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Abstract. This paper is a survey on sheaves of arithmetic differential operators with
congruence level on formal schemes. We present first results about these sheaves and
discuss some examples.
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1. Introduction

This note is meant to give a brief account on the theory of arithmetic differential operators
with congruence level, as it has been developed in the papers [8, 9, 11, 12], and we discuss
a couple of examples. To put the theory into context, consider a smooth formal scheme
X0 over a complete discrete valuation ring o of mixed characteristic p0, pq with uniformizer

$. Let D
:

X0
be Berthelot’s sheaf of arithmetic differential operators (tensored with Q)

on X0 [3]. The category of coherent D
:

X0
-modules - together with various subcategories

- plays an important role in crystalline and rigid cohomology [2]. Let k ě 0 be a non-

negative integer. The sheaf D:

X0,k
of arithmetic differential operators of congruence level

k is a subring of D
:

X0
which is locally generated by divided powers in the vector fields

coming from $kTX0 . Here, TX0 denotes the relative tangent sheaf of the formal o-scheme
X0. Given an admissible blow-up

pr : XÑ X0

defined by a coherent sheaf of open ideals I of OX0 containing $k for some non-negative
integer k, the pull-back

D
:

X,k :“ pr˚D:

X0,k
1



2 CHRISTINE HUYGHE, TOBIAS SCHMIDT, AND MATTHIAS STRAUCH

is a sheaf of rings. Passing to the projective limit in k and to the inductive limit in the
tower of all admissible formal blow-ups of X0 then leads naturally to a well-behaved ring
DxX0y of analytic infinite order differential operators on the Zariski-Riemann space xX0y.

The sheaf DxX0y is locally a Fréchet-Stein algebra in the sense of Schneider-Teitelbaum
[13]. This gives rise to a full abelian subcategory CxX0y of so-called coadmissible DxX0y-
modules which should be viewed as a replacement for the category of coherent D-modules
in the complex-analytic setting.

The interest in these constructions comes at least from two sources. On the one hand,
the category CxX0y and its equivariant versions figure prominently in the non-archimedean
Beilinson-Bernstein localization theory for locally analytic representations of p-adic Lie
groups [8, 12]. On the other hand, the new sheaves of type D

:

X,k and DxX0y seem to
be well-adapted to treat finiteness problems for overconvergent isocrystals arising from
wildly ramified coverings or for arithmetic D-modules with essential singularities at the
boundary. As an illustration of the first case, we discuss here the Kummer covering y “ xp

with exponent p of the multiplicative group. As for the second case, we discuss the DxX0y-
module structure on the open-push forward from the pointed rigid analytic closed unit
disc.

Acknowledgments. M.S. would like to acknowledge the hospitality and support of the
Centre Henri Lebesgue and Institut de Recherche Mathématique de Rennes (IRMAR),
where work on this project has been accomplished.

Notations and Conventions. We denote by $ a uniformizer of the complete discrete
valuation ring o, and we let |.|p be the absolute value on L “ Fracpoq which is normalized
by |p|p “ p´1. We let F “ o{p$q be the residue field. Throughout this paper S “ Spfpoq.
A formal scheme X over S such that $OX is an ideal of definition and which is locally
noetherian is called a S-formal scheme. If the S-formal scheme X is smooth over S we
denote by TX its relative tangent sheaf. A coherent sheaf of ideals I Ă OX is called open
if for any open U Ă X the restriction of I to U contains $kOU (for some k P N depending
on U). A scheme which arises from blowing up an open ideal sheaf on X will be called an
admissible blow-up of X. For an integer i ě 0 we also denote Xi the scheme

Xi “ XˆS Spec
`

o{$i`1o
˘

,

where the Cartesian product is taken in the category of locally ringed spaces. Without
further mentioning, all occurring modules will be left modules. We let N “ t0, 1, 2, ...u be
the set of non-negative integers.

2. Arithmetic differential operators with congruence level

Let X0 be a smooth S-formal scheme. For any m ě 0 we denote by D
pmq
X0

the sheaf of
arithmetic level m differential operators [3]. Any non-negative integer k defines a sheaf

of subalgebras D
pk,mq
X0

of D
pmq
X0

whose local description is as follows. Let U be an affine
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open of X0 endowed with étale local coordinates x1, . . . , xd and corresponding derivations

Bi “ Bxi , i “ 1, . . . , d. Denote by qν “ q
pmq
ν the quotient of the euclidean division of a

natural number ν by pm and form the differential operator B
xνy
l “ qν !B

rνs
l . For a multi-index

ν “ pν1, . . . , νdq P Nd put Bxνy “
śd

l“1 B
xνly
l . Then the restriction of the sheaf D

pk,mq
X0

to U

is a free OU -module with basis given by the elements $k|ν|B
xνy. In particular,

(2.1) D
pk,mq
X0

pUq “

#

ă8
ÿ

ν

$k|ν|aνB
xνy
| aν P OX0pUq

+

.

As in the case k “ 0 these sheaves, as well as their p-adic completions pD
pk,mq
X0

, form an
inductive system for varying m and we may form the inductive limit (tensored with Q)

D
:

X0,k
“ lim
ÝÑ
m

pD
pk,mq
X0

bQ .

This is a sheaf of coherent rings on X0 with local description

(2.2) D
:

X0,k
pUq “

#

ÿ

ν

aνB
rνs
| aν P OX0,QpUq, }aν} “ Opη|ν|q for some η ă |$|k

+

,

where } ¨ } is any Banach norm on the affinoid algebra OX0,QpUq.

Suppose now that

pr : XÑ X0

is an admissible formal blow-up of X0 defined by a coherent sheaf of open ideals I Ă OX0

containing $k for some non-negative integer k. Since the ideal I is not determined by
the blow-up, we denote by kI the minimal k such that $k P I and put

kX “ mintkI | X is the blowing-up of I on X0u.

Theorem 2.3. The structure sheaf OX admits a natural action of the sheaf of rings

pr´1D
pk,mq
X0

for k ě kX.

For a proof of this result and a more detailed discussion we refer to [9]. The main

point is that pr´1D
pk,mq
X0

bQ is independent of k and m and may be viewed as the sheaf

of algebraic differential operators on the rigid analytic generic fibre Xrig of X, pushed
forward along the specialization map sp : Xrig Ñ X. It therefore acts naturally on the

sheaf sp˚OXrig “ OX bQ. A sufficiently small subsheaf pr´1D
pk,mq
X0

(one requires k ě kX)

of pr´1D
pk,mq
X0

bQ can then be shown to stabilize the subsheaf OX inside OX bQ.

To give a simple example, we consider the formal affine line X0 “ Spfpoxxyq and the ideal
sheaf I associated to the open ideal I “ p$, xq of the ring A “ oxxy. The two sets
U0 “ SpfpAx x

$
yq and U1 “ SpfpAx$

x
yq define an open affine covering of the blow-up X.
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Let B be the derivation belonging to the coordinate x. Then Bp x
$
q “ 1

$
is not an element

of Ax x
$
y, but only $Bp x

$
q “ 1 is. In the same manner,

$ν
B
xνy
pp
x

$
q
ν1
qq “ $νqν !B

rνs
pp
x

$
q
ν1
qq “ qν !p

x

$
q
ν1´ν

P Ax
x

$
y

for any pair of non-negative integers ν 1 ě ν. This defines an action of pr´1D
p1,mq
X0

pU0q on

OXpU0q and finally leads to an action of pr´1D
p1,mq
X0

on OX.

Coming back to the general case of an admissible blow-up

pr : XÑ X0,

we consider the OX-module

D
pk,mq
X :“ pr˚D

pk,mq
X0

.

The theorem implies that D
pk,mq
X is in fact naturally a sheaf of rings on X for k ě kX. As

in the case of a smooth formal scheme, we may form the p-adic completion pD
pk,mq
X and

pass to the inductive limit over all m. This gives a sheaf of rings

D
:

X,k “ lim
ÝÑ
m

pD
pk,mq
X bQ

on X for k ě kX. It follows from 2.2 that its sections over an open affine U Ă pr´1pU0q

where U0 Ă X0 is endowed with coordinates, admit the description

D
:

X,kpUq “

#

ÿ

ν

aνB
rνs
| aν P OX,QpUq, }aν} “ Opη|ν|q for some η ă |$|k

+

,

where } ¨ } is any Banach norm on the affinoid algebra OX,QpUq. Note that there is a
natural inclusion

(2.4) D
:

X,k`1pUq ÝÑ D
:

X,kpUq

which is a ring homomorphism.

Remarks 2.5. Let k ě kX. The sheaves of rings D
pk,mq
X , pD

pk,mq
X and D

:

X,k enjoy the
following properties, cf. [9].

1) The sheaf D
pk,mq
X admits an order filtration by OX-coherent modules with associated

graded

gr
´

D
pk,mq
X

¯

» Sympmq
pTX,kq

isomorphic to the symmetric algebra of level m of the vector bundle TX,k “ $kpr˚TX0

where TX0 denotes the relative tangent sheaf of X0 over S.
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2) The rings D
pk,mq
X pUq and pD

pk,mq
X pUq are noetherian for any open affine U Ă X.

3) The sheaves D
pk,mq
X , pD

pk,mq
X and D

:

X,k are sheaves of coherent rings on X. �

3. Theorems A and B and an invariance theorem

We keep the notation of the preceding section. Let

pr : XÑ X0

be an admissible formal blow-up of a smooth formal S-scheme X0 and let k ě kX. Let

U Ă X be an open formal subscheme. We write D
pk,mq
U for the restriction of D

pk,mq
X to U

and similarly for the sheaves pD
pk,mq
X and D

:

X,k. If U is affine, we have the following version
of Cartan’s Theorem A and B.

Proposition 3.1. [9] Let U Ă X be an open affine formal subscheme.

(i) The functor ΓpU,´q gives an equivalence of abelian categories between coherent

D
pk,mq
U -modules and finitely generated ΓpU,D

pk,mq
U q-modules. One has H ipU,Mq “

0 for any i ą 0 and any finitely generated D
pk,mq
U -module M. The analogous state-

ments hold for the completed sheaf pD
pk,mq
U .

(ii) The functor ΓpU,´q gives an equivalence of abelian categories between coherent

D
:

U,k-modules and finitely presented ΓpU,D:

U,kq-modules. One has H ipU,Mq “ 0

for any i ą 0 and any finitely presented ΓpU,D:

U,kq-module M.

As a next result, we will state an invariance theorem which controls the behaviour of the
sheaf D:

X,k when varying the admissible formal blow-up X of X0. Let therefore pr1 : X1 Ñ
X0 be another admissible formal blow-up of X0 and let

π : X1 Ñ X

be a morphism over X0, inducing an isomorphism between the rigid analytic spaces associ-
ated to X and X1. It follows from Tate’s acyclicity theorem that the ajoint pair of functors
pπ˚, π

˚q induces an equivalence of abelian categories between coherent OX1,Q-modules and
coherent OX,Q-modules.

The invariance theorem states an analogous property on the level of D-modules. Let

k ě maxtkX, kX1u. First of all, by definition of the sheaf D
pk,mq
X and the fact that ppr1q˚ “

π˚ ˝ pr˚, we have

D
pk,mq
X1 » π˚D

pk,mq
X ,

and the sheaf D
pk,mq
X1 can therefore be endowed with a natural structure of right π´1D

pk,mq
X -

module. Passing to p-adic completions and then to the inductive limit over m yields that
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D
:

X1,k is a right π´1D:

X,k-module. For a D
:

X,k-module M, we may therefore define the

D
:

X1,k-module

(3.2) π!M :“ D
:

X1,k bπ´1D
:

X,k
π´1M.

Into the other direction, we let π˚M denote the ordinary push-forward of M in the sense
of abelian sheaves, for any D

:

X1,k-module M.

Theorem 3.3. [9] Let k ě maxtkX, kX1u. There is a canonical isomorphism of rings

π˚D
:

X1,k » D
:

X,k. The adjoint pair of functors pπ˚, π
!q gives an equivalence of abelian

categories between the coherent modules over D
:

X1,k and over D
:

X,k respectively.

The theorem implies in particular a canonical ring isomorphism

ΓpX,D:

X,kq » ΓpX0,D
:

X0,k
q.

An essential point is the fact that Rπ˚D
:

X1,k » D
:

X,k, which follows via the projection
formula at the level of schemes, and from the fact that Rπ˚OX1,Q » OX,Q. To show the
remaining statements, one reduces to the case of an affine formal scheme X0. In this case,
any coherent D

:

X1,k-module M admits a finite presentation

´

D
:

X1,k

¯r

Ñ

´

D
:

X1,k

¯s

ÑMÑ 0

which then gives Rjπ˚M “ 0 for j ą 0.

As an application of the invariance theorem, the local theorems A and B extend to global
statements, provided that the base X0 is affine.

Corollary 3.4. Let X0 be affine. The functor ΓpX,´q is an equivalence of abelian cate-

gories between the categories of coherent modules over D
:

X,k and over ΓpX,D:

X,kq respec-

tively. One has H ipX,Mq “ 0 for any i ą 0 and for any coherent D:

X,k-module M.

4. Example: the Kummer covering with exponent p

We denote by X (resp. rX) the completion of Projporx0, x1sq (resp. Projpory0, y1sq along

its special fiber. Let ϕ : rX Ñ X be the morphism of formal schemes induced by the
homomorphism of o-algebras orx0, x1s Ñ ory0, y1s given by xi ÞÑ ypi , i “ 0, 1. Write

Xs “ ProjpFrx0, x1sq (resp. rXs “ ProjpFry0, y1sq) for the special fiber, and define open

subsets X˝s “ D`px0x1q Ă Xs p resp. rX˝s “ D`py0y1q Ă rXsq.

Let X˝ Ă X (resp. rX˝ Ă rXq be the open subscheme whose special fiber is X˝s (resp.
rX˝s). On X˝ (X˝s,

rX˝, rX˝s, resp.) we have the coordinate x “ x1
x0

(x “ x1
x0

, y “ y1
y0

,

y “ y1
y0

, resp.), so that X˝ “ Spfpoxx, x´1yq (X˝s “ SpecpFrx, x´1sq, rX˝ “ Spfpoxy, y´1yq,

rX˝s “ SpecpFry, y´1sq, resp.). Denote by Xrig (X˝,rig, rXrig, rX˝,rig, resp.) the associated rigid
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analytic spaces. The morphism ϕ induces morphisms between these formal schemes and
their associated rigid analytic spaces, and we obtain a commutative diagram

(4.1) rXrig

ϕrig

��

sp
rX // rX

ϕ

��

rXs

ϕs

��

oo

rX˝,rig
2 R

rjrig
dd

ϕ˝,rig

��

sp
rX˝ // rX˝

ϕ˝

��

0 P

rj

bb

rX˝soo

ϕ˝s

��

1 Q

rjs

bb

Xrig
spX // X Xs

oo

X˝,rig
2 Rjrig

dd

spX˝ // X˝
1 Q

j

bb

X˝soo
1 Q

js

cc

where the horizontal arrows on the right are the canonical morphisms (of locally ringed
spaces) from the special fiber of a formal scheme into that formal scheme. Those maps
are homeomorphisms of the underlying topological spaces which we tacitly identify. Note
that ϕrig is étale outside the points y “ 0 and y “ 8, that ϕ˝,rig is hence étale, but that
ϕs and ϕ˝s are purely inseparable.

As usual we denote the tubular neighborhood sp´1X pX
˝q (resp. sp´1

rX
prX˝q) of X˝ (resp. rX˝)

by sX˝sr (resp. srX˝sr). This is nothing else than the rigid analytic space X˝,rig (resp. rX˝,rig).

Put rZ “ rXsz
rX˝s and Z “ XszX

˝
s. Let

rM “ O
rX,Qp

:
rZq “ prjsq

:
˚OrXrig :“ psp

rXq˚
rj:sOrXrig

be the overconvergent constant isocrystal on rX˝s (cf. [2, sec. 4], [5, sec. 4.1.6, 4.4] for

notation and background). By [2, 4.2.2] the sheaf rM is a coherent D
:

rX
-module. Our aim

is to understand the direct image M “ pϕsq˚ rM as a module over a sheaf of differential

operators D
:

X,k on X for a suitable congruence level k.

Remark 4.2. Before proceeding let us compare the situation considered here with the

case where the morphism ϕ is replaced by the morphism ψ : rX Ñ X which is given
by ψ˚pxiq “ yni , where the positive integer n is prime to p. In that case, not only is

ψ˝,rig : rX˝,rig Ñ X˝,rig étale, but the induced morphism on the special fibers ψ˝s : rX˝s Ñ X˝s
is étale, too. Hence, in this case, pψsq˚OrX,Qp

:
rZq is an overconvergent F -isocrystal on Xs,

by [14, 4.1.4], [4, Thm. 5]. By [7, 4.3.5] or [10, Prop. 3.1], the D
:

X-module pψsq˚OrX,Qp
:
rZq

is then holonomic, and hence coherent. As we will see below, these results fail to hold for
the case of the morphism ϕ. �
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In order to decompose M with respect to the action of the covering group of rX˝,rig{X˝,rig,
which is µp, we assume that L contains a primitive p-th root of unity ζp. It will be clear
from the following discussion that we can assume that Qppζpq is the base field, in which
case $ “ ζp´1 is a uniformizer. The case of an arbitrary finite extension L{Qppζpq follows
then from base change to L. From now on we thus assume L “ Qppζpq. For a character
χ : µp Ñ Lˆ we denote by Mχ the subsheaf of germs of sections s of M which have the
property that ζp.s “ χpζpq ¨ s.

Theorem 4.3. (i) If χpζpq “ ζjp, for some j P t0, 1, . . . , p ´ 1u, then Mχ is a free

OX,Qp
:Zq-module of rank one generated by yj.

(ii) We have M “
À

χPµ_p
Mχ, where µ_p is the character group of µp.

(iii) For the trivial character 1 the sheaf M1 is a coherent D:

X-module.

(iv) When χ P µ_p is non-trivial, then the action of the sheaf of finite order differential

operators DP1
o,Q on Mχ extends to an action of D:

X,p on Mχ, and Mχ is a coherent

D
:

X,p-module.

Proof. (i) and (ii) : We observe that

H0pXs,Mq “ H0prXs, rMq “ H0prXrig, j:sOrXrigq “ H0prX˝,rig,O
rXrigq

:

“

!

ř

iPZ aiy
i | @i : ai P L, Dr ą 1 : |ai|r

|i| Ñ 0 as |i| Ñ 8

)

is the space of overconvergent functions on rX˝,rig “srX˝sr. This is a free module of rank p
over the ring of overconvergent functions

H0
pX˝,rig,OXrigq

:
“

!

ÿ

iPZ

bix
i
| @i : bi P L, Dr ą 1 : |bi|r

|i|
Ñ 0 as |i| Ñ 8

)

on X˝,rig “sX˝sr, and the functions 1, y, . . . , yp´1 form a basis of H0prX˝,rig,O
rXrigq

: as a
module over H0pX˝,rig,OXrigq:. Note that

H0
prX˝,rig,O

rXrigq
:
¨ yj “

´

H0
prX˝,rig,O

rXrigq
:
¯χ

“ H0
pXs,M

χ
q .

The statement about the sheaf Mχ follows from these observations, because Mχ is obtained
from its global sections by localization with respect to the ”overconvergent structure
sheaf” OX,Qp

:Zq, i.e., MχpUq “ OX,Qp
:ZqpUq ¨H0pXs,M

χq.

(iii) Follows from (i) since OX,Qp
:Zq is a coherent D

:

X-module, cf. [2, 4.2.2].

(iv) We now assume χpζpq “ ζjp with 0 ă j ă p. Let Bx (resp. By) be the derivative

with respect to the coordinate x (resp. y). Then 1 “ Bxx “ Bxy
p “ pyp´1Bxy, so that
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Bxy “
1

pyp´1 “
1
px
y, and thus Bxy

j “ jyj´1Bxy “
j
px
yj. It is easy to show by induction that

for any n P N one has

(4.4) B
n
xy

j
“
γpj, nq

pnxn
yj , where γpj, nq “

n´1
ź

i“0

pj ´ ipq .

Note that γpj, nq is always a p-adic unit. The presence of pn in the denominator in the

fraction on the left of 4.4 shows that Mχ can not be a module for D
:

X, for reasons of
convergence. Recall that in the present situation $ “ ζp ´ 1 is a uniformizer of L, and

|$| “ |p|
1

p´1 , so that |$pn| “ |p|n ¨ |p|
n

p´1 . We write 0 and 8 for the two points in Z where
the coordinate x takes on the values 0 and 8, respectively.

Remark. In the following we will consider arithmetic differential operators with congru-

ence level p. If U Ă Xszt8u is open affine, then such a differential operator P P pD
pp,mq
X,Q pUq

can be written as
ř

ně0 bn
q
pmq
n !
n!
$pnBnx , where bn P OX,QpUq and }bn} Ñ 0 as n Ñ 8. Here

} ¨ } can be any L-Banach norm on OX,QpUq. Because we are working with reduced rings,
we can and will equip the ring of rigid analytic functions on the tubular neighborhood sU r,
which is an affinoid subspace of Xrig with its supremum norm, which we denote by } ¨ }sUr.

If we put B
rns
x “ 1

n!
Bnx , then P assumes the form

ř

ně0 an$
pnB

rns
x , where an “ q

pmq
n !bn. For

u P N let sppuq be the sum of the digits of u P N in its p-adic expansion. Since

(4.5) vppu!q “
u´ sppuq

p´ 1
,

we can conclude that }an}sUr “ Opηnq for any η ą |p|
1

pp´1qpm . This shows that any

P P D
:

X,QpUq can be written as
ř

ně0 an$
pnB

rns
x , where an P OX,QpUq and there is η ă 1

such that }an}sUr “ Opηnq. An analogous statement is true when U Ă Xs z t0u and when
Bx is replaced by Bx´1 . �

Step 1: D
:

X,p acts on Mχ. We want to show that the natural action of the sheaf of finite

order differential operators on Mχ extends to an action of D:

X,p. Let U Ă Xs be an open

subset, fix m P N and consider a differential operator P P pD
pp,mq
X pUq. Set U0 “ U z t8u

and U8 “ U z t0u, so that U “ U0YU8. The key point is to check that pP |U0q¨y
j PMχpU0q

and pP |U8q¨y
j PMχpU8q. If this is true, then P ¨yj PMχpUq. Recall that x is a coordinate

on U0 and we can write

(4.6) P |U0 “
ÿ

ně0

an$
pn
B
rns
x ,

where an P OX,QpU0q, and there is η ă 1 such that
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(4.7) }an}sU0r “ Opηnq as nÑ 8 .

We apply 4.4 and find that pP |U0q ¨ y
j can be written formally as a series

(4.8)

˜

ÿ

ně0

γpj, nq ¨
an
xn
¨
$pp´1qn

pn
¨
$n

n!

¸

¨ yj .

We want to show that 4.8 converges in MχpU0q. Note that $pp´1qn

pn
is a p-adic unit. It

follows from 4.5 that $n

n!
P o. If 0 R U0, then MχpU0q “ OX,QpU0q ¨ y

j, and there are no

conditions on overconvergence at 0 involved. Thus, 4.7 and 4.8 show that pP |U0q ¨ y
j P

OX,QpU0q ¨ y
j “ MχpU0q. Now suppose that 0 is contained in U0. Let η ă 1 be as in 4.7,

and let r Psη, 1r be any real number. Put Vr “ tr ď |x| ă 1u Y sU0 z t0ur, which is an
affinoid subdomain of Xrig contained in sU0r. Then

›

›

›

›

γpj, nq ¨
an
xn
¨
$pp´1qn

pn
¨
$n

n!

›

›

›

›

Vr

ď

›

›

›

an
xn

›

›

›

Vr

“ O
´´η

r

¯n¯

,

which shows that 4.8 converges on Vr. We thus have pP |U0q ¨ y
j P OX,Qp

:ZqpU0q ¨ y
j “

MχpU0q. The arguments for pP |U8q ¨ y
j are similar. We note first that x´1 is a coordinate

on U8, and P |U8 can be expanded in the form
ř

ně0 bn$
pnB

rns

x´1 , with bn P OX,QpU8q and
}bn}sUr “ Opηnq for some η ă 1. The discussion now follows along the same lines as above,
and one verifies that pP |U8q ¨ y

j P OX,Qp
:ZqpU8q ¨ y

j “MχpU8q. Hence the natural action

of the sheaf of finite order differential operators on Mχ extends to an action of D:

X,p.

Step 2: Mχ is generated by yj as D
:

X,p-module. To this end, let t P Xs be a closed point,
and let U Ă Xs be an open affine neighborhood of t. Given f PMχpUq we want to show

that, after possibly shrinking U , there is P P D
:

X,ppUq such that P ¨ yj “ f . If t R Z,

we may assume U X Z “ H, in which case f “ hpxqyj with hpxq P OX,QpUq. Since

OX,QpUq Ă D
:

X,ppUq we can take P “ hpxq. Now suppose t “ 0. After possibly shrinking

U we may assume 8 R U . Then f can be written as
´

ř

ně0
bn
xn

¯

¨ yj, with bn P OX,QpUq,

and there is η ă 1 such that }bn}sUr “ Opηnq. Set

(4.9) an “

ˆ

1

γpj, nq
¨

pn

$pp´1qn
¨
n!

$n

˙

¨ bn ,

which is an element of OX,QpUq. Let η1 ă 1 be any number such that η1 ą η. Formula 4.5
and the estimate sppuq “ Oplogppuqq imply that }an}sUr “ Opηn1 q. If we now define P by
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the formula 4.6, then the estimate }an}sUr “ Opηn1 q shows that P lies D
:

X,ppUq. Moreover,

it follows from 4.8 that P ¨ yj “ f . Analogous arguments apply in the case t “ 8.

Step 3: Mχ is a coherent D:

X,p-module. Put Pj “ pxBx´j. We will show that the following
sequence

(4.10) D
:

X,p

β
ÝÑ D

:

X,p
α
ÝÑMχ

ÝÑ 0

is exact, where αpP q “ P ¨ yj and βpP q “ P ¨ Pj. That α is surjective has been shown
above in step 2. Formula 4.4 (for n “ 1) shows that α ˝ β “ 0. Let U Ă Xs z t8u be an

affine open neighborhood of 0, and let P “
ř

ně0 an$
pnB

rns
x P D

:

X,QpUq be a differential
operator in the kernel of α. There is η ă 1 such that

(4.11) }an}sUr “ Opηnq as nÑ 8 .

The assumption αpP q “ 0 is equivalent to the series

(4.12)
ÿ

ně0

γpj, nq ¨
an
xn
¨
$pp´1qn

pn
¨
$n

n!

converging to zero in MχpUq “ OX,Qp
:ZqpUq ¨ yj. For N P N let

SN “
N
ÿ

n“0

γpj, nq ¨
an
xn
¨
$pp´1qn

pn
¨
$n

n!

be the N th partial sum of 4.12. Saying that the SN converge to zero in MχpUq means
there is r ă 1 such that, if Vr “ tr ď |x| ă 1u Y sU z t0ur (which is an affinoid subdomain
of Xrig), then

(4.13) }SN}Vr ÝÑ 0 as N Ñ 8 .

We may and will assume that r ą η, where η is as in 4.11. Set b0 “ ´
1
j
a0, and define

recursively for N ě 1

(4.14) bN “
N

j ´Np

px

$p
bN´1 ´

1

j ´Np
aN .

We claim that the functions bN are given by the closed formula
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(4.15) bN “ ´
N !pNxN

γpj,N ` 1q$pN
¨ SN

Proof of 4.15. This formula is easily verified for N “ 0. Now suppose that N ě 1 and
the formula is correct for N ´ 1. The right hand side of 4.15 is equal to

”

´
N !pNxN

γpj,N`1q$pN

řN´1
n“0 γpj, nq ¨

an
xn
¨ $

pp´1qn

pn
¨ $

n

n!

ı

´ 1
j´Np

aN

“
Npx

pj´Npq$p

”

´
pN´1q!pN´1xN´1

γpj,Nq$ppN´1q

řN´1
n“0 γpj, nq ¨

an
xn
¨ $

pp´1qn

pn
¨ $

n

n!

ı

´ 1
j´Np

aN

p1q
“

Npx
pj´Npq$p bN´1 ´

1
j´Np

aN
p2q
“ bN ,

where equation (1) holds by induction hypothesis and equation (2) by 4.14. �

Note that each function bN is contained in OX,QpUq. Let Vr be as before. Note that
sU r z Vr “ t|x| ă ru, and that Vr contains the ”boundary” t|x| “ ru of the wide open
disc t|x| ă ru. By the maximum principle and 4.15, we have

(4.16) }bN}sUr “ }bN}Vr “

›

›

›

›

´
N !pNxN

γpj,N ` 1q$pN
¨ SN

›

›

›

›

Vr

ď

ˇ

ˇ

ˇ

ˇ

N !

$N

ˇ

ˇ

ˇ

ˇ

¨ }SN}Vr .

By 4.13 we know that }Sk}Vr Ñ 0 as k Ñ 8. This implies

(4.17)

}SN}Vr “ limkÑ8 }Sk ´ SN}Vr “

›

›

›

ř8

n“N`1 γpj, nq ¨
an
xn
¨ $

pp´1qn

pn
¨ $

n

n!

›

›

›

Vr

ď maxnąN

›

›

›
γpj, nq ¨ an

xn
¨ $

pp´1qn

pn
¨ $

n

n!

›

›

›

Vr

ď maxnąN
›

›

an
xn

›

›

Vr

“ O

ˆ

´

η
r

¯N`1
˙

.

