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Abstract

Let G be a split reductive group over the integers, F' a p-adic local field with residue field
Fq and G = G(F). We relate the pro-p-Iwahori Hecke algebra H of G over Fq to the Vinberg
monoid of the dual group G and study this relation. As an application, in the GL,-case
and for F'/Q, unramified, we derive a parametrization of Spec Z by semisimple n-dimensional
representations of the absolute Galois group Gal(F/F), generalizing the case n = 2 of [PS25].
Here Z denotes the center of H.
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1 Introduction

Let G be a split connected reductive group over Z, with split maximal torus T. Let F/Q, be
a finite extension with residue field F, and G = G(F). The pro-p-Iwahori Hecke algebra Hu(??
of the reductive p-adic group G with coefficients in Fy, as introduced and studied by Vignéras
[V16] is the convolution algebra over [, on the set of double cosets of G relative to the choice of a

pro-p-Iwahori subgroup in G. The algebra Hﬂ(%) (and derived versions thereof) is expected to have
strong applications to the categorical mod p Langlands program, e.g. [H16, [EGH22|. Let Z (’HE))

be the center of HI(F?. Let ¢ be a central character of G and w the mod p cyclotomic character of

the absolute Galois group Gal(F/F) of the p-adic field F. When G = G Lo, it is shown in [PS25]
that the (-part of the center admits a quotient morphism of IF;-schemes

Zr : Spec Z(HI(qu))q — X(q)r, ¢

onto a certain projective algebraic curve X (q)r, ¢, which parametrizes the semisimple 2-dimensional
mod p representations of Gal(F/F) with determinant w¢. Combined with the theory of the spher-
ical representation [PS23], the morphism .Z; recovers Grosse-Klénne’s bijection in dimension 2
between supersingular mod p Hecke modules and irreducible Galois representations [GK18]. In
the case F' = Q,, it recovers Breuil’s semisimple mod p local Langlands correspondence [Br03| for
the group GL2(Q,). It is natural to ask how this situation generalizes from GLy to more general
groups G.

In the present paper, we generalize a suitable stratified version of the morphism .Z; to the
situation where G = GL,, and F/Q, is unramified. To explain how this works, let us go back
to the case n = 2. In this case, both Spec Z(Hﬁ))g and the curve X(q)r,,c admit canonical
stratifications by locally closed subvarieties. In fact, the stratifications consist only of two strata,
given on X(q)r,,¢ by the closed subspace of irreducible 2-dimensional Galois representations and
its open complement. The morphism % preserves the stratifications and is given on the open
stratum by quotienting out a suitable dot action of the Weyl group. Now assume G = GL,,. We
construct a canonical stratification of = := Spec Z (H( ) by locally closed subvarieties Zy,, indexed
by the standard Levi subgroups L C G. Each stratum = =1, admits a suitable dot action of the
Weyl group W (L) := Ng(L)/L. There is a W(L)-stable subset =y, gen consisting of ”generic” (in
a precise sense) connected components of Zyr,. The proportion of generic components tends to 1,
as p tends to infinity. On the other hand, the semisimple n-dimensional mod p representations
of the absolute Galois group Gal(F /F) are stratified along the standard Levi subgroups L in the
dual group G (the duality G <« G interchanges L and L) there is an affine [F -scheme X[L]

whose regular components (in a precise sense) parametrize the semisimple n-dimensional mod p
representations of Gal(F/F) "with values in L”. Here is the main result of the paper (Thm. [4.4.10
and section [4.5]).

Theorem. Let G = GL, and F/Q, unramified.

(1) For each Levi subgroup L C G there is a morphism of affine Fy-schemes
EL,gen — X[ﬁ]7

which is constant on W (L)-orbits.

(ii) Let G = GLy. The morphism of (i) extends to Zp, and induces an isomorphism

EL/W(L) ~ X[i]
for each Levi subgroup L C G. Precomposition with the projection 2y, — Zr,/W (L) and restriction
to the (-part recovers the morphism 2 |=,. .

In the following, we explain how the morphism in part (i) is constructed. As in [PS25], the
main tool for passing from the Hecke algebra of G to Galois representations into the dual group
G is the dual Vinberg monoid, or rather a suitable toral subvariety of what one may call the dual



Vinberg-Zhu monoid [Z20]. To give more details, let Vg be Vinberg’s monoid [Vin95| associated

with the dual reductive group G. Let Pad denote the sum over the fundamental coweights of the
adjoint group of G, as well as its unique extension to A'. The Vinberg-Zhu monoid is the flat
monoid VG . Al equal to the pull-back of Vg along paq. Its 1-fiber recovers the group G.

1
Gy A of Vg.
It has a natural W-action. Its 1-fiber recovers T and its O-fiber VTcG o 18 a certain semigroup

stable under the action of T. The Al-monoid VTcG paa

when it comes to g-versions of the classical (i.e. away from q = 0) Bernstein-Lusztig isomorphism
L83, [L8I]. To make this more precise, write A = Spec Z[q] with some indeterminate q and let
HM(q) be Vignéras generic pro-p-Iwahori Hecke algebra [V16], a suitable Z[q]-algebra defined by

Let T C G denote the dual torus. It gives rise to a "toral” subvariety Vi

is the correct version of the dual torus,

generators and relations, specialising via q — ¢ = 0 € IF,; to the above IF;-algebra ’H]&). The algebra
HMV(q) comes with a maximal commutative subring A (q) € H(V(q) (depending on a choice
of orientation), which itself has a canonical W-action. Similarly, there is a version A(q) C H(q)
of this 51tuat10n on the level of the usual Iwahori Hecke algebra. One of our main secondary
results (Thm. says that the identity X, (T) = X*(T) extends to a canonical W-equivariant
1bomorph15m of Z[ ]-algebras

#(q) : Ala) = ZVacq,.]
with the ring of functions on Vz_g pa This g-Bernstein-Lusztig isomorphism for general G
generalizes the GLg-case appearing in [PS23]. Passing to the O-fibre, we obtain the following
semigroup over I,

(1) ._
VTcé,o,]Fq T T( g) X VTCG 0

"augmented” by the finite torus ’/I\‘(IFQ). It has its diagonal W-action. The above morphism %(q)
induces a W-equivariant isomorphism of F,-algebras between .A(l)(O)]Fq and the ring of functions

on V! )G 0.F, . In this situation, Vignéras work implies that the W-invariants A(l)(O)K equal the

center Z (’HFq ), whence an isomorphism

(1) (1)
Spec Z(Hy ) V’i‘cé,o,qu JW.
It is this isomorphism which allows us to pass from the Hecke algebra of G to the side of the

dual group G and Galois representations with values in that group. The fact that yi )G oF is a
sUsll g

replacement of the dual torus T rather than the full dual group G explains, as we like to think,
why the morphisms in our main theorem above take values in semisimple Galois representations, as
opposed to more general kinds of Galois representations. The scheme Vg TCG.0.F, /W is a connected

component stable under T of the schemi S = V,SC)G OF, /W and its T-orbits are naturally indexed

by the dual Levi subgroups L c G. This gives a stratlﬁcatlon of S by locally closed subvarieties
St C S. The inverse image of Sg in Spec Z(Hm‘q ) is by definition our Zj,. We show that the
scheme St is a finite disjoint union of copies of the torus L#" indexed by the orbits in T‘(Fq) /W5,
relative to the corresponding parabolic subgroup Wy of W. Jantzen’s parametrization of dual
Deligne-Lustzig pairs [J81] restricted to Coxeter classes and adapted to weights of finite tori yields
a map from the subset of generic orbits in T(Fq) /W5 (in a suitable precise sense) to Frobenius
stable semisimple conjugacy classes in é’, i.e. to mod p tame inertial types of Gal(F/F) (it is
here, where we assume that F/Q, is unramified). Adding the torus Leb corresponds to adding
”the determinant of Frobenius” and produces a map Sﬂ,gen — X [ On a subset Sﬁ,gen of generic
components of S;. Pulling back this map to =y, produces the map in the main theorem above.
For more details, we refer to the main body of the paper.

In the situation of the theorem, any coherent sheaf A on = with an Hﬁ)—action along fibers,

attaches at each point z € =y, a set of finitely many irreducible ’}-[I(Ft)—modules (the Jordan-Holder

1The ”Satake scheme” V") /W was denoted S(gq) in [PS25].
TCG,0F,



factors of the fiber A.) to the corresponding Galois representation in X 7k In the GLy-case, taking
for A the spherical representation [PS23] realizes the compatibilities with [GK18| and [Br03] alluded
to in the beginning of this introduction. For the moment, a theory of the spherical representation
for GL,, is not available, we hope to come back to this in future work.

In the remaining part of the introduction, we briefly describe the content of the individual
sections. In section 2, we recall the construction of the Vinberg monoid Vg, its restriction to the
diagonal Vg due to Zhu and the toral subvariety Vi —&. We establish some geometric properties
of its spec1a1 fibre V; Va cG.o In section 3 we discuss some properties of mod p tame representations
of Gal(F/F) and mod p tame inertial types with values in G. This includes, in the case of GLy,, a
classification of the irreducible representations in terms of Frobenius and monodromy. In subsec-
tion 4 we discuss Deligne-Lusztig pairs and explain how Jantzen’s parametrization of such pairs,
evaluated on Coxeter classes, gives rise to a map from algebraic weights to mod p tame inertial
types. We discuss dot actions on finite tori in the GL,-case, which allows us to apply Jantzen’s
map to weights of finite tori. This a priori depends on choices, which we explain in 4.3. Finally, we
establish in 4.4 the map Sf,,gen — X )’ by reducing it to suitable map between connected compo-
nents and applying Jantzen’s map. In the last subsection 4.5 we discuss the special case GLs. In
the final section 5 we establish the above g-Bernstein-Lusztig isomorphism %(q) and deduce the
application to pro-p-Iwahori Hecke algebras and their centers. We assemble some material on tori,
roots and weights in an appendix.

Acknowledgements: The author thanks Elmar Grosse-Klénne, Cédric Pépin, Peter Schneider
and Marie-France Vignéras for interesting discussions on this work over the years. He thanks in
particular Cédric Pépin for numerous exchanges, many ideas presented here emerged in several
common discussions.

2 The dual Vinberg monoid

We recall the algebraic construction of Vinberg’s monoid via the canonical filtration and several
related constructions, following Zhu’s exposition in [Z20]. This also allows us to set up the notation.

Let G be a split connected reductive group scheme over Z, with maximal torus T contained in a
Borel subgroup scheme T C B. Let W be the Weyl group of the pair (G T)

2.1 Definition

2.1.1. Let Zg be the center of G and ’f‘ad = ’T/Z@ Let Zg C G x T be the diagonal inclusion.
We then have a Zg-action on G x T via z.(g,t) := (zg, zt). Let Gx%T:= (f; X ’i‘)/Zé It is
an affine Z-group scheme equipped with a faithfully flat group homomorphism

G x% T

J]Prz

Taq-

The group X* (Tad) is freely generated by the set of simple roots of (é, ’i‘), which in turn define
a set of invertible coordinates on the scheme T,q. The Z-point 1 := (1,...,1) is the unit of the
group T,q. The fiber pr; ' (1) identifies with G embedded into G x%e T as G x {15}.

2.1.2. The canonical projection T — Taq induces an injection X*(Tad) — X*( ) identifying
X*(Taq) with the subgroup of X*(T) generated by the set of roots of (G,T). If a character
e eX *(’T) factors through the quotient ’Tad of ’i‘, we write €” for the corresponding character of
’i‘ad. Let X*(’i‘ad)poS C X*(Tad) be the submonoid generated by the subset of positive roots with
respect to B. Then

Taa = Spec(Z[X*(Taa)]) — T := Spec(Z[X*(Tad)pos))



is an open immersion, and 'T‘:d is a diagonalizable affine Z-monoid scheme with group of invertible
elements the torus ’f‘ad. The monoid X *(’i‘ad)pos is freely generated by the set of simple roots,
which define a set of coordinates on ’i‘fd extending the one on ’i‘ad. In particular 1 = (1,...,1)
is the unit of the monoid ’i‘:d. The Z-point 0 := (0,...,0) is an absorbing element. There is the

~ ~ ~

usual partial order on X*(T) given by A1 < A if Ay — Ao € X*(Tad)pos- We let X*(Taq),s be the

pos

submonoid of X*('/I\‘) generated by X*(’i‘ad)pos and the dominant (relative to ]§) weights X*(T)*.

2.1.3. The ring of functions Z[é] is a G x G-module via left and right translation of functions.
It admits a filtration fil,Z[G] by G x G-submodules indexed by X*(T.q)7,s, where

pos?
fil, Z[G]

is the largest G x G-submodule V of Z[(A}] such that V(v) # 0 implies v < (\*, A) for any weight
v of T x T. Here \* = —w,()\), where w, is the longest element of W and < is applied to each of
the two components. We let

R Z[G] := @ f1,Z[G]e

X (’/fad ) <PF08

be the usual Rees ring associated to the above filtration (with formal symbols e*). The natural

inclusion X *(’f‘ad)pos cX *('T‘ad);ros induces a ring homomorphism

~

Z[X*(Tad)pos] — RX*(T‘ad);rosZ[é]’ 6>\ — 6)\,

which is faithfully flat. Both the source and the target are coalgebras and the homomorphism is
in fact a homomorphism of coalgebras. The spectrum

Vg :==Spec Ry. 5+ Z|G].

pos

becomes thus an affine Z-monoid scheme equipped with a faithfully flat monoid homomorphism

Va

|

T+
Tad

One may verify that the inverse image d_l(’i‘ad) coincides with the group of invertible elements of
V& and that the latter group is isomorphic, as a group scheme over ’f‘ad, to G x%a T (with second
projection). The monoid Vg is called the Vinberg monoid of G.

By general properties of the Rees ring, the special fibre d=1(0) identifies with the so-called
asymptotic cone Asg of G given by Specgr, Z[(A}], where gr, refers to the associated graded ring
of a filtered ring. In particular, there are cartesian squares

G— Gx%T »Va AS@
R R
Spec(Z) ! Taq ’f‘:d 0 Spec(Z),

the two external ones being closed immersions and the middle one an open immersion.

2.1.4. Let paq : G,y — ’i‘ad be the sum of the fundamental coweights of the adjoint group of G.
It is a cocharacter of the torus T,q, which is dominant. Consequently, it extends uniquely to a
monoid homomorphism

p;:d A —— T;d.
Choosing a variable q on Al, it is given by the ring homomorphism
Z[rf;rd] —s Z[q], &" — qHpad)

for p € X*('/I\‘gd) = X*(Tad)pos-



2.1.5. Definition. We call the fiber product Vg ot T Va X ¢+ pa Al the Vinberg-Zhu monoid.
1Pa s L adrPa

It is equipped with the monoid homomorphism dp.q : Vg — A equal to the projection to the

sPad
second factor:

Vévpad Vé

dJ |

.
p ~

1 ad +

Al ——T/,.

2.2 The toral submonoid V5 _g
The diagonal inclusion Zg C G x T factors through T x ’f‘, and

~

Tx% T:=(TxT)/Zg
is a closed subgroup of G x%a T.

2.2.1. Definition. The affine Z-monoid scheme Vg g is the closure of’f‘ xZa T in Va-

The monoid Vg g is a submonoid of Vg, whose group of invertible elements is the open
subgroup

~

T x76 T =Va_gNd " (Taa) C Vg g

Since moreover T x%& T is a quotient of T x T, we have the inclusions

ZlVi gl C ZIT x%e T| € Z[T x T] = Z|T] ® Z[T).

Then Z[Vzg] is the following subring, cf. [Z20, §1.3]:

Maal- B uwed
(v1,02)EX™ @)2
v2+(v1) - €X ™ (Tad)pos

where v_ € X*(’i‘) denotes the unique W-conjugate of v € X*(’i‘) which is antidominant. In
particular, the set indexing the direct sum is a submonoid of X*(T)?, and the Z-monoid scheme
Vi@ is diagonalizable with monoid of characters

X*(Vaca) = {(n.m) € X*(T)* | v + (1) € X™(Taa)pos}-

2.2.2. The monoid Vg g is equipped with the homomorphism d : Va g — ’i‘:d equal to the

restriction of d : Vg — ’/I\‘:d It corresponds to the ring homomorphism

Z[X*(Tad)pos] — Z[V’T‘C@]
e/ — 1®es

In particular, it is faithfully flat. Forming the cartesian square

VicGpa —  Vaca

dpadJ/ J’d
+

P ~
1 ad +
AN —— T,

we get a diagonalizable submonoid Vg CVa paa”

Cévpad
As a last piece of notation, we will denote in the sequel the restriction of a function e}* ® es?

on Vo g to Vacg ., by (€' ®e5?)]p,



2.3 The Vinberg section

2.3.1. Lets: T 41— Vg

g be the morphism of affine schemes corresponding to the ring morphism

ZlVical — ZIX*(Tad)pos)

611/1 ® 652 s gVt +v2

Note here that indeed v + 1o € X*(’i‘ad)pos since v; + v2 > va + (v1)—. The morphism s is
a homomorphism of monoid schemes, which is a section to d : Vg g — T:d. Its restriction
=T xZc T is the diagonal embedding ¢ mod Zg +— [t,t].

be the closed immersion of T at d = 1. Since VTC@

s\,fad :Tag — Va CG|T »

Let 47 : T - VTcG

morphism of Tad—schemes

is commutative, the

i1-s: TxTH ——Vzq

is a monoid homomorphism. Its restriction to ’f‘ad is the group isomorphism

i1 - (8] ):’TxTad%Vchdd T xZe T.

2.3.2. Definition. The Vinberg section is the composition of s : ’i‘ad — Vacg with the canonical

inclusion Va C Vg; it is a section to d: Vg — T:d, still denoted by s:

TcG
Va
o |
ot
2.3.3. The restriction 5|T : Aad — V5 |T =Gx%T splits the exact sequence of group schemes

l— G —Gx%T 22Ty ——1.
The resulting action of Toq on G = G x {15} C G x%e T, equal to s[4 followed by conjugation,
coincides with the faithful adjoint action Ad : Toq — Aut( ). Thus
éxzafzéxﬁad:émd@d ::@x’f‘ad.
Pulling-back along paq : G, — Tad, we get, cf.
Gm = G Mspaa Gm = G X Ad pag Gm =: G x Gm =: G,

Vé sPad

i.e. the restriction of the Zhu monoid to G,, C A! is the so-called C-group. Then diagram
specializes as

~

G CG > Va AS@

G sPad
l J J(dpad J{
Spec(Z) LN ¢ Al 0 Spec(Z).

TCG Pad Vé,pad we get

G :Txﬁpad (Grm :TXIAdpad Gm ZZTXIGm

2.3.4. Restricting to the diagonalizable submonoid V-

VEc@ pua

Note that the action Ad : ’i‘ad — Aut(’i‘) is trivial, so that the semi-direct product T x G,, is
actually direct; it is the isomorphic image of T x G,,, by the monoid homomorphism of A!-schemes

il-spad TXA1*>VTpod

Let us fix once and for all a variable q on Al, i.e. A’ = Spec(Z[q]).



2.3.5. Lemma. Pull-back of functions by i, '5/):(1 is the Z[q]-algebra embedding

(i1 - sp5)* : Z[Va ] — Z[T x Al

(€ ® )l €1 @t

CGM’ad

Its image is the subring

D < eqt iz
vex*(T)

Proof. By definition, pull-back of functions by i; - s is the Z[T‘:d]—algebra embedding

(i -5)"  ZlVgcg) = Z[T]|@Z[TY

el ey et et
Base changing along

(pi)* : ZITY) — Z[q]

et , q(mpad)’

we get the formula for (i1 - spJ;)*. By the above, the image of (i1 - 5)* equals the subring

D L © ),
L EXT(T)XX"(TT,)
p=v1+v2,; €EX*(T),v2+(v1) - €X*(Tad)pos

which may be rewritten as

D Z(e" @ ).
(1R EX™ (B)x X" (Tf,)
p—v1+(v1) - €EX*(Tad)pos

By right-exactness of the tensor product, its base change along (p;",)* equals the image of (i1-5p]",)*.

Hence (i1 - sp/;)* identifies Z[Vg g poq) With the subring

@ Z(eVl ® q<l"7pad>)_
(W) EX* (T)xX*(T},)

p—v14+(v1) - €X"(Tad)pos

~ ~

Note here that for fixed v, the p run through the subset 1 — (1)— + X*(Tad)pos 0f X*(Tad)pos
(since v1 > (v1)-), in particular {u, p.q) € N. The latter subring therefore identifies with

D z(e" 2 q")
(Vl»n)

~

where the sum is taken over the (v1,n) € X*(T) x N with n in the image of

~

Vl_(yl)*—i_X*(Tad)pos — N
o= (i, paq)-

The latter is precisely (v1 — (v1)—, pad) + N. O

By the preceding lemma we have the isomorphism of Z[q]-algebras

ZlVa = P erwqvrrziq) € Z[T) @ Zq)
veX*(T)

(@3 My — @),

Cémad]



2.3.6. Lemma. One has

(e @ Py (e @ g W)y — i (e @ v+~ () paa)y,
Proof. One has

)+ 60) = 6w+ ') = —(v_,2p) — (V))—, 20) + (v + ). 2p),

hence
) +LW) —Lv+v)+ 2+ v — (v + V), paq)
= -+ W)-—w+V)-—v =+ v +)-,2p)
— i+ () —v—V\2p)
= 2(v—v_,paa) + 20" = ('), paa)
as claimed. O

The preceding lemma has the following corollary. Put
E(W):=(ef ® €y )|paa-

2.3.7. Corollary. The elements E(v) form a Z[q]-basis of Z[Vz g ,. ], i-e
LVica,,= @D ZAEW).
veX*(T)
Moreover,
EW)E(W) =auuE(v+v),
with qy,, = q% for allv,v' € X*(’i‘)

2.4 The action of the Weyl group

2.4.1. Using the multiplication law on Vg, the group G = V& | acts by conjugation on Vg, and
the monoid homomorphism d : Vg — 'i‘:'d is equivariant for the trivial G-action on the base. Over

’f‘ad - 'i‘:d, it is the action by conjugation on the first factor of Vg =Gx%T. In particular

|Tad

the normalizer of T stabilizes T x%& T = Va cé'”f , hence Vi g, and its action factors through
ad cG
W. Base changing along p;rch we get an action of W on VTCé,pad for which dp,q : VTCé,pad — Al

is equivariant for the trivial W-action on the base.

2.4.2. Definition. The action of W on T x Gy, such that the group isomorphism of G,,-schemes

i1 - 5pad : T x Gy —— V’T‘C@,palem

18 W-equivariant is called the W e-action.
2.4.3. Lemma. On the ring Z[T x G,,] = Z|T] ® Z|q*!], the We-action is:
Yw € VV7 we euqi _ ew(l/)qi+<w(u)7u,pad).
The subring of invariants is:
ZIT x GV = P  Zla™'sym,(q).
AeX*(T)+
where
VAE X(M)F, symy(@)i= 3 qUermnOer e Z[T) @ Z[q] = Z[T x Al]
HEW (X)
In particular,
ZIT x GV NZIT x A= @  Zlalsym,(q) =: Sym(q).
AeX*(T)+



Proof. Let w € W. By we have

we (e ® q<V1+V2,pad>) — ew(1) ® q<w(V1)+V27pad>,

hence
wee’l = ew(’/l) ® q<w(V1)_V1=Pad>.

The rest of the lemma follows (in particular, note that the coefficient of e”°) in sym, (q) is 1). O

2.4.4. For later purposes, we point out that the W-action on Vg gives rise to the Al-scheme

CG,pad

Ve

Tcéapad /W

2.5 The geometry of the semigroup V"I“céo

In this subsection, we describe the geometry of the O-fibre Since the fibration d : Vg g —

5 V’T“cé,O'
T;rd is a monoid homomorphism, the 0-fiber V4 _g  is a semigroup scheme over Z, whose comul-
tiplication is the specialization at 0 of the one of the diagonalizable Z-monoid scheme Vg _&.

~

2.5.1. For any Weyl chamber € in X*(T) ® R, write

XY(T)®:=X*(T)N€ and  U§ := Spec(Z[X*(T))).

The affine variety U% is normal and contains a copy of SpecZ given by the ring homomorphism
ZIX*(T)Y)) = Z,e” 0.
Recall from m the Z[q]-basis E(v) of Z[Vz

L)) —t(w+v)
2 .

cg) and the product formula E(v)E(V) =

Qo E(v+1), with q,,» = q The latter quantity is equal to 1 if there exists
a Weyl chamber € such that v and v/ belong to the closure €, and it is divisible by q otherwise.

For simplicity, we use the same notation for the images of the F(v) in the quotient ring
ZVaca ol 1e. we set

~

we X (D), Bw) = (e 06" ) € LVacal
The following proposition is then immediate.
2.5.2. Proposition. The elements E(v) form a Z-basis of Z[Vz g o, i-e.
ZVzcao = @ ZEW),
veXx*(T)

with product formula

if 3¢ v,V € X*(T)¢

) A n_ | Ev+v)
Y, e X*(T), EW)EQW)= { 0 otherwise.

2.5.3. Lemma. The additive map

pre : LlVacao — Z[Ug)

v - * (T €
B e’ ifve X*(T)
W) — { 0  otherwise

. . . . . . . . . . Q? ot .
s a surjective homomorphism of rings. Hence, it defines a closed immersion i¢ : IU@ — VTCQO.

Proof. The compatibility with the ring multiplication is clear from the product formula of the
E(v). Surjectivity is clear. O

2.5.4. Proposition.

10



1. The affine variety Vi g o 15 reduced.
¢ _

2. ﬂgUa = Spec Z.
¢ _

3. U@Ué = V’T‘Cé,O'

4. The U(% are the irreducible components of Vg & o-

Proof. 1. All the rings Z[X*(T)¢] are integral domains. It follows from the elementary fact
UE = X*(T) that the product map ZVaca,o — HCZ[X*(’/I\‘)C] is injective. Hence the source is
reduced. 2. follows from the fact that N€ = {0}. For 3. let m C Vica,o be a maximal ideal. We
have to show ker pre C m for some € or, equivalently, Z[Vz g o] \ m C Z[Vz g o] \ kerpre. We
claim that it suffices to see that the set S := {v : E(v) ¢ m} is contained in some €. Assume this is
the case and let £ € Z[Vz g o] \ m. Write E'= 3" a, E(v) with coefficients a, € Z. Then a, # 0
for some v € S and therefore pry(F) # 0. To verify the claim, it suffices to see that for any coroot
a of (G, T) we cither have (S,a) < 0 or (S,a) > 0. Given v,/ € S, we have E(v)E(//) ¢ m.
This implies E(v)E(v') # 0 and so v, v’ must lie in the closure of some common Weyl chamber. In
particular, for any « the two values (v, ) and (v, a) both are nonnegative or nonpositive. Now
fix @ and assume that (S, a) # {0}. Choose v € S such that {(v,a) < 0 or {(v,a) > 0. For any
other v/ € S the previous discussion shows that in the first case (v, ) < 0 and in the second case
(v, a) > 0. Hence in the first case (S, «) < 0 and in the second case (S, «) > 0. 4. follows from 3.
together with [B-CA], II. 4.1 Prop. 6. O

It follows from the proposition that the W-action on V4 & , permuts its irreducible components
in a simply transitive manner.

2.5.5. Lemma. Let € be a Weyl chamber. For any z € X*(T)¢, let

Z(z):= > E().

x'eWr.x

The Z(x) form a Z-basis of Z[Viq g o'
Proof. According to the above proposition Vg g

components, where U% = Spec Z[X*(T)%]. Now X*(T)¢ is a fundamental domain for the action

= UQU% is its decomposition into irreducible

of W on X *(’i‘), so the Z(z) are linearly independent elements. They are clearly W-invariant.
Conversely, let y € Z[Va g o] say y = 32, a, E(v). Givenw € W, then y = w(y) = 3, a, E(wv)
which implies a,, = a,,, for all v. This implies that y lies in the span of the Z(x). O

2.5.6. Corollary. Let € be a Weyl chamber. The composed morphism of Z-schemes
Vg Vacao— Vacao/W
s an isomorphism.
Proof. The corresponding algebra homomorphism maps Z(x) to E(x), hence is bijective. O
2.5.7. Recall the Vinberg section
Spid A — V’T‘C@pad'

The point sp;(0) lies on some irreducible component of Vi @ o> which we view thereby as a
"marked” component. To make this precise, let us consider the antidominant chamber €~ and
abbreviate
¢ A —
Ug:=Ug = Z[X*(T)"].

2.5.8. Proposition. The unit of the monoid Ug is mapped via ig- to 5p;rd(0).
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Proof. The unit of the monoid Ug is given by the ring homomorphism Z[Ug| — Z, " + 1. In turn,
sp},(0) is given by the composition of the homomorphism ZVaca,ol — Zla), E(v) — qv V= pad)
together with g = 0. So we are reduced to show that the latter composite map sends E(v) to 1
whenever v € X*(T)~. But this is clear, since v = v_ in this case. O

2.5.9. We refer to the appendix for some basic information and notation on the scheme Ug
particular, it is toric scheme over Z for the torus T. Its stratification by T-orbits Sg is naturally
indexed by the standard Levi subgroups L € £ in G. Each orbit St is a torus and contains

a distinguished point eg, the multiplicative unit element of the torus. The resulting map T >
S,z +— x.eg fits into the short exact sequence

Here, L= i(f ) with corresponding set of coroots a € I C X, (’i‘) Restricting characters of the

torus Lab = i/ider along the map T — Leb yields a canonical isomorphism of tori Leb ~ Sg. We
use this as an identification in what follows, in particular we write

Ug = [J L™
LeZ

2.5.10. Recall that W acts simply transitive on the set of irreducible components of Vi - Go We

put the orbit stratification from the "marked” component Ug on all other components by setting
b
Vicaol: U wL™®,
weW

One obtains a stratification into locally closed subvarieties

VTCGO U VTCGOL

Lel

By construction, each stratum VTcG 0,

Let W C W be the parabolic subgroup of W associated with L. Let w € W. Then

g is W-stable.

T ab Tab . :
wL® =L if and only if w € Wg.

Indeed, if L= i(f), then wL®® = L2 if and only if w stabilizes the simplex of the Coxeter complex
of W defined by the subset I C A.

2.6 The augmented semigroup V caor, OVer a finite field
q

Let g be a power of a prime p. Denote by I, the finite field with ¢ elements.

2.6.1. Denote by 'T‘]Fq the base change of T to F,. Let F, be the g-Frobenius 2 — 29 on "I\‘Fq and
let (’i‘]pq)Fq be its fixed points. As as set (TFq)Fq = T‘(Fq), the set of Fy-valued points of T, and
we will use this notation from now on. Note that ’i‘(F ) is a finite diagonalizable group scheme
over F, with group of characters (Z/(q — 1)Z)", where r is the rang of T. Since ¢ — 1 € Fx, the

group scheme is étale and even constant. Since W commutes with Fy, T(Fq) is stable under the
W-action.

2.6.2. We denote by

\% V’f‘cf—},o QSpecz Spec(Fq)

TCcG,0F, "=
the base change of VTcG o to [Fg. Consider the augmented semigroup over F,
) T T
VTC@,O,FQ = T(Fq) X]Fq V’T‘CG,O,FQ = T(Fq) X7, VT‘C@,O'
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It has its diagonal W-action. The corresponding quotient

—
S= VTcé,o,Eq/W

generalizes the Satake scheme, denoted S(q), in the G Lo-case from [PS25] Def. 5.2].

2.6.3. Let L € £ be a standard Levi subgroup in G. One sets

1788

1) T o
Naor = TE) 1

This yields a W-invariant stratification of the F,-scheme v
TcG,0,F,

(1) _ (1)
Vaceor, = U Vadeor
Lel

2.6.4. Let L € £ be a standard Levi subgroup in G with Weyl group Wy C W. Define the
quotient scheme

Sp =V /W

TcG,0,L

Thus,

R The scheme St is a disjoint union of copies L*" indexed by the set T(Fq)/Wﬁ of Wg-orbits in
T(F,). Indeed, one has

with Stabw(fab) = Wi, cf. [2.5.10, whence

Sg = (T(F,) x W.L*)/W = T(F,)/Wg x L.

3 Tame Galois representations

Let p be a prime. Fix an algebraic closure @p of Q, and denote by Fp its residue field. For all n,
denote by Qp» C @p the unique subfield that is unramified and of degree n over Q,. Let Fy,» C Fp
denote the unique subfield of cardinality p™.

Let I, be the inertia subgroup of Gal(Q,/Q,). Let P, C I, be the wild ramification group. Let
g some fixed power of p. Write G, := Gal(@p /Qq), with inertia subgroup I,. Set QZ :=G,/P, and
IIt) := I,/ P,. By an arithmetic Frobenius element ¢ € G, we mean an element lifting the Frobenius
z — ¢ in Gal(F,/F,).

To simplify notation, we will write in the following é,i‘ etc. for the base change of these
Z-schemes to the algebraic closure Fp. To keep the notation simpler, we will confuse these latter
algebraic groups with their groups of geometric points G(Fp), T(Fp) etc., the latter being viewed as
discrete topological groups. For two topological groups Hi, Hs the notation Hom(H;, Ho) denotes
the set of continuous group homomorphisms.

For any w € W, we choose a lift w € G. To ease notation, we continue to write w for this lift.

Whenever we specialize to the case G = GL, in the following, we tacitly assume that TcB
equals the standard torus of diagonal matrices and the Borel subgroup of upper triangular matrices
respectively.
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3.1 Generalities on tame inertial types

3.1.1. Definition. A mod p tame inertial type (with values in é) is a continuous homomorphism
T: I, — G

that is trivial on P, and extends to the group G,. We denote the set of mod p tame types by Tg .
There is an obvious conjugation action of G on the set Tg.

3.1.2. There is an isomorphism
t Yo X
I, — @Fpi,
K3
which is canonical by definition of the field F,, as residue field of @, and its finite subfields. We
therefore identify the two groups in what follows. In particular, any choice of topological generator
(Cpi—1)i2, for @1 F;i identifies a topological generator M for the group If,.

3.1.3. Let 7 be a mod p tame inertial type. The conjugacy class of 7 is determined by the
conjugacy class of the element 7(M). Since T extends to G, this class is stable under the Frobenius

F, : x — x9. Moreover, any given element g € G has order prime to p if and only if its is semisimple.
It follows that 7 — 7(M) induces a bijection, depending on the choice of M,

{mod p tame inertial types}/ G ~ {F,-stable semisimple conjugacy classes in é}

It is well-known that the set on the right hand side is a finite set.

3.1.4. Since F; commutes with W, there is a Fy-action on the set Hom(I}, T)/W. The inclusion

T C G induces is a canonical map
(Hom(1}, 'T‘)/W)Fq — {mod p tame inertial types}/a.

The previous paragraph implies that this is a bijection. We will identify the two sets from now on
via this bijection.

3.1.5. Let 7 € Hom(I,, T) with 79 = wrw™! for some w € W. Let o € W. Then

1

(oo™ = o707 = w (010 Hw'™?

where w' = cwo !

Hence if F, acts on some representative of a given Fj-stable class in
(Hom(It, T)/W)*s through a Coxeter element, then F, acts on any representative of the class

through a Coxeter element. Denote by Hom(]f,,’i‘) JW)Fa:cox the subset of classes on which F,
acts through a Coxeter element of W on some (equivalently, any) representative of the class. In
this latter subset, denote by (Hom([é,'f‘) JW)Faree the subset of regular classes, i.e. which have
maximal cardinality equal to | W |. Thus

(Hom(I!, T)/W)F+™e ¢ Hom(I!, T)/W)F <  (Hom* (1!, T)/W)"s.

3.2 Types with values in Levi subgroups
Let L € £ be a standard Levi subgroup of G.

3.2.1. The discussion of the previous subsection above applies more generally to the reductive
group L, instead of G. We therefore have the notion of a mod p tame inertial type with values in
L

T:I, — L.

We denote the set of such types by 7g, with its natural L-action. The quotient 75/ Lisin bijection
with the set of Fj-stable semisimple conjugacy classes in L, as before.
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3.2.2. Denote by Hom(I}, T)/Wi)Fq’COX the subset of classes on which Fj acts through a Coxeter

element of Wg on each representative. In this latter subset, denote by (Hom(II‘i7 ’i‘) / Wi)F ©T°8 the
subset of classes which have maximal cardinality | W3 |. As before,

(Hom(I,T)/Wz) o™ ¢ Hom(I!, T)/Wg)F+e ¢ (Hom®* (1!, T)/ Wy ).
3.2.3. The finite group W (L) := Né(i)/ﬁ naturally acts on the set Tﬁ/fl The map
Tf/IA; — T@/(A},
coming from the inclusion L C G, is W(i)—invariant, i.e. constant on W (L)-orbits.

3.3 Tame Galois representations

3.3.1. Given g € G, there is the evaluation homomorphism evy € Hom(X*((AS‘.),F;) sending a

~

character x € X*(G) to x(g). The map g — ev, is multiplicative. One obtains a canonical map
t t A\ 7X
Hom(I,, T) — Hom([,, Hom(X*(G),F,))

mapping p to o — ev Given w € W, one has

plo)-
Vaupoyw-1(X) = X(wp()w™") = x(w)x(p(e))x(w) ™" = x(p(0)) = vy (x)

Ny =X

for any x € Hom(X*(G),F, ), since F; is commutative. So the above map is constant on W-orbits.

We view the group Hom(X *(é)?; ) as the group of points of the torus éab, via the canonical
isomorphisms

Hom(X*(G),F, ) ~ Hom(X*(G*"),F, ) ~ Hom,y(O(G*),F,) = G™(F,).
All in all, there is a canonical map

Hom(I}, T) — Hom(I}, G*)

which is constant on W-orbits. It therefore gives rise to a map Hom(I}, T)/W — Hom(1}, G?b)
and, by restriction to Frobenius stable classes, to a map

(Hom(I!, T)/W)F* — Hom(I!, G*).
Using the inclusion I} C G/, we may form the fibre product
(Hom(I!, T)/W)Fs X om(17,Gov) Hom(G, G*).
3.3.2. According to[3.1.4] there is a canonical map
fe : Hom(G!, G)/G — (Hom(I!,T)/ W) X ttom(11, Gy Hom(Gg, G*).

Note that any pair (¢1,12) in the fibre product on the right-hand side has the property that
the image of ¥ in Hom([zt), G?) is Fy-invariant, i.e. is a homomorphism of If) into the group of
F,-rational points CA}ab(]Fq).

3.3.3. Proposition. Let G = GL, and denote by Hom( 37(/:})1” the set of irreducible n-
dimensional representations of G,. The above canonical map induces a bijection

Hom(Q;,G)i"/G = (Hom(I;,T)/W)FWrcg X Hom(15,Gab) Hom(gé,Gab).

Proof. This is [BI5l Thm. 2.1.7]. Note that loc. cit. uses G* ~ G,, via the determinant. O
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3.3.4. Proposition. Let G = GL,. Choose a topological generator M & Izt, and an arithmetic
Frobenius ¢ € G,. There is a map hg’“" depending on the pair (M, p)

Hom (g%, G)/G «— (Hom(IL, T)/W)Foe sy 00 g Hom(GE, G™P),
which is a section to the canonical map fg in the sense that fg o hﬂéf’“" =id.

Proof. This is a corollary of the proof of [BI5l Thm. 2.1.7]. We identify Gab ~ G,,, via the deter-
minant. Suppose that (W1,19) is a point in the fibre product, with a chosen representative ;.
So 1 (M) = diag(y1, ..., Yn) € T. After renumbering the y;, i.e. choosing a different representative
of the orbit, we have y; 41 = yf for 1 <4 < n where y,+1 := y;. Hence, one obtains an element of
the form u = diag(y,y?, ...,y? ), where y := y; € Fyn. If 2 := det)2(p), one defines an element

se€ G as
0 1

0 1
0 1
(—1)"z 0

1

Then sus™ = uf. Sending M — wu,p — s defines a tame representation p of G,. We define

hg’W(le, 19) to be the (A}—conjugacy class of p. Choosing a different representative 11 transforms
y into a g-power y’ = yqi. Then y and y' are Gal(Fgn /F,)-conjugate. According to [B15, Prop.
2.1.6 (ii)], the pairs (u, s) and (v, s) are G-conjugate. Hence, the map hg"ﬁ is well-defined. It is
a section of fg by construction. O

3.3.5. Remark. In the notation of the preceding proof: The orbit W1); lies in the smaller set
(Hom([z’;, T)/W)Faree if and only if all y; are pairwise different, i.e. if and only if y = y; does not
lie in any proper subfield of Fyn.

3.4 Representations with values in Levi subgroups

Let L € £ be a standard Levi subgroup of G.

3.4.1. The discussion of the preceding subsection applies more generally to L instead of G. In
particular, there is a canonical map

fz.: Hom(G!,L)/G — (Hom(I!, T)/Wg)"s X tom(1s, vy Hom(Gg, L*b).
Fix a topological generator M of I;, and a Frobenius ¢ in G,. This defines a splitting Q; ~ If, X 7.
Since L2P is abelian, the splitting defines a bijection
Hom(G/, L") ~ {(u,s) € L : u = u?} = L*"(F,) x L.
This means that the fibre product appearing as the target of fr can be written as

(Hom(I}, T)/Wg)™ Xjgopse gy Hom(Gy, L) = Hom(I}, T)/Wg) "™ x L,

)

i.e. has the structure of a finite disjoint union of algebraic tori defined over F, (namely finitely
many copies of L*P). In particular, the map f§, can be written as

fg : Hom(G!, L) /L —» (Hom(I!, T)/Wyg)™ x L.
3.4.2. Definition. Let
X

= (Hom(I;7’f)/W£)Fq’°°X X 16, Ee0) Hom(gé,iab)

=)

Hom(

and

18 .= (Hom(I!, T)/Wg)Fv™e8 x

i Hom(g;, L),

Hom(I} ,Lab)
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As we have seen above, these sets have the structure of a finite union of algebraic tori defined
over F,. In particular, they are affine schemes defined over F,,.

As we will recall in below, the finite group W(f;) = N@(i)/i identifies with a subgroup
of W which commutes with the action of W and of F,. It therefore acts on Hom(I}, T)/WE)F‘I
and its subsets corresponding to Coxeter classes and regular classes. Moreover, the group W(ﬁ)
acts naturally on L*® and Hom(G, f;) /L. In particular, it acts on the affine schemes Y; and Yfieg.

3.4.3. Definition. Put Xz, := X /W (L) and X[rf‘i]g = X%eg/W(L).

~

Since W (L) is finite, these are naturally affine schemes defined over F,.

3.4.4. Proposition. Let G= GL, and denote by Hom(gé, ﬁ)irr the set of irreducible representa-

tions of G4 with values in L. The canonical map fg induces a bijection

Hom(g;i)irr/f, — (Hom(1}, ’T)/Wi)FqJEg X Hom(1s,£4) Hom(G!, Eab)_

Proof. This follows from writing L= II, GL,, as a product of GL,’s and applying to each
factor. O

3.4.5. Proposition. Let G = GL,. Fizx a topological generator M of Ilt) and a Frobenius ¢ in
Gq- There is a map h%/[’“" depending on the pair (M, p)

Hom (!, L) /L «— (Hom(I!, T)/Wg) e x Hom(G!, T),

Hom([{;,fab)
which is a section to fp in the sense that f7 o h%f"" =id.

Proof. This follows from writing L= I, GL,, as a product of GL,’s and applying m to each
factor. O

3.4.6. Let G = GL,. The injective map h%/f’“" of the last proposition may be written as
M,p . THV/T.
hz ?: X3 — Hom(G,,L)/L.

As will be recalled in below, the group W(i) is a subgroup of the full permutation group on

~

the set of blocks of the Levi subgroup L. Hence the map hé\/[ # is W(L)-equivariant, by its block
wise definition. On the other hand, the map

Hom(G!,L)/L — Hom(G!, G)/G,

coming from L C (A}, is constant on W(f)—orbits and becomes injective on the quotient set.
Composing hg '? with the latter map gives an injective map

hf\é’“" : X;z; — Hom(G}, G)/G.

4 Galois parametrization of Vinberg strata

We keep all the notations and conventions introduced in the preceding section.

4.1 Dual Deligne-Lusztig pairs

We recall some basic concepts from the representation theory of finite groups of Lie type, cf. [C85]
and [DMOT].
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4.1.1. Toany w € W, let g, € G such that G Fy(dw) is a lift in G of w (Lang’s theorem). Then

put Ty = §u Ty’

classes of W are in bijection with the G( q)-conjugacy classes of F-stable maximal tori in G.

Then Tw is an Fj-stable maximal torus in G. In this way, the conjugacy

A dual (Deligne Lusztig) pair (T, s) consists of an F,-stable maximal torus T’ in G and an
clement s € T/(F q)- Since s is contained in a torus, it is a semisimple element. The set of dual
pairs admits a natural action of the finite group G(Fq). There is a well-defined surjective map

{dual pairs (T, s)}/é(lﬁ‘q) — {semisimple elements in é(Fq)}/é(Fq)
(T',s) — s.

Remark: Duality of algebraic and finite tori relates dual pairs to classical Deligne-Lusztig pairs,
e.g. [DMO91l Prop. 13.13]. We do not need this connection, so we will not make it precise here.

4.1.2. Suppose that (’i",s) is a dual pair. Since s € Gis a semisimple element, its centralizer
Zg(s) is areductive group. If the derived group Gder is simply connected, then Zg (s) is connected.
We say that T/ (or the dual pair (’f" ,8)) is mazimally split, if there is an F-stable Borel subgroup
of Zg(s) containing the maximal torus T’. All maximal split tori are (A}(Fq)-conjugate in G and,
up to (A}(Fq)—conjugacy, there is a unique maximally split torus in the connected centralizer Zg (s)°.

Hence the natural map (’T" ,8) — s becomes injective upon restriction to maximally split pairs.
One thus gets a bijection

{maximally split dual pairs (’f", s)}/é(lﬁ‘q) ~ {semisimple elements in é(Fq)}/é(Fq)

4.1.3. If the derived group Gder iy simply connected, it is well-known that the inclusion map
G(F,) — G induces a bijection

{semisimple elements in @(Fq)} / G(Fq) ~ {F,-stable semisimple conjugacy classes in G}.

The inverse map is given by ¢ — ¢ N é(Fq), e.g. (proof of) [C85, Prop. 3.7.3].

4.2 Jantzen parametrization

Fix once for all a topological generator ((,i_1)$2, for the group 1imi F;i. We briefly recall Jantzen’s
parametrization of Deligne-Lusztig pairs from [J81) 3.1], in the language of dual pairs.

4.2. 1 The group W acts on X, (’i‘) in the usual way and we > may form the semi-direct product
X, (T) x W. The group X, (T) x W acts on the set W x X,(T) as follows:

(”vd)(w,u) = (owo ™, ou+ (¢ — cwos™Hv).
There is a well-defined map (depending on the choice of ((yi—1)72;)
W x X*(T‘) —  {dual pairs (’T/,S)}

given as follows. Given (w, ) € W x X, (’i‘), we let T/ := Tw—l Let ¢ be such that w® = 1. Then
the torus T splits over Fy:. The image of (w, i) is then given by the dual pair

(Tw_l ) gw_lN(qu_l)t/qu_l (/j‘)(é-qt—l)(gw_l)_l)'

Here, F,w™! is the endomorphism of X, (’i‘) given by F,w=1(n) = F, ow™! on and for an
arbitrary endomorphism A of X, (T), we write Nat 4 := Hf_(l] A, In particular, given u € X, (T),
the cocharacter Ny:/4(u) sends an element z € G, to the element Ht 1(A’( )(z)), the product
being taken in T. The above map induces a well-defined bijection

{X,(T) x W-orbits in W x X,(T)} —5 {dual pairs (T’,s)}/G(F )
2The passage to w1 is with an eye towards Lem. 2| below.
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4.2.2. Lemma. In the notation of the preceding discussion we have for the element

p = NEw-1y pw-1(0)(Cge-1) €T

that
Fysuu = wW.50,pu-

Proof. By construction s, ,, is invariant under F,w~'. Indeed, it suffices to see that (Fj,w~')" fixes
/,L(thfl). But

FH(u(Cyr—1)) = m((Cgr—1)T) = il(Cqr—1),

and F, and w~! commute. So the claim follows from the fact that w=' = 1. O

4.2.3. Lemma. Let k> 1. Then
N(Fyw-1yktjryw-1 (1) (Cgre —1) = N(p w1yt /Fyw—1 (1) (Gqt—1)-

Proof : Let A:= F,w™! and put A; := A for i = 0,...,t — 1 and Aj = At for j =0,....k— 1.
Then

1145 = Nerguw-o simguy = Newpyr e = 1+ a4 0% + .+ ¢ = Normg s,

J

But Normg ,, /k , (Cgrt—1) = Cqt—1 by definition of ({,:_1)§2; and so
N(qu—l)kt/qu 1 qut,l HA OA qut,l HA HA qut,l HA th—l)

and this is N(qu—l)t/qu—l(/,L)(thfl). ([l

4.2.4. Remark. Let G = GL,. Let (w, u) € W x X, (T) with p = (1 ooy pon). Forany 1 < i <m,
let n; be the smallest positive integer such that w"i (i) = i. According to a definition of Herzig
[HO9, Def. 6.19], the pair (w, ) is called good if for all i

'1
> purod 20 mod T

k mod n;

for all d | n;,d # n;. The property good depends only on the X, (T ) X W-orbit of the pair (w, p)
and the restriction of the above bijection to good orbits yields a bijection [H09, Prop. 6.19]

{good X,(T) x W-orbits in W x X,(T)} - {maximally split dual pairs (T", s)}/é(lﬁ‘q)

4.2.5. Example. Let G = GL, and assume L= GL,, x--+-xGL,, . We identify the parabolic
subgroup Wg of W = S, with the product of symmetric groups Sy, x --+ x Sy,. Define

coxg = (1,...,n1) - (1,...,n,) € W;.
For any p € X*(’f) Lem. implies that
Scoxgu € Hom(IZt,7 T)/WE)qucox.

