
Prismatic cohomology
Outline

Cil Sites and sheaves

Ciil The prismatic site

Ciii )
"

computational tools
"

, Hodge-Tate comparison map .

Sites end sheaves [ ignore set theory]

Definition A site Ce
,
Car cell consists of a category e

and a collection of coverings
Cov (e) 3- { Ui -> Ubi c- e-

G-ixed target /
such that the following hold :

Cit Ui É v ⇒ {U ;
U } C- Cancel .

E Cancel
eii ) It { Ui -> U } .- c-I C- Cancel , { Uij → Uibjeyci ,

for all i c-I , then { Uij → Ui → Ubgjoycii
, ,

-

←I
G Cov cel

.

Ciii ) It {Ui → Obie I C- Car cel and V-> 0 , then

{ Uxo Ui -Subic, C- Cancel .

In

existence
perf of axiom .

Example Let ✗ he a topological space. → category with objects open sets

morphisms inclusions
.

With ordinary open covers , this gives ✗ the structure of a site :

The Zariski site ✗Zar
.

Example Let e be a category. This always admits a chaotic site structure :

{ Ui → Ubi et E Cau Cet ⇐ s I - { ib
,
U ; U .



Definition A presheaf d- a. eop → get is a sheaf if the diagram

t cul -> IT 9- coil =3IT tcuj gon )
i c-I Jin

⇒ É →
is a limit diagram for each { Ui

→ US c- Cancel
.

Exempt For e = Xzan
,
this recovers the usual definition of a sheaf .

Example It e is a category with the
chaotic site structure

,

the sheaf condition is vacuous ? Every prsheef is a sheaf .

The prismatic site

Let CACII C- Prism
,
R c- Chingany G-ornately

smooth to some purposes .]

Informally , CR /A)
* is defined as the following

"

pullback
"

:

CRIA /
a

> Chingn / ⇒ e Ahold consider
- the opposite category?]

I

v
s Etrigan/ →ÉPrism

ZA.IT/
U V1

CBIID) 1 3 13 LIB

Definition The prismatic site cnn.la is the following category
moth the chaotic site structure : The objects are prisms

over (Ait) with an ACI
- dy. map R→ BIIB .

We shall unite

A - B

=

' E R→ ☐ LIB 2- D)
I t

1- II → R→ ☐ IIB

for objects of CRIAla
.



Renate Bhatt - Schutte use something closer to the flat topology .
We will use the chaotic topology in the affine ease ,
and globalize nice Hodge-Tate .

Example If R = A II
,
then CRIA /a = Prism ca.IN .

Example Let A = A /I Lx> : = A ftp.
^

ip.it → CR ÑIIÑ ← It
.dcxl -0 ,

Ñ : = A Lxs

It R G Etrigan formