congruence subgroup G(k)° of Gy, cf. [I5, 5.2, 5.3], [28, 5.3]. The functor M v~
Z 003€ p(M) = -@x 1k @Dan(G(k)°)4, M is quasi-inverse to the global sections functor. Compare
[5, 111, 12] for the classical setting of modules over the Lie algebra of G = Gg X gpec(o)Spec(L)
and localization on the flag variety X of G.

As in [32] our main motivation for this result concerns locally analytic representations.
The category of admissible locally analytic representations of the locally L-analytic group
G := G(L) with trivial infinitesimal character 6, is anti-equivalent to the category of

IThese sheaves were denoted @ in [32] to distinguish them from the sheaves of arithmetic differential
operators introduced by P. Berthelot For ease of notation, we have decided to drop the tilde throughout
this paper.
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coadmissible modules over D(G, L)g,, the central reduction of the locally L-analytic dis-
tribution algebra D(G, L) of G at 6.

On the geometric side, we consider the (semisimple) Bruhat-Tits building B of G [9] [10].
This is a simplicial complex whose dimension equals the semisimple rank of G and which
is equipped with an action of G. Most important for our purposes is the G-stable subset
of B of so-called special vertices. To any such vertex v the theory of Bruhat and Tits
associates a reductive group scheme G, over o whose generic fiber comes equipped with
a canonical isomorphism to G. (The group scheme G, we considered before can be taken
to be one of those group schemes G,,, say.) The flag scheme X, of G, therefore has
the property that its generic fiber is canonically isomorphic to XH Passing to formal
completions we thus obtain a family of smooth formal schemes X, o, indexed by the set
of special vertices of B, which is equipped with a G-action. Furthermore, we consider
for every special vertex v the set F, of all admissible blow-ups X of X, o, and we define
F, © F, x N to be the set of pairs (X, k) with X € F, and k > kx. There is a natural
partial ordering on F := [ [, F,, which makes this a directed set , and F :=[], Fo
naturally carries a G-action, cf. for details.

A coadmissible G-equivariant arithmetic Z-module on F consists of a family
M = (M) (x 1)

of coherent .@;k—modules Mz, satisfying certain compatibility properties, cf. [5.3.8 In
particular, these properties make it possible to form the projective limit

[(A):= lim HO(X, My}
(X k)eF

which, as we show, carries the structure of a coadmissible D(G, L)g,-module. On the
other hand, given a coadmissible D(G, L)g,-module M we let V' = M’ be its continuous
dual, which is an admissible locally analytic representation of G. We then let M, ; be the
continuous dual of the subspace Vg, k)o—an © V' of G, (k)°-analytic vectors in V. For any

(X, k) € F, we have the coherent .@;E’k—module
gOCTx,k<Mv,k) = -@;k @pan(Gy (k)°)o, My -

We denote the family of all those modules by -Zoc®(M). Our main result is then

Theorem 2 (cf. |5.3.12). The functors Zoc® and T are quasi-inverse equivalences between
the category of coadmissible D(G, L)g,-modules and the category €< of coadmissible G-
equivariant arithmetic &-modules on F.

2The index “0” of X, 0 indicates that we think of X, ¢ as the bottom layer of the tower of admissible
blow-ups of this scheme.
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The projective limit X, := lim f% is the Zariski-Riemann space attached to X"8. The
latter space is in turn isomorphic (as a ringed space, after inverting p on the structure
sheaf) to the adic space attached to X", cf. [41, Thm. 4 in sec. 2, Thm. 4 in sec. 3]. One
can also form the projective limit Z., of the sheaves @% , which is then a G-equivariant
sheaf of p-adically complete rings of differential operators on X, cf. [5.2.24] Similarly,
for any object A4 = (Mx}) in €¢ one can form the projective limit .4, of the sheaves
M ), which is then a G—equivariant Y-module. The assignment 4 v~ ., is a faithful
functor from €< to the category of G-equivariant Z.,-modules, cf. [5.3.16, We remark
that it is possible to modify the target category by way of equipping the objects with the
structure of locally convex Z,-modules (and by requiring morphisms to be continuous)ﬂ
so as to obtain a fully faithful functor .# v ., cf. [5.3.17]

In a final section we illustrate this localization theory by computing the .@;k—modules
associated to certain classes of locally analytic representations.

In this paper we only treat the case of the central character 6y, but there is an extension
of this theorem available for characters more general than 6, by using twisted versions
of the sheaves -@x .- Moreover, the construction of the sheaf 2] carries over to general
smooth rigid- analytlc (or adic) spaces over L. These questions will be addressed in future
work.

We would also like to mention that K. Ardakov and S. Wadsley are developing a theory
of D-modules on general rigid-analytic spaces, cf. [I, 3, 2]. In their work they consider
deformations of the sheaves of crystalline differential operators (as in [4]), whereas we take
as a starting point deformations of Berthelot’s rings of arithmetic differential operators.
That the rings of differential operators considered by us are close in spirit to the theory
of rigid cohomology will, as we hope, open a way to use techniques and results from rigid
cohomology to investigate locally analytic representations. A first example for such an
interaction can be found in [32] sec. 7).

Notation. L denotes a finite extension of Q,, with ring of integers o and uniformizer
w. Let g be the cardinality of the residue field o/(ww) which we also denote by F,. Gg
denotes a split connected reductive group scheme over o and By < Gy a Borel subgroup
scheme. We let G = Gg Xgpec(o) Spec(L) be the generic fiber of Go. The Lie algebra of
Gy is denoted by g,. If X is a smooth scheme over Spec(o), we denote by Ty its relative
tangent sheaf, i.e., Tx = Jx/spec(o)- If X (resp. X) is a scheme (resp. formal scheme)
over Spec(o) (resp. Spf(o)), a coherent sheaf of ideals Z < Ox (resp. J < Ox) is said
to be open (w.r.t. the p-adic topology) if w is locally nilpotent on Spec(Ox/Z) (resp.
Spf(Ox/7)). A scheme (or a formal scheme) over Spec(o) (resp. Spf(e)) which arises
from blowing up an open ideal sheaf on X (resp. X) will be called an admissible blow-up
of X (resp. admissible formal blow-up of X). If X denotes a scheme over o, we always

3BEquipping D-modules with locally convex structures is a common technique in the theory of complex
analytic D®*-modules, cf. [33] 38].
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denote by X the completion of X along its special fiber X Xgpec(o) Spec(Fy). The set of
non-negative integers will be denoted by N (in particular, our convention is such that N
contains zero). If V is a topological vector space over L, then V' = Hom$"*(V, L) denotes
space of continuous linear forms on V', and when we write V}/, then the subscript ”b”
indicates that we equip this space with the strong topology of bounded convergence. If

not said otherwise, all modules are tacitly assumed to be left modules.

Acknowledgments. C.H. and M.S. benefited from an invitation to MSRI during the Fall
2014 and thank this institution for excellent working conditions. M.S. gratefully acknowl-
edges the support of the Institut de Recherche Mathématique Avancée (IRMA) of the
University of Strasbourg during a stay in research in June 2016. We would also like to
thank the anonymous referees for their careful reading and very helpful reports from which
this paper has greatly benefited.

2. THE SHEAVES 24" anp 2™

While sections 3-6 of this paper are only about flag varieties and their formal models,
we work in this section in somewhat greater generality, as this is more natural for the
material considered here. For more details about the constructions discussed below, as
well as the proofs of the main result of this section, we refer the reader to [22].

2.1. Differential operators with levels and congruence levels. Here we briefly re-
call the local description of Berthelot’s sheaf 2™ of differential operators of level m.
Moreover, we introduce a kind of deformation of this sheaf, to be denoted by 2*™)
where k € N is what we call a congruence level. For k = 0 we have 2(0™ = 0™  Asg
will become apparent in section [3.3] this terminology is motivated by the relation of these
sheaves, in the case of flag varieties, to principal congruence subgroups. In the special
case of the projective line, the sheaves with congruence levels have been introduced in
[32], and similar constructions also appeared earlier in [4].

Let Xy be a smooth scheme over o and X, the associated formal scheme, i.e., the com-
pletion of X, along the special fiber Xy Xgpec(o) Spec(Fy). The usual sheaf of relative
differential operators [I8, 16.8] on X, over o will be denoted by Zx,/spec(o) (Without su-
perscripts as ‘decorations’). Let Uy be an affine open subset of Xy, endowed with local
coordinates x1,...,x,, and let di,...,0dy be the corresponding derivations. Denote by
m a fixed non-negative integer. For a non-negative integer v;, we let qg”) be the quotient

of the euclidean division of v; by p™, i.e., q,(jl“) = [p”TLJ Then we set

(2.1.1) & = glmal,

where, as usual, &l[yl] € I'(Uy, Zu,/spec(o)) is such that l!&l[yl] =0/'. Forv = (1,...,vy) €
NMwe put §%em = [TY, 8Z<Vl>(m), M =11, 61[”], and |v| = v + ...+ vy
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Denote by @)((? = .@ Xo /Spec (0) < Dx,/Spec(o) the ring of level m differential operators of

Berthelot, cf. [0, sec. 2] (from now on we agree on omitting the base scheme Spec(o) in
the notation as in [6, 2.2.3]). Then we have the following description in local coordinates:

(UOv@ ) - {Zal’a<u>(m) |az€ F(UOvOXo)} 5

v

as follows from [6l 2.2.5]. Now let k& € N be another non-negative integer (the congruence
level mentioned above). We then define a subring T'(Uy, @%m)) c I'(Uy, 9)((7:)) by setting

(2.1.2) DUy, 2™ = {Zw a5<”>|aVeF(UO,OXO)}.

It is straightforward to see that this is indeed a subring of I'(U, @)(gf)). And, as the
notation already suggests, it is not hard to show that these rings glue together to give a

subsheaf 2 km) of .@)((”;).
Remark 2.1.3. Let Xg, = Xy Xgpec(o) Spec(L) be the generic fiber of X, which is an
open subset of X;. We note that for any pair (k,m) € N? the inclusion .@)(f(;m) < Dy,

= Px,

0,m

induces a canonical isomorphism .@)(( ™ = Yx,,, because w is invertible

0,n
on Xy,. Any of the sheaves 9)(0 therefore extends the sheaf Py, to the whole scheme
Xo.

2.2. Differential operators with levels and congruence levels on blow-ups.

2.2.1. Lifting the sheaves to blow-ups. Denote by pr : X — X, an admissible blow-
up. That is to say, X is obtained by blowing up a sheaf of ideals Z < Oy, containing
some power of w, say w"®. In particular, the blow-up morphism pr induces a canonical

isomorphism X, ~ X, , between the generic fibers, cf. for the notation.

The sheaf pr—! (.@)(?Dm)) on X is again a sheaf of rings, and it follows from [2.1.3| that

= Dx,. In particular, Ox, is naturally

there is a canonical isomorphism pr—! (9)(?0’“1))
Xy

a module over pr— <9<km> Now the question arises for which congruence levels

n

k € N this module structure extends to a module structure on Ox over pr—* (9)(?0’7”))

Since functions on X are determined by their restriction to X,, any such extension of
module structure is unique. As in [22, 2.1.10] one shows that the condition w® € T

implies that Ox carries a natural structure of a module over pr—! <.@)(?0m)> Therefore,
the sheaf
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k,m k,m (k,m
(2.2.2) @)(( )= pr* )((O )= 0y Qpr-1(0x,) PT (.@ )>

can be equipped with a multiplication which extends the sheaf of rings structure of
prt (.@)((k()’m)). Explicitly, if 01, d, are both derivations and local sections of pr—* (.@%m)>,

and if fi, fo are local sections of Oy, then (fi®0d1)- (fa®02) = f101(f2) ® 02+ f1fa® 010s.
We set

(2.2.3) kx = minmin{k € N | @ eI},

where the first minimum is taken over all open ideal sheaves Z such that the blow-up of 7
is isomorphic to X (over Xj). Suppose Uy € Xy is an affine open subset which is endowed
with local coordinates z1,..., 2. Consider an affine open subset U < pr='(U;) < X.

Then we have the following description of the sections of .@)(? ™) over U:

(2.2.4) T, 7% {ZwkMa oYm | a, e T(U, (’)X)} :

2.2.5. Filtrations on _@)(f ™) Using this description, we observe that the sheaf @(km
is filtered by the order of differential operators. More precisely, if d € N is given, We

define the subsheaf .@)((’f ) as follows. Let V < X be any open subset. Then T'(V, .@(k )y

consists of those elements P € I'(V, @)(f ’m)) such that for any open affine U, < X, as
above, and for any open affine U < V n pr=1(U), the restriction Py is of the form

Dlyl<d a0 with a, € D(U, Ox) and where, as usual, [v| = 14 + ... + vy. There

are canonical isomorphisms .@)((Ii ’;”) = pr* 9;60’2). We put
(2.2.6) Tx g =@ pri(Tx,) < pri(Tx,)
and we denote by

Sym ™ (Fx k) EI—) Sym{" yx k)

the graded level m symmetric algebra generated by the sheaf Jx ., cf. [21], sec. 1.2]. If
Uy is affine endowed with local coordinates x1, ..., x,s as before, and &1, ..., &y a basis of
Tx, restricted to Up, then using notations of one has for an open affine U < pr—!(Up)
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(U, Sym™ (T x)) = @ OU) 4@ .

lv|=d
In [22] 2.2.2] we show the following

Proposition 2.2.7. Suppose k > kx. Then the associated graded algebra of @)(f’m) for
the filtration by the order of differential operators is isomorphic to Sym(m)(ﬂx,k).

2.2.8. p-adic completions. We denote the completion of Xy and X along their special
fibers by X, and X, respectively, and we let .@;k’m) be the p-adic completion of .@)((k ™)
which we consider as a sheaf on the formal scheme X. For fixed k > kx, cf. we also
define

Ty =lim 25"
m

Remark. We emphasize that the sheaves .@)(? ’m), .@;k’m), 9;,6 do not only depend on X,
resp. X, but in an essential way on the blow-up morphism to Xy, resp. Xj.

In this paper we will only be working with formal schemes X which are completions along
their special fibers of admissible blow-ups X — X of a smooth scheme X, over Spec(o).
In this regard we have the following

Proposition 2.2.9. Let X — X, be an admissible formal blow-up, obtained by blowing
up an open ideal sheaf I = Ox,. Then there is an open ideal sheaf T < Ox, such thatJ
1s the restriction of the p-adic completion of T to Xy, and X is therefore the completion
of the blow-up X of I along its special fiber.

Proof. We remark that X, being smooth over o implies that it is locally noetherian, which
is all we need for this statement to hold. Consider the quotient sheaf Q = Ox,/J and the
canonical surjection

0:0z, — Q

of sheaves on Xy, and let i : Xy — X be the closed embedding of the special fiber. This is
a morphism of ringed spaces. We consider the corresponding map of sheaves Ox, — ©.Ox,
which we compose with 7,0 to obtain the morphism of sheaves on X

7:0x, = 1.9 .

Our first goal is to show that 7 is surjective. Let U < X be an affine open subscheme,
and U < Xy be the completion along its special fiber. We have w"Qy = 0 for some n € N,
and hence w"Qy = 0. The restriction of the surjection o to U thus factors as

O'|u : 0x0|u = Ou — Oﬂ@a 0/(@”) —>Q|u .
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Since Oy is the restriction to i of the p-adic completion of Oy, we see that the canonical
map Op — 4,0y induces an isomorphism Op ®, o/(w") — i, (Ou ®s 0/(w”)> and
therefore a surjection

Ou — Oy ®, 0/(w") = i, (ou & o/(w”)) S Q) = (9] .

Of course, this map is the same as 7|y, and 7|y is thus surjective. Therefore, 7 is surjective.
Put Z = ker(7) and consider the tautological exact sequence of coherent sheaves on X

0—T — Oy, — i,Q — 0.

By [16, 10.8.8], the completion functor is exact on coherent sheaves, and the previous
exact sequence thus yields an exact sequence of sheaves on X,

0—>f’x0—>0xoi>ﬂ—>0.

This shows that J is the restriction to X, of the p-adic completion of Z. The very definition
of admissible formal blow-up, cf. [7, Def.3 in sec. 8.2] shows that then X is equal to the
formal completion along its special fiber of the blow-up of Z. O

Given an admissible formal blow-up X — X, we put
(2.2.10) kx = min min{k e N | =" € J} ,

where the first minimum is taken over all open ideal sheaves J — Oz, such that the
blow-up of J is isomorphic to X (over X).

Convention 2.2.11. In the remainder of this paper, whenever we consider the sheaves
.@)(f ) on the admissible blow-up X of X,y we tacitly assume that £ > kx. Similarly,

whenever we consider the sheaves éj(gk’m), .@g{@m), or -%ng on the admissible formal blow-

up X of Xy we tacitly assume that k > k.
We will also need the following result from [22], 2.2.2, 2.3.3]:
Theorem 2.2.12. Let 7 : X' — X be a morphism over Xo between admissible formal

blow-ups of Xy, and let k = max{kx, ky'}.

(i) @ék(@m) and 9;,9 are coherent sheaves of rings. Moreover, .@;k(@m) has noetherian rings
of sections over all open affine subsets.

(ii) There is a canonical isomorphism W*.@;/’k = .@;E’k. If A" is a coherent .9;,’,€-m0dule,
then Rimy ' = 0 for j > 0. The functor w, induces an ezact functor from the category
of coherent modules over @;’k to the category of coherent modules over 9;67,6.
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3. FORMAL MODELS OF FLAG VARIETIES
3.1. Models, formal models, and group actions.

3.1.1. Models and formal models. For the remainder of this paper G denotes a split
connected reductive group scheme over 0 and By < Gy a Borel subgroup scheme. The Lie
algebra of Gy is denoted by g,. By

Xo =Bo\Go

we denote the flag scheme of Gy, which is smooth and projective over o [14, Exp. XXVI,
Cor. 3.5], and we let X be the completion of X, along its special fiber Xq X gpec(o) Spec(Fy).
By G = Go Xspec(o) Spec(L) (resp. B) we denote the generic fiber of Gy (resp. By), and
we let g be the Lie algebra of G. The flag variety B\G of G will be denoted by X, and
we let X8 be the rigid-analytic space associated by the GAGA functor to X, cf. [7,
5.4]. Any admissible formal o-scheme X (in the sense of [7, Def. 1 in sec. 7.4]) whose
associated rigid-analytic space is isomorphic to X' will be called a formal model of X*&,
or simply a formal model of the flag variety associated to G, cf. [7, Def. 4 in sec. 7.4].
For any two formal models X1, X5 of X' there is a third formal model X’ and admissible
formal blow-up morphisms X' — ¥; and X' — X, cf. [7, Remark 10 in sec. 8.2]. In
particular, for every formal model X there is a formal model X’ and admissible formal
blow-up morphisms X’ — X and X’ — X,.

3.1.2. Group actions. We equip X, with the translation action on the right by Gy, i.e.,
XO X Spec(o) GO - XO ) (Bﬂg> h) — ]B()gh :

The right action of Gy on Xj induces a right actionﬁ] of G on X. We fix once and for all
a very ample line bundle Ox, (1) on X, over Spec(o).

3.2. Preliminaries on blow-ups of the flag scheme X,. Let pr : X — X, be an
admissible blow-up, and let Z < X be the ideal sheaf that is blown up. The inverse
image ideal sheaf pr~!(Z) - Ox is an invertible sheaf on X which we denote by Oxx, (1),
cf. [19, ch. II, 7.13]. By [17, remark after 8.1.3] the blow-up morphism is projective, and
X is thus itself projective over o.

Lemma 3.2.1. There is ag € Z~g such that the line bundle

Lx = Oxx,(1) @ pr* (Ox (a0))

on X is very ample over Spec(0), and it is very ample over X.

4We remark that the flag schemes, or flag varieties, considered in [32] and [29] are also equipped with
right group actions. This will be of some importance later when we consider certain ring homomorphisms.
Namely, those ring homomorphisms are indeed homomorphisms and not anti-homomorphisms, cf.
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Proof. By [19, ch. II, ex. 7.14 (b)], the sheaf

£ = Ox/x,(1) @ pr* (O, (a0))

is very ample on X over Spec(o) for suitable ay > 0. We fix such an ay. By [17, 4.4.10
(v)] it is then also very ample over Xj. O

3.2.2. Twisting by Lx. We fix ag € Z-o such that the line bundle Lx from [3.2.1] is
very ample over Spec(o). In the following we will always use this line bundle to ‘twist’
Ox-modules. If F is a Ox-module and r € Z we thus put

F(r)=F®o, LY .

Some caveat is in order when we deal with sheaves which are equipped with both a left
and a right Ox-module structure (which may not coincide). For instance, if F; = .@)(5 g”),

cf. then we let
Falr) = 2557 (1) = 257 @0, LY
where we consider F; = @)(fy gn) as a right Ox-module. Similarly we put
™ (1) = I8 ®oy LY

where we consider 9)(?’7”) as a right Ox-module. Then we have .@)(f’m) (r) = lim Fa(r).
When we consider the associated graded sheaf of 9)(? ’m)(r), it is with respect to the
filtration by the Fy(r). The sheaf 2™ (1) is a coherent left 2™ -module since it is
locally isomorphic with 2™ as 2™ _module.

Lemma 3.2.3. Let pr: X — X and pr’ : X' — Xy be admissible blow-ups of Xy, and

let m: X' — X be a morphism over Xy, i.e., prox = pr’. Furthermore, let k, k" be two
non-negative integers (not necessarily greater or equal to kx or kx:).

(i) In the case m,Ox = Ox, one has

Wk/_ke%c,k = . (Txr 1)

as subsheaves of Tx ®, L (cf. for the definition of Tx ).

(11) The group action of Gy on Xy induces a morphism g, — H'(Xo, Ix,) of Lie algebras
over 0. This map induces an Ox,-linear map o : Ox, ® o — Ix,- The map w"prra :
Ox ®, w'g, — Ix i 15 an Ox-linear map which in turn induces a morphism wrg, —
HY(X, Ix k) of Lie algebras over o.
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(i5i) If X is normal, then m,Ox: = Ox. This holds, in particular, if X = Xy and 7 is the
blow-up morphism X' — X,.

Proof. The assertion (i) follows from the projection formula and the fact that
wk/ikﬂ'*yx’k = yxl’k/

by definition of the sheaves, if &’ > k. Otherwise, we have 7* Ty j, = wh ¥ TX Jo -

(ii) The first assertion is |13, II, §4, 4.4] (note that in loc. cit. the map is an anti-
homomorphism because in loc. cit. the group acts from the left on the scheme in question).
The remaining assertions are immediate consequences of the first assertion.

(iii) Let Z < Ox, be the ideal that is blown up to obtain X. The sheaf S = @ ., Z"
is naturally a subsheaf of the sheaf of polynomial algebras Ox,[t], and is thus a sheaf of
integral domains, since Xy is integral. Therefore, X is integral too. The same holds for
X'. Since pr’ is projective (cf. the beginning of this subsection), and since prom = pr’,
we conclude that 7 is projective too, by [I7, 5.5.5]. Now let J < Ox be the ideal sheaf
which is blown up to obtain X’. As J contains a power of w, the vanishing locus of J is
contained in the special fiber of X, and 7 is hence an isomorphism on the generic fibers,
and hence birational. 7 is thus a projective birational morphism between noetherian
integral schemes. The assertion follows now from Zariski’s Main Theorem, cf. [19, 11.4
in ch. III} and its proof. O

We remind the reader of our convention [2.2.11| regarding the congruence level k.

Proposition 3.2.4. Let 7 : X' — X be a morphism over Xy of admissible blow-ups of
Xo (as n|3.2.5). If k = max{kx, kx:} and if 71.Ox: = Ox, then m, (.@)(f/m)) = .@)((k’m).

Proof. The sheaves @ﬁ?{;;}) of differential operators of order < d are locally free of finite

rank, and so are the sheaves 9)(5 g”), by construction. We can thus apply the projection
formula and get

Ts (@)(?/’Zl)) = @)(ﬁi;;”) :

The claim follows because the direct image commutes with inductive limits on a noetherian
space. ]

3.3. Global sections of .@)(?’m), @;’“’m), and .@%k.

3.3.1. Congruence group schemes. We let G(k) denote the k-th scheme-theoretic congru-
ence subgroup of the group scheme Gq [42] sec. 1], [43] 2.8]. So G(0) = Gy and G(k + 1)
equals the dilatation, in the sense of [8, 3.2], of the trivial subgroup of G(k) X spec(o)Spec(Fy)
on G(k). In particular, if G(k) = Spec o[t1, ..., tx] with a set of parameters ¢; for the unit
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section of G(k), then G(k + 1) = Spec o[£, ..., 2], The o-group scheme G(k) is again
smooth, has Lie algebra equal to w”g, and its generic fibre coincides with the generic
fibre of Gy.

3.3.2. Divided power enveloping algebras. We denote by D™ (G(k)) the distribution
algebra of the smooth o-group scheme G(k) of level m [28, 4.1.3]. It is noetherian and
admits the following explicit description. Let g, = n; @ t, @ n, be a triangular decom-
position of g,. We fix basis elements (f;), (h;) and (e;) of the o-modules n; ., t, and n,
respectively. Then D™ (G(k)) equals the o-subalgebra of U(g) = U,(g,) ®, L generated
by the elements

(m)| (wki>g//

N l/” |

k, \v
(3.3.3) q(m)!M . qgn)!wmz’l (h) .

v ! v

An element of this type has order d = |v| + |V/| + |¢"|, and the o-span of elements of order
< d form an o-submodule D((lm)(G(k;)) c D™ (G(k)), and D™ (G(k)) becomes in this
way a filtered o-algebra. In the case of the group GLs; we considered the same algebra in
[32, 3.3.1] (denoted differently there). D™ (G(k)) is a noetherian ring [28, 4.1.13], and
so is its p-adic completion ZA)(m)(G(/{)) [26]. The ring D™ (G(k)) obviously contains the
enveloping algebra U, (w"g,) of w”g, over o, and the inclusion U,(w*g,) — D™ (G(k))
induces an isomorphism of L-algebras U(g) — D™ (G(k)) ®, L. Denote by Z(g) the
center of U(g), and let 6y : Z(g) — L be the character with which the center acts on
the trivial one-dimensional representation of g. We are now going to use a key result by
Beilinson and Bernstein from [5].

Proposition 3.3.4. (1) Let pr : X — Xq be an admissible blow-up. There is a unique
filtered L-algebra homomorphism

(3.3.5) Qxrr:Ug) — HY (X, 2¢™) @, L |
such that the following diagram is commutative

(3.3.6) g— HY(X, Ix ;) ®, L

|

U(g) —= H(X, 2¢™) ®, L

Here, the upper horizontal map is obtained from the map w®g, — H°(X, Ix 1) z'n by
tensoring with L. The vertical map on the right is induced by the canonical homomorphism
of sheaves Tx ), — .@)(?’m).
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(11) Qx .1, is surjective and its kernel is the two-sided ideal U(g) ker(60y) so that Qx k.1, in-
duces an isomorphism U(g)g, —> H(X, 2™ @, L, where U(g)s, = U(g)/U(g) ker(6y).

Proof. We first note that by [3.2.4] and [3.2.3 we have pr,(2¢™) = 9)(50’7”) and there-
fore HO(X, 2"™) = HO(X,, )((kom)) Flat base change gives us H°(Xj, @)(fo’m)) ®, L =
H°(X, %) ®, L, where Zx is the sheaf of differential operators on the flag variety X.
The existence and uniqueness of Qx 1 follow from the universal property of U(g). The

assertions about the surjectivity and kernel of this map are simply restatements of [5]
Lemme 3], cf. also [20] 11.2.2]. O

Proposition 3.3.7. Let pr : X — X be an admissible blow-up. There is a canonical
homomorphism of filtered o-algebras

(3:38) QX™ : DG (k) — HOX, 7%™).
such that the following diagram is commutative

(3.3.9) D™ (f(k)) H(X, 7\F™)
Ulg) H (X, 2¢™) @, L

Here, the lower horizontal map is the map Qx k.1 1 m In particular, the map Q;’m)
mduces an isomorphism

(DG (k) @, L)/(D"(G()) @, L) ker(B) —=> H(X, 7E™) @, L .

Proof. We begin with a remark on sheaves of filtered o-algebras and their associated
sheaves of Rees rings. This material, in the setting of rings, instead of sheaves of rings,
is well-known (cf. [27], ch. 12, §6], [24, ch. I, §4]), and its version for sheaves is entirely
analogous. A sheaf of filtered o-algebra A with positive filtration (Fy.A)4=0 and 0 < Fy A
gives rise to the sheaf of graded rings R(A) := @g=oF 3 At?, its associated sheaf of Rees
rings. This is a sheaf of subrings of the polynomial algebra A[t] over A. The sheaf of Rees
rings is equipped with the filtration by the sheaves of subgroups Rg(A) = @, F At <
R(A). Specialising R(A) in an element \ € o yields a sheaf of filtered subrings A, of
A. Precisely, A, equals the image under the homomorphism of sheaves of rings R(A) —
At — X\ We equip Ay = Y00 A\FpA with the filtration induced by A.

Claim 3.3.10. If the sheaf of graded rings gr(.A), associated with the filtration (FyA)q,
is flat over o, then for all d
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Fi(Ay) = > NFA.

0<i<d

Proof of the claim. The right hand side is obviously contained in the left hand side. So
we only have to show the other inclusion. Consider an element = € Fy(.A,), and write it
as v = > o Na; withn > d and z; € F,A for i = 0,...,n. Put 2’ = Z?:o Ma;. Then
2’ is contained in the right hand side, and it suffices to see that z” = x — 2’ lies in the
right hand side too. Set y = > . X% 'a; so that 2 = X'y, If y does not lie in
F,4A, then choose j > d such that y € F; A\F;_1.A. Then the symbol o(y) :==y + F;_1A
in F;A/F;_1 A is nonzero, but X*'o(y) = Xy + F;_1 A = 2" + F;_1 A is zero in gr;A,
since 2" lies in Fy(Ay) < FyA < F;_; A. Because we assume that gr(A) is flat over o, this
implies that \4*! = 0, i.e., A = 0. But then z = z; is contained in the right hand side.
On the other hand, if y lies in Fy(A), then 2” = X\?*1y lies in the right hand side. O

For fixed A, the formation of A, is functorial in A. We now consider the canonical
homomorphism of filtered o-algebras

Qu = DT(G(0)) — H(Xo, 2¢)

appearing in [28, 4.4.5]. Tt comes by functoriality from the right Gg-action on Xj,. After
tensoring with L the morphism @, is equal to the map @Qx, 0, of Given an o-
algebra A we will denote by A the corresponding constant sheaf on Xy. The map @,,
then gives rise to an homomorphism of associated constant sheaves of filtered o-algebras

Q

Q. : D"™(G(0)) — H(Xo, 2) .
We compose this map with the canonical map of sheaves H O(XO,.@)({T)) — %&? and
obtain a homomorphism of sheaves of filtered o-algebras

D™ (G(0)) — 2.

To this map we now apply the remark regarding Rees rings (and sheaves of Rees rings)
we made in the beginning. That is, we pass to the sheaves of Rees rings associated
with the filtrations (on the domain and target of this map), and then we specialize the
parameter on both sides to ¢ = w”. This gives a filtered homomorphism of sheaves of
filtered o-algebras

D™ (G(0))

ok

. (9)((”;))wk .
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The definition of the filtration on D™ (G(k)), cf. m together with |3.3.10 imply that
D(G(0))or = D™ (G(k)) as filtered subrings of D™ (G(0)), and it follows from this
that there is a canonical identification

D™(G(0)_, = D™ (G(k)) .

I

The explicit description of sections over open affine subsets Uy < X in [2.1.2] together
with [3.3.10 imply that the sheaf (@)(g)l)>wk coincides with _@)(?O’m) as filtered subsheaves of

9)((”;). We obtain thus a homomorphism of sheaves of filtered o-algebras

m k,m
DG (k) — 2™
Taking global sections we obtain a homomorphism of filtered o-algebras
m k,m
HO (Xo, DG (R)) —> H(Xo, 7™

As X, is connected, the domain of this map is D™ (G(k)). Moreover, in the situation
considered here, we can apply (iii) and get that pr,Ox = Ox,. We can thus use

3.2.4) and conclude that H°(X, @)(f’m)) = H°(X,, @)(fo’m)). This gives the homomorphism
of filtered o-algebras

QY™ : DM(G(k)) — HO(X, 7¢™) |

as claimed. The last assertion follows now from [3.3.4] (ii). 0

We put Ag];’m) = Ox ®, D™ (G(k)), and we equip this sheaf with the skew ring multi-
plication (smash product) coming from the action of D™ (G(k)) on Oy via Q™. This
is a sheaf of associative o-algebrasﬂ This sheaf has a natural filtration whose associated
graded equals the Ox-algebra Oy ®, Sym™ (Lie(G(k))) [28, Cor. 4.4.7 (iii)]. In partic-
ular, A%ﬁ’m) has noetherian sections over open affines. The map Qg?m) induces a unique
Ox-linear map €™ + AT™ — 2™ which is also a morphism of sheaves of filtered
o-algebras.

Proposition 3.3.11. The homomorphism 5§?’m) : Ag]?m) — 9)(?’"1) 18 surjective.

Proof. We are going to adapt the argument of [28, 4.4.8.2 (ii)]. The homomorphism is
filtered. Applying Sym™ to the surjection in (i) of we obtain a surjection

5The point here is that the algebra D(m)(G(k)) is an integral form of the universal enveloping algebra
U(g) and its action on Ox is induced by the usual action of U(g) on Ox g. Since elements from g act as
derivations one may form Sweedler’s smash product algebra Ox o#U (g) [39, 7.2], cf. also [27, 1.7.10]. It

is associative and hence so is the subalgebra Ag’;’m).
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Ox ®, Sym™ (Lie(G(k)) — Sym™ (Fx 1)
which equals the associated graded homomorphism by [2.2.7. Hence the homomorphism

is surjective as claimed. ([l

Proposition 3.3.12. Let M be a coherent left Ag];’m)-module.

(i) H(X, AS™) = D) (G(k)).

(ii) There is a surjection AL™ (—r)® — M of A¥™ -modules for suitable r,s > 0.

(iii) For any i = 0 the group H'(X, M) is a finitely generated D™ (G(k))-module.

(iv) The ring H°(X, .@)(?’m)) is a finitely generated D (G(k))-module and hence noether-

wan.
Proof. Points (i)-(iii) are a restatement of [29, 3.3]. By|[3.3.11|the sheaf .@)(f’m) is a coherent

Ag];’m)—module to which we can apply assertion (iii) with ¢ = 0. This proves statement

(iv). O

3.3.13. Passing to the completion. We now consider the formal scheme X which is the
formal completion of X along its special fiber. We are interested in certain properties of

the sheaves of rings @;’“m) and _@;k introduced in 2.2.2) Put

~

DO (G (k)10 = (D (G(K)) @, L) /(DG (k) @, L) ker(t) -

This is the same central reduction considered in [32 sec. 3.3.1] for the group GLs.

In the proposition below, and in the remainder of this paper, certain rigid-analytic ‘wide
open’ groups G(k)° will be important. To define them, consider first the formal completion
(k) of the group scheme G(k) along its special fiber, which is a formal group scheme (of
topologically finite type) over Spf(o). Then let @(k)o be the completion of &(k) along
its unit section Spf(o) — &(k), and denote by G(k)° its associated rigid-analytic space,
which is a rigid-analytic group.

Wide-open rigid-analytic groups play a special role in M. Emerton’s approach to locally
analytic representations of p-adic groups, cf. [I5]. The analytic distribution algebra of
G(k)° is defined to be the continuous dual space of the space of rigid-analytic functions
on G(k)°, i.e.,

D™ (G(k)°) := Ogqy (G(k)°), = Homs™ (OG(k)O(G(k)O), L)b ,
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which is equipped with the strong topology. This is a topological L-algebra of compact
type. In [15, sec. 5.2] Emerton gives a description of this ring as the inductive limit of

completions of the rings D™ (G(k)) ®, L, i.c.,

(3.3.14) D*™(G(k)°) ~ lim D™ (G(k)) @, L .

This is an isomorphism of topological L-algebras of compact type, cf. [15, 5.2.6, 5.3.11],
28, 5.3.1].

Proposition 3.3.15. (i) The homomorphism Qg’;’m) induces an algebra isomorphism

DG (k) gy = HO(X, 2E3) .

(ii) H(X, .@;k) and D*(G(k)°)g, are canonically isomorphic topological L-algebras.

Proof. (i) For the purpose of this proof put ker(6y), = D™ (G(k)) n ker(fy). Because
D™ (G(k)) is an o-form of U(g), it follows that ker(y), ®, L = ker(f). Now set
D™ (G(k))g, := D™ (G(k))/D"™(G(k)) ker(6y), and

DO (G())1.00 = (DG (k) @6 L) /(D™ (G(K)) @, L) kex(0o)

We then have D™ (G(k))g, ® L = D™ (G(k))r9,- By [3.3.7, the homomorphism of
o-algebras Qg’;’m) induces a homomorphism

Qs+ D(G(R))a, — HOX, 75™) |
and the induced morphism
(kvm) . (m) 0 (k’m)
Q@x, ®o L D™(G(k))Le, = H (X, Zx) @, L

is an isomorphism of L-algebras. By [3.3.12] the ring H°(X, Z2¢"™) is a finitely generated
D™ (G(k))g,-module. We have now shown that all assumption in [29, Lemma 3.5] hold
in the context considered here. By the very assertion of [29, Lemma 3.5] we find that

(k,m) . . . .
QX p, gives rise to an isomorphism

~

D"™(G(k)) gy = H' (X, 2¢™) @, L,

where HO(X, 25 is the p-adic completion of HO(X, Z\F™). By 4.2.1| we have a canon-
ical isomorphism H°(X, 2%™) ~ HO(%, 2%™). (We note that his does not introduce
a circular argument, as section [4 is only about sheaves of differential operators and their
modules, and there is no connection made to distribution algebras.)
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(i) Follows from (i) and the isomorphism [3.3.14 O

4. LOCALIZATION ON X VIA 2},

The general line of arguments developed here follows fairly closely [30]. As in the previous
section, pr : X — Xy denotes an admissible blow-up of Xy = B¢\Go, and X — X is
the induced morphism between the completions of X and X, along their special fibers,
respectively. The number k > kx = kx, cf. 2.2.3] 2.2.10] is fixed throughout this section
so that the sheaves of rings @)(f ™ @g’m), and @;k are defined.

4.1. Cohomology of coherent Qg’m)-modules.
Lemma 4.1.1. Let & be an abelian sheaf on X. For alli > dim X one has H'(X, &) = 0.

Proof. Since the space X is noetherian the result follows from Grothendieck’s vanishing
theorem [19, Thm. 2.7]. O

We recall that the sheaf 9)(?””) has been equipped with a filtration, cf. . We denote
by gr <.@§f ’m)) the associated sheaf of graded rings.

Proposition 4.1.2. There is a natural number ro such that for all r = ro and all i > 1
one has

(4.1.3) H (X, or (.@ﬁ?vm)) (r)> ~0.

Proof. Since Lx is very ample over o by[3.2.1], the Serre theorems [19, I1.5.17/II1.5.2] imply
that there is a number wuq such that for all u > g the module Ox (u) is generated by global
sections and has no higher cohomology. After this remark we prove the proposition along
the lines of [30, Prop. 2.2.1]. By [30} 1.6.1], the tangent sheaf Jx, is is generated by its
global sections, and hence there is an Oy, -linear surjection (Ox,)®* — Jx, for a suitable
natural number a. Applying (pr)* and multiplying by " gives an Ox-linear surjection
(0x)® ~ *(Ox)®* — Fx . By functoriality we get a surjective morphism of algebras

C := Sym™ ((0x)®) — Sym"™ (Fx) .

The target of this map equals gr (.@)(f ’m)> according to[2.2.7| It therefore suffices to prove

the following: given a coherent C-module &, there is a number ry such that for all » > r
and ¢ > 1, one has H(X,&(r)) = 0. Since £ is C-coherent, it is a quasi-coherent Ox-
module. Because X is noetherian, £ equals the union over its Ox-coherent submodules
& [16, 9.4.9]. Again, since & is C-coherent and C has noetherian sections over open affines
[21], 1.3.6], there is a C-linear surjection C ®p, & — €. Choose a number s such that
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E;(—sp) is generated by global sections. We obtain a Ox-linear surjection Ox (s¢)®% — &
for a number ay. This yields a C-linear surjection

CO = C(So)@ao I 5 .

The Ox-module Cy is graded and each homogeneous component equals a sum of copies
of Ox(sg). It follows that H*(X,Cy(r)) = 0 for all r > ug — so and all 4 > 1. The rest of
the argument proceeds now as in [30, 2.2.1]. O

Corollary 4.1.4. Let ro be the number occuring in the preceding proposition. For all
r =1y and all t =1 one has

(4.1.5) H (X, gﬁf’m)(r)> ~0.

Proof. For d = 0 we let F; = .@)(f’ ’C;n). We consider the exact sequence

(4.1.6) 0— Foy — Fi— g, (9&”“’) 0

(where F_; := 0) from which we deduce the exact sequence

(4.1.7) 0= Faui(r) — Falr) — gr, (@W) (r) =0

because tensoring with a line bundle is an exact functor. Since cohomology commutes
with direct sums, we have for all » > rq and 7 > 1 that

H'(X g1y (24™) (7)) = 0

according to the preceding proposition. Using the sequence we can then deduce by
induction on d that for all r > rg and ¢ > 1

HY (X, Fy(r)) =0.

Because cohomology commutes with inductive limits on a noetherian scheme we obtain
the asserted vanishing result. 0

Proposition 4.1.8. Let £ be a coherent Qg’m)-module.

(i) There is a number r = r(E) € Z and s € Z=o and an epimorphism of .@)((k’m)—modules
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(ii) There is r1(E) € Z such that for all v = r () and all i >0
7k <X,€(r)> ~0.

Proof. (i) As X is a noetherian scheme, £ is the inductive limit of its coherent subsheaves.

There is thus a coherent Ox-submodule F < &£ which generates £ as a .@)(? ™) _module,
i.e., there is an epimorphism of sheaves

2™ @0y F -5 €,

where @)(? ™ is considered with its right Ox-module structure. Next, there is r > 0 such
that the sheaf

.F(’l“) = ‘F®OX ‘C?(r

is generated by its global sections. Hence there is s > 0 and an epimorphism O%* — F(r),
and thus an epimorphism of Ox-modules

(Ox(=r)® = F.

From this morphism we get an epimorphism of _@)(? ™) _modules
@Ps
(A1) = 2™ @0, (Ox(-1) » ZE™ @0, F o6

(ii) Consider for i > 1 the following assertion (a;): for any coherent @)(f ™) _module &,
there is a number r;(€) such that for all r > r;(€) and all i < j one has H/(X,&(r)) = 0.
For ¢ > dim X the assertion holds, cf. |4.1.1, Suppose the statement (a;;1) holds. Using

(i) we find an epimorphism of _@)(? ™) _modules
(k) )
B:Cy:= (@X (so)) — &
for numbers sy € Z and s > 0. By [2.2.7, the kernel R = ker(8) is a coherent Z\"™-
module. Recall the number ry of the preceding corollary. For any r > max(ro—so, 741(R))

we have the exact sequence

0= H'(X,Cy(r)) — H(X,E(r)) — H™(X,R(r)) =0
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which shows H'(X,£(r)) = 0 for these r. So we may take as r;(£) any of these r which is
larger than 7;,1(£) and obtain the statement (a;). In particular, (a;) holds which proves
(ii). O

Proposition 4.1.9. (i) Fix r € Z. There is ¢; = ¢1(r) € Z=o such that for all i > 0 the
cohomology group H'(X, @)(?’m) (r)) is annihilated by p°.

(ii) Let € be a coherent Qg’m)-module. There is co = co(E) € Z=o such that for all i > 0
the cohomology group H'(X,E) is annihilated by p®.

Proof. (i) Since the blow-up morphism pr : X — X becomes an isomorphism over X x, L

any coherent module over .@)(? ™ @ Q induces a coherent module over the sheaf of usual
differential operators on Xy x, L. By [5] we conclude that the global section functor

on X is exact for coherent .@)((k m) ®z Q-modules. In particular, the cohomology group
Hi(X, .@ﬁ? ™) (r)) is p-torsion. To see that the torsion is bounded, we deduce from
that 2™ (r) is a coherent module over A¥™. According to m, H{(X, 2%™(r)) is
therefore finitely generated over D™ (G(k)). Now consider a finite set of generators of
Hi(X, .@)(f’m) (r)) as D" (G(k))-module. These are annihilated by a finite power p+ of

p, and since there are only finitely many integers i > 0 with non-zero H*(X, .@)(f ™) (r)),
cf. we can take ¢y := max{co; | i = 0}.

(ii) We consider for any ¢ > 1 the following assertion (a;): for any coherent @)((km)—module
&, there is a number r;(€) such that the groups H7(X,£),i < j are all annihilated by
p©). For i > dim X the assertion is true, cf. Let us assume that (a;;1) holds and

consider an arbitrary coherent @)(f ™ _module €. Acccording to we have a @)(? ™.
linear surjection

&= D™ (r)® g

for numbers r € Z and s > 0. Let £ be the kernel. We have an exact sequence
Hi(X, &) % H(X,E) > HTY(X, & .

Then p*(") annihilates the image of ¢ according to (i) and p"+1(¢) annihilates the image
of ¢ according to (a;;1). So we may take as r;(€) any number greater than the maximum
of r;11(€) and ¢1(r) + r;11(E’') and obtain the statement (a;). In particular, (a;) holds
which proves (ii). O

4.2. Cohomology of coherent @é’f@m)—modules. We denote by X the reduction of X
modulo p/*1.
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Proposition 4.2.1. Let € be a coherent 2\F"™ -module on X and € = lim E/pITLE its
p-adic completion, which we consider as a sheaf on X.

(i) For alli =0 one has H'(X,&) = lim H (X;,E/pTE).
(ii) For all i > 0 one has H'(X,E) = HI(X, &).

(iii) HO(X,&) = lim H(X,€)/p" " HO(X, €).

Proof. Put & = E/p’*1E. Let & be the subsheaf defined by

gt(U> = 8(U>tor )

where the right hand side denotes the group of torsion elements in £(U). This is indeed
a sheaf (and not only a presheaf) because X is a noetherian space. Furthermore, & is

a @; ™)_submodule of £. Because the sheaf .@X ) has noetherian rmgs of sections over

open affine subsets of X, cf. [2 , 2 the submodule &; is a coherent _@X )_module. & is
thus generated by a coherent (9 X—submodule F of &. The submodule F is annihilated by

a fixed power p© of p, and so is &. Put G = £/&;, which is again a coherent .@)(? ™_module.
Using [4.1.9] we can then assume, after possibly replacing ¢ by a larger number, that

(CL) pcgtzoa )
(b) foralli>0:p°H(X,E)=0,
() foralli>0:p°H(X,G)=0.

From here on the proof of the proposition is exactly as in [32], 4.2.1]. O

Proposition 4.2.2. Let & be a coherent .@g’m)—module.

(i) There is r1(&) € Z such that for all r = r1(&) there is s € Zso and an epimorphism

of 9 k *m)_modules

(9™ (n))" 6.
(ii) There is r5(&) € Z such that for all r = ro(&) and all i > 0
7 (36,5(7«)) ~0.
Proof. (i) Because & is a coherent .@;k -module, and because H(U, .@(km ) is a noe-

therian ring for all open affine subsets U < X, cf. 2.2.12] m the torsion submodule & &

is again a coherent @;k’m)—module. As X is quasi-compact, there is ¢ € Z>( such that
P&, =0. Pt 4 = &/& and 9 = 4 /p¥. For j > c one has an exact sequence
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O—>§f0—>éf’+1—>éaj—>0‘

We note that the sheaf ¥ is a coherent module over @ékm) / p.@gf’m). We view X as a closed
subset of X and denote the closed embedding temporarily by i. Because the canonical
map of sheaves of rings

(423 O™ A =i, (G5

is an isomorphism, 7,%, can be considered a coherent 9§? ™) _module via this isomorphism.
Hence we can apply to 1.9 and deduce that there is (%) such that for all r > ry(%4)
one has

HY(%,%(r)) = H'(X,i:%(r)) = 0.

The canonical maps
(4.2.4) HO(%, &11(r)) — H(X, &(r))

are thus surjective for r > ro(%) and j > c. Similarly, &, is a coherent module over

2¢™ Jpe ™ module, in particular a coherent 2™ -module. By [4.1.8] there is r1(&.)
such that for every r = 11(&,) there is s € Z>( and a surjection

A (28 e QW)@S%&C(T).

Let (&) = max{ry(%), r1(&.)}, and assume from now on that r = ri(&). Let e,..., e
be the standard basis of the domain of A, and use [£.2.4] to lift each )\( ), 1 <t<s, to
an element of

lim HO(X, &(r)) ~ HO(X, &(r)) ,

J

by (i). But 67(?) = @g(r), and & = &, as follows from [0 3.2.3 (v)]. This defines a
morphism

(.@ ’“”)) &)

which is surjective because, modulo p©, it is a surjective morphism of sheaves coming from
coherent .@ék’m)—modules by reduction modulo p¢, cf. [6, 3.2.2 (ii)].
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(ii) We deduce from {4.1.4] and 4.2.1| that for all ¢ > 0

HZ(% G (. )) ~0,

whenever r > ry, where ry is as in . Since the sheaf .@a(gkm) is coherent, cf. |3.3.15]
and X is a noetherian space of finite dimension, the statement in (ii) can now be deduced
by descending induction on i exactly as in the proof of part (ii) of 4.1.8 O

Proposition 4.2.5. Let & be a coherent .@g’m)—module.
(i) There is ¢ = ¢(&) € Z=o such that for all i > 0 the cohomology group H'(X,&) is
annihilated by p°.
(ii) HY(X, &) = lim_ HY(X,8)/pPH(%X,&).
Proof. (i) Let r € Z. By we have for ¢ > 0 that
HY (X, 2 (=) = H'(X, 2™ (=)

and this is annihilated by a finite power of p, by 4.1.9. The proof now proceeds by
descending induction exactly as in the proof of part (ii) of

(i) Let & < & be the subsheaf of torsion elements and ¢ = &/&;. Then the discussion in
the beginning of the proof of shows that there is ¢ € Z-( such that p°&; = 0. Part (i)
gives that p°HY(X,&) = p°H'(X,¥) = 0, after possibly increasing c. Now we can apply
the same reasoning as in the proof of (iii) to conclude that assertion (ii) is true. [

4.2.6. Let Coh(.@xk ™) (resp. Coh(.@%k(@m))) be the category of coherent 2™ -modules
(resp. @3(6(@ -modules). Let Coh(@ (k m)) be the category of coherent @ék’m)—modules up

to isogeny. We recall that this means that Coh(.@a(ek’m))(@ has the same class of objects as
Coh(Z¥™), and for any two objects M and A one has

Hom (_/\/l _/\/) HOmCOh(@g@,m))(M,N) ®z Q.

Meon(gkmy

Proposition 4.2.7. (i) The functor M «~» Mg = M ®z Q induces an equivalence
between Coh(28™)g and Coh(@a(gk@m)).

(11) For every coherent .@; x-module A there is m = 0 and a coherent @x 0 ) -module M,
and an isomorphism of -@%,k -modules

€ -@;E,k ®—0§;€k@m) My, —> M.
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If (m!, My, €") is another such triple, then there is | = max{m,m'} and an isomorphism

of .@gé)-modules

such that €' o (id@T ®€l) =
X,k

Proof. (i) This is [0l 3.4.5]. Note that the sheaf @;km) satisfies the conditions in [6 3.4.1],
by [3.3.15. We point out that the formal scheme X" in [6 sec. 3.4] is not supposed to be
smooth over a discrete valuation ring, but only locally noetherian, cf. [6, sec. 3.3].

(ii) This is [0, 3.6.2]. In this reference the formal scheme is supposed to be noetherian
and quasi-separated, but not necessarily smooth over a discrete valuation ring. O]

Theorem 4.2.8. Let & be a coherent _@g@m)-module (resp. Qi,k-module).

(Z) There is r(&) € Z such that for all v = r(&) there is s € Zso and an epimorphism of
@ km)—modules (resp. @;k—modules)

(27 0)" » 6 Cresp (Zhu(-n) " = 6).

(i) For alli > 0 one has H'(X,&) = 0.

Proof. (a) We first show both assertions (i) and (ii) for a coherent @g’c@m)—module &. By

4.2.7| (i) there is a coherent .@;k -module .# such that .# ®; Q = &. We use m
find for every r = ri(.#) a surjection

(@(’”" (- ))@S > F

for some s (depending on r). Tensoring with Q gives then the desired surjection onto &
Hence assertion (i). Furthermore, for i > 0

H(X, &) =H(X7)®,Q=0,

by and this proves (ii).
(b) Now suppose & is a coherent .@;k—module. By (ii) there is m > 0 and a coherent

module &, over .@ék(@m) and an isomorphism of @;k—modules
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Now use what we have just shown for &, in (a) and get the sought for surjection after
tensoring with 9;%' This proves the first assertion. We have

> €>m

N

3

where &, = @éké) ®9?(xk@m) &, is a coherent .@gf(é)—module. Then we have for ¢ > 0
Hi(%,8) = lim H(X,6) = 0
I=m

by part (a). And this proves assertion (ii). O

4.3. X is .@g{@m)-aﬂine and 7} ,-affine.

Proposition 4.3.1. (i) Let & be a coherent .@g@m)—module. Then & 1is generated by its
glolc)lall sections as _@g@m)-module. Furthermore, & has a resolution by finite free @3(6"3@7”)-
modules.

(ii) Let & be a coherent .@;k—module. Then & s generated by its global sections as .@;k-
module. H°(X,&) is a H°(X, Qi,k)—module of finite presentation. Furthermore, & has a
resolution by finite free .@;k—modules.

Proof. (i) Using 4.2.8it remains to see that any .@ék(’@m)-module of type @ék(@m)(* ) admits
a linear surjection (.@3(E m))@s — .@;ka)( r) for suitable s > 0. We argue as in [21) 5.1].

Let M = H(X, 2 m)( 1)), a finitely generated D™ (G(k))-module by [3.3.12] Consider
the linear map of QX ) modules equal to the composite

k,m k,m k,m
7 )®D(m)(G(k)) M- 2¢™ @ M — 2¢™ (<r)

HO(X,7™)

where the first map is the surjection induced by the map Q P appearlng in . Let £
be the cokernel of the composite map. Since D™ (G(k)) is noetherian, the source of the

map is coherent and hence £ is coherent. Moreover, £ ® Q = 0 since .@)(? ’m)(—r) ®Q is
generated by global sections [5]. All in all, there is ¢ with p’€ = 0. Now choose a linear
surjection (D™ (G(k)))®* — M. We obtain the exact sequence of coherent modules

(e _ gy g 0.

Passing to p-adic completions (which is exact in our situation [0, 3.2]) and inverting p
yields the linear surjection
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(Z55")™ = 223" (=)
This shows (i).
(i) This follows from (i) exactly as in [21]. O

4.3.2. The functors Loct™ and Zock .. Let E be a finitely generated HO(% .@;k(@m))—
module (resp. a finitely presented H°(X, 9; w)-module). Then we let & oc(k ™) (E) (resp.
z ocx,k(E)) be the sheaf on X associated to the presheaf

S(km
U o PEGU) @ ooty B (resp. U o 74, (0) ® E).

HO(X,91 )

It is obvious that cfocgek’m) (resp. (Zoc;,k) is a functor from the category of finitely
generated HY(X, _@g@m))—modules (resp. finitely presented H(X, 2% ,)-modules) to the

category of sheaves of modules over .@a(gk(@m) (resp. .@;{k)

Theorem 4.3.3. (i) The functors Loct™ and H® (resp. ZLock, and Ho) are quasi-
inverse equivalences between the categories of finitely generated H°(X, 7 km)) modules

and coherent .@g@m)-modules (resp. finitely presented H°(X, .@;k)—modules and coherent
9£7k—m0dules).

(ii) The functor .Zocgf’m) (resp. XOC;,,C) is an ezact functor.

Proof. The proof of (i) uses the same arguments as the proof of [30, 2.3.7]. The second
assertion then follows because any equivalence between abelian categories is exact. 0

5. LOCALIZATION OF REPRESENTATIONS OF G(L)

Although we do recall a few basic facts in the beginning of this section, we assume from
now on some familiarity with the theory of locally analytic representations as developed
by P. Schneider and J. Teitelbaum [36, B7], and we also make use of the point of view
introduced by M. Emerton in [15].

For the sake of convenience, all representations which we consider in this section are on
topological L-vector spaces, and all modules over distribution algebras are topological L-
vector spaces. We thus assume throughout this section that the so-called coefficient field,
cf. |36 beginning of sec. 2], usually denoted by K in papers like |36, 37], over which those
topological vector spaces are defined, is equal to our base field L. However, all results in
this section also hold when the representations (or the modules over distribution algebras)
are topological K-vector spaces, where K /L is a complete and discretely valued extension
(such that the valuation topology on K induces the valuation topology on L), cf. [5.3.19
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5.1. Locally analytic representations and distribution algebras.

5.1.1. The module associated to a locally analytic representation. In the following we will

be interested in locally analytic representations of the compact locally L-analytic group
Go = Gy(o). Let C'*(Gy, L) be the space of L-valued locally L-analytic functions on Gy,
and let

D(Gy, L) := C"™(Gy, L);,

be its strong dual, i.e. its continuous dual space equipped with the strong topology, which
carries the structure of a Fréchet-Stein algebra [37, 5.1]. The product of d;,ds € D(G, L)
is defined by

(61 62)(f) = 01 (2 = daly — flay))

for f € C'*(Gy, L). Given an admissible locally analytic representation V' of Gy, cf. [37,
sec. 6], we let M :=V}/ be its strong dual, which is, by the very definition of “admissible
representation”, a coadmissible module over D(Gy, L). Explicitly, if we denote by g.v the
action of g € Gy on v € V, then the D(Gy, L)-module structure on M is given by

(6-m)(@) = 6(g = mlg™0)) .

for m e M and 6 € D(Gy, L). For g € Gy the delta distribution d, € D(Gy, L) is defined by
d4(f) = f(g). These delta distributions are invertible in D(GYy, L), and the map g — 4,
is an injective group homomorphism from Gy into the group of units of D(Gy, L).

We also recall that the category of coadmissible D (G, L)-modules is a full abelian subcate-
gory of all abstract D(Gy, L)-modules [37, Thm. 5.1] and, by construction, anti-equivalent
to the category of admissible locally analytic Gp-representations.

5.1.2. The distribution algebras D(G(k)°,Gy). Recall the wide open congruence sub-
group G(k)° introduced in and its analytic distribution algebra D**(G(k)°) =
O(G(k)?),. Given a continuous representation W of Gg, one can consider the subspace
Wekye—an < W of G(k)°-analytic vectors, cf. [I5, 3.4.1]. This applies to the action
of Gy on the space C“*(Gy, L) of continuous L-valued functions given by the formula
(g.f)(x) = f(g ' x). With this notation, one has a canonical isomorphism of topological
L-vector spaces

(5.1.3) lim C°*(Gy, L)g()o—an —> C*(Gh, L)
k

Following the notation introduced in [I5], proof of 5.3.1] we denote by D(G(k)°, Gy) the
strong dual of the space of G(k)°-analytic vectors of C“*(Gy, L), i.e.,
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D(G<k)o7 GO) = (CCtS(G07 L)G(k)ofan);) .

The ring D(G(k)°, Go) naturally contains D**(G(k)°). Moreover, the delta distributions
d4, for g in the normal subgroup Gyy1 := G(k)°(0) = G(k + 1)(0) of Gy, are contained in
this subring too. One obtains a decomposition of D(G(k)°, Gy) as a D**(G(k)°)-module:

(5.1.4) D(G(k)", Go) = @gecio/c.a D™ (G(F)°)dy

cf. [I5, proof of 5.3.1]. This is a topological direct sum decomposition in the sense that
the subspace topology of D**(G(k)°) is equal to its topology as an L-algebra of compact
type, and the topology on D(G(k)°,Gy) is equal to the product topology on the right
of 5.1.4l Dualizing the isomorphism then yields an isomorphism of topological L
algebras

D(Go, L) > lim D(G(k)*, Gy)
k

This is the weak Fréchet-Stein structure on the locally analytic distribution algebra
D(Gy, L) as introduced by Emerton in [I5, Prop. 5.3.1]. In an obviously similar man-

~

ner we may define the ring D(G(k)°, Gy)g, and obtain an isomorphism D(Gy, L)y, —
lim, D(G(k)?, Golu,.

5.1.5. Let V' be again an admissible locally analytic representation of Gy, and M = V}/
be as in m The subspace Vg(x)o—an © V is naturally a nuclear Fréchet space [15], 6.1.6],
and we let My := (Vga)o—an), be its strong dual. It is a space of compact type and a
topological D(G(k)°, Go)-module which is finitely generated [15], 6.1.13]. According to [15,
6.1.20] the modules M}, := (Vgkyo—an)’ form a (D(G(k)°, Go))ren-sequence, in the sense
of [15], 1.2.8], for the coadmissible module M relative to the weak Fréchet-Stein structure
on D(Gy, L). This implies that one has

(5.1.6) M, = D(G(k)°, Go)®p(Go,0) M

as D(G(k)°, Gp)-modules for any k. Here, the completed tensor product is understood in
the sense of [15, Lem. 1.2.3].

Lemma 5.1.7. (i) The D(G(k)°, Goy)-module My, is finitely presented.

(i) There are natural isomorphisms
D(G(k —1)°,Go) ®p(©(k)°,Go) Mk — M1 -

(i) The natural map D(G(k)°, Go) ®p(co,r) M — My, is bijective.
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Proof. The points (i) and (ii) can be proved exactly as [32], 5.2.4]. For (iii) we consider the
D(G(k)°, Gp)-submodule generated inside My by M. It clearly forms a dense subspace and
is closed according to [32], 5.1.1 (ii)]. Hence the map in question is surjective. Moreover,
this argument shows that the finitely generated D(G(k)°, Go)-module My, is generated by
finitely many elements in the image of M. To prove injectivity of the map in question, we
abbreviate A := D(Gy, L) and Ay := D(G(k)°, Gy) and consider an element by @z +. ..+
by ® vy € A, ®4 M such that bz + ... + byrs = 0 in M,,. Consider the homomorphism

(AZ/)k/ —> (Mk:’)k’> (al, o ,CLS) = a1+ ..+ AT

where &/ > k. Let N be the kernel of the corresponding map of coadmissible mod-
ules A®* — M. By the above surjectivity argument, there are finitely many elements

(c(ll)7 e ) R (CY), ...,c") in N whose images generate the kernel of the map A3 —
My, as an Ag-module. From here one may follow the argument in the proof of [37, Cor.
3.1] word for word. O

Remark. These results have obvious analogues when the character 6, is involved.
5.2. Go-equivariance and the functor Zoc®.

5.2.1. Group actions on blow-ups. We recall that it is our convention that the group
scheme Gy acts on the right on Xy = By\Gy, cf. . This yields a right action of the
group Gy on Xy, and we denote the automorphism of X, given by g € Gy by pg, i.e.,
pg : Xo — Xo. As the action of Gy on X is on the right, we have p, o py, = pp, for all
g,h € Gq. We also denote by pf] : Ox, — (pg)+Ox, the comorphism of p,. We then have

(5.2.2) (pg)«(0h) © P = Py -

Now let H < Gy be an open subgroup. We say that an open ideal sheaf 7 < Oy, is
H-stable if for all g € H the comorphism p}, maps Z < Ox, into (pg).Z < (pg)+Ox,. In
that case pg induces a morphism of sheaves of graded rings

DT — (p)e (DT
=0 =0
on Xy. This morphisms of sheaves in turn induces an automorphism of the blow-up

X = Proj(@@o Zd>, and the action of H on X, lifts thus to an action of H on X,
which we again denote by p for ease of notation.
The same considerations apply when we pass to the formal completion X, of Xy, in which

case we denote the morphism X, — X, induced by p, also by p,, for ease of notation. If
now J is an open ideal sheaf on Xy which is H-stable, and if X is the formal blow-up of
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J, we also say that X is H-equivariant. There is at most one way to lift the action of H
on Xy (resp. Xp) to X (resp. X), because the blow-up morphism induces an isomorphism
between the generic fibers X, — X, (resp. rigid spaces X8 — X{%), and the group
action on the generic fiber (resp. associated rigid space), is thus pre-determined, and in

turn determines the action on X (resp. X) uniquely.

Lemma 5.2.3. Let pr: X — Xy be an admissible blow-up, and assume k = kx. Then X
is Gy = G(k)(0)-equivariant and the induced action of every g € Gy1 on the special fiber
of X is the identity. Therefore, Gy1 acts trivially on the topological space underlying X.

Proof. Consider the action y1 : Xo Xgpec(o) Go — Xo of Gg on X. If g : Spec(o) — Gy is in
G, then the induced map on the mod-w-fibers g, : Spec(IFy) — Go X gpec(o) Spec(Fy) is the
identity element in Go(F,). Because p, is defined in terms of y, and since p is compatible
with base change Spec(FF,) — Spec(o), it follows that all elements g € G; act trivially on
the special fiber of X;. In particular, the morphism p, : Xy — Xy is the identity map on
the topological space underlying X, if ¢ € G;. This takes care of the case when k = 0
(hence kx = 0, and thus X = X;). We therefore assume in the following k& > 1.

For the purpose of this proof we let & be the completion of Gy along its special fiber
(this formal group scheme is denoted by &(0) in[4.2.1]). The quotient morphism o : Gy —
Xp induces a quotient morphism o” : & — X, of the corresponding formal schemes.
Moreover, the right multiplication of g € Gy on Gy induces a right multiplication p, :
® — &, such that the following diagram is commutative

(5.2.4) 6"

:{OL;{O

If g € Gy, then, as we remarked above, the map underlying the morphism p, is the identity
map on Xy, and, for the same reason, the map underlying the morphism p, is the identity
map on &. It follows from the very definition of G that for g € Gy, for all open subsets
U c &, and for all f € Og(U) one has (7,)%(f) = f mod (="). If now V < X, is an open
subset and U := (¢")~}(V), then gives rise to a commutative diagram

Os(U) - Os(U)
Pyl
(oA)”VT (crA)”VT
OxO(V) Oio (V)

(pg)t,

As U — V is a locally trivial fiber bundle, the ring homomorphism (c”), is injective

[23, 1.5.7 (1)] and identifies Ox, (V) with the subring of B-invariants of O (U) where B
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denotes the completion of By along its special fiber [23, 1.5.8 (2)]. In the following we

will therefore suppress the notation (O'A)t‘i/ and view this homomorphism as an inclusion.

By the above discussion, we then have for all f € Ox, (V) that
()i (f) = f=="F
with some f € O(U). Now f is B-invariant: indeed, @” f is B-invariant, and so we have
A@*f)—a"f@1=0

in O (U)®,0(B) where A denotes the comodule map of the B-module Oy (U) [23] 1.2.10
(2)]. Since A is o-linear and Og(U)®, O (B) is o-torsionfree, this implies A(f)—f®1 = 0,

as claimed. Since f is B-invariant, we may conclude that (py)i (f) = f mod () for

all f € Ox, (V). Now suppose J < Ogx, is an open ideal sheaf, and assume w® € J
and g € Gy < G1. Then, for any open subset V' < X, and any f € J(V) we have

(pg)%(f) = f + [ for some f € Ox, (V). Since w*f € F(V), we find that (p,)i maps J
into itself, and the blow-up X of J is Gy-equivariant.

If now ¢ is in G4 we even have (pg)g/(f) = f+ @ f for some f € Ox,(V). And since
@ € J we conclude that (p,)}(f) = f mod wJ. This implies that the morphism induced
by (py)* on the sheaf <(—Bd>0 ’Jd> ®, 0/(w), which is a sheaf on the special fiber of Xy, is

the identity. And Pro J<<@ 450 ’Jd> ®, 0/ (w)) is the special fiber of the formal blow-up
X of 7. U

5.2.5. For the rest of this section we let H < GGy be an open subgroup. If X — X, is an
H-equivariant admissible blow-up with lifted action p, then there is an induced action of
H on the sheaf .@; %

(5.2.6) Ad(g) : Dhy = (pg)sPhr» P plP(o}) ",

for all £ > k. This is an action on the left in the sense that

(pg)«(Ad(h)) o Ad(g) = Ad(hg) ,

as follows from [5.2.2] Furthermore, the group Gy is contained in D*(G(k)°) as a set
of delta distributions, and for g € Gy, we also write 4, for its image in H°(X, 9;51@) =

D (G(k)°)g,, cf. B3.15)

Definition 5.2.7. Let X be an H-equivariant admissible blow-up of X,. A strongly
H -equivariant _@;k-module is a _@;k-module A together with a family (¢g)gen of isomor-
phisms
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Qg 2 M — (pg) st
of sheaves of L-vector spaces, satisfying the following conditions:

(i) For all g,h € H we have (p,)«(¢n) © ¢y = ¢py-

(ii) For all open subsets U < X, all P € .@;k(U), and all m € .#Z(U) one has
¢g(P.m) = Ad(g)(P).gg(m).

(iz'z')ﬂ For all g € H n Gpy1 the map ¢, : A — (py)«tl = M is equal to the
multiplication by d§, € H(X, 2 ;).

A morphism between two strongly H-equivariant .@Lk—modules (A, ((b‘f )gerr) and
(A (9] )gen) is a @;;k—linear morphism ¢ : .# — .4 such that

¢;V oY = (pg)*(¢) © ¢Zl
for all g € H. We denote the category of strongly H-equivariant .@;k—modules which are,
moreover, coherent as .@;k—modules by Coh(‘@;k, H).

Remarks. ’Strongly equivariant’ refers to the additional condition that the action coin-
cides with multiplication by ¢, if g € H n Gj41. This is the analogue of [40, Prop. 2.6]
in our situation. We also note that any @;k—module is strongly G, 1-equivariant for the
natural Gyi-action, cf. [5.2.3] The following result could be stated in greater generality
for H-equivariant blow-ups X — X, if we had introduced the ring D(G(k)°, H) also for
open subgroups H < Gy (containing G, 1) instead of just Gy.

Theorem 5.2.8. Let X — Xy be a Go-equivariant admissible blow-up, and let k > kx.
The functors Zockk and H° induce quasi-inverse equivalences between the category of

finitely presented D(G(k)°, Gg)a,-modules and Coh(.@;k, Go).

Proof. This follows from 4.3.3} [3.3.15| the definition of Coh(@;k, Gy), and the description
of D(G(k)°,Gy) in|.1.4] O

5.2.9. Suppose now that w : X' — X is a Gp-equivariant morphism over X, between
admissible formal Gg-equivariant blow-ups of ¥y (whose lifted actions we denote by p*
and p* respectively), and that k > kyx and k¥’ > max{ky, k}. According to there is
then a morphism of sheaves of rings

(5.2.10) U Dy = D — Diy

6To make sense of this condition, we use that elements g € Gy act trivially on the topological space

underlying X, cf.
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which is Gg-equivariant, i.e. satisfying

Ad(g) o T = (py)«(¥) o m(Ad(g))

for all ¢ € Gy. Suppose we are given two modules .#y € Coh(@%}k,,Go) and Ay €
Coh(@;k, () together with a morphism

’QD LT *%gg/ — //35
linear relative to (5.2.10) and which is Gg-equivariant, i.e. satisfying

Cb;//x oth = (P;E)*(¢) O Ty (cbf*’)
for all g € Gy. We obtain thus a morphism

t
.@x’k ®7T*9:T{, . W*%%’ > %x

of .@; x-modules. Denote, by %" the submodule of .@; K ® i ey locally generated
’ ) T Lyt gt

by all elements of the form Pd, ® m — P ® (h.m), where h € Gi,1, m is a local section of
Tw My, and P is a local section of @;k. For convenience we will abbreviate the quotient

(‘@;k ®ﬂ*@;/ y W*%x/)/% by

@;k ®ﬂ_*9‘( W*%x/ .

xl,k/:Gk+1
Now since the target of the preceding morphism is strongly equivariant, the morphism
will factor through this quotient and we thus obtain a morphism of .@;k—modules

(5.2.11) U Dy ®, g1 Tl —> M .

G
1K k+1

The domain of this morphism lies in Coh(.@;k, Go) when we equip it with the action
defined on simple tensors by

g.(P®@m) = Ad(g)(P) ® (g.m) ,

for g € Gy, where P and m are local sections of @;k and .. #y, respectively. Since
(5.2.10) is Gg-equivariant, the map is then seen to be in fact a morphism in
Coh(.@;k, Go). The question, in which situations this morphism will actually be an iso-
morphism will be crucial in the definition of a coadmissible Gg-equivariant arithmetic

Z-module, cf. 5.2.19 below.
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We finish this paragraph by an auxiliary result which will be used in the proof of thm.
0.2. 23

Lemma 5.2.12. Let X', X € Fx, be Go-equivariant. Suppose (X', k") >= (X, k) with canon-
ical morphism w : X' — X over Xy and let M be a coherent D(G(k')°, Go)g,-module with
localization M = .i”oc;,ﬁ/(M) € Coh(.@;k/, Go). Then there is a canonical isomorphism

in Coh(.@;k, Go) given by
‘@;,k ®7r*9;re/ o Ght1 ol — gOC;’k(D(G(k‘)O, GO) ®D(G(k)°,Go) M)

Proof. We denote a system of representatives in Gy for the cosets in Gyy1/Gy 41 by R.
For simplicity, we abbreviate

D(k) := D*™(G(k)%)y, and D(k,Gy):= D(G(k)°,Go)g,

and similarly for £’. We have the natural inclusion D(k) — D(k,Gy) from which
is compatible with variation in k. Now suppose M is a D(k’, Gp)-module. We then have
the free D(k)-module D(k)®"*# on a basis e, indexed by the elements (m, h) of the
set M x R. Its formation is functorial in M: if M’ is another module and f : M — M’
a linear map, then e, , — €f(n), induces a linear map between the corresponding free
modules. The free module comes with a linear map

far : D(R)EME — D(k) @pury M

given by

Dim,p) Ampemh = (Amp0n) @M — A p @ (05 - M)

for A € D(k) where we consider M a D(k’)-module via the inclusion D (k') < D(K', Gy).
Note that, since M is a D(k’, Gy)-module, and because G is contained in D(k’, Gy), the
expression 0 -m is defined for any particular A € G, 1. The linear map is visibly functorial
in M and gives rise to the sequence of linear maps

D(K)®M~E DL D () @py M Y D(k, Go) ®pa.co) M — 0

where the second map is induced from the inclusion D(k') < D(k’, G). The sequence is
functorial in M, since so are both occuring maps.

Claim 1: If M is a finitely presented D(K', Go)-module, then the above sequence is exact.
Proof. This can be proved as in the proof of [32, Prop. 5.3.5]. O

Claim 2: Suppose M 1is a finitely presented D(k')-module and let A := goc;%,(M). The
natural morphism
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15 bijective.
Proof. The functor 7, is exact on coherent @T,’k/—modules according to [2.2.12, Choosing
a finite presentation of M reduces to the case M = D(k’) which is obvious.

Now let M be a finitely presented D(k’, Gp)-module. Let myq, ..., m, be generators for M
as a D(k’)-module. We have a sequence of D(k)-modules

@D )emah Jua, (k) @pury M =™ D(k,Go) ®pir.ce) M — 0

where f;, denotes the restriction of the map fy; to the free submodule of D(k)®M*E
generated by the finitely many vectors e, 5,7 = 1,...,7, h € R. Since im(f},) = im(fa)
the sequence is exact by the first claim. Since it consists of finitely presented D(k)-
modules, we may apply the exact functor £ oc;,€ to it. By the second claim, we get an
exact sequence

(gi,k)@TlR‘ - -%Twc ® Tl — gOC;,k(D(ka Go) @Dk, Go) M) —0

i
W*'@x/,k/

where # = £ oc;,’k,(M ). The cokernel of the first map in this sequence equals by
definition

L/

D1, @,

Gkt
whence an isomorphism

D By, s Tl — L0k (D(k, Go) ®piw o) M)
This proves the lemma. O

5.2.13. The purpose of the rest of this section is to first explain how to form G-
equivariant compatible systems of coherent @; p-modules when the formal models X and
the congruence levels k vary in a suitable family. Here we will only be considering formal
models of the rigid-analytic flag variety which are admissible formal blow-ups of X,. In
a second step, we will relate such Gy-equivariant systems to coadmissible D(Gy, L)g,-
modules thus establishing a version of the classical localization theorem for equivariant
algebraic D-modules [5] in our setting. In sec. these constructions will be generalized
to the setting of G-equivariant compatible systems.

We recall that we denote by X = B\G the flag variety of G, and by X"# the rigid-analytic
space associated by the GAGA functor to X, cf. .1} Furthermore, we denote by X, the
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projective limit of all formal models of X" (in the sense of . This space is known to
be homeomorphic to the adic space corresponding to X"¢, cf. [41, Thm. 4 in sec. 2, Thm.
4 in sec. 3] where this space is denoted by Val(X"#).

Consider the set Fx, of admissible formal blow-ups X — X,. This set is ordered by
X’ > X if the blow-up morphism 7 : X’ — X, factors as the composition of a morphism
X' — X and the blow-up morphism X — X,. In fact, the morphism X’ — X is then
necessarily unique [19, 11, 7.14], and is itself a blow-up morphism [25 ch. 8, 1.24]. By [7,
Remark 10 in sec. 8.2] the set Fy, is directed in the sense that any two elements have

a common upper bound, and it is cofinal in the set of all formal models. In particular,

%oo = LiLn]'—xo X.

Proposition 5.2.14. Any formal model X of X' is dominated by one which is a Gy-
equivariant admissible blow-up of Xy.

Proof. By [1, Remark 10 in sec. 8.2] we may assume that X is already an admissible
blow-up of Xy. Let Z be the ideal which is blown up to obtain X. If w® € Z for some
k > 1, then G}, acts trivially on the topological space underlying X, and stabilizes Z in
the sense that pg : Ox, — Ox, maps Z into Z for all g € Gi. Let 1 = g1,...,g9n be a
system of representatives for Go/Gj, and let J be the product of the finitely many ideals
pgi (Z). Then J is Gy-stable and contains Z. Blowing up J on X, yields a Gg-stable
formal scheme X', and X’ is also the admissible formal blow-up of the sheaf pr=17 - Ox
on X, and the blow-up morphism X’ — X, factors as the composition of the blow-up
morphisms X' — X — X,. O

Definition 5.2.15. We denote the set of pairs

(X, k), where X € Fy, and k € N satisfies
k = kx, by Fy,. This set is ordered by (X', k") >

X,
(X, k) if and only if X’ > X and &' > k.

Since Fy, is directed, the set Fy, is directed, too.

Lemma 5.2.16. Let J be an open ideal sheaf on Xy, and let g € Gy. Then R =
(P2) " ((pg)«(3)) is again an open ideal sheaf on Xo. Let X be the blow-up of J, and
let X.g be the blow-up of 8. Then there is a morphism p, : X — X.g such that the
following diagram is commutative (where the vertical maps are the blow-up morphisms):

L

"

Xo —2= Xy

We have kx4 = kx. Moreover, for any two elements g,h € Gy we have a canonical
isomorphism (%X.9).h ~ X.(gh), and the morphism X 2% %X.g 2 (X.g9).h ~ X.(gh) is
equal to pgn,. This gives a right action of the group Gy on the family Fx,.
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Proof. 1t is easy to check that K is indeed an open ideal sheaf. Moreover, the comorphism
ph - Oxy = (pg)«Ox, induces a morphism

(5.2.17) P & — (py)s (@ Jd)

d=0 d=0

of sheaves of graded rings which is linear with respect to pg and which coincides with pg in
degree zero. The morphism of sheaves induces the morphism between the blow-ups
X and X.g. That is linear with respect to pg implies the existence of the commu-
tative diagram. The assertion about the congruence levels follows straightforwardly from
the definition [2.2.10] The remaining assertions follow directly from the construction. [J

Corollary 5.2.18. Assume that (X', k') > (X,k) for X,X' € Fx, and let 7 : X' — X be
the unique morphism over Xo. Let g € Gy. Then (X'.g,k') = (X.g9,k) and if we denote
the unique morphism X'.g — X.g over Xo by 7.g, then the diagram

X x g
o
p
X—>2Xg
18 commutative.
Proof. Follows easily from the preceding lemma. O

Definition 5.2.19. A coadmissible Gy-equivariant arithmetic Z-module on Fx, consists
of a family .# := (.#xy) of coherent @;k-modules Mz, for all (X, k) € Fyg,, with the
following properties:

(a) For any g € Gy with morphism p, : X — X.g (cf. [5.2.16)), there exists an isomorphism

Gy : Mgk — (pg)*%x,k
of sheaves of L-vector spaces, satisfying the following conditions:
(1) For all g, h € Gy we have (py).(pn) © ¢g = Png.

(7i) For all open subsets U < X.g, all P € ‘@;g,k(U), and all m € #x 4;(U) one has
Gg(P.m) = Ad(g)(P).¢g(m).

(iii) [Z| For all g € Gyy1 the map ¢y : Mxp — (pg)wtlxy = Mxy is equal to the
multiplication by ¢, € H°(X, @;k)

"To make sense of this condition, we use that for k > kx the action of Gy41 on X lifts to X, cf.
In this case X.g = X, and elements g € G411 act trivially on the topological space underlying X.
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(b) Suppose X', X € Fx, are both Gy-equivariant, and assume further that (X',k’) >
(X, k), and that 7 : X’ — X is the unique morphism over X,. In this situation we require
the existence of a transition morphism ¢y x : Ty — Mz, linear relative to the

canonical morphism W : W*@;/yk/ — .@;k (5.2.10) and satisfying

(5.2.20) ¢;/{x’k oY x = (ﬂ?)*(%ﬁ/,x) o a( ;/lx/’k/)

for any g € Gy (note that 7, o (,0;5')* = (py )« © m, according to cor. [5.2.18 and so the
composition of maps on the right-hand side makes sense). The morphism induced by

1&&/&, cf 5211,

(5.2.21) Vpxt iy @0l Ml > M

/’k”Gk‘F
is required to be an isomorphism of _@;k—modules. Additionally, the morphisms ¥y x :
Tu My )y — Mxy, are required to satisfy the transitivity condition ¢y x © mu(Vxrx) =
Yxr x, whenever (X", k") = (X', k') = (X, k) in Fx,. Moreover, ¥xx = id 4, .

A morphism .#Z — .4 between two such modules consists of morphisms .#x  — A% of
9£7k—modules compatible with the extra structures. We denote the resulting category by
EL0.

0

5.2.22. We now build the bridge to the category of coadmissible D(Gy, L)g,-modules,
cf. [5.1.1} Given such a module M we have its associated admissible locally analytic Go-
representation V' = Mj together with its subspace of G(k)°-analytic vectors Vg (yo—an < V.
The latter is stable under the Gy-action and its dual My = (Vgry—an)' is a finitely
presented D(G(k)°, Go)g,-module, cf. [p.1.7. In this situation thm. [4.3.3] produces a

coherent .@; p-module

Lock , (My) = DY, ®pun )y, M

0

for any element (X, k) in Fy,. On the other hand, let .# be an arbitrary coadmissible G-
equivariant arithmetic Z-module on Fy,. The transition morphisms ¥y x : T My jy —
My . induce maps HY (X', My ) — H°(X, #x)) on global sections. We let

I(A):= lim H(X, M)
(X h)eFy,
where the projective limit is taken in the sense of abelian groups and over the cofinal
subfamily, cf. prop [5.2.14] consisting of those (X, k) with Gg-equivariant X. This limit
naturally carries the structure of a coadmissible D(Gy, L)g,-module, as will follow from
part (ii) of the next theorem.
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Theorem 5.2.23. (i) The family
Lo (M) := (Lock 1 (My)) zwery,

forms a coadmissible Gy-equivariant arithmetic Z-module on Fx,, i.e., gives an object of
%go. The formation of ZLoc®® (M) is functorial in M.

(i) The functors ZLoc® and ['(+) induce quasi-inverse equivalences between the category
of coadmissible D(Gy, L)g,-modules and Cﬁgf’.

Proof. Let M be a coadmissible D(Gy, L)g,-module and let .# € Cﬁg)‘). Both parts of the
theorem follow from the four following assertions.

Assertion 1: One has ZLoc® (M) e %XGOO and Loc® (M) is functorial in M.

Proof. We start by verifying condition (a) for Zoc“® (M) and define the morphisms, for
g € Go,

bg ZOCGO(M)x%k — (pg)*iﬂocGo(M)x’k
satisfying the requirements (i), (ii) and (iii) in definition [5.2.19, So consider
Loc (M)x g = ZL0ck 41 (My) = D4 i @pon(c (i), M

Let ég : My — M, denote the map dual to the map Vguyo—an — Voio—an given by
w— g 'w. Let U < X.g be an open subset and P € Qi.gjk(U), m € M. We define

Gg(P @m) := Ad(9)(P) ® dy(m) .
One has an isomorphism
(09)s (Lock 1o (M) ) => ((9)e D) @pon(iayrs, M

Indeed, (py). is exact and so choosing a finite presentation of M, as D**(G(k’)°)g,-module
reduces to the case of My = D*(G(k')°)y, which is trivially true. This means that the
above definition extends to a map

By : D g1 ODon () )gy M — (0g)- (%Te,k Qpan(G(k)°)a, Mk) :

By construction, it satisfies the requirements (i), (ii) and (iii). We next verify condition
(b). So suppose that X', X are Gy-equivariant and we have (X', k') > (X, k) with canonical
morphism 7 : X’ — X over X,. One then has an isomorphism
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T4 <$OC;/7I€/(M]€/>> = (ﬂ-*‘@;’,k’> ®Dan(G(l€’)o)go Mk/ .

Indeed, 7, is exact by [2.2.12 and we may argue as for (p,).. Furthermore, G(k')° < G(k)°
and we denote by ¢y x : My — M the map dual to the natural inclusion Vgpyo—an S
Vi(iyo—an- Let U < X be an open subset and P € W*QLJC,(U), m € M. We then define

Yxx(P@m) = Uy x(P) ® P x(m)

where Wy x denotes the canonical morphism 7, @;,k, — @;k. This definition extends to
a map

wx/’x DTy <$00;/7k/<Mk/)> — gOC;,k(Mk)

according to our above description of 7, (X Oc;, k/(Mkr)> The map vy x satisfies condi-

tion [5.2.20|and the required transitivity properties. It remains to see that the correspond-
ing map @/)36,73€ is an isomorphism, as required in [5.2.21} But ¥y x corresponds under the
isomorphism of lem. [5.2.12| to the linear extension

D(G(k)°, Go) @p@iy,co) M — M,

of Yy x via functoriality of & oc;k. But the linear extension of ¢y x is an isomorphism

by part (i) of lem. and hence, so is 9y x. This shows .Z oc® (M) e %G Given a
morphism M — N of coadrmsable D(GO, )90 modules, one obtains maps Mk — Ny, for
any k which are compatible with the maps ¢g and %E' x. By functoriality of .Z ocx s they
give rise to linear morphisms

ZLock y(My) — Lock ;. (Ny)

which are compatible with the maps ¢, and ¢z x. In other words, .Z oc% (M) is functorial
in M. O

Assertion 2: U( ) is a coadmissible D(Gy, L)g,-module.
Proof. For given k we choose a (X,k) € Fx, and let Ny, := H(X, #x). By [p.2.21
together with lem. [5.2.12] we then have linear isomorphisms

D(G(k)°, Go) ®p@w),co) Nw = Nip

whenever k' = k. Thus, the modules Ny form a (D(G(k)°, Gy))ren-sequence, in the sense
of |15 1.2.8] and their projective limit is therefore a coadmissible module. O
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Assertion 3: T o Loc% (M) ~ M.

Proof. Let V = M]. We have compatible isomorphisms H°(X, Loc(M)x 1) ~ (Ve —an)’
for all (X, k) by and the coadmissible modules I' 0 Zoc“ (M) and M have therefore
isomorphic (D(G(k)°, Go))ken-sequences. O

Assertion 4: Loc® oT( M) ~ M.

Proof. Let N := I'(.#) and V = N; the corresponding admissible representation. Let
N = ZLoc®(N). According to part (i) in lem. setting Ny, = D(G(k)°, Go) ®p(co,1)
N produces a (D(G(k)°, Go))ren-sequence for the coadmissible module N which is iso-
morphic to its constituting sequence H°(X, #x ) from Assertion 2. Now let (X, k) € Fx,.
By what we just said we have linear isomorphisms

Nk = foc;,k(]\fk) ~ Xoc;k(HO(f{, Myy)) ~ Mz

where the final isomorphism comes from [4.3.3l Via this isomorphism, the action map
qﬁ:{x’k, constructed for A = gOCGO(N ) along the lines of Assertion 1, corresponds

to @y ** as follows directly from the Ad(g)-linearity of these two maps. Similarly, if
(X',K') = (X, k) for Go-equivariant X', X, then the transition map ¢y x, constructed for

N = Loc“(N) along the lines of Assertion 1, corresponds to wﬁ 5, as follows directly
from the Wy x-linearity of these two maps. Hence, A ~ .# in ‘ﬁgf’. O

This finishes the proof of the theorem. 0

5.2.24. We indicate how coadmissible Gg-equivariant Z-modules can be ’realized’ as
honest (equivariant) sheaves on the topological space X, = lil_n;x X, cf. [5.2.13, The

induced Gy-action on X, is denoted by p, : X0 — X for g € OGO. We denote the
canonical projection map X,, — X by spy for each X and define the following sheaf of
rings on X,,. Assume V < X, is an open subset of the form spy'(U) with an open subset
U c X for a model X € Fy,. We have that

spr (V) =7 (U)

for any morphism 7 : X' — X over Xy and so, in particular, spy (V) < X' is an open
subset for such X’. Moreover,

7 (sp (V) = spxn(V)

whenever 7 : X" — X’ is a morphism over X. In this situation, the morphism ({5.2.10)
induces the ring homomorphism
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(5225) .@;//7]6//(81)%// (V)) = W*.@;//7k//(<spxl<‘/)) - .@;/7]6/(81):{/(‘/))

and we form the projective limit

over all these maps. The open subsets of the form V' form a basis for the topology on X,
and Y, is a presheaf on this basis. We denote the associated sheaf on X, by the symbol
Dy as well. It is a Gy-equivariant sheaf of rings on X, in the usual sense: given g € Gy,
the actions Ad(g) on each individual sheaf @;k, cf. , assemble to a left action

(5.2.26) Ad(g) : Doy = (pg) Do

on Y.

5.2.27. Suppose 4 := (Mx ) is an object of Cfg)o. We have the transition maps ¥y x :
TuMx )y — Mx ) which are linear relative to the morphism ([5.2.10). In a completely
analogous manner as above, we obtain a sheaf .Z,, on X, together with a family (¢4)gec,
of isomorphisms

(5.2.28) G Moy — (py)etlon

of sheaves of L-vector spaces, satisfying the following conditions:

(1) For all g, h € Gy we have (py).(pn) © ¢g = Png.
(i1) For all open subsets U < X, all P € Z,(U), and all m € .#,(U) one has
Gg(P.m) = Ad(g)(P).¢g(m).

In particular, .Z,, is an equivariant Z,,-module on the topological Gy-space X4 in the
usual sense. The formation of .Z,, is functorial in .Z € ng) 0,

Proposition 5.2.29. The functor # ~~ M, from the category %XGOO to Go-equivariant
Do-modules is a faithful functor.

Proof. We have spy(X,,) = X for all X. The global sections of M, are therefore equal to

HY (X, M) = lim  HO(X, Mry) = T(A)

(Xk)eF
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where we have used prop. |5.2.14, Now let f,h be two morphisms .#Z — .4 in %ﬂg)o such
that fo = hy. By the equivalence of categories in [5.2.23] it suffices to verify I'(f) = I'(h)
(as maps between sets, say). But this is clear since HY(Xo, fo) = H* (X, hoo). O

We denote by LocS° the composite of the functor Loc®® with (-)y, i.e.

LocS . .
{ coadmissible D(Gy, L)s, — modules } Zoez, { Gy — equivariant P, — modules } .

. Go - . . .. . . Go - .
Since Loc™ is an equivalence, the preceding proposition implies that Zoc;? is a faithful
functor.

5.2.30. In this section we explain how the functor .# -~ #, on the category ng)o
becomes fully faithful if we change the target category by requiring that objects (resp.
morphisms) carry the structure of locally convex topological Z,-modules (resp. are con-
tinuous). We start by explaining how %, can be considered as a sheaf of locally convex
topological algebrasﬁ

Let X € Fx, be an admissible blow-up of Xy. If U < X is an open affine subset, then
the ring @;k(U ) is naturally a locally convex L-algebra of compact type, cf. [22], proof of

3.1.3]. If U" < X is an arbitrary open subset, we equip @;,C(U ') with the initial topology,

with respect to all restriction maps 2%, (U') = .@;,C(U ), where U < U’ runs through an
open affine covering of U’. It is a locally convex topology, cf. [35] ch. 1, §5], independent
of the covering.