Writing p; for the projection of u to the i-th block and cox; for the i-th cycle of coxs we have in
the i-th block

(Scoxi,y,)i = N(Fq Coxq‘,_l)t/Fq cox; ! (Mi)(th_l) = N(Fq Cox;l)"i /Fycox;t (/”LZ)(C(I”L *1)7

where we have used and the fact that ¢ may be taken to be the least common multiple of
the n;. Note that the top entry of the diagonal matrix (scoxf_’“)i € (G,)™ C GL,, is of the form
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CE’“ 1 Hikd" . Now according to|3.3.5) the element scox . lies in the subset Hom(I}, T)/Wi)Fq’reg

of Hom(I;,T) /Wy )Facox if and only if for every fixed 4, all elements in (Scoxg,u)i are pairwise
different. Writing /Mk- for the k-th coordinate (k = 1,...,n;) of u; this means that for every i the
Czk 1 Uqu

element is in no proper subfield of Fyn;, i.e. that

Zpﬂkq ;é() HlOd

k=1

-1

for all d [ n;,d # n;. Summing up, we see that scox. , € Hom(/ t,’i‘)/Wﬁ)Fq’ng if and only if the
pair (coxg, u) is good, in the language of-

We finally note that
det scox . = det p(Cq—1)
as elements in G,,. In particular, for p = (n — 1,n —2,...,1,0)

142 1
det Scoxg,p = C+ Fetne

Indeed, passing to the determinant in the i-th block and writing ;5 ({gn: —1) for the k-th coordinate
of 1;i((gri—1) € (Gy,)" C GL,,, one obtains

Uz
n;—1 n;—1
det SCOXA H ik Cq i— 1 1+q+ te = H Mzk ;;tqj_l +a ) = H ,U/ik:(gqfl) = det Mi((qfl);
k=1
ng—1 oy .
where we used C;;t‘f‘l‘“ﬂ = (¢—1, by definition of ((,i_1)2;. Taking the product over all blocks

i, one obtains det scox, , = det p(Cq—1), as claimed.

4.3 Dot actions on finite dual tori for GL,,

We assume G = GL,, throughout this subsection.

As always in this case, let T C B be the subgroups of diagonal and upper triangular matrices
respectively. Let A C ®(G, T) be the standard subset of simple roots for this choice. We keep the
choice of topological generator ((,i_1)i2; for the group @Z F;i from the preceding section. Let

L € £ be a standard Levi subgroup of G.

4.3.1. We recall some stabilizers for the Weyl action on standard groups, cf. IBZ77, 2.6/2.8]. The
group W is identified with the subgroup of Ng ( ) consisting of elementary monomial matrices. As
such, it acts on the set of Levi subgroups of G by conjugatlon The subset W(L %) of W consists
of those elements that map L to some standard Levi from £. Let Wi C W be the parabolic
subgroup of W associated with L. The quotient set W(f;,*) /W5 is in fact the permutation group

on the set of blocks of L. It therefore identifies canonically with a subgroup of W. As such, its
action on T or X, (T ) factors into an action on the quotient T/WA or X,(T)/Wg. On the other

hand, the group W( )= ( )/ L identifies with the subgroup of W(L %) /W7, consisting of those
permutations that preserve blocks of the same size. In other words, it is the stablhzer subgroup of
L in the group W(L,*)/ Ws. In particular W(L) = 1 if and only if all blocks of L have different

seize. Finally, it is clear that the action of W (L) on X, (T) commutes with the action of Ws.

4.3.2. We first explain how to produce suitable systems of representatlves in X.(T ) for the Wg-

orbits in T( q)/Wﬁ. Supppose given a Z-basis 71, ...,n, of X*( ) which is Wg-stable. We have
the surjection
eve, :X*(T) — T( ) A A(Gg=1)-

Via the basis 7;, it translates into the surjection Z" — (Z/(q — 1))". Hence the subset of X, (T)
consisting of all linear combinations Y. a;n; with 0 < a; < ¢ — 2 bijects with T(Fq) under eve, _,-
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Obviously, Wz still acts on the latter subset and we may choose a system of representatives
X *(T)L for the W-orbits. If we denote by [eve, ]z the map eve, , followed by the quotient map
’T‘(Fq) — T(Fq)/Wﬁ, then by construction

leve, L)z Xu(T)E =5 T(F,)/Wr.

~

4.3.3. Remark. There are canonical choices for X,(T)" (modulo our choice of ﬁ) For example
the cocharacters 71, ...,m, given by n;(z) = diag(1,...,z,1...,1), where z is in position 4, form a

canonical basis of X, (T), which is Wg-stable. Let us identify X*(’i‘) with Z™ for the moment via
this basis. Let I C {1,...,n — 1} be the subset indexing the simple roots A(L) C A belonging to
L. Imposing the dominance condition 0 < a; — a;41 for all ¢ € I, one forms the subset

L

o~ =

"X (T = {(a1,.....,an) €Z" :a; €{0,...,q — 2} Vi and a;1 <a;Vic I}

It bijects with T(Fq)/Wf under the map [eve, 5.

In the special case L = ’i‘, the condition of Wg-invariance is empty and there is a second
canonical choice. Namely, one may take the n "fundamental coweights” w; = m +--- +17; as a
basis of X, (T). The first n — 1 coordinates of a weight p € X, (T) in this basis are given by the

o~

values {(u,&;) where &; ranges over the n — 1 simple roots of T, whence the resulting system of
representatives is a subset of

{(aty.ccyan) €Z" : 0 < a; —ajy1 < q— 2 Vi}.

4.3.4. We mark the dominant chamber (relative to W5 ) with a chosen Coxeter element coxs in
Ws, for example
coxg = (1,...,n1) - (1,...,n;)

where L = GLy, X -+ X GLy,. Note that we could have obtained any Coxeter element in Wy by
passing to a Wg-conjugate of the dominant chamber.

4.3.5. Let
p=(Mn—-1n-2..,1,0) € X, (T).

~

There is the usual dot action w e p := w(p + p) — p of W on X, (T).

4.3.6. Definition. We say that a weight i € X, (’i‘)E is generic in X, ('/I\‘)E if its dot orbit W(i)ou
is fully contained in X, (T)%.

Of course, when W(E) is trivial, the condition is empty. This is the case precisely if all blocks
of L have different seize, cf. In the following, we give an alternative characterization of the
property ”generic”.

4.3.7. Lemma. The dot action of W(i) on X, (’f) commutes with the action of Wg.

Proof. Suppose that L = GL,, X - - - x GL,,. Let w € W(f,*)/Wi and 1 € X,(T). Then
w e p=w(p) +w(p) — p. The cocharacter w(p) — p of T, viewed as the torus in the Levi subgroup

wLw™! = GL X -+ X GLy,, is constant (with integer value) on each block of the latter

Maw(1
Levi: its value in the block GL,, (1) is the difference between the coordinate of p at the position

ni+---+mn; + 1 and the coordinate of p at the position ny + - - - + ny,) + 1. Now if w € W(i),

then wLw~! = L and the above observation implies that w(p) — p is fixed by Wg. It follows for
given v € Wg that

we () = wv() +w(p) — p = w(v(u) + vw(p) — p) = v(w(p) + w(p) - p) = viw e p).

O
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4.3.8. There is a dot action of W on the finite torus T(Fq) given by

wet= w(tp(Cq—l)) P(Cq—l)il

It makes the map eve,_, : X, (T) — T(Fq) dot equivariant. Note also that s et = s(t)a;((;—1)
for a simple reflection s = s,, because s,(p) = p — as.

4.3.9. Lemma. The induced dot action of the subgroup W( ) on 'T‘(IF ) commutes with the action
of Wg.. In particular, the dot action of W (L L) passes to the quotient T (F )/ Ws.

Proof. Let w € W(L) and v € W and take t € T(F,). Write t = A(C;—1) for some A € X, (T).
The above lemma implies the equahty w(v e \) = vew(A). Evaluating on (,—; and using that
evaluation respects both the natural and the dot actions yields w(v e t) = v e w(t). O

Using the isomorphism ~
leve, 4 ]g + Xo(T)F = T(F,) /Wy,

from above, the dot action of W(f) on T‘(Fq) /W5 induces by transport of structure an action of
W (L) on X, (T)“. We refer to it as the modular dot action of W (L) on X, (T)X and denote it by

®mnod-

4.3.10. Lemma. Let A € X*(’i‘)f‘ Then X is generic if and only if the modular dot action of
W (L) on A coincides with the usual dot action of W (L).

Proof. If the two actions coincide, then

o~ =

W(L) e A = W(L) eoa A C X, (T)¥,

and A is generic. Conversely, let A be generic and w € W(f;) Let £ = [eve,_,]gA. Then both

elements w o A and w e,q A of X*(T‘)i map to w e ¢t under [eve,_ |g. Since the latter map is

injective on X*(’i‘)f‘, one has w e\ = w e,q \. O

4.3.11. For future purposes, we call the subset which corresponds to the generic weights under
the bijection X, (T)L ~ T(F 0)/Ws, the subset of generic orbits in T(F 1)/ W5, and denote it by

(T(Fq)/Wg)gen-

4.3.12. Corollary. The subset ( (Fq)/Ws )gen of T( 0)/ W5, is stable under the dot action of
W (L).

Proof : Under the identification with the generic weights in X*('i‘)f‘, the dot action of W (L)
becomes what we called the modular dot action. By Lem. [4.3.10} it therefore coincides with the
usual dot action and the stability follows from the definition of generic weight, cf. O

To show that our definition of generic weight is meaningful, we give an example of a canonical
system of representatives X, (T)¥, whose proportion of generic weights tends to 1, as p tends to
infinity.

4.3.13. We reconsider the constructions appearing in Rem. [4.3.3] So let 7y,...,n, given by
ni(xz) = diag(l,...,x,1...,1), where x is in position 4, which form a canonical Wg-stable basis of
X, (T). Identify X, (T) with Z" for the moment via this basis. Let I C {1,...,n — 1} be the subset
indexing the simple roots A(i) belonging to L and form the subset

o~ =~

'X(T)Y :={(a1,...,an) s a; €{0,...,¢ — 2} Vi and a;41 <a;VicT}.
It bijects with T A( )/Wf, under the map [eve, _,]f. In this particular situation, we say (a1, ..., a,)
is n-deep in ' X, ifn—1<a; <qg—2—(n—1)for all i € I. Clearly, the proportion of n-deep

(T)F,
weights in /X, (T)E

tends to 1, as p tends to infinity.
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4.3.14. Lemma. Any n-deep weight u € ’X*(’/I\‘)E is generic.

Proof. The set ’ X*(T)f‘ is stable under the natural action of W (L), since this action preserves
the block wise dominance condition 0 < a;11 — a; for i € I (and trivially preserves the condition
a; € {0,...,q — 2} for all ). The action stabilizes the subset of n-deep weights, since it preserves
the block wise condition n —1 < a; < ¢—2— (n—1) for all i € I. So if w € W(L), then
w(p) € ’X*(’/I\‘)E is again n-deep. As we have seen in the proof of Lem. above, the weight
w(p) — p is constant on each block of L. Adding it to w(p) therefore still preserves the dominance
condition 0 < a;41 — a; for ¢ € I. Moreover, the constant value on each block lies in the real
interval [—(n — 1),n — 1)]. Hence adding w(p) — p to the n-deep weight w(u) still gives a weight
in ’X*(T)E, ie. wepu=w(p) +w(p) —pc ’X*(’f)i. Hence p is generic. O

4.4 Galois parametrization of Vinberg strata for GL,

We keep the assumptions from the previous subsection, in particular G = GL,.

4.4.1. Lemma. Suppose there is a map N : X*(’i‘) — ’i‘(ﬁp), which is equivariant with respect
to the natural W (L)-action on X.(T) and T(F,). The map N(u) := N(u+ p) is then equivariant
for the dot action of W(L) on X.(T) and the natural action of W (L) on T(F,).

~

Proof : N((vepu)+p)=N((v(p+p)—p)+p)=Nw(p+p)=vN(u+p) forve WL). O

4.4.2. Proposition. Let LeLl. The map

Xo(T) — T(Fp), it — Scoxp utp

is equivariant for the dot action of W(ﬁ) on X,(T) and the natural action of W(i) on ’T‘(Fp).

Proof : The map R R
X (T) = T(Fp), b = Suw -

is equivariant with respect to the natural W(E)-action on X*(T‘) and ’/I\‘(E,). Indeed, let v € W(f,)
and w € Wg. Then

Swp = NEw-1yt/Fw-1 (V1) (Gt —1) = V(N(Ew-1)t/Fyw-1 (1)) (Gpt—1) = V8w s

where we use that v commutes with w™! € Wt and Fy, hence also with N(p, -1)t/F,w—1. The
proposition follows thus from Lem. 4.4.1 O

4.4.3. Corollary. Let L € L. The map X, (T) — T(Fp),u > Scoxp,utp tnduces a canonical
map (i.e. independent of the choice of Coxeter element coxs in Wy )

75 ¢ Xo(T) — Hom(I}, T)/Wy)Fweox,

which, is equivariant for the dot action of W (L) on X,(T) and the natural action of W (L) on the
target.

Proof. The element scox. i1, defines an element in (Hom(Z}, T)/ Wz )¥a. By the Jantzen parametriza-
tion, cf. [.2.0] it only depends on the Wg-conjugacy class of coxg, i.e. is independent of the
particular choice of Coxeter element. Moreover, since Fy, acts on Scox. .+, through coxg, cf. 7.2.2,

it actually defines an element in Hom(I}, T)/ Wi ) Farcox, O

4.4.4. Proposition. The map 15 factores through p — p(Cqe—1), i.e. into a map

T(Fy:) — (Hom(I!,T)/Wg )"
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Proof : Let p € X*(’/I\‘) One may rewrite

Scoxiﬂu, = A H (Fq COXil)i(u(th_l))7

which shows that the value ¢ (1) = Scoxg yutp = Scoxp uScoxg ,p depends only on w(Cyto1) € T. O

We have the dot action of W (L) on X, (T) and the natural action of W (L) on L*». Endow
the product X,(T) x L with the diagonal action. The following proposition follows then by
construction.

4.4.5. Proposition. Let L € L. Fiz an an arithmetic Frobenius ¢ € G;. The map
g x id : X, (T) x L* — Hom(I!, T)/Wg)Fooo% x L*P = Xp
is W(L)- equivariant. The induced map X,(T) x L*> — X, is constant on W (L)-orbits.

4.4.6. We may compose the map from of the proposition with the injection hf\f{]’“’ : X[f,] —
Hom(G}, G)/G from|4.4.13

4.4.7. Corollary. Let L € L. Fiz an an arithmetic Frobenius v € Gq. The map
X.(T) x L** — Hom(G!, G)/G, (1,2) = py.-

is constant on W(i)-orbits in the source. The n-dimensional Galois representation p, . is semisim-
ple if and only the Wy -orbit of 7 (u) is reqular, i.e. has mazimal size equal to the seize of Ws.

Proof. The last assertion on semisimplicity follows from the rest is clear. O

4.4.8. Let us unravel the various definitions involved in the map of the corollary. Suppose that
L=GLy,, x---xGL,, and coxg = (1,...,n1) - - - (1,...,n,). The map associates to a pair (u, 2)
with p € X, (’i‘) and z = (21,...,2r) € Leb ~ (G,)" (via det on each block), the isomorphism class
of the tame Galois representation p,, ., where M acts through scox; .+, and ¢ acts through the

block matrix (sq,...,s,) € L given by

0 1
(71)ni+12i 0
whenever n; > 2. Note that indeed dets; = (—1)"T1((—1)"+1z;) = z; in this case. If n; = 1,
then ¢ acts of course through the scalar endomorphism given by z;.

4.4.9. Now fix a system of representatives X, ('/I\‘)E in X, (’f) for the Wg-orbits in ’T(Fq), as in
the preceding section. The generic weights in X*(’T‘)L7 are then in dot equivariant bijection with
the generic orbits (T(F,)/Ws )gen, cf. |4.3.11| and |4.3.12l Restricting the weight component of the

~

above map in the above corollary to the generic weights in X, (T)¥ gives the following second
corollary.

4.4.10. Corollary. Let L € £ and choose a Frobenius ¢ € G;. The induced map

(T(Fy)/Wg)gen x L — X,

~

is constant on W (L)-orbits.
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Again, one may compose the preceding map with the injection hM G‘.) / G

L ] c Xg) = Hom(G!
from |4.4.13] to arrive at a map

q’

~

(T(Fy)/Wg)gen x L** — Hom(GE, G)/G,  (F,2) = piz,

which is constant on W(f)—orbits in the source. It is compatible with central characters and
determinants (up to a cyclotomic shift) in the following sense. For z = (21, ..., z.) € L** ~ (G,,,)"
write det z := z1 -+ - 2.

4.4.11. Proposition. Let (t,z) € (’T(Fq)/Wi)gen x L. Then
det pg,. (M) = (det t) - C;f12+"'+"71 and det p (@) = det 2.

Proof : We may suppose that L= GLy, X -+ xGL,, and that

coxg = (1,...,n1) - (1,...,n,) € Wg.

Suppose that ¢ corresponds to the generic weight y € X, (’T‘)E, ie. p(l-1) =t mod Wg. Then
pz,z maps M t0 Scox: u+p and ¢ to the block matrix (81,...,8r) € f;, as described in According
to example

det Scoxz utp = det Scoxy - det Scoxy p = det 1(Cq—1) - det p((g—1) = (det ) - §1+2+ An-l

Moreover, det(s1, ...,s,) =[], dets; =[], z; = det z. O

4.4.12. Remark. By construction, and in addition to the choice of M and 2R the map from
Cor. 0| depends a priori on the choice of the system of representatives X, ( )L for the orbits
in T( ) /Wig. In the light of the preceding proposition, one may ask, if the map is in fact

independent of that latter choice, i.e. depends only on the set T(Fq) /Wz. We do not know the
answer to this at the moment (but see in the case of GLs).

4.4.13. Recall from 2.6.3] the stratum

Sg = (T(F,) x WL*)/W = T(F,)/Wg x L*°
corresponding to L in the stratification of the Satake scheme S = (1) /W. It has its diagonal

cG,0.F,
W (L)-action, where W (L) acts via the dot action on the first factor. We denote by

Sﬁ,gen = (’T(Fq)/Wf)gen X iab

its generic part, i.e. the part indexed by the generic orbits. It is W(ﬁ)—stable. The map from Cor.
4.4.10| can then be viewed as a W (L)-invariant morphism of F,-schemes
Stgen 7 XD

Taking into account the inclusion X g, (Fp) — Hom(Q}é(Fﬁ)/é(Fﬁ, this can be viewed as a
Galois parametrization of the generic part of the stratum Sg.

4.5 The case of GL,

Assume that G = GLy. The goal of this section is to show that the W(f)—invariant morphism

Sﬁ,gen — X[ﬁ] appearing in |4.4.10| equals the restriction to the stratum of type L of the Fo-

morphism L of [PS25, sec. 6] in the case F' := Q,. In particular, the map on quotients yields an
isomorphism

Xp/W(D) = X7
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in this case. Recall from |4.4.13| the inclusion X{Ef(ﬁp) — Hom(G,, @(Fp))/é(ﬁp). According to
the case n = 2 in [3.4.4] this gives bijections

X Erég] (Fp) — {irreducible G,-representations of dimension 2}/ ~

and

X [r%; (Fp) — {reducible semisimple G,-representations of dimension 2}/ ~ .
However, in the G La-case, much more is true: as shown in [PS25], the stratified space X[r%? U X[rég]
has, after fixing the determinant, the structure of a projective curve, namely a finite chain of

projective lines with transversal intersection points corresponding, essentially, to the points in

X8,
(G]

4.5.1. Recall the canonical isomorphism I; i @Z ]F;i, cf. Let for all 4
wj I;Z — IFXi
P

denote the projection to the i-th component in the above isomorphism. Since n = 2, we shall only
need the two characters way,wy in the following. Here, g = p! with some f > 1. As before, we fix
an element ¢ € G, lifting the Frobenius x +— z?. We may assume that ws(p) = 1.

4.5.2. Recall [PS25], 2.5] that for any h > 0, there is a G,-representation ind(wgf), which is uniquely
determined by the two conditions

. . h
detind(w};) =w} and ind(why)|;, = wh; @ w3

Denote for z € F: by unr(z) the unramified character of G, sending ¢! to z.

4.5.3. We identify X*('i‘) = Z? via the canonical basis 71,72, cf. m Let
X*(T‘)q_reg ={(a1,a2) €Z*:0<a; —as < q—1}.

The group X,(T)? := Z(1,1) acts on this set and the quotient of X*(’i‘)q_reg modulo the action

of (¢ — 1)X*(T)O bijects with T(Fq) upon evaluation at (;—i. We will identify the two sets from
now on. Let @ =(1,—1) and i =0, ..., %1. Then

i6 = (i,—1) € Xo(T)g-reg and (¢ —1—14,1) € Xo(T)g—reg
for i # 0, %.
4.5.4. Let L € £. We then have the map

(T(F,)/Wg)gen X L — Hom(G!, G)/G

q’
from [4.4.10] According to [4.4.11] we may fix the determinants

det? = (, ; and detz

with ({1, det z) € G, (Fy) X Gp,. There are only two cases to consider, L=GandL=T.

Let L = G. Then Wy = W and W(i) = 1 and the condition ”generic” is empty. Also

L* = G,, via the determinant and det z is just z (there is only one block). We will see that the
map

T(F,)/W x G, — Hom(G!, G)/G

is in fact independent of the choice of system of representatives for the W-orbits in T(Fq), cf. as
discussed in Rem. There are two cases to consider, n even and n odd.
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4.5.5. Let n be even. Write w for the generator of W. We have the sequence of W-orbits in 'T‘(IE"q)
ti - diag(¢®, ¢%), ti’ - diag(¢*,¢”)
1

where n = 2s and t; := diag(¢%, (%) (and t¥ its w-conjugate) for i = 0, ..., ==
Recall that iq € X*(’i‘)q,reg for i < 451 and clearly eve, , (i&) =t; and
eve, , (iG+ (s,s)) = t; - diag(¢*, ¢¥).
One has
iG+p=i(m —12) +m = 2im +m — i — e = (20 + L)m —i(m + n2).

Now

C2§+1 0
NFwy2/ (20 +1)m) ((g—1) = ( q0_ (24 )
?-1
. i 0
N(qu)2/qu(Z(771 +12))(C2-1) = ( qO b . ) ]
.

using ;7% = ;-1 in the second equation. All in all,

. G0 S0
Sw,ia+p = N(qu)z/qu(W + P)(Cq2—1) = 0 §(21‘+1)q : 0 Cfi .
q q

21

2i4+1 —(i+s
S0 e R T R
w,(id+(s,s))+p 0 C(gﬂrll)q 0 C—(H—s) :
q*— q—1

Pty-diag(Ce,c5),22 = ind(ngfl) ® wjf(ZJrs) ® unr(z),

More generally,

It follows that

as G,-representations, cf. [PS25] 2.1]|ﬂ For example, if z = 1 and n = s = 0 (the so-called basic
even case of [PS25| 4.5.2]) this amounts to

proa = ind(wyt) @ wi

with r := 2i and s(r) := —5. This is the irreducible 2-dimensional Galois representation attached

to the origin of the r-th irreducible component C” of the curve Xg,|pr,—1, in the notation of [PS25|
4.5.2].

4.5.6. In this paragraph, and with regard towards Rem. above, we verify concretely in the
above case that the isomorphism class of the Galois representation is independent of the chosen
representative of the W-orbit of ¢;. Recall that (¢ — 1 —4,7) € X.(T)g—reg for ¢ > 0 and clearly
eve, ,((g—1—1,i)) =t}". One has

(¢—1—4d,i)+p=(qg—i)m +ine = ((¢— 20)m +i(n + n2)
and this is equal to
(¢=20)m +2i—1-(G—=1)m+n)=(@—r)m+r—1+s(r-2),
where r := 2i and s(r) = —§ as above. We obtain from that in the same way as above,

pre = ind(wg ;") ® w;“iQHT*l.

It remains to remark that there is indeed an isomorphism of Galois representations
. 1 ) o - —2)+r—1
md(wg}' )® w;(T =~ ind(wg,") @ w;(r =1

e.g. [PS25] 4.5.2].
3In [PS25), the parameter z is called zs.
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4.5.7. We turn to the case of n odd. We have the sequence of W-orbits in ’T‘(Iﬁ'q)
t; - diag(¢*, %), ti" - diag(¢”, ¢%)
where n = 2s — 1 and t; := diag(Ci_H%l,C_i“‘%l) (and t¥ is its w-conjugate) for i = 1, ..., q;21_
One has eve, , (iG — p + (s, 8)) = t; - diag(¢*, ¢*) and
(i&e—p)+p=ilm —n2) = 2in —iny —ing = (20)n1 — i(n1 + M2)-
In a complete analogous manner to the above, we obtain as G,-representations

Pti-diag(Cs,¢*),22 = ind(w%}) ® w;(Hs) ® unr(z).

For example, if z =1 and n = ¢ — 2 (the so-called basic odd case of [PS25], 4.5.5]) this amounts to

proa = ind(ws ) @ wi”

with 7 := 2i — 1 and s(r) := =51, This is the irreducible 2-dimensional Galois representation
attached to the origin of the r-th irreducible component C" of the curve Xg,_, |pr,=1, in the notation
of [PS25} 4.5.5]. Again, one may verify that pyw 1 is isomorphic to py, 1.

Let L = T. Then Ws =1 and W(f;) = W. Also L*» = T. As indicated above, we identify
X*(’/I\‘)q,reg mod (g — l)X*(’f)O with ’T‘(Fq). The map becomes
T(F,)gen x T — Hom(Gt, G)/G

q’

and is W-invariant for the diagonal W-action on the source (and the dot action on the first factor
T(F,)). We will see that this holds in fact on the full set T(F,). Again, there are two cases to
consider, n even and n odd.

4.5.8. Let n be even. We have the sequence of elements in ’T(Fq)

t; - diag(¢*, ¢%), " - diag(¢”, ¢*)

where n = 2s and ¢; := diag(¢’,(™%) (and t¥ its w-conjugate) for i =0, ..., 5.
4.5.9. We first treat the characters ¢;. Recall that i& € X, (’i‘)q,reg fori < q;—l and eve, , (i4) = t;

and
eve, , (ia+ (s,s)) = t; - diag(¢*, (7).

One has
&+ p=i(m =) +m = 2im +m —im —ing = (20 + 1)m —i(m +12).
Now |
. <2H11 0
Nz ra (28 4+ D) (Cg-1) = ( o )
] Céf1 0
Ng, 1)1 r,1 (00 +102))((g—1) = 0 C )
g—
All in all,

Sl,i&+p = N(Fql)l/Fq1<Za+p)(Cq—l> = 0 1 . 0 — .

; —(i+s)
¢ g ¢ 0
S1,(ia+(s,8))+p = < q()l 1) ' é Ci(?s) .
P

More generally,



It follows with z = (21, 22) € T that as tame G,-representations

unr(z; w1t —(i+s)
Pt;-diag(¢s,¢%),2 = ( 0 ! unr(zy) ®oJf

in the language of the appendix or [PS25, 2.1]. For example, if z =1 and n = s = 0 (the so-called
basic even case of [PS25] 4.5.2]) this amounts to

B umr(ar:)w;+1 0 s(r)
Prit = ( 0 unr(z~1) ©uwy
with r := 24 and s(r) := —5. This is the semisimple reducible 2-dimensional Galois representation

attached to a point [z : 1] € P1\ {0,00} = C" \ {0, 0} on the r-th irreducible component C" of the
curve Xg,|pr,—1, in the notation of [PS25, 4.5.2]. Here, x is an affine coordinate near the origin
0ecC.

~

4.5.10. We now treat the characters ¢{”. Recall that (¢ — 1 —4,7) € X,(T)g—reg for i > 0 and
eve, (¢ —1—1d,9)) =t and

eVCq—l((q —-1- ivi) + (S’ 8)) = t;U ' diag((s, CS)

To verify the W-invariance in the next step, it seems practical to do the case i + 1 here. Going
through the calculation with 7 + 1 shows

(@=1=(+D it )+p=(qa-7=2)m+r+1+s(r),
with r = 24 and s(r) = £ as usual. For example, in the basic even case z =1 and n =s =0 it

2
follows that
q—r—2 0

unr w
pra 1 = ( W)y

s(r)+r+1
0 unr(y~1) ) ©wy

This is the semisimple reducible 2-dimensional Galois representation attached to a point [1: y] €
P!\ {0,00} = C"\ {0,00} on the r-th irreducible component C" of the curve Xg,|pr,=1, in the
notation of [PS25] 4.5.2]. Here, y is an affine coordinate near co € C".

4.5.11. We check the W-invariance of the map

T(F,) x T — Hom(G!, G)/G

q’

with respect to the diagonal action of W on the source T‘(Fq) xT. According to m the modular

dot action of W on the finite torus T(F,) is given by w e t = w(t)a~1(¢). In particular,

wet; =wediag(¢’, (") = diag(¢™", () (¢ Q) =t

More generally,
w e (t; - diag(¢*, (%)) =t - diag(¢®, 7).

Taking into account the W-action on the second factor T (which permutes the two coordinates
(21,22) on T), the W-invariance amounts to having isomorphisms of Galois representations

Pt;-diag(¢e,¢%),2 = Pty -diag(¢*.¢9),2* -

By our above computation of both sides, this reduces to having isomorphisms of Galois represen-
tations

unr(z)wy 0 sy unr(y)wdT T 0 s(r)+r+1
( 0 unr(z~1) g = 0 unr(y ) et

relative to the identification x = % But this is well-known, e.g. [PS25] 4.5.2].

4.5.12. The case of odd n is completely analogous, we therefore omit the details.
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5 Application to pro-p-Iwahori Hecke algebras

We keep all the notation. Additionally, let T C G be the connected reductive groups dual to
T C G. We identify the Weyl group of (G, T) with W. Our reference for the (pro-p-) Iwahori
Hecke algebra of a p-adic reductive group is Vignéras work [V16].

5.1 The pro-p-Iwahori Hecke algebra

Let F'/Q, be a finite extension with residue field F; = op/mp. Let N be the normalizer of T in G

and put W := N(F)/T(1 +mp) and W= N(F)/T(or). These groups fit into the short exact
sequence .
1 —-T—WwWYH W -—51

where T = T(F,). For any subset S C W, denote by S its preimage in W), Let S.g C w
be a subset of simple affine roots. For any s € S,g, denote by hs; € X.(T) the corresponding

cocharacter and write T := h,(F) C T for the corresponding finite torus. If s € S&f), write T,

for the finite torus associated with the image of s. Let £ be the length function on 1% pulled back
to W, Let q be an indeterminate.

5.1.1. Definition. The pro-p-Iwahori Hecke algebra is the Z[q]-algebra HV) (q) defined by gen-

erators
HY(q) = @ ZdT.
weW (1)

and relations:

e braid relations
TwTw = Ty fOT w, w' e W(l) Zf E(w) + E(w/) = E(ww,)

e quadratic relations
T? = qT, +csTs if s € sz?,

Cs i = Z T;.

teTs

where

The Z[q]-basis (Ty)ew o is called the Iwahori-Matsumoto basis.
5.2 The Bernstein basis
5.2.1. Lemma. Let wi,ws € WO Then:
L(wy) + l(wg) — L(wiws) € 2N

é(wl) + K(wg) — E(wlwg)

: < L(wn)
fun) + Uwn) = lunen) g,

Proof. These facts are particular cases of [V16, §4.4]. They may also be proved directly using
classical properties of the length function. O

5.2.2. Consistently with loc. cit, we set

£(wq)+8(wg) —L(wy wg)
1 22 1w2 N

cq".

qwl,wg =

Furthermore, we set
L p(wy)— M)+ (wa) — t(wy wa) N
dwl,w2 = q (wl) 2 c
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and
£(w)+8(wo) —£(wwo) N
3 eq.

ot -
Cwy,wy =4 (w2)

Set also qu := q“(*). Then we have the following identities in q":

_ 2
q’w1 qu - qw1w2qw1,’w2
Qu; = Qu;,we dwl,w2
Quy; =  Quq,wsCwi,wo-

5.2.3. Theorem. (Vignéras) There exists a basis (E(w))yew of HY(q) over Z[q] (associated
with the antidominant orientation)

HY (@)= P ZldEw)

weWw (1)
satisfying the product formula
E(e")E(w) = quuwE(e’w) forve X (T)V and w e WO,
It is called the Bernstein basis.
Proof. This is a particular case of [V16, 5.25-5.26]. More precisely, Vignéras associates an alcove

walk basis (Ey(w)),ew o to any orientation o, such that E,(w) = T,, if w € QW) and satisfying
the product formula. O

For v € X,.(T)M, we also write simply E(v) for E(e”). In particular, the algebra H()(q)
contains the following subalgebra, which moreover is commutative:

5.2.4. Definition. We call the sub-Z[q]-algebra

AV(q) = @ zlaBEw) c H(q)

VEX, (T)D

the Vignéras subalgebra.

5.3 The Iwahori Hecke algebra

Here is the analogue for the group W instead of WX,

5.3.1. Definition. The Iwahori Hecke algebra is the Z[q]-algebra H(q) defined by generators

and relations:
e braid relations
TwTy = Ty forw,w € W if l(w) + L(w') = L(ww")
e quadratic relations
T? =q+(q— 1Ty if s € Sag.

The Z[q]-basis (Ty,) is called the Twahori-Matsumoto basis.

wew

Here is the analogue of and for the Iwahori Hecke algebra.
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5.3.2. Theorem. (Vignéras) The Iwahori Hecke algebra admits a Bernstein basis
H(q) = P ZlaE(w)
weW
having the following property: For (v,w) € X,(T) x W, there is the product formula
E(e")E(w) = quuwE(e"w) ;

i particular

is a commutative sub-Z[q]-algebra.

5.3.3. Remark. The exact sequence
1 T(F,) —» XM(T) - X.(T) - 1

is split: the lattice X, (T) identifies canonically with the free group T(F)/T(or) and one may
embed the latter, via a choice of uniformizer in op, into T(F). We choose once for all a splitting

and thus regard X,(T) as a subgroup of Xil)(T). Note that the above product formula implies
E(tv) = E(t)E(v) for t € T(F,),v € X.(T), since q;,, = 1 in this case. As a consequence, the
multiplication map

Z[T(Fy)] ©z A(a) =+ A(q), E(t)® E(v) = E(t)E(v)

is a ring isomorphism.

5.4 Generic Bernstein isomorphism

5.4.1. Recall the Vignéras sub-Z[q]-algebra A(q) of H(q), cf. On the dual side, recall the

‘toral part’ Vg g , = of the Zhu monoid Vg |, which maps to Ay = Spec(Z[q]) by dpag, cf.