We recall that we have chosen r Psη, 1r. Therefore, 4.16 and 4.17 show that for any

η2 Ps
η
r
, 1r we have }bN}sUr “ OpηN2 q. This implies that Q :“

ř

ně0 bn$
pnB

rns
x is contained

in D
:

X,QpUq. Note that B
rns
x Pj “ pB

rns
x xBx ´ jB

rns
x “ pn ` 1qpxB

rn`1s
x ` pnp ´ jqB

rns
x . We

compute
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QPj “
ř

ně0 pxbn$
pnpn` 1qB

rn`1s
x `

ř

ně0pnp´ jqbn$
pnB

rns
x

“ ´jb0 `
ř

ně1

”

pnp´ jqbn ` n
px
$p bn´1

ı

$pnB
rns
x

“ ´jb0 `
ř

ně1

”

pnp´ jqbn ` n
px
$p bn´1

ı

$pnB
rns
x

“ a0 `
ř

ně1 an$
pnB

rns
x “ P ,

where the first equality in the last row holds by 4.14. The arguments for the case when
U Ă Xs z t0u is an affine open neighborhood of 8 are analogous to the case just treated.
The case when U Ă Z “ H proceeds along the same lines and is even easier. This proves
that 4.10 is indeed exact, and Mχ is a coherent D

:

X,p-module. �

Proposition 4.18. (i) When χ P µ_p is non-trivial, then the action of the sheaf of
finite order differential operators DP1

o,Q on Mχ does not extend to an action of

D
:

X on Mχ.

(ii) The action of the sheaf of finite order differential operators DP1
o,Q on M does not

extend to an action of D:

X on M.

(iii) The action of the sheaf of finite order differential operators DP1
o,Q on M extends

to an action of D:

X,p on M, but M is not coherent as a D
:

X,p-module.

Proof. (i) This has already been noted in the course of the proof of 4.3 (iv), as a conse-
quence of formula 4.4.

(ii) This is an immediate consequence of (i) because Mχ is a direct summand which is
stable under DP1

o,Q.

(iii) By 4.3 (iv), the sheaf D:

X,p acts on each direct summand Mχ, when χ is not the trivial

character. But if χ “ 1 is the trivial character then M1 is even a module for D
:

X , and

thus, a fortiori, a module over D
:

X,p Ă D
:

X. But for M to be coherent over D
:

X,p , it is

necessary (and sufficient) that M1 “M{
À

χ‰1 M
χ is coherent over D:

X,p . If M1 would be

coherent over D:

X,p , it would be of finite type. We will show, however, that no finite set of

germs of M1 at 0 can generate the stalk M1
0

as a module over the stalk of D:

X,p at 0. Let

U be an open affine neighborhood of 0. For r Ps0, 1r put Vr “ tr ď |x| ă 1u Y sU z t0ur .
Let f PM1pUq “ OX,Qp

:ZqpUq. Then there is r Ps0, 1r such that f P OXrigpVrq. We claim
that

(4.19) }B
rns
x f}Vr “ Opr´nq .
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Proof of 4.19. We recall this familiar argument for the sake of completeness. For this pur-
pose we may work with the L-valued points of Vr. Note first that U “ Xs z t8, s1, . . . , sgu
for a finite set of closed points ts1, . . . , sgu Ă Xs z Z. Therefore,

sU z t0ur “ Xrig
z

´

s8r Y

g
ď

i“1

stsiur
¯

.

If a P VrpLq Ă UpLq is such that |a| “ 1, then a is not contained in any of the residue discs
stsiur . Thus, for any ρ ă 1 the rigid analytic disc Bpa, ρq “ t|x ´ a| ď ρu is contained
in Vr. Similarly, if a P VrpLq is such that r ď |a| ă 1, then Bpa, ρq is contained in Vr
if and only if ρ ă |a|. Fix a P VrpLq and expand f as a power series around a, i.e.,

fpxq “
ř

iě0pB
ris
x fqpaqpx´ aqi, which is convergent on Bpa, ρq for any ρ ă |a|. Then

(4.20) }f}Bpa,ρq “ max
iě0
t |pB

ris
x fqpaq| ¨ ρ

i
u .

Noting that B
ris
x B

rns
x “

`

n`i
i

˘

B
rn`is
x , we see that 4.20 implies that

}B
rns
x f}Bpa,ρq ď }f}Bpa,ρq ¨ ρ

´n .

Letting ρ Ò |a| we find that the supremum norm of B
rns
x f on t|x´ a| ă |a|u is bounded by

}f}Bpa,ρq ¨ |a|
´n, from which we obtain 4.19 when we take |a| “ r to be minimal among all

a P VrpLq. �

Now write P P D
:

X,ppUq as P “
ř

ně0 an$
pnB

rns
x , with an P OX,QpUq, and such that there

is η ă 1 satisfying }an}sUr “ Opηnq. If r ě |$p| “ |p|
p

p´1 , then the estimate 4.19 implies

that P ¨ f “
ř

ně0 an$
pnB

rns
x f converges in the space of rigid analytic functions on Vr.

Suppose now pf1q0, . . . , pfνq0 are finitely many elements of the stalk M1
0
. Then there is

an open neighborhood U of 0 such that each pfiq0 is represented by fi P M1pUq, and
there is r P r|$|p, 1r such that each fi is a rigid analytic function on Vr “ tr ď |x| ă
1u Y sU z t0ur . By what we have just seen, any element of the stalk represented by

f “ P1 ¨ f1 ` . . . ` Pν ¨ fν , with Pi P D
:

X,ppUq is thus represented by a rigid analytic
function on Vr (i.e., with the same ”radius of overconvergence”). But not every element
in this stalk can be represented by a function of this kind. �

5. The sheaves DX,8 and DxX0y

We come back to the general situation of sections 2 and 3 and let

pr : XÑ X0
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be an admissible formal blow-up of a smooth formal scheme X0. In the following k stands
for an integer bigger or equal to kX. We then have the sheaf of coherent rings D

:

X,k on X,

together with morphisms D:

X,k`1 Ñ D
:

X,k which are given locally by the natural inclusions
(2.4). These data form a projective system and we denote by

(5.1) DX,8 :“ lim
ÐÝ
k

D
:

X,k

its projective limit. For every open subset U Ă X, the sheaf of rings DX,8 satifies

DX,8pUq “ lim
ÐÝk

D
:

X,kpUq.

Proposition 5.2.

(i) For every affine open subset U Ă X the algebra DX,8pUq is a Fréchet-Stein algebra
in the sense of [13].