If V < X is of the form spy'(U), with an open subset U < X for a model X € Fy,, then
we give Py, (V) the initial topology with respect to all maps Zy, (V) — ;,,k,(spx,(\/)),
cf. the definition of %, (V) after [5.2.25 Finally, for an arbitrary open subset V' < X,
we give Z,(V") the initial topology with respect to all maps Z.,(V') —> Z.,(V), where
V < V' runs through the open subsets of V' of the form considered before. This gives
P+ the structure of a sheaf of locally convex L-algebras.

We now consider the category of Gg-equivariant locally convex Z,-modules. The ob-
jects are sheaves 9 of locally convex L-vector spaces, endowed with the structure of a
topological @w—modulﬂ and which are Go-equivariant: there is a family (¢,)geq, of iso-
morphisms ¢, : M — (p,).IN of sheaves of L-vector spaces, satisfying conditions (i) and
(ii) as above (see [5.2.28)). Morphisms are Z,-linear maps which are continuous for the
locally convex topologies and which are compatible with the group action.

8In fact, one can show that Z., is a sheaf of Fréchet algebras, but since we do not need this here, we
work in the larger category of locally convex vector spaces.

9.e., the multiplication maps Do (V) x M(V) — M(V), for open subsets V' < X, are supposed to be
continuous.
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Let A = (Mx,) be an object of ‘gg)o. Each sheaf .#x , is a coherent @;k—module. Hence
for every point x € X there is an open affine neighborhood U < X such that #x x|v is

a finitely presented .@;k\U—moduIe. It then follows from [22] 2.2.13] that .#x x(U) is a

finitely presented Qijk(U )-module, and thus is canonically a topological .@;k(U )-module,
cf. [32, Prop. 5.1.1]. For an open subset V < X, we define on .#Z,, (V) a topology in the
same way as above for Z,(V). In this way .#,, becomes an object of the category of Gy-
equivariant locally convex Z,,-modules. With these preliminaries we have the following
result.

Proposition 5.2.31. The functor M > My, is a fully faithful functor from ngf’ to the
category of Gy-equivariant locally conver D -modules.

Proof. 1t remains to see the fullness. We begin by reminding the reader that any G-
equivariant continuous L-linear map f : M — N between two coadmissible D(Gy, L)-
modules M, N is in fact D(Gy, L)-linear [36, Lemma 3.1]. After this generality, let

., — N,

be a morphism. Consider the coadmissible D(Gy, L)g,-module M := I'(.#) and let
V := M’ be the corresponding admissibible locally analytic Gg-representation. The
subspace Vgkyo—an < V' is naturally a nuclear locally convex space and we let M) :=
(Ve (k)o—an)p, be its strong dual. Now, on the one hand, the strong topology on Mj, co-
incides with the canonical topology as finitely generated module over the compact type
algebra D*(G(k)°)g,, cf. [32, Prop. 5.1.1]. On the other hand, the canonical topology
on the coadmissible D(Gy, L)-module M = lim, M), equals the projective limit topol-
ogy, cf. This means, that the locally convex topology on the space of global
sections A, (X)) = I'(My) = M of the locally convex Z,-module ., coincides with
the canonical topology of the coadmissible D(Gy, L)g,-module M (and similarly for .47%,).
Hence the morphism F' : .#,, — A4, induces a Gy-equivariant continuous L-linear map
I(#) — T'(/). By our initial reminder, this map is then necessarily D(Gy, L)g,-linear
and we may apply the functor Zoc to it. This results in a morphism .# — .4 which
is a preimage of F'. O

Of course, the composite functor ZocS® = (.) 0. L0c then also becomes a fully faithful
functor into the category of Gy-equivariant locally convex Z,-modules.

5.3. G-equivariance and the functor Zoc®. Let G := G(L). Denote by B the (semi-
simple) Bruhat-Tits building of the p-adic group G together with its natural G-action. In
accordance with our convention that the group G acts on the right on the flag variety, we
also consider B with a right action: B x G — B, (z,g) — xg. We reserve the letter v for
special vertices of B.

The purpose of this subsection is to extend the above results from Gy-equivariant objects
to objects equivariant for the full group G.
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5.3.1. To each special vertex v € B Bruhat-Tits theory associates a connected reductive
group scheme G, over 0. The generic fiber of G, is canonically isomorphic to G. We
denote by X, the flag scheme of G,,. Is is a smooth scheme over o whose generic fiber is
canonically isomorphic to the flag variety X of G. All constructions in sections |3| and
are associated with the group scheme G, with vertex vy, say, but can be done canonically
for any other of the reductive group schemes G,. We distinguish the various constructions
from each other by adding the corresponding vertex v to them, i.e., we write X, for an
admissible blow-up of the smooth model X, o, G, for the group of points G,(0), and
Gy, for the group of points G,(k)(0). The same conventions apply when we work with
the formal completions, i.e., X, is the formal completion of X, o, and X, always denotes
an admissible formal blow-up of X, . We make the general convention that the blow-up
morphism X, — X, is part of the datum of X,. That is to say, even if a blow-up X,
of X, also allows for a blow-up morphism to another smooth formal model X,/ , with
v" # v, we only consider it a blow-up of X,o. We denote by F, := Fx,, the set of all
admissible formal blow-ups X, — X, of X, o and by F, := Fy, , the set of pairs defined
analogously to [5.2.15, By the convention we just introduced, the sets F, and F, are
disjoint if v and v" are two distinct vertices. Let

F=1]r.

where v runs over all special vertices of B, be the disjoint union of all these models. We
recall that X, equals the projective limit of all formal models of X', cf. [5.2.13] The
set F is partially ordered via X, > X, if the projection pry : X, — X, factors through
the projection pry, : Xo — Xy. In this case, the resulting morphism X,, — X, is an
admissible formal blow-up of X, [25, Thm. 8.1.24]. Finally, by the property recalled at
the end of , the ordered set (F,>) is directed in the sense that any two elements
have a common upper bound.

Definition 5.3.2. We denote by F = [][,F, the disjoint union of all F,,, where v
runs through all special vertices of B. We define an ordering on this set by declaring
(X, k') = (X,,k) if and only if X, > X, and @" Lie(G,) < @’Lie(G,) as lattices in
Lie(G).

5.3.3. For any special vertex v € BB, any element g € G induces a isomorphism pj :
Xy0 = Xygo- The morphism induced by p; on the generic fibers X, o x Spec(L) ~ X ~
Xog0 % Spec(L) coincides with the right translation by g on X. Moreover, p, induces a
morphism X, o —> X,g0,which we again denote by py or py, and which coincides with
the right translation action on X, for g € G, (note that vg = v in this case). Let
pg : Ox,,0 = (pg)«Ox,, be the comorphism of p,. If 7 : X, — X, is an admissible
blow-up of an ideal Z < Oy, ,, then blowing-up (%)~ ((p,)«Z) produces a formal scheme
X,, (which, for g € G, we denoted by X,.¢ in , together with an isomorphism
pyg = Py Xy — Xyg. We have again kx, = kx,, in this situation. For any g, € G and any
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admisible formal blow-up X, of X, o we have p,?op? = pp, : X, — X,g,. This gives a right
G-action on the family F and on the projective limit space %OOH Finally, if X, = X,
with morphism = : X,y — X, and g € G, then X, > X,, with a resulting morphism
X,y — X,y which we denote by 7.g, as in cor. [5.2.1§

On the level of differential operators, we have the following two key properties as before,
cf. paragraph [5.2.5| Let g € G. The isomorphism p, : X, — X, induces an adjoint
action

(5.3.4) Ad(g): 2%, — (pg)sZk, ), D= piD(ph)",

xvg,k

for k > kx, = kx,,. Secondly, we identify the global sections I'(X,, ngm) with D* (G, (k)°)g,
and obtain the group homomorphism

(5.3.5) Guopsr — D(X, DL, 1) g+ 0y,

where G, x+1 = G,(k)°(L) denotes the group of L-rational points.

Proposition 5.3.6. Suppose (X, k") > (X,,k) for two pairs (X, k'), (%X,,k) € F with
morphism w : X,y — X,. There exists a canonical morphism of sheaves of ring

\I] . T*.@;v/’k/ - .@;mk

which is G-equivariant in the sense that for every g € G the following diagram is commu-
tative:

0\
(Tr'g>*@;v/.g,k/ @;v.g,k
l(ﬂ-g)*(Ad(g)) J{Ad(g)
/ (Pg)# ()
(ﬂ-g)*(pz )*Q;U/,k = (pZ)*’/T*‘@;U/,k . (p;)*‘@j.v,k

Proof. Let pr : X, — X, and pr’ : X, — X, o be the blow-up morphisms, and put
pr = pr o 7. The following diagram displays these morphisms:

10The existence of the G-action on X, can also be deduced from the fact that X, is canonically and
functorially associated to X' whose G-action is induced by the G-action on X.

UTn order to alleviate notation we do not indicate that these maps depend on (X,,k") and (¥, k).
The source and target of these maps should be clear from the context.
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T
Xy Xy
/ ﬁ T
pr p
xv’,O %v,O

Fix m € N. We show first the existence of a canonical morphism of sheaves of o-algebras

(5.3.7) 9L — g

v,0

Here X/, Xy 0, X,, and X, o are the schemes of finite type over o whose completions are
Xy, Xy o, Xy, and X, o, respectively, cf. . The morphisms between these schemes of
finite type over o will be denoted by the same letters, e.g., pr : X, — X, o. We recall that
there this a canonical surjective morphism

& L AL = Ox, @ DGy (K) — 2K,
cf. 13.3.11| of sheaves on X,,. On the other hand we apply pr* to the surjection
k,m k,m m k,m
EXT) AR = Ox,0 ® D™(Gu(k) — 247

and obtain a surjection Oy, ®, D™ (G,(k)) — ﬁr*.@)(é’f). Recall that (X,,k") >
(%,, k) implies that " Lie(G,) is contained in w*Lie(G,). The description of the ring
D™ (G, (k)) in m shows that the inclusion @* Lie(G,/) < w”Lie(G,) gives rise to an
injective ring homomorphism D™ (G, (k")) < D (G,(k)). We now claim that the
composition

Ox, ® D™(G,(K)) = Ox,, ® D™ (G, (k) — pr*2ET)

factors through @)(f/,’m). As all those sheaves are w-torsion free, this can be checked

after tensoring with L in which case we use that .@)(g ,’m) ®, L ~ pr* )((]ZT) ®, L is the
(push-forward of the) sheaf of (algebraic) differential operators on the generic fiber of
X,. We thus get a canonical morphism of sheaves [5.3.7] Passing to completions induces
a canonical morphism .@gm) — ﬁr*.@gz;n) Taking the inductive limit over all m and
inverting w gives a canonical morphism .@; B pr* .@;v ok Now we consider the formal
scheme X,/ as a blow-up of X, via pr. Then 7 becomes a morphism of formal schemes
over X, 0, and we can consider pr’* -@;&), o as the sheaf of arithmetic differential operators
with congruence level k defined on X, via pr, as introduced in [2.2.8] Using in

this setting shows then that 7, (ﬁr*@;v o,k> = @;Emk' Then, applying 7, to the morphism
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24 B er*@;ev ok &ives the morphism W : T DL B @;v,k of the statement. Making

use of the maps 5§§’m), as above, the assertion regarding G-equivariance can similarly be
reduced to some obvious functorial properties of the rings D™ (G, (k)). O

Definition 5.3.8. A coadmissible G-equivariant arithmetic 2-module on F consists of a
family .4 := (Mx 1) x k)er of coherent Q;k—modules M . with the following properties:

(a) For any v and g € G with isomorphism p : X, — X, there exists a isomorphism

G+ Mxyy . — (Pg)sMx,
of sheaves of L-vector spaces, satisfying the following conditions:
(i) For all g,h € G we have (p7).(¢p) © ¢y = &3,

(11) For all open subsets U < X,,, all P € .@;{W’k(U), and all m € .#x,,x(U) one has
¢g(P.m) = Ad(g)(P).¢g(m).

(iii) H For all g € Gy11,, the map ¢ : Mx, x — (pp)xMr, . = Mz, is equal to the
multiplication by §, € H%(X,, 2% ,).

(b) For any two pairs (X,,k") > (X,,k) in F with morphism 7 : X,, — X, there is a
transition morphism ¢x , x, : T, — Mx,, linear relative to the canonical morphism
U ﬂ*@;“k, — @;v,k 5.3.6) and satisfying

(5.3.9) 8o, x, = (1)U, x,) © (1.9):(6))

for any g € G. If v/ = v, and (X', k') = (X,k) in F,, and if X, X' are G, p-equivariant,
then we require additionally that the morphism induced by ¥y x, cf[5.2.11}

(5310) E%l7% . @;,k ®7r*@; ’ﬂ'*%xl,k/ =, %}:Jg

/,kl’Gk+1
is an isomorphism of .@; r-modules. In general, the morphisms ¢x , x, : T Mx , 10 — Mx, i
are required to satisfy the transitivity condition vx , x, o T« (¥x , x,,) = ¥z, x,, whenever

(X, k") = (X, k') = (X4, k) in F. Moreover, %, x, = id.z -
A morphism # — A between two coadmissible G-equivariant arithmetic Z-modules
consists of morphisms .#% ; — A% of @;k—modules which are compatible with the extra
structure. We denote the resulting category by €¢.

12From now on we use the notation X, instead of X to indicate that the model is an admissible formal

blow-up of X, .
13To make sense of this condition, we use that elements ¢ € G410 act trivially on the topological

space underlying X, cf.
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5.3.11. We now make the link to the category of coadmissible D(G, L)g,-modules, cf.
. Let M be such a module and let V' := Mj. Fix a special vertex v. Let Vg, (k)o—an
be the subspace of G,(k)°-analytic vectors and let M, be its continuous dual. For any
(X,,k) € F we have the coherent Z} ,-module

gOCTxv,k(Mv,k‘) = %Tev,k ®pan (@, (k)°)o, Mok +

0

according to thm. 4.3.3] On the other hand, given an object .# € €<, we may consider
the projective limit

F(%) = Lgl HO(%,,///x,k)
(X.k)eE

with respect to the transition maps ¢y x. Here, the projective limit is taken in sense of
abelian groups and over the cofinal family of pairs (X,, k) € F with G, g-equivariant X,.

Theorem 5.3.12. (i) The family

Loc%(M) 1= (Lock, (M) @, per

forms a coadmissible G-equivariant arithmetic Z-module on F, i.e., gives an object of
€S. The formation of Loc® (M) is functorial in M.

(ii) The functors Loc® and T(-) induce quasi-inverse equivalences between the category
of coadmissible D(G, L), -modules and €<

Proof. The proof is an extension, taking into account the additional G-action, of the proof
for the compact subgroup Gy treated in the preceding subsection, ¢f[5.2.23] Let M be
a coadmissible D(G, L)g,-module and let .# € €<. The theorem follows from the four
following assertions.

Assertion 1: One has Loc® (M) e €€ and ZLoc® (M) is functorial in M.
Proof. For condition (a) for Zoc® (M) we need the maps
by : focG(M)xvg,k — (pZ)*focG(M)xmk
satisfying the requirements (i), (ii) and (iii). Let QNSZ : Mygr — M, ) denote the map dual to

the map Vi, (x)°—an — VGu,(k)°—an given by w — g~ 'w (note that G,4(k)° = g7'G,(k)°g
in G"8). Let U < X,, be an open subset and P € %g,k(U% m € M,y . We define

(5.3.13) PY(P@m) := Ad(g)(P) ® ¢"(m) .