5.4.2. Theorem. Over the identity X,(T) = X*(T), the Z[q]-linear map
#a): Ala) — Z[Vz

E(v) — (1 ®e;

Cévpad}

is an isomorphism of Z[q|-algebras.
Proof. The product formula in A(q) is E(v)E (V') = qu,.,  E(v + V') with

L) +ey—e(v+v’)
2

Qv =q
The result follows thus directly from [2.3.7} O
This generalizes [PS23, Thm. 6.1.1], which was the case G = G Ls.

5.4.3. Proposition. The Bernstein isomorphism B(q) is W -equivariant. In particular, it induces
an isomorphism
.@(q)w : A(q)W L) Z[V’i‘cé,pad}w

Proof. Indeed, by definition of the action of W of V3 g , and because v_ € X*(’/I\‘), depends

~

only on the W-orbit of v € X*(T), we have

w(v) —w(y),.

VweW, we!®e’ )=e" e =" e,
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5.5 Bernstein isomorphism at q =0

At q = 0, Bernstein’s isomorphism reads:

5.5.1. Corollary. Over the identity X, (T) = X*(T), the Z[q]-linear map
#0): A0) — Z[Vz

E(w) — (ef@e; o

cé,o]

is an isomorphism of Z-algebras. It is W -equivariant.

Accordingly, and as we already did in[2:3.7] we set

~

Vv e X*(T), E@):=(ef ®@¢;" )0 € Z[Vacg o)
. L) —bwtr) . .
Recall that the quantity q,,» = q K is equal to 1 if there exists a Weyl chamber €
such that v and v/ belong to the closure €, and it is divisible by q otherwise. Thus

ZVzcao = @D ZEW)

veX*(T)

with product formula

PP E(w+v) if3¢:v,/ e X*(T)NE
e X*(T EW)E(W) = ’
v, € XTI, EWEW) { 0 otherwise.

5.6 Augmented Bernstein isomorphism at q=¢=0¢€F,

5.6.1. Our fixed generator (,—1 of F, yields an isomorphism Z/(q — 1)Z ~ Fx. This induces

a ring isomorphism between the ring of functions F4[(Z/(q¢ — 1)Z)"] of ’/I\‘(]Fq) and the group ring
Fy[T(F,)] of the finite torus T(F,). This corresponds to an isomorphism between the constant

~

schemes T(F,) and TV := SpecF,[T(F,)].

: (1)
Recall the augmented semigroup V"I“c G0, over [y, cf.
5.6.2. Proposition.  Over the isomorphism F,[T] ~ O(T(Fq)), the Bernstein isomorphism
B(0)r, induces an isomorphism of F-algebras

B (05, : AV (0)z, > Fy[VL)

a TcG,0,F, "

The isomorphism is W -equivariant and induces an isomorphism

~ 1
ZOO)F : AV —F, [V%C)é’o,ﬁq]w.
- . 1 ~
Proof. This is clear since A (0)g, = F4[T] ® A1) (0) and FQ[V'T(‘C)G,O,Fq] = O(T(F,)) ® Z[Vz g o]
as F,-algebras and these tensor product decompositions respect the W-action.
O

5.7 Galois parametrization of central Hecke strata for GL,

Let G = GL,, and G = G(F).

5.7.1. The pro-p-Iwahori Hecke algebra HI(F? of the reductive p-adic group G (with coefficients in

F,) is the convolution algebra over F, on the set of double cosets of G relative to the choice of a
pro-p-Iwahori subgroup in G, [VI6, 2.1]. It satisfies

Hﬁ) = H(l)(q) ®Z[q],q»—>0€]Fq Fq7

33



cf. [V16, Ex. 4.10]. Moreover, the theory of the Bernstein basis, developed in loc.cit., shows
that the maximal commutative subring A](qu) C H](qu)
isomorphic, in a W-equivariant way, to .A(l)(O)]Fq, cf. [V16l, Cor. 5.28]. It follows that the center

Z(’H]&)) of HI(F? equals the ring of invariants A(l)(O)I‘F/Z.

relative to the antidominant orientation is

5.7.2. The Bernstein isomorphism, cf. thus induces an isomorphism

= := Spec Z(H{) V%lc)émq JW = 8.

The target has its stratification

S=J St
Lez
cf. indexed by the standard Levi subgroups L € £ in the dual group G. It induces a
corresponding stratification of =. Let L be the standard Levi of G correspondin to L. The
corresponding group W (L) identifies canonically with W(L). Let =y, (resp. Zfr gen) be the inverse
image of (the generic part Sg ., of) the stratum Sg, cf. It has its induced W (L)-action

(which equals the dot action on the finite torus part). Pulling back the Galois parametrization
from [4.4.13| to Zg, gen yields a Galois parametrization

EL7gen(Fp) — Hom(gé, G(Fp))/é(ﬁp)
which is W (L)-invariant.

5.7.3. In the case of G = GL3 and F' = Q, the unramified extension of Q, with residue field [,
our discussion in [£.5] shows that the two maps

Epgen (Fp) — Hom(G!, G(F,))/G(F,),

forﬁf = G and L = T, are defined on the whole of ZL(F,) and that the set-theoretic map on

E(F,) = Ec(Fp) [[=Er(F,) into the space of Galois representations, is induced from the scheme
morphism
Z 2= X(q)r,

between Z and the curve of semisimple 2-dimensional Galois representations X (q)r, constructed
in [PS25]. In particular the two maps yield bijections

Ec(F,) — {irreducible G,-representations of dimension 2}/ ~
and
(E1/W)(F,) — {reducible semisimple G,-representations of dimension 2}/ ~ .
Remark: Analyzing the finer structure of the Galois parametrization of =y, gen for varying L in
the case of G = GL3 or GL, is a problem, which we hope to address in future work.
6 Appendix: The standard scheme

Let G be a connected split group over Z, with maximal torus and Borel subgroup TcBcCG.
Let W = W(G, T) be the finite Weyl group associated to (G, T).

6.1. Definition. The Z-scheme
Ug := Spec(Z[X™(T)™])

is called the standard scheme associated to (G, T, B).

4The standard Levi subgroups of G and G are in canonical bijection via the duality.
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The orbit structure

6.2. The scheme Ug is a toric scheme over Z for the torus T. Thus it is a normal integral scheme
containing T = Spec(Z[X*(T)]) as an open subscheme, and which is equipped with an action of

T extending the action on itself by multiplication. Moreover it is affine, so it is a diagonalizable
Z-monoid scheme with monoid of characters X*(Ug) = X *(T)~ and group of units T, and the

T-action on Ug is the restriction to T x Ug of the monoid law. We will give a precise description
of the orbit structure of the T-scheme Ug, in particular of the boundary

AT CUg)=Ug\T
of T in the partial compactification Ug.

6.3. Let T C G be the corresponding dual reductive groups. The Borel subgroup B determines a
Borel B in G containing T. We denote by

(,): X*(T) x X*(T) ——=7Z

the perfect duality pairing coming from the identity X*(T) = X,(T). If S € X*(T) is a subset,

we denote by St C X *( ) the orthogonal subgroup. In particular, one may consider the subgroup
A+ where A C X*(T) is the basis of simple roots defined by B.

6.4. Definition. The Z-scheme
Zg = Spec(Z[AT N X*(T)7))

is called the zero scheme associated to (G, T,B).

6.5. The scheme Zg is an affine toric scheme over Z for the torus
Sg = Spec(Z[A1)).

In particular, it is a diagonalizable monoid scheme with monoid of characters X*(Zg) = At N
X*(’/I\‘)’ and group of units Sg.

6.6. A parabolic subgroup of G containing B is called a standard parabolic, and the Levi factor
containing T of a standard parabolic is called a standard Levi. We denote by L be the set of
standard Levi’s of G. It is in 1-1 correspondence with the power set of the set A of simple roots

defined by B> T:
PA) = L
I +— L(I) such that AA 0= 1.

A similar correspondence holds for the group G with respect to the maximal torus T and Borel
B:

P(A)
I

L
L(I) such that Ay = 1.

I L

The two correspondences are related by the canonical bijection A A, a — a: the latter induces
a canonical bijection P(A) = P(A), I — I, hence a canonical leeCthIl L% L, L L

6.7. For L € E, we have the standard T-toric scheme
Us := Spec(Z[X*(’i‘)*/i])
associated to (L, BN L, T) and the zero S -toric scheme

Zs = Spec(Z|AL N X*(T) /1)
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associated to (i, BN i, ’i‘) Moreover, we have the zero Sg-toric scheme

o~

Zs g = Spec(Z[AL N X*(T)7))

Lc
associated to (L C G, B, T). Let us note that the torus St = Spec(Z[A¢{]) has dimension
dim S = rank T — [Ag| = dim Ug — |Ag| = dim Ug — |Az .
6.8. Proposition.
1. LetL e L.

(a) The homomorphisms of Z-monoid schemes

~

TZU,T‘;)U£*>U§

induced by the inclusions X*(’/I\‘)’ C X*(’/I\‘)*/f‘ C X*(’f‘) are open iMmersions.
(b) The additive map

ZIXH(T)T] — ZIALNX(T)7]
v eV ifve AT
e { 0 otherwise

s a surjective homomorphism of rings, which is compatible with comultiplications, i.e.
which corresponds to a closed immersion of Z-semigroup schemes

Zgg — Ug:

We denote by es € Ug the image of the unit element of the monoid Zs,

(¢) We have Sg = Zg g NUg = ’f‘ei C Uga.

cG-

2. The set {es | L € L} is the set of idempotent elements of the monoid Ugs.-

8. The following map is a bijection:

)

al/

ei = Sf,'

D)
= &

—
—
Proof. These facts are contained in [CP21] 1.9 and §8], or can be deduced easily from loc. cit. O

The simply connected case

6.9. The structure of the standard scheme Ug is particularly transparent when G is simply
connected, i.e. when

X(T)” = P Nu(wa)
acA
where the wg are the fundamental weights (and wy is the longest element of W). Then (wo(wa))zca
is a family of coordinates on Ug, defining an isomorphism

(w()(L«Ja»aeﬁ : Ué e (A

to the standard affine space on the set A (i.e. of dimension |3| after choosing a numbering of the
simple roots) equipped its natural multiplicative monoid law. The torus T C Ug corresponds to

G% C A2, and writing 24 = wo (wa)(x) for any geometric point € Ug, we have:

:EGUE(IA) — VaEK\f, x5 #0
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T € Zf(f)c@ — Vace f, z5 =0
o ~_x . #0 ifagrl
xESL(I) — VaeA, xa{zo fael

o vitag¢l
L) 0 ifael.

The case of a simply connected derived group

In this section, we assume that the derived subgroup Gder of G is simply connected. It allows
to generalize the canonical system of coordinates on Ug from the simply connected case to
a (no more canonical but) related system of coordinates. For example, it includes the example of
G = GL, (in which case there is even a canonical choice). Write T4 := T N Gder.

6.10. Let us consider the canonical image of AcCX *(’i‘) in X *(’i‘der) given by restriction to
Tder — T. This is a basis of the root system of édef, and we will still denote it by A. The
corresponding set of simple coroots A C X, (T*) is a Z-basis of the lattice X, (T9°"), and its dual
basis in X*(T9") is the Z-basis

{wa, @€ A} c X*(Td)

of fundamental weights associated to G. In particular, X*(’/I\‘)0 = X*(’i‘)* ﬂX*(’/I\‘)Jr is the kernel
of the surjective group homomorphism

X*(r’f) N X*(r/fwder)
A — Z <)\|’f‘der7 a)@»
acA

that is to say, X*(T)? = X*(G*), where G2 is the torus G/G%. Moreover the fundamental
weights are a basis of the monoid X*(T9")*, and the above map induces an isomorphism of
monoids

X*(T)+/X*(’i‘)0 N X*(Tder)«k
A — Z<A‘fdcr,a>@,
aeA
or equivalently, an isomorphism of monoids
XH(T)"/X*(T)° — X*(Tdr)-
A= D e wo(@))wo(@5).
acA

~

In particular, in X*(T)~ we have:
At = (~A)" = (wo(A)F = XN(T)",

i.e.

S = Spec(Z[A]) = Spec(Z[X*(T)")) = G*>.

6.11. Let us choose a lift R R
{wa, @€ A} C X*(T)*.

It gives a decomposition of the monoid X*(T)~ :

X*(T)™ = P Nug(wa) P X*(T)°,
aelA

and hence an isomorphism of Z-monoid schemes:

Ué — 3 Ua.. x Sé QAK x Gab.
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