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Historical Setting

• G complex semi-simple
algebraic group.
• T ⊆ B ⊆ G a Borel
sub-group and a maximal
torus of G .
• X := G/B the �ag variety.

• gC := Lie(G).

• tC := Lie(T ) and λ ∈ t∗C.

• z ⊆ U(gC) the center.

• Λ+ ⊆ t∗C positives roots

d = dim(X ) = |Λ+|.
 ρ Weyl character

We have two constructions:

• Via the isomorphism of Harish-Chandra we have a maximal ideal
mλ ⊆ z.

• A sheaf Dλ of λ-twisted di�erential operators.
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Sheaf of (algebraic) di�erential operators

We start by considering the tangent sheaf

TX := {θ ∈ EndC(OX ) | θ(fg) = θ(f )g + f θ(g)}.

By identifying

OX ↪→ EndC(OX )
f 7→ [g 7→ fg ]

We can de�ne

DX := {C-(sub)algebra generated by OX and TX} ⊆ EndC(OX ).

Intrinsic de�nition (l ∈ N and F0DX = OX )

FlDX := {P ∈ EndC(OX ) | ∀f ∈ OX , [P, f ] ∈ Fl−1DX},

DX = ∪l∈NFlDX
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Finiteness properties

If U is a chart with coordinate system {xi , ∂xi }, then

DU =
⊕
α∈Nd

OU∂
α, ∂α := ∂α1x1 · · · ∂

αd
xd .

Furthermore, the obvious morphism

TX
σ−→ gr1(DX )→ gr(DX )

induces a canonical identi�cation

Sym(TX ) → gr(DX )
(locally) ∂xi 7→ ξi := σ(∂xi )

and we have

gr(DU) = OU [ξ1, · · · , ξd ].

• DX has noetherian sections over a�ne open subsets.

• DX is a coherent sheaf of rings.
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Sheaves of (homogeneous) twisted di�erential operators

We will need the following generalization of the pair (DX ,OX
ιX−→ DX ).

A pair (A, ι) is a sheaf of twisted di�erential operators on X if:

• ι : OX → A is a morphism of C-algebras with unit,

• X admits a cover by open sets U such that (A|U , ι|U) ' (DU , ιU).

We have a bijection

IsoClass(t.d.o) ' H1(X ,Z1
X ).

In this presentation we will consider the following subcategory

(A, ι) is a homogeneous sheaf of t.d.o if

• A is endowed with an algebraic G -action preserving mult.,

• Di�erentiating the G -action induces a G -equivariant morphism

Φ : U(g)→ Γ(X ,A).
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Technical example

• λ ∈ Hom(T ,Gm)  L(λ) invertible.

In this case (l ∈ N and F0Dλ = OX )

FlDλ := {P ∈ EndC(L(λ)) | ∀f ∈ L(λ), [P, f ] ∈ Fl−1Dλ}

and

Dλ :=
∪l∈NFlDλ = L(λ)⊗OX

DX ⊗OX
L(λ)∨

[t 7→ P(〈s∨, t〉)s] ←[ s ⊗ P ⊗ s∨

is the sheaf of (twisted) di�erential operators acting over L(λ).

DX is a sheaf of twisted di�erential operators on X .

We have an inclusion

X ∗(T ) := Homalg. gps(T ,Gm) ↪→ H1(X ,Z1
X ).
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Di�erential operators attached to non-algebraic characters

We consider

• N ⊆ B unipotent radical of B.

X̃ := G/N the a�ne
basic space.

Endowed with commutating
(G ,T )-actions.

X := G/B the �ag
variety

ξ : X̃ → X

• ξ is a locally trivial T -torsor,

• D̃ := (ξ∗DX̃ )T . If U ⊆ X trivialises ξ, then D̃|U ' DU ⊗C U(t),

• for λ ∈ t∗ := HomC−mods(t,C), we can de�ne

Dλ := D̃ ⊗U(t) Cλ,
and we get an injection

t∗ ↪→ H1(X ,Z1
X ).
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Localization of gC-modules

The localization theorem decomposes in two parts:

The canonical action of G over X gives a canonical isomorphism of
algebras

Uλ := U(gC)/mλ ' H0(X ,Dλ).

