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Springer correspondence
‚ G : connected reductive algebraic group / C

T Ă B Ă G : max torus & Borel ; U Ă B : unip rad
W “ NGpTq{T : Weyl group

‚ g “ LieG, b “ LieB, u “ LieU
gnil Ă g : nilpotent cone
9g “ G ˆB u

π
ÝÑ gnil, πpg, xq “ Adgpxq : Springer resolution

Theorem [Springer, Borho–MacPherson]
1. There is a bijection between

(1) IrrepCW
(2) tpz, χq ; z P gnil, χ P IrrLocSysGpGzq, Htoppπ´1pzqqχ ‰ 0u{ „.

2. I “ π˚C 9grdim 9gs is a semisimple perverse sheaf and

I “
à

pz,χq{„

ICpχq b Lz,χ, pz, χq Ø Lz,χ via above bij
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Example : SL2

‚ G “ SL2, B “

ˆ

˚ ˚

0 ˚

˙

, T “

ˆ

˚ 0
0 ˚

˙

‚ g “ Ce ‘ Ch ‘ Cf, e “

ˆ

0 1
0 0

˙

, h “

ˆ

1 0
0 ´1

˙

, f “

ˆ

0 0
1 0

˙

‚ gnil “

"ˆ

a b
c ´a

˙

; a2 ` bc “ 0
*

– A1-singularity

‚ Two G-orbits : gnil “ O0 Y Oreg

O0 “ t0u, Oreg “ tp2 ˆ 2q-nilpotent matrices of rank 1u

‚ π : 9g Ñ gnil : blow-up at 0, 9g – T˚P1

‚ W – S2, IrreppCWq “ tVtriv,Vsgnu

‚ Springer correspondence :

π˚C 9gr2s –
`

ICpO0q b χsgn

˘

‘ pICpOregq b χtrivq
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Affine Hecke algebras (AHAs)

‚ P “ HompT,Cˆq ý W : weight lattice
‚ R “ RpG,Tq Ă P : root system ; ∆ “ ∆pG,B,Tq Ă R : base
‚ tsαuαP∆ Ă W : simple reflections
‚ (extended) affine Hecke algebra K is the Crq˘1s-algebra

‚ generated by the sets tXµuµPP and tTαuαP∆
‚ subject to the following relations for µ, ν P P and α ‰ β P ∆

X0 “ 1, XµXν “ Xµ`ν

pTα ´ qqpTα ` 1q “ 0, TαTβTα ¨ ¨ ¨ “ TβTαTβ ¨ ¨ ¨

TαXµ ´ XsαpµqTα “ pq ´ 1q
Xµ ´ Xsαpµq

1 ´ X´α
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About AHAs

‚ K is a q-deformation of W ¸ CP “ C ĆWR_ (=extended affine Weyl group of R_).
‚ As vector space, there is a decomposition K “ HW,q b CP, where HW

is the Iwahori–Hecke algebra for W.
‚ We can decompose f.d. K-modules according to the

Crq˘1s b CP-spectrum.
‚ Centre : ZpKq “ Crq˘1s b pCPqW.
‚ For s “ pℓ, qq P T ˆ Cˆ

q , completion : K^
s :“ K^ bZpKq ZpKq^

s
‚ f.d. K^

s -modules Ø f.d. K-modules on which Crq˘1,Xµsµ acts with
eigenvalues pW ¨ ℓ, qq Ă T ˆ Cˆ

q .
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K-theoretic construction of AHAs

‚ Let Cˆ
q “ Cˆ act on g by weight ´1 and trivially on G

ù induced Cˆ
q -action on 9g

ù π : 9g Ñ gnil is G ˆ Cˆ
q -equivariant

‚ :g “ 9g ˆg 9g : Steinberg variety
‚ KGˆCˆ

q p¨q : equivariant algebraic K-homology bC

Theorem [Ginzburg]
1. D convolution product on KGˆCˆ

q p:gq

2. K – KGˆCˆ
q p:gq

3. Let s P T ˆ Cˆ
q . Then

K^
s – KGsˆCˆ

q p:gsq
^
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Deligne–Langlands correspondence

Let s “ pℓ, qq P T ˆ Cˆ
q .

Let πs : 9gs Ñ pgnilqs be the restriction of π : 9g Ñ gnil.
Theorem [Kazhdan–Lusztig]
Suppose q is not

?
1. There is a bijection between

(1) tf.d. simple K^
s -modulesu{ „

(2) tpz, χq ; z P pgnilqs, χ P IrrLocSysGspGszq, H˚pπ´1
s pzqqχ ‰ 0u{ „.

However, when q is
?

1, we only have p1q ãÑ p2q.

Q : In this case, remplacement for (1) ?

A : Degenerate double affine Hecke algebras (dDAHAs)
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Example : SL2

K “ Crq˘1sxT,Xy{prelationsq

pT ´ qqpT ` 1q “ 0, TX ´ X´1T “ pq ´ 1qX

K –
ÝÑ KGˆCˆ

q p:gq given by :
‚ q ÞÑ defining character of Cˆ

q
‚ X ÞÑ rOP1p´1qs, T ÞÑ ´pqrOP1ˆP1p0,´2qs ` rOP1sq, where

P1 P1 ˆ P1 :g

t0u g.

∆ Ă

q
Ă
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Example : SL2, q R
?

1

‚ Take v P Rą1 and s “

ˆˆ

v 0
0 v´1

˙

, v2
˙

P T ˆ Cˆ
q

‚ Gs “ T, pgnilqs “

ˆ

0 ˚

0 0

˙

“ C e

‚ s-fixed points :
9gs pgnilqs O0 Y Oe

A1 \ t0u A1 t0u Y Cˆ

πs

– – –

‚ Deligne–Langlands corresp. :

pOe, trivq Ø Lsph “ K{ Kpq ´ v2,T ´ v2,X ´ vq

pO0, trivq Ø Lasph “ K{ Kpq ´ v2,T ` 1,X ´ v´1q
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Example : SL2, q “ ´1

‚ Take v “
?

´1 and s “

ˆˆ

v 0
0 v´1

˙

, v2
˙

P T ˆ Cˆ
q

‚ Gs “ T, pgnilqs “

"ˆ

0 a
b 0

˙

; ab “ 0
*

“ C e Y C f Ă A2

‚ s-fixed points :
9gs pgnilqs O0 Y Oe Y Of

C e \ C f C e Y C f t0u Y Cˆe Y Cˆf

πs

– – –

‚ Deligne–Langlands corresp. fails for AHA at
?

1 :

pOe, trivq Ø Le “ K{ Kpq ` 1,T ` 1,X ´
?

´1q

pOf, trivq Ø Lf “ K{ Kpq ` 1,T ` 1,X `
?

´1q

pO0, trivq Ø
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Example : SL2, q “ ´1

‚ Take v “
?

´1 and s “

ˆˆ

v 0
0 v´1

˙

, v2
˙

P T ˆ Cˆ
q

‚ Gs “ T, pgnilqs “

"ˆ

0 a
b 0

˙

; ab “ 0
*

“ C e Y C f Ă A2

‚ s-fixed points :
9gs pgnilqs O0 Y Oe Y Of

C e \ C f C e Y C f t0u Y Cˆe Y Cˆf

πs

– – –

‚ Deligne–Langlands corresp. holds for dDAHA :

pOe, trivq Ø L̃e “ H{Hph ` 1{2, s0 ´ 1, x ´ 3{4q

pOf, trivq Ø L̃f “ H{Hph ` 1{2, s1 ´ 1, x ` 1{4q

pO0, trivq Ø L̃0 “ H{Hph ` 1{2, s1 ` 1, s0 ` 1, x ´ 1{4q



Affine Hecke algebras dDAHAs Algebraic KZ-functor Shift functors

Degenerate double affine Hecke algebras

‚ G, B, T, as before
Assume G is simple and π1pGq “ 1

‚ Raf “ R ˆ Zδ : real affine roots Ă P ˆ Zδ, δ : imaginary root
∆af “ ∆ Y tδ ´ θu : affine base, θ : highest root
Waf “ xsπyπP∆af affine Weyl group ü P ˆ Z

‚ The dDAHA H is the associative algebra over Crhs

‚ generated by the sets txµuµPPˆZδ and tsαuαP∆af
‚ subject to the relations for µ, ν P P ˆ Z and α ‰ β P ∆af

xµ ` xν “ xµ`ν , xδ “ 1
s2
α “ 1, sαsβsα ¨ ¨ ¨ “ sβsαsβ ¨ ¨ ¨

sαxµ ´ xsαpµqsα “ hxµ ´ xsαpµq

xα
‚ H is an h-deformation of Waf ˙ SympCPq
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About dDAHAs

‚ The Double affine Hecke algebra (DAHA) was introduced by I.
Cherednik in the 90s

‚ It organises the Macdonald polynomials (pq, tq-deformations of
symmetric polynomials) and the Dunkl operators.

‚ Related to a lot of things : 2d CFT, HilbnpC2q, knot invariants of
planar-curve singularities, cluster algebras

‚ The degenerate form, dDAHA H, captures a part of the DAHA.
‚ There is a triangular decomposition

H “ Crhs b pCrT_s b CW b Crtsq , T_ : dual torus

‚ Set δ “ 1. There is an embedding H ãÑ Crhs b DpT_,regq ¸ W. The
subalgebra Crts is sent to the Dunkl operators.
ù affine Knizhnik–Zamolodchikov equations
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Example : dDAHA for SL2

‚ R “ t˘α1u, fundamental weight x “ α1{2.
‚ Affine root system of SL2 :

Raf “ t˘α1 ` nδ ; n P Zu , δ : imaginary root.

Base ∆af “ tα1, α0 “ δ ´ α1u.
‚ H “ Crhsxx, s0, s1y{prelationsq

s2
1 “ 1 “ s2

0, s1x ` xs1 “ h, s0x ´ p1 ´ xqs0 “ ´h.

‚ Set Y “ s0s1. Then we have
H ãÑ Crhs b DpCˆ

Yzt1uq ¸ S2

Y ÞÑ Y
s1 ÞÑ s1

x ÞÑ YBY ´ hp1 ´ Y´1qp1 ´ s1q ` h
‚ We will only consider those H-modules on which x acts locally finitely.
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Cohomlogical construction of dDAHAs

‚ Gaf “ Gppϖqq loop group, Cˆ
t “ Cˆ ü Gaf loop rotation

‚ Baf Ă Gaf standard Iwahori
T Ă Gaf max torus ; Uaf Ă Baf pro-unipotent radical

‚ 9gaf “ Gaf ˆBaf uaf
π
ÝÑ gaf, πpg, xq “ Adgpxq Springer resolution

:gaf “ 9gaf ˆgaf 9gaf Steinberg variety
Theorem [Vasserot, Braverman–Finkelberg–Nakajima]
D convolution on HGaf¸Cˆ

t ˆCˆ
q

˚ p:gafq s.t.

Hδ – HGaf¸Cˆ
t ˆCˆ

q
˚ p:gafq,

where Hδ is defined as H without the relation xδ “ 1.
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Springer correspondence for dDAHA

‚ Let σ “ pλ,m, dq P HompCˆ,T ˆ Cˆ
t ˆ Cˆ

q q. Suppose m ą 0, d ă 0.
‚ Let πσ : p 9gafq

σ Ñ pgnil
af qσ be the restriction of π : 9gaf Ñ gaf.

‚ Let H^
σ denote the completion of H at the ideal gen by

txµ ´ xµ, λ{myuµPP Y th ´ d{mu.

Theorem [Vasserot]
D bijection between

1. tsimple smooth H^
σ -modulesu{ „

2. tpz, χq ; z P pgnil
af qσ, χ P IrrLocSysGσ

af
pGσ

afzq, H˚pπ´1
σ pzqqχ ‰ 0u{ „.

Remark
‚ m ‰ 0 ùñ 9gσaf “

Ů

pvarieties of finite typeq

‚ m ¨ d ă 0 ùñ πσp 9gσafq Ă gnil
af
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Cyclically graded Lie algebras

Principle : Z-grading on gaf ÐÑ Z{m-grading on g
(a.k.a. Moy–Prasad = Vinberg)

Recall that σ “ pλ,m, dq : Cˆ Ñ T ˆ Cˆ
t ˆ Cˆ

q
Assume m ¨ d ă 0

‚ gσaf “
à

kPZ

!

ϖkgα ; α P RpG,Tq Y t0u , xλ, αy ` mk “ 2d
)

.

Set ζ “ expp2π
?

´1
m q, ℓ “ λpζq and q “ ζd.

Put s “ pℓ, qq P T ˆ Cˆ
q . Then

‚ gs “ tgα ; α P RpG,Tq Y t0u , xλ, αy ” 2d pmod mqu

‚ Thus gσaf – gs by ϖ ÞÑ 1, similarly Gσ
af – Gs

ù rpgnil
af qσ{Gσ

afs – rpgnilqs{Gss
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Summary

t simple smooth H^
σ -modulesu{ „ tpz, χq ; z P pgnil

af qσ, H˚pπ´1
σ pzqqχ ‰ 0u{ „

tf.d. simple K^
s -modulesu{ „ tpz, χq ; z P pgnilqs, H˚pπ´1

s pzqqχ ‰ 0u{ „
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Summary

t simple smooth H^
σ -modulesu{ „ tpz, χq ; z P pgnil

af qσ, H˚pπ´1
σ pzqqχ ‰ 0u{ „

tf.d. simple K^
s -modulesu{ „ tpz, χq ; z P pgnilqs, H˚pπ´1

s pzqqχ ‰ 0u{ „

Lusztig–Yun
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Summary

t simple smooth H^
σ -modulesu{ „ tpz, χq ; z P pgnil

af qσ, H˚pπ´1
σ pzqqχ ‰ 0u{ „

tf.d. simple K^
s -modulesu{ „ tpz, χq ; z P pgnilqs, H˚pπ´1

s pzqqχ ‰ 0u{ „

Lusztig–Yun???
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Summary

t simple smooth H^
σ -modulesu{ „ tpz, χq ; z P pgnil

af qσ, H˚pπ´1
σ pzqqχ ‰ 0u{ „

tf.d. simple K^
s -modulesu{ „ tpz, χq ; z P pgnilqs, H˚pπ´1

s pzqqχ ‰ 0u{ „

Lusztig–Yunalgebraic KZ-functor
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Algebraic Knizhnik–Zamolodchikov functor
We have

H^
σ – HGσ

afˆCˆ
q

˚ pp:gafq
σq^

0

K^
s – KGsˆCˆ

q p:gsq
^
1

RR
ÝÝÑ HGsˆCˆ

q
˚ p:gsq

^
0

:gσaf “ 9gσaf ˆgσaf
9gσaf, :gs “ 9gs ˆgs 9gs

9gσaf 9gs

gσaf gs

πσ πs

„

Set
V “ HGsˆCˆ

q
˚ p 9gσaf ˆgs 9gsq^

0 , H^
σ ü V ý K^

s

Definition
The algebraic KZ-functor is

V “ HomH^
σ

pV,Ýq : H^
σ -modsm Ñ K^

s -modfd
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Example : SL2

Recall the Deligne–Langlands correspondence :

O0 “ t0u , Oe “

ˆ

0 Cˆ

0 0

˙

, Of “

ˆ

0 0
Cˆ 0

˙

pOe, trivq Ø L̃e “ H{Hph ` 1{2, s0 ´ 1, x ´ 3{4q

pOf, trivq Ø L̃f “ H{Hph ` 1{2, s1 ´ 1, x ` 1{4q

pO0, trivq Ø L̃0 “ H{Hph ` 1{2, s1 ` 1, s0 ` 1, x ´ 1{4q

and
pOe, trivq Ø Le “ K{ Kpq ` 1,T ` 1,X ´

?
´1q

pOf, trivq Ø Lf “ K{ Kpq ` 1,T ` 1,X `
?

´1q

pO0, trivq Ø H

We have VpL̃eq “ Le, VpL̃fq “ Lf, VpL̃0q “ 0.
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Properties of V

Remark
H^

σ -modsm and K^
s -modfd are abelian category of finite length with finitely

many simple objects.

Theorem [L]
The following holds for V : H^

σ -modsm Ñ K^
s -modfd

1. V is a quotient functor of abelian category
2. kerV “ tM P H^

σ -modsm ; dimGK M ă rpGqu

3. L P H^
σ -modsm simple module. Then VpLq ‰ 0 iff PL (proj cover of L)

is relatively injective over ZpH^
σ q.

4. V satisfies the “bicommutant property”

EndH^
σ

pVq – pK^
s qop, EndpK^

s qoppVq – H^
σ
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Shifting the slope d{m

Given parameters σ “ pλ,m, dq and σ1 “ pλ,m, d1q such that d´d1

m P Z.
‚ Suppose that d ¨ d1 ą 0. Not hard to show :

H^
σ -modsm – H^

σ1 -modsm

‚ Suppose that d ¨ d1 ă 0. Then

impπσq Ď pgnilqs but impπσ1q Ę pgnilqs.

There are algebraic KZ-functors V :

H^
σ -modsm K^

s -modfd H^
σ1 -modsmV V
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Shifting the slope d{m

Given parameters σ “ pλ,m, dq and σ1 “ pλ,m, d1q such that d´d1

m P Z.
‚ Suppose that d ¨ d1 ą 0. Not hard to show :

H^
σ -modsm – H^

σ1 -modsm

‚ Suppose that d ¨ d1 ă 0. Then

impπσq Ď pgnilqs but impπσ1q Ę pgnilqs.

There are algebraic KZ-functors V :

DbpH^
σ -modsm q DbpK^

s -modfd q DbpH^
σ1 -modsm q

V

– (shift functor)

V
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Derived equivalence between H^
σ and H^

σ1

‚ Recall T Ă Baf Ă Gaf standard Iwahori, uaf Ă baf, pro-unipotent
radicals.

‚ 9gaf “ Gaf ˆBaf uaf
π
ÝÑ gaf, πpg, xq “ Adgpxq Springer resolution

‚ Set
T “ HGσ

afˆCˆ
q

˚ p 9gσ
1

af ˆgs 9gσafq
^
0 , H^

σ ü T ý H^
σ1

Theorem (in progress)
The following holds :

‚ Let A “ ZpH^
σ q. Then T – HomApH^

σ ,Aq as H^
σ -module.

‚ T is a tilting complex (Extą0
H^

σ
pT , T q “ 0, xT y “ DbpH^

σ -modsmq).
‚ T satisfies the bicommutant property
‚ RHomH^

σ
pT ,Ýq yields an equivalence of derived categories

DbpH^
σ -modsmq – DbpH^

σ1 -modsmq.
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Remarks

‚ The derived equivalence

DbpH^
σ -modsmq – DbpH^

σ1 -modsmq.

is an analogue of the Ringel duality for rational Cherednik algebras.
‚ We conjecture the same derived equivalence for H of unequal

parameters, which will be an analogue of a theorem of I. Losev for
rational Cherednik algebras.

‚ The proof of Losev makes use of an analogue for symplectic reflection
singularity of Bezrukavnikov–Kaledin’s theorem of derived McKay
correspondence and quantisation in characteristic p ą 0.



Affine Hecke algebras dDAHAs Algebraic KZ-functor Shift functors

Tool : Braden’s hyperbolic restriction theorem
‚ X : a complex algebraic variety
‚ Let Cˆ act on X by α : Cˆ Ñ AutpXq

‚

X

X` X´

Xα

j`

p`

j´

p´

X` “

"

x P X ; lim
tÑ0

αptqx P X
*

X´ “

!

x P X ; lim
tÑ8

αptqx P X
)

Xα : α-fixed points.

‚ p`pxq “ limtÑ0 αptqx, p´pxq “ limtÑ8 αptqx
Theorem (Braden).
There is an isomorphism of functors DbpXq Ñ DbpXαq

pp`q! ˝ pj`q˚ – pp´q˚ ˝ pj´q!.
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‚ Let τ “ pµ,nq : Cˆ Ñ T ˆ Cˆ
t be a regular cocharacter (i.e.

pGafq
τ “ T).

‚ Suppose n ą 0. It defines two subgroups :

B` “

"

g P Gaf ; limtÑ0
τptqg P Gaf

*

Ă Gaf.

B´ “

!

g P Gaf ; lim
tÑ8

τptqg P Gaf
)

Ă Gaf.

‚ B` is an Iwahori subgroup of Gaf
B´ is an integral Crϖ´1s-model for Gaf
B` X B´ “ pGafq

τ “ T
‚ Two “affine Springer resolutions”

9gaf “ Gaf ˆB`

u` Ñ gaf

gaf “ Gaf ˆB´

u´ Ñ gaf
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gσaf

pb`qσ pb´qσ

t

j`

p`

j´

p´

‚ Thus by Braden’s theorem,

pp`q! ˝ pj`q˚ – pp´q˚ ˝ pj´q!.

‚ By some easy Ext-calculus, it gives

HGsˆCˆ
q

˚ p 9gσaf ˆgσaf
ḡσafq – HomApHGsˆCˆ

q
˚ p 9gσaf ˆgσaf

9gσafq,Aq

‚ Not hard to show

HGsˆCˆ
q

˚ pgσaf ˆgσaf
gσafq –Morita HGsˆCˆ

q
˚ p 9gσ

1

af ˆgσaf
9gσ

1

af q
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