(ii) Let U Ă X0 be an open affine subset endowed with étale coordinates x1, . . . , xd and
B1, . . . , Bd the corresponding derivations. Then, for any affine open V Ă pr´1pUq
we have

(5.3) DX,8pV q “

#

ÿ

ν

aνB
rνs

ˇ

ˇ

ˇ
aν P OX,QpV q , }aν} “ Opη|ν|q for all η ą 0

+

,

where } ¨ } is any Banach algebra norm on OX,QpV q.

(iii) Let X1 Ñ X0 be another admissible formal blow-up, and let π : X1 Ñ X be

a morphism over X0. Then the canonical isomorphisms π˚D
:

X1,k » D
:

X,k, for
k ě maxtkX1 , kXu give rise to a canonical isomorphism

(5.4) π˚DX1,8 » DX,8 .

For every affine open subset U Ă X we have, according to the preceding proposition, the
abelian category of coadmissible DX,8pUq-modules CDX,8pUq, cf. [13].

Definition 5.5. A DX,8-module M is coadmissible if and only if there is a projective

system pMk,Mk`1 ÑMkqkěkX , where Mk is a coherent D
:

X,k-module, such that

(i) the transition map Mk`1 Ñ Mk is D
:

X,k`1-linear and the induced D
:

X,k-linear mor-
phism

(5.6) D
:

X,k bD
:

X,k`1
Mk`1

»
ÝÑMk

is an isomorphism, and

(ii) M » lim
ÐÝk

Mk as DX,8-module.
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We denote by
CX Ď ModpDX,8q

the full subcategory of coadmissible DX,8-modules in the category of all DX,8-modules.

Proposition 5.7. The category CX is abelian. Let X1 Ñ X0 be another admissible for-
mal blow-up, and let π : X1 Ñ X be a morphism over X0. The canonical isomorphism
π˚DX1,8 » DX,8 induces an equivalence of abelian categories

π˚ : CX1
»
ÝÑ CX .

The proof of the proposition relies on the invariance theorem and the following versions
of theorem A and B.

Theorem 5.8. (Theorem A for coadmissible modules on X) Let U Ă X be an affine open
subset. Then the global sections functor ΓpU,´q induces an equivalence of categories

ΓpU,´q : CU
»
ÝÑ CDX,8pUq .

Theorem 5.9. (Theorem B for coadmissible modules on X) One has H ipX,Mq “ 0 for
every i ą 0 and for every coadmissible DX,8-module M.

For the proofs of these two theorems we refer to [9].

We now explain how these sheaves lead to a sheaf on the Zariski-Riemann space of X0.
Let FX0 be the set of all admissible formal blow-ups XÑ X0. This is a directed partially
ordered set and the projective limit

xX0y “ lim
ÐÝ

XPFX0

X

is the Zariski-Riemann space associated with X0. There is a canonical equivalence of
categories between the abelian sheaves on xX0y and the abelian sheaves on the rigid

analytic space Xrig
0 . For this and other basic properties of xX0y we refer to [6, 9.3].

For X P FX0 we denote the canonical projection map xX0y Ñ X by spX. Assume X1 ľ X.
The canonical isomorphism pπX1,Xq˚DX1,8 » DX,8, together with the adjunction map
π´1X1,X ˝ pπX1,Xq˚ Ñ id gives rise to a canonical map

ϕX,X1 : π´1X1,XDX,8 “ π´1X1,XpπX1,Xq˚DX1,8 ÝÑ DX1,8.

Applying the functor sp´1X1 and using spX “ πX1,X ˝ spX1 results in a map

sp´1X DX,8 ÝÑ sp´1X1 DX1,8.

We obtain in this way an inductive system psp´1X DX,8qXPFX0
, and we form its inductive

limit

DxX0y :“ lim
ÝÑ
X

sp´1X DX,8 .
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We view DxX0y as a sheaf of (infinite order) analytic differential operators on xX0y or

Xrig
0 . A first important step is to single out a suitable abelian category of DxX0y-modules

replacing the classical category of coherent D-modules.

Definition 5.10. A DxX0y-module M is called coadmissible if there is a family pMX, ψ
M
X,X1q

of coadmissible DX,8-modules MX, for all X P FX0 , together with an isomorphism

ψM
X1,X : pπX1,Xq˚MX1

»
ÝÑMX ,

of DX,8-modules, whenever we have X1 ľ X in FX0 . This system of modules and isomor-
phisms is required to satisfy the following conditions:

(i) Whenever X2 ľ X1 ľ X in FX0 the following transitivity condition holds :

ψM
X1,X ˝ pπX1,Xq˚pψ

M
X2,X1q “ ψM

X2,X .

(ii) M is isomorphic to the inductive limit lim
ÝÑX

sp´1X MX as DxX0y-module.

Note that the transition morphism sp´1X MX Ñ sp´1X1 MX1 in the inductive limit in (ii) is
defined as above, starting from the isomorphism pπX1,Xq˚MX1 »MX, using the adjunction
map and finally applying the functor sp´1X1 .

We denote by
CxX0y Ď ModpDxX0yq

the full subcategory of coadmissible DxX0y-modules in the category of all DxX0y-modules.

Proposition 5.11. The category CxX0y is abelian. Let X P FX0. One has an equivalence
of categories

pspXq˚ : CxX0y
»
ÝÑ CX .

This is an application of the invariance property 5.7 of the category CX. We refer to [9] for
the proof. The proposition implies, in particular, that there is a canonical isomorphism
of sheaves of rings

ΓpxXy,DxX0yq » ΓpX,DX,8q

for any X P FX0 .

We have the following Theorem A and B for coadmissible DxX0y-modules, cf. [9].

Theorem 5.12. (i) Let U Ă X be an open affine and let xUy “ sp´1X pUq be its
Zariski-Riemann space. The global sections functor ΓpxUy,´q fournishes an
equivalence of categories

ΓpxUy,´q : CxUy
»
ÝÑ CDU,8pUq .

(ii) One has H ipxX0y,Mq “ 0 for every i ą 0 and every M P CxX0y.