If λ+ ρ ∈ t∗C is a regular and dominant character, then

{Dλ-modules} H0(X ,•)−−−−−→. {Uλ-modules}

is equivalence of categories.
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Arithmetic Context

In mixed characteristic an important progress can be found in the
work of Huyghe-Schmidt.

In this situation:

o is the ring of integers of a �nite extension L of Qp (e ≤ p − 1 !),

G is a split connected reductif group over o,

T ⊆ B ⊆ G a Borel subgroup containing a split maximal torus.

X := G/B the o-�ag scheme X the formal completion
along its special �ber.

• D†X the sheaf of Berthelot's di�erential operators.

If (U, ∂i ) ⊆ X is a coordinated a�ne open subset and ∂[νi ]
i =

∂
νi
i
νi !

D†X(U) =


∞∑
ν

aν∂
[ν] | ∃c > 0, η < 1 s.t |aν | < cη|ν|, aν ∈ OX,L(U)


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Arithmetic Version of Beilinson-Bernstein's Localization
(Algebraic Case)

λ ∈ Hom(T,Gm)  
L (λ) invertible

• D†X(λ) sheaf of (arithmetic) λ-twisted di�erential operators

D†X(λ) := L (λ)⊗D†X ⊗L (λ)∨.

D(m)(G) arithmetic
distribution algebra

D(m)(G)L = U(gL)

D̂(m)(G)λ
p-adic completion

D†(G)λ = lim−→ D̂(m)(G)λ,L

D(m)(G)λ := D(m)(G)
/(

Ker(χλ) ∩ D(m)(G)
)
.

Theorem. [HS] The formal �ag o-scheme X is D†X(λ)-a�ne for
every algebraic character λ such that λ + ρ is dominant and
regular.
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Example GL2,Zp

G = GL2,Zp  gl2,Zp

We have

e =

(
0 1
0 0

)
h1 =

(
1 0
0 0

)
h2 =

(
0 0
0 1

)
f =

(
0 0
1 0

)

gl2,Zp
= Zp · e ⊕ Zp · h1 ⊕ Zp · h2 ⊕ Zp · f

• D(m)(GL2,Zp ) ⊆ U(gl2,Zp
)⊗Zp Qp is the Zp-subalgebra generated by

ν = qνp
m + rν qν1 !

eν1

ν1!
· qν2 !

(
h1
ν2

)
· qν3 !

(
h2
ν3

)
· qν4 !

f ν4

ν4!

D(m)(GL2,Zp )⊗Zp Qp = U(gl2,Zp
)⊗Zp Qp
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The Arithmetic Projective Line

X = P1
Zp

= Spec(Zp[x ]) ∪ Spec(Zp[y ])

The canonical right action

x ·
(
a b
c d

)
=

b + dx

a + cx
y ·
(
a b
c d

)
=

ay + c

by + d

gives

ϕ : gl2,Zp
→H0(P1

Zp
, TP1Zp

)→H0(P1
Zp
,D(0)

P1Zp
)

e� ∂x h1� -x∂x h2� x∂x f� x2∂x
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Arithmetic Di�erential Operators on the Projective Line

For every m ∈ N, we can consider the sheaf D(m)

P1Zp
(⊆ DP1Zp

⊗Zp Qp).

<∞∑
ν

av [x ]
q

(m)
v !

v !
∂v
x

<∞∑
ν

a′v [y ]
q

(m)
v !

v !
∂v
y

The relation (
x∂x
ν

)
= xν

∂νx
ν!

allows to complete the diagram

gl2,Zp

ϕ−→ H0

(
P1
Zp
,D(0)

P1Zp

)

↪→

↓

q
(m)
ν !
(
hi
ν

)
∈ D(m)(GL2,Zp ) 99K H0

(
P1
Zp
,D(m)

P1Zp

)
3 xν q

(m)
ν !
ν!
∂νx
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How to generalize for non-algebraic characters the Arithmetic
Beilinson-Bernstein Localization?

• For technical reasons we need to restrict our constructions to Zp.

We consider

N ⊆ B unipotent radical of B

X̃ := G/N the a�ne
basic space

X := G/B the �ag
scheme

ξ : X̃ → X

We will also consider the distribution algebra

Dist(T) = lim−→m∈N
D(m)(T)
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Distribution Algebra

Let us exemplify the avatar Dist(T) when T is the maximal torus

(SL2,Zp ⊇) T =

{(
T

T-1

)}
= Spec(Zp[T±1]) = Gm

∀n ∈ N, we can consider δn((1− T)i ) = δn,i (Kronecher's delta).