This definition extends to a map
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By DLk @Don oy k)s, Mgk — (9)( DL, 1 ®on (k)0 Murk)

which satisfies the requirements (i), (ii) and (iii). We next verify condition (b). Given
(X, k') > (X,,k) in F, we have G, (k')° < G,(k)° in G"® and we denote by &xv,,xv :
My — M, ), the map dual to the natural inclusion Vg, x)o—an E Vi, (k)o—an- Let U = X,
be an open subset and P € W*.@;UIW(U), m € My . We then define

(5.3.14) Vx, x,(P@m) =¥y, x,(P)® @/;xv“xv(m)

where Wy , x, denotes the canonical morphism T D} e @;&J,k from prop. [5.3.6, This
definition extends to a map

Vx,, %, W*KOCG(M)fv“k/ — XOCG(M)xmk

which satisfies all required conditions. The functoriality of Zoc is verified entirely similar
to the case of Loc. 0J

Assertion 2: T'() is a coadmissible D(G, L)g,-module.

Proof. We already know that I'(.#) is a coadmissible D(G, g, L)g,-module for any v, cf.
thm. [5.2.23] So it suffices to exhibit a compatible G-action on I'(.Z). Let g € G. The
isomorphism

¢; : e//xvg,k - (P;)*«///xv,k
is compatible with transition maps according to We therefore obtain an isomorphism

D(A) = lm (X, Mx,, 1) 9, U D(X,, My, x) = D(A) .
F F

L g L
According to (i), (ii) and (iii) in this gives indeed a G-action on I'(.#) which is
compatible with its various D(G, g, L)-module structures. O

Assertion 3: T'o Loc®(M) ~ M.

Proof. We already know that this hold as coadmissible D(Gy, L)g,-modules, cf. thm.
5.2.23] so it suffices to identify the G-action on both sides. Let v be a special vertex.

According to [5.3.13] the action

I'o.Zoc” (M) ~ lim My — lim M, 5, ~ I'o. Zoc (M)
k k
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of an element g € G on I' 0 ZLoc® (M) is induced by ggg : Mygr — M, ;.. The identification
M ~ Link Mg ~ Llnk M, (coming from dualizing V' = UrVGoy(k)o—an = UkVG, (k)°—an)
therefore gives back the original action of g on M. 0

Assertion 4: Loc® oT (M) ~ M .
Proof. We know that Loc(T(M )z, ~ M, 1, a3 @;vvk—modules for any (X,,k) € F, cf.

4.3.3, It now remains to check that these isomorphisms are compatible with the maps ¢,
and x , x, on both sides. This works as in the Gy-case, but let us spell out the argument
for the maps ¢ in detail. The maps ¢y on the left-hand side are induced by the maps on
the right-hand side as follows. Given

Gy My — (Py) s M,k

the corresponding map

By + Lo (D(M )20 — (P) (L0 (DA )2, 1)

equals the map

DL, 5 @00 €0y ())ag H (Xogs Mty ie) — (P ( D2, 1 @on(eoiyers, H (Ko, M, 1))

given locally by Ad(g)(-) ® H%(X.g, ¢Y), cf. . Let U < X, be an open subset and
Pe .@;mk(U), m e My, = H)(X,,, M, ). The isomorphisms Loc® (T (A ))x, 1 ~ M,
are induced (locally) by P ® m + P.(m|y). Using condition (ii) in [5.3.8] one then sees
that these isomorphisms interchange the maps ¢y, as desired. The compatibility with
transition maps v , x, for two models (X, k") = (X,,k) in E is deduced in an entirely
similar manner from and the fact that ¢x , %, is linear relative to the canonical

morphism V¥ : 7, 2% B @;mk' O

This finishes the proof of the theorem. 0

As in the case of the group Gy, we now indicate how objects from €< can be realized’ as
honest G-equivariant sheaves on the G-space X,. Recall that we have the Gg-equivariant

sheaf 9, on X, cf. [5.2.24]

Proposition 5.3.15. The Gy-equivariant structure on the sheaf Py extends to a G-
equivariant structure.

Proof. This can be shown very similar to [32, Proof of Prop. 5.4.5]. O

Recall the faithful functor .# > #, from coadmissible Gy-equivariant arithmetic -
modules on Fy, to Gy-equivariant Z,,-modules on X, cf. 5.2.29] If .# comes from a
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coadmissible G-equivariant Z-module on F, then .#, is in fact G-equivariant. This gives
the

Proposition 5.3.16. The functor M > My induces a faithful functor from €< to
G-equivariant D-modules on X .

Remark 5.3.17. As explained in [5.2.30 the functor .# v~ #, can be made fully
faithful by equipping objects in the target category with the structures of locally convex
vector spaces and by requiring morphisms to be continuous.

Remark 5.3.18. We explain briefly how our equivariant constructions on the flag vari-
ety relate to the (nonequivariant) theory of D-modules on smooth rigid-analytic spaces
developed by Ardakov-Wadsley [3]. First of all, there is a nonequivariant version % ﬁ =
of the category 4’ which can be construced by ignoring the G-action in the definition of

€<, That is to say, by deleting the condition (a) and by replacing [5.3.10| of (b) by
E:{/’x . ‘@;,k ®7"*~@;/ . 71—*«%%/ i> %j{

in . We then have a functor A v~ A, from ‘Kﬁ = to Z,-modules as in prop.
5.3.16. Now by the equivalence of categories between abelian sheaves on X8 and on X
[7, Prop. 9.3.4] we may consider our sheaf of infinite order differential operators Z,, to be
a sheaf on X8, One can show that this sheaf coincides with the sheaf Dyus introduced
by Ardakov-Wadsley. Given this identification, the functor .# v~ ., induces then
an equivalence between %ﬁ =t and Ardakov-Wadsley’s category of coadmissible Dyris-
modules.

Remark 5.3.19. Let L © K be a complete and discretely valued extension field such that
the topology of K induces the topology on L. If we consider the K-algebras D(Gy, L)®p K
and D(G, L)@LK as well as the sheaf of K-algebras @;k@)LK, then one may establish
versions ‘over K’ of the preceding theorems in a straightforward manner. Here, we use
the completed topological tensor products for the projective tensor product topology on
the ordinary tensor product of two locally convex L-vector spaces [35, ch. IV].

6. EXAMPLES OF LOCALIZATIONS

In this section we compute the G-equivariant arithmetic Z-modules corresponding to
certain classes of admissible locally analytic G-representations. The discussion is a gen-
eralization of the GL(2)-case treated in [32]. We keep the notation developed in the
previous section. For the rest of this section we fix an element (X, k) € Fy, such that X
is Gp-equivariant.

Let g denote the Lie algebra of G and let L € K be a complete and discretely valued
extension field. To simplify notation, we make the convention that, when dealing with



ZT-AFFINITY OF FORMAL MODELS OF FLAG VARIETIES 55

universal enveloping algebras, distribution algebras, differential operators etc. we write
U(g), D(Gy), .@;k etc. to denote the corresponding objects after base change to K, i.e.,

what is precisely U(gx), D(Go)®.K, 75, @rK and so on (compare also final remark in
the preceding section).

6.1. Smooth representations. If V' is a smooth G-representation (i.e. the stabilizer of
each vector v € V is an open subgroup of G), then Vgo—an equals the space of fixed
vectors VE+1 in V under the action of the compact subgroup G.1. If V is admissible,
then this vector space has finite dimension. In this case one finds, since gV = 0, that

(6.1.1) ZLock (V1Y) = Oxg @5 (VO |

where G acts diagonally and 932,~C acts through its natural action on Ox g.

6.2. Representations attached to certain U(g)-modules. In this section, we will
compute the arithmetic Z-modules for a class of coadmissible D(G)-modules M related to
the pair (g, B) where B = B(L). This includes the case of principal series representations
which will be discussed separately in the next section. Let b be the Lie algebra of B. Let
T < B be a maximal split torus, put 7" := T(L) and let t be the Lie algebra of T

The group G and its subgroup B act via the adjoint representation on U(g) and we denote
by

(6.2.1) D(g, B) := D(B) Qu(v) Ul(g)

the corresponding skew-product ring. The skew-multiplication here is induced by

(5b’ ® ._'L'/) . (5}) ® fL‘) = 5b’b ® 51)71 ([El).x

for b,b' € B and x,2' € U(g). A module over D(g, B) is the same as a module over g
together with a compatible locally analytic B-action [31]. Replacing B by By = B n G,
we obtain a skew-product ring D(g, By) with similar properties. Given a D(g, B)-module
M one has

(6.2.2) D(G) ®p,p) M = D(Go) ®p(e,50) M
as D(Go)-modules [34], 4.2]. We consider the functor

(623) M v M = D(G) ®D(Q,B) M
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from D(g, B)-modules to D(G)-modules [31]. If M is finitely generated as U(g)-module,
then M is coadmissible by [34], 4.3]. From now on we assume that M is a finitely generated
U(g)-module. We let V' := Mj be the locally analytic G-representation corresponding to
M and denote by

(6.2.4) My, := (Vo gyo—an)’

the dual of the subspace of its G(k)°-analytic vectors. According to [32, 5.2.4] the
D(G(k)°, Gp)-module My, is finitely presented and has its canonical topology.

Lemma 6.2.5. The canonical map

D(G(k)°, Gy) ®p(cy M —> M,

induced by dualising the inclusion Vguyo—an < V' is an isomorphism.

Proof. This can be proved as in [32], 6.2.4]. O
Recall the congruence subgroup Gi.1 = G(k)°(L) of Gy. Put Bpi1 = Gry1 0 By.
The corresponding skew-product ring D(g, Byy1) is contained in D**(G(k)°) according to
5.1.4. Let C'(k) be a (finite) system of representatives in Gy containing 1 for the residue
classes in Gy/Gjy1 modulo the subgroup By/Bj.1. Note that for an element g € Gy

and a D**(G(k)°)-submodule N of D(G)), the abelian group 0,V is again a D**(G(k)°)-
submodule because of the formula 20, = §,Ad(¢~*)(x) for any = € D**(G(k)°).

Lemma 6.2.6. The natural map of (D*(G(k)°), D(g, By))-bimodules

Y0 @ 6(D(CK)) @by Dig. Br) ) = DGk, Go)

geC (k)

s an isomorphism.

Proof. This can be proved as in [32), 6.2.5]. O
The two lemmas allow us to write

My = @gecr)dg (D"m(G(k‘)o) ®p(g,By11) M ) = @gec (k)09 My
as modules over D**(G(k)°). Here

M]?n = Dan(G(k))o) ®D(973k+1) M 5
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a finitely presented D**(G(k)°)-module. If M has character 6y, so has M2". As explained
above, the twisted” module 0,0 can and will be viewed as having the same underlying
group as M but with an action of D*(G(k)°) pulled-back by the automorphism Ad(g™!).
Since G is connected, the adjoint action of G fixes the center in U(g) and so the character
of the module 6, M (if existing) does not depend on g.

If M has character 6y, then the .@;k—module .,2”06;,6(59]\/[,2“) on X can be described as
follows. For any g € Gy let, as before, (p,). denote the direct image functor coming from
the automorphism p, of X. If N denotes a (coherent) 21 k—module then (p,)«N is a

(coherent) .@;k—module via the isomorphism Ad(g) : -@x e — (Pg)x 935 g cf. [5.2.6]
Lemma 6.2.7. One has

Lock o (8,M") = (py)oLock (M) = (py) (P @pig 00 M)
Proof. This can be proved as in [32], 6.2.6]. O

Since .Z oc;ﬁ commutes with direct sums, we may summarize the whole discussion in the
general identity

(628) -iﬂOCgek(Mk) = G_)QEC (k) (pg)* (‘@;,k ®D(ngk+l) M)

of -@x p-modules, valid for an arbitrary D(g, B)-module M (finitely generated over U(g))
and its coadrms&ble module M.

6.3. Principal series representations. We first note the general observation which
follows directly from the definition of the algebra D(g,-), cf. subsection [6.2] If B’ < B
is an open subgroup and if A\ denotes a locally analytic character of B’, then we have a
canonical algebra isomorphism

(6.3.1) D(g, B')/D(g, B')I(A) = U(g)/U(g)I(dA)

where I()\) and I(d)\) denote the ideals equal to the kernel of D(B') = K and b -2 K
respectively.

Now let A be a locally analytic character of T" viewed as a character of B. We then have
the locally analytic principal series representation

Vi=TndS(\) = {f € C"(G, K) : f(gb) = A(b)f(g) for all g€ G,be B}

with G acting by left translations. Here, C'*(-, K) denotes K-valued locally analytic
functions. We wish to compute the localization & oc;ﬂ,€ of the dual of its subspace of
G(k)°-analytic vectors Vi(x)o—an for any sufficienly large k. We therefore assume in the
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following that k is large enough such that the restriction of A to T'n Gy, is T(k)°-analytic.
Let d\ : t - K be the induced character of t viewed as a character of b and let

M(X) :=Ul(g) Qu o) Kax

be the induced module. Then M () is naturally a D(g, B)-module and the D(G)-module
M()) associated with M (X) by the functor equals the coadmissible module of the
representation V' [31]. In particular, M(A)r = (Vg)o—an)’ in our notation and
therefore

Lock f(M(M\)1) = @gecrry (pg)s (-@aTek ®D(g,Brs1) MO\))

by the general formula [6.2.8, We wish to reinterpret this formula in terms of the classical
Beilinson-Bernstein localization of the U(g)-module M (\) [5].

First of all,

M(X) = D(g, Bry1)/D(g, Bry1) I (A)

as a D(g, Bey1)-module where I;,1()) denotes the kernel of D(Bjy;) —> K, cf. .
By the choice of k the character d\ extends to a character of D**(B(k)°) whose kernel is
generated by I(d\) < U(b). It follows

(6.3.2) M) = DH(G(R)")/ P (G(R) ) i1 (A) = DG (K)?) Quig) M(A).

Now the Beilinson-Bernstein localization [5] of a finitely generated U(g)-module M with
character 6y is a coherent Zx-module Loc(M) over the sheaf Zx of usual algebraic dif-
ferential operators on the algebraic flag variety X = B\G. Let X"8 be the associated
rigid-analytic space with its canonical morphism ¢ : X" — X of locally ringed spaces.
Let spy : X" — X denote the specialization morphism. Then (spy).t*Loc(M) is an
Ox g-module with an action of the sheaf (spy).«t*Zx. We denote its base change along
the natural morphism

(spx)st* P — D,

by
Loc(M)ge’k = @;k ® (spy)«t*Loc(M) ,

a coherent .@;k—module. Suppose now that A is associated by the Harish-Chandra iso-
morphism to the central character 6y and consider M := M(X). We then have
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LOC(M()‘));,I@ = -%Tmc X (g) M) = 3002,k(M(A)Z“)
according to[6.3.2l We may thus state

Lock  (Vie—an)') = Bgec) (p)eLoc(M(N)ks

Let for example A = —2p where p denotes half the sum over the positive roots (relative
to B) of G. The sheaf Loc(M(—2p)) is known to be a skyscraper sheaf with support in
the origin B € X [12, 5.1.1]. The fibre ¢~!(B) is a single point in X" and o0 := spy(¢:7'(B))
is a closed point in X. It follows that Loc(M (_29))13@ is a skyscraper sheaf supported
at the point 0. Hence if V := Ind%(2p) (an irreducible representation by [31]), then the
localization & oc;k( (Ve (kyo—an)’) is a sum of copies of this skyscraper sheaf placed at the
finitely many points go € X for g € C(k).
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