18 CHRISTINE HUYGHE, TOBIAS SCHMIDT, AND MATTHIAS STRAUCH

6. Example: some coadmissible modules with singularities on the unit
disc

6.1. The direct image j˚OX˝. We let X “ Spfpoxxyq, and write X for the associated
Zariski-Riemann space xXy which we identify with SppLxxyq, the rigid analytic unit disc
over F . We thus write DX for DxXy. Set X˝ “ X z tx “ 0u, and let j : X˝ Ñ X be the
inclusion.

Proposition 6.2. (i) j˚OX˝ is a coadmissible DX-module.

(ii) H0pX˝,OX˝q “ H0pX, j˚OX˝q is a coadmissible H0pX,DXq-module.

Proof. (i) is a consequence of (ii) because of 5.12.

(ii) The space M :“ H0pX˝,OX˝q consists of all functions fpxq “
ř

nPZ anx
n, with coef-

ficients an P L, and where lim|n|Ñ8 |an|r
n “ 0 for any r Ps0, 1s. For a given r Ps0, 1s, we

consider the annulus Vr “ tr ď |x| ď 1u Ă X. The space M is given the structure of a
Fréchet space via the supremum norms } ¨ }Vr for r Ps0, 1s. Furthermore, D :“ H0pX,DXq

consists of all differential operators P “
ř

ně0 cnB
rns
x , with coefficients cn P OpXq “ Lxxy,

and such that

(6.3) |cn}X “ Opηnq for any η ą 0 .

Put P0 “ xBx ` 1. We claim that the following sequence is exact:

(6.4) D
β
ÝÑ D

α
ÝÑM ÝÑ 0 ,

where αpP q “ P ¨ 1
x
, and βpQq “ QP0. Because P0 ¨

1
x
“ 0 we have α ˝ β “ 0. Moreover,

B
rns
x p

1
x
q “

p´1qn

xn`1 . Then, given fpxq “
ř

nPZ anx
n P M , we set c0 “ c0pxq “

ř8

n“´1 anx
n`1,

and for n ě 1 we put cn “ p´1qna´n´1. Then P :“
ř

ně0 cnB
rns
x is in D, and P ¨ 1

x
“ fpxq.

This shows that α is surjective. Now suppose P “
ř

ně0 cnB
rns
x is in D, and

P ¨
1

x
“

ÿ

ně0

p´1qn
cn
xn`1

“ 0 ,

where the convergence takes place in M , i.e., if we set SN “
řN
n“0p´1qn cn

xn`1 , then, for
any r Ps0, 1s we have limNÑ8 }SN}Vr “ 0. It follows from 6.3 that for fixed r Ps0, 1s one
has for any η ą 0 that

›

›

cn
xn`1

›

›

Vr
“ Opηnq. Therefore,

}SN}Vr “ lim
kÑ8

}Sk ´ SN}Vr “

›

›

›

›

›

ÿ

něN`1

p´1qn
cn
xn`1

›

›

›

›

›

Vr

“ OpηN`1q .
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For n ě 0 set bn “
p´1qnxn`1

n`1
¨ Sn. Note that each bn is in OpXq, and }bn}X ď }bn}V1 ď

1
|n`1|

}Sn}V1 “ Opηn`1q, for any η ą 0. Put Q :“
ř

ně0 bnB
rns
x , which is thus an element of

D. We have B
rns
x xBx “ xpn` 1qB

rn`1s
x ` nB

rns
x , and therefore

QP0 “
ř

ně0 bnB
rns
x xBx `

ř

ně0 bnB
rns
x

“ b0 `
ř

ně0

´

xbnpn` 1qB
rn`1s
x ` bnnB

rns
x

¯

`
ř

ně1 bnB
rns
x

“ b0 `
ř

ně0 xbnpn` 1qB
rn`1s
x `

ř

ně1 bnpn` 1qB
rns
x

“ b0 `
ř

ně1

´

xbn´1n` bnpn` 1q
¯

B
rns
x “ P .

This shows that 6.4 is indeed exact, and M is a D-module of finite presentation, and
hence coadmissible by [13, 3.4]. �

Remark 6.5. Assertion (i) of 6.2 is a special case of the more general result [1, corollary
in sec. 10.4].

6.6. Direct image under the Kummer map with exponent p. Let rX “ SppLxyyq be

another rigid analytic unit disc, set rX˝ “ rX z ty “ 0u, and denote by rj : rX˝ Ñ rX the

open embedding. Let ϕ : rX Ñ X be defined by ϕ˚pxq “ yp. This morphism is étale over
X˝ and ramified over 0. In analogy with the situation studied in section 4, we consider
the sheaf M “ ϕ˚rj˚O rX˝ . The same formulas and techniques that we have used in section
4 apply in the present setting to analyze this sheaf, with some simplifications, however,
in certain places. Carrying out those computations and arguments gives the following
result, which shows that the situation simplifies when we pass to the sheaf of infinite
order differential operators DX . For a character χ : µp Ñ Lˆ we denote by Mχ the
subsheaf of germs of sections s which have the property that ζp.s “ χpζpq ¨ s.

Theorem 6.7. (i) If χpζpq “ ζjp, for some j P t0, 1, . . . , p´1u, then Mχ “ j˚OX˝ ¨y
j,

i.e., it is a free module of rank one over j˚OX˝ generated by the global section yj.

(ii) We have M “
À

χPµ_p
Mχ, where µ_p is the character group of µp.

(iii) For the trivial character 1 the sheaf M1 is canonically isomorphic to j˚OX˝, and
the action of the sheaf of finite order algebraic differential operators extends to
an action of DX on M1, which makes this sheaf a coadmissible DX-module (cf.
6.2).

(iv) If χpζpq “ ζjp, for some j P t1, . . . , p ´ 1u, then the action of the sheaf of finite
order algebraic differential operators extends to an action of DX on Mχ, and Mχ

has the following presentation
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DX
β
ÝÑ DX

α
ÝÑMχ

ÝÑ 0

as a DX-module, where αpP q “ P ¨ yj and βpQq “ QPj, where Pj “ pxBx ´ j
is as in 4.3.

(v) For each χ P µ_p the sheaf Mχ is a coadmissible DX-module, and M is hence a
coadmissible DX-module.
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