{δn}n∈N is a Zp-basis for Dist(T) ⊆ Dist(T)⊗Zp Qp s.t

δn =
(
δ1
n

)
.

In particular

Dist(T)⊗ZpQp = Qp[δ1] = U(t)⊗ZpQp

Now, λ ∈ HomZp-mod(t,Zp) induces λ ∈ HomZp-alg(Dist(T),Qp)

λ(δn) =
(
λ(δ1)

n

)
∈ Zp

bijection
=⇒ HomZp-mod(t,Zp)

'−→ HomZp-alg(Dist(T),Zp)
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(Arithmetic) Relative Enveloping Algebras of Finite Level

ξ is a locally trivial
T-torsor

 Rel. enveloping
alg. of �nite level

D̃(m) :=
(
ξ∗D(m)

X̃

)T
It is a D(m)(T)-module and gives a family of t.d.o on X .

λ ∈ t∗  λ ∈ Dist(T)∗.

We consider
=⇒ D(m)

X ,λ := D̃(m) ⊗D(m)(T),λ Zp.
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Important Properties

• Let S the set of a�ne open subsets of X that trivialize ξ

Let U ∈ S .

D̃(m)|U ' D(m)
X |U ⊗Zp D

(m)(T)

Γ(T,D(m))T = D(m)(T)! D(m)
X ,λ|U ' D(m)

X |U .

The sheaf D(m)
X ,λ is an integral model of Dλ.
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Arithmetic Beilinson-Bernstein Theorem

As in the algebraic case, we consider

D†X,λ := lim−→m∈N


(

lim←−
i∈N

D(m)
X ,λ

/
pi+1D(m)

X ,λ

)
⊗Zp Qp︸ ︷︷ ︸

D̂
(m)
X,λ,Qp

 .

Theorem.[S]
Let λ ∈ Dist(T)∗ be a character of Dist(T) s.t λ + ρ ∈ t∗Qp

is a dominant and regular character. Then

Modcoh(D†X,λ)
H0(X,•)
 Modfp(D†(G)λ)

• The inverse functor is determined by the localization functor

L oc†X,λ(•) := D†X,λ ⊗D†(G)λ
(•).
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Arithmetic Di�erential Operators with Congruence Level

Consider the order �ltration {D(m)
X ,d}d∈N and the asso. Rees ring

R
(
D(m)

X

)
:=
⊕
d∈N

D(m)
X ,d · t

d ⊆ D(m)
X [t]

Its specialization in pk

D(m,k)
X := Im

(
R
(
D(m)

X

)
t 7→pk→ D(m)

X

)
it is the sheaf of di�erential operators with congruence level k.

gr(D(m)
X ) = Sym(m)(TX )  D(m,k)

X ,d =
d∑

l=0

pklD(m)
X ,l

gr(D(m,k)
X ) = Sym(m)(pkTX ).
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Admissible Blow-ups

I ⊆ OX such that pk ∈ I

A blow-up pr : Y → X along V (I) is called an admissible
blow-up.

• Congruence level of Y :

kY := min
I
min{k ∈ N | pk ∈ I}

Theorem.[HS] Let pr : Y → X be an admissible blow-up
and k ≥ kY . Then

D(m,k)
Y = pr∗D(m,k)

X = OY ⊗pr−1OX
pr−1D(m,k)

X

is endowed with a mult. structure extending pr−1D(m,k)
X .

(f1 ⊗ ∂1) · (f2 ⊗ ∂2) = f1∂1(f2)⊗ ∂2 + f1f2 ⊗ ∂1∂2
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Twisted Di�erential Operators on Formal Models of Flags
Varieties

pr : Y → X formal completion of an admissible blow-up.

λ ∈ X (T)  

L(λ)/Y

If k≥ kY we have a sheaf of di�erential operators on Y

D†Y,k := lim−→
m∈N

(
lim←−
j∈N

D(m,k)
Y /pj+1D(m,k)

Y

)
⊗Zp Qp

• Let us �x k ≥ kY .

We can de�ne a sheaf of λ-twisted di�erential operators act-
ing over L (λ)

D†Y,k(λ) := L (λ)⊗OY D†Y,k ⊗OY L (λ)∨
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Beilinson-Bernstein with Congruence Level

Theorem. [S]

Let λ ∈ X (T) such that λ+ ρ is dominant and regular.
Then

Coh(D†X,k,λ)
H0(X,•)−→
←−
L oc†

Modfp(D†(G(k))λ)

Congruence groups

• G(k) denotes the k-th congruence subgroup.

Example

G = GL2,Zp

G(k)(Zp) =

{(
a b
c d

)
| a− 1, b, c, d − 1 ∈ pkZp

}
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Localization Theorem over an Admissible Blow-up

pr : Y → X a (formal) admissible blow-up.

Theorem[S]

We have pr∗D
†
Y,k,λ = D†X,k,λ. Moreover

ModCoh(D†Y,k,λ)
pr∗ ModCoh(D†X,k,λ)

H0(Y , •) = H0(X, •) ◦ pr∗

Corollary

Let λ ∈ X (T) such that λ+ ρ is dominant and regular.
Then

ModCoh(D†Y,k,λ)
H0(Y,•)−→
←−
L oc†

Modfp(D†(G(k))λ)
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G0-equivariance of Formal Models of Flag Varieties

We start by considering the compact p-adic group G0 := G(Zp).

Locally analytic
G0-representations

(with central char. λ)

m (•)′b

D(G0,Qp)λ

Coadmissible G0-equivariant
arithmetic

Dλ-modules

Key point: to build a weak Fréchet-Stein structure over D(G0,Qp).
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Weak Fréchet-Stein Structure

The work carried by Huyghe-Schmidt gives us

D†(G(k))λ
'−→ Dan(G(k)◦)λ

where Dan(G(k)◦) := Homcont
Qp

(OG(k)◦(G(k)◦),Qp).

Let D(G(k)◦,G0) := (Ccont(G0,Qp)G(k)◦−an)′b such that

D(G0, L)
'−→ lim←−k∈N

D(G(k)◦,G0)

de�nes a weak Fréchet-Stein algebra structure over D(G0,Qp).
Moreover

D(G(k)◦,G0)
Rings

=
⊕

g∈G0/Gk

Dan(G(k)◦)δg .

Gk := G(k)(Zp) and δg is the Dirac distribution supported at g .
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Strongly G0-equivariant Arithmetic Dλ-modules

On the geometric side, if pr : Y→ X is admissible and
G0-equivariant we have a left G0-action

Tg : D†Y,k(λ)→ (ρg )∗D
†
Y,k(λ) Thg = (ρg )∗Th ◦ Tg

h, g ∈ G0 and ρg : Y→ Y is the comorphism induced by the
action.

A coherent D†Y,k(λ)-module M is strongly G0-equivariant, if there
exists a family (ϕg )g∈G0 of isomorphisms

ϕg : M → (ρg )∗M

of sheaves of Qp-vect. spaces satisfying the following properties (†):

• ∀h, g ∈ G0, we have ϕhg = (ρg )∗ϕh ◦ ϕg .

• Locally ϕg (P ·m) = Tg (P) · ϕg (m).

• If g ∈ Gk+1, then ϕg = multiplication by δg ∈ Dan(G(k)◦)λ.



Localization of
Admissible Locally

Analytic
Representations

Andrés Sarrazola
Alzate

Historical Setting

Arithmetic Version

Arithmetic
Di�erential
operators on
Admissible
Blow-ups

G0-equivariance of
Formal Models of
Flag Varieties

Strongly G0-equivariant Arithmetic Dλ-modules

On the geometric side, if pr : Y→ X is admissible and
G0-equivariant we have a left G0-action

Tg : D†Y,k(λ)→ (ρg )∗D
†
Y,k(λ) Thg = (ρg )∗Th ◦ Tg

h, g ∈ G0 and ρg : Y→ Y is the comorphism induced by the
action.

A coherent D†Y,k(λ)-module M is strongly G0-equivariant, if there
exists a family (ϕg )g∈G0 of isomorphisms

ϕg : M → (ρg )∗M

of sheaves of Qp-vect. spaces satisfying the following properties (†):

• ∀h, g ∈ G0, we have ϕhg = (ρg )∗ϕh ◦ ϕg .

• Locally ϕg (P ·m) = Tg (P) · ϕg (m).

• If g ∈ Gk+1, then ϕg = multiplication by δg ∈ Dan(G(k)◦)λ.



Localization of
Admissible Locally

Analytic
Representations

Andrés Sarrazola
Alzate

Historical Setting

Arithmetic Version

Arithmetic
Di�erential
operators on
Admissible
Blow-ups

G0-equivariance of
Formal Models of
Flag Varieties

Strongly G0-equivariant Arithmetic Dλ-modules

On the geometric side, if pr : Y→ X is admissible and
G0-equivariant we have a left G0-action

Tg : D†Y,k(λ)→ (ρg )∗D
†
Y,k(λ) Thg = (ρg )∗Th ◦ Tg

h, g ∈ G0 and ρg : Y→ Y is the comorphism induced by the
action.

A coherent D†Y,k(λ)-module M is strongly G0-equivariant, if there
exists a family (ϕg )g∈G0 of isomorphisms

ϕg : M → (ρg )∗M

of sheaves of Qp-vect. spaces satisfying the following properties (†):

• ∀h, g ∈ G0, we have ϕhg = (ρg )∗ϕh ◦ ϕg .

• Locally ϕg (P ·m) = Tg (P) · ϕg (m).

• If g ∈ Gk+1, then ϕg = multiplication by δg ∈ Dan(G(k)◦)λ.



Localization of
Admissible Locally

Analytic
Representations

Andrés Sarrazola
Alzate

Historical Setting

Arithmetic Version

Arithmetic
Di�erential
operators on
Admissible
Blow-ups

G0-equivariance of
Formal Models of
Flag Varieties

Strongly G0-equivariant Arithmetic Dλ-modules

On the geometric side, if pr : Y→ X is admissible and
G0-equivariant we have a left G0-action

Tg : D†Y,k(λ)→ (ρg )∗D
†
Y,k(λ) Thg = (ρg )∗Th ◦ Tg

h, g ∈ G0 and ρg : Y→ Y is the comorphism induced by the
action.

A coherent D†Y,k(λ)-module M is strongly G0-equivariant, if there
exists a family (ϕg )g∈G0 of isomorphisms

ϕg : M → (ρg )∗M

of sheaves of Qp-vect. spaces satisfying the following properties (†):

• ∀h, g ∈ G0, we have ϕhg = (ρg )∗ϕh ◦ ϕg .

• Locally ϕg (P ·m) = Tg (P) · ϕg (m).

• If g ∈ Gk+1, then ϕg = multiplication by δg ∈ Dan(G(k)◦)λ.



Localization of
Admissible Locally

Analytic
Representations

Andrés Sarrazola
Alzate

Historical Setting

Arithmetic Version

Arithmetic
Di�erential
operators on
Admissible
Blow-ups

G0-equivariance of
Formal Models of
Flag Varieties

Strongly G0-equivariant Arithmetic Dλ-modules

On the geometric side, if pr : Y→ X is admissible and
G0-equivariant we have a left G0-action

Tg : D†Y,k(λ)→ (ρg )∗D
†
Y,k(λ) Thg = (ρg )∗Th ◦ Tg

h, g ∈ G0 and ρg : Y→ Y is the comorphism induced by the
action.

A coherent D†Y,k(λ)-module M is strongly G0-equivariant, if there
exists a family (ϕg )g∈G0 of isomorphisms

ϕg : M → (ρg )∗M

of sheaves of Qp-vect. spaces satisfying the following properties (†):

• ∀h, g ∈ G0, we have ϕhg = (ρg )∗ϕh ◦ ϕg .

• Locally ϕg (P ·m) = Tg (P) · ϕg (m).

• If g ∈ Gk+1, then ϕg = multiplication by δg ∈ Dan(G(k)◦)λ.



Localization of
Admissible Locally

Analytic
Representations

Andrés Sarrazola
Alzate

Historical Setting

Arithmetic Version

Arithmetic
Di�erential
operators on
Admissible
Blow-ups

G0-equivariance of
Formal Models of
Flag Varieties

First Equivalence

Let us denote

• CG0,λ := {Coadmissible D(G0,Qp)-modules} ∩Mod(D(G0,Qp)λ).

• Coh(D†Y,k(λ),G0); category of strongly G0-equivariant coherent

D†Y,k(λ)-modules.

Theorem[S]

Let λ ∈ X (T) such that λ+ ρ ∈ t∗L is dominant and
regular. Then

D(G(k)◦,G0)λ-mods
of �nite

presentations

L oc
†
Y,k

(λ)

−−−−−−−→
H0(Y,•)←−−−−− Coh(D†Y,k(λ),G0)
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Coadmissible G0-equivariant Dλ-modules

Still on the geometric side, Let FX be the set of couples
(Y, k) such that Y is an admissible blow-up X and k ≥ kY .

Let g ∈ G0. Pour every (Y, k) ∈ FX there exists
(Y · g , kY·g ) ∈ FX endowed with an isomorphism ρg : Y→ Y · g
such that kY = kY·g .

A family M := (MY,k)(Y,k)∈FX
of coherent D†Y,k(λ)-modules is a

coadmissible G0-equivariant D(λ)-module over FX, if for every
g ∈ G0, there is

ϕg : MY.g,k → (ρg )∗MY,k

satisfying (†) and such that if (Y′, k ′) � (Y, k) with π : Y′ → Y,
then there exists a transition morphism π∗MY′,k′ →MY,k .

Those morphisms allow us to form the proj. limit

Γ(M ) := lim←−(Y,k)∈FX

H0(Y,MY,k).
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The Localization Functor

• Repadm(G0): admissible locally analytic representations.

M ∈ CG0,λ
(•)′b V ∈ Repadm(G0)

• Mk := (VG(k)◦−an)′ is a D(G(k)◦,G0)-module of �nite
presentation.

• For every element (Y, k) ∈ FX we get a coherent D†Y,k(λ)-module

L oc†Y,k(λ)(Mk) := D†Y,k(λ)⊗Dan(G(k)◦)λ Mk

L ocG0λ (M) :=
(
L oc†Y,k(λ)(Mk)

)
(Y,k)∈FX

.
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Second Equivalence

• Let CG0
X,λ be the category of coadmissible G0-equivariant

D(λ)-modules over FX.

Theorem[S]

Let λ ∈ X (T) such that λ+ ρ ∈ t∗L is dominant and
regular. Then

CG0,λ

L oc
G0
λ

(•)
−−−−−−→

Γ(•)←−−

CG0
X,λ
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G = G(Qp)-equivariance structures

Actually, we dispose of a (non-compact) version of the pre-
vious equivalence for the group G = G(Qp).

D(G ,Qp)
↑

D(G0,Qp)

CG ,λ −→ CG
λ

↓ ↓
CG0,λ −→ CG0

X,λ.
Forgetful funct.
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Localization of principal series representations

G = G(Qp) B = B(Qp) T = T(Qp)

Let λ : T → Qp be an analytic character.

IndGB (λ−1) := {f ∈ C la(G ,Qp) | f (gb) = λ(b)f (g) b ∈ B, g ∈ G}

The coadmissible D(G ,Qp)-module M(λ) := (IndGB (λ))′b satis�es

M(λ) = D(G)⊗D(B)⊗U(b)U(g)

U(g)⊗U(b) Qp,dλ︸ ︷︷ ︸
M(λ)


and

L oc†(M(λ)k) = ⊕s
i=1(ρgi )∗D

†
X,k,λ ⊗ (spX)∗ι

∗Loc(M(λ))

Example.[HPSS] If λ = −2ρ then L oc†(M(λ)k) is a sum of a
skyscraper sheaf placed at �nitely many points g1o, ..., gso ∈ X and
o = spXι

−1(B).
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G = G(Qp) B = B(Qp) T = T(Qp)

Let λ : T → Qp be an analytic character.

IndGB (λ−1) := {f ∈ C la(G ,Qp) | f (gb) = λ(b)f (g) b ∈ B, g ∈ G}
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M(λ) = D(G)⊗D(B)⊗U(b)U(g)

U(g)⊗U(b) Qp,dλ︸ ︷︷ ︸
M(λ)


and

L oc†(M(λ)k) = ⊕s
i=1(ρgi )∗D

†
X,k,λ ⊗ (spX)∗ι

∗Loc(M(λ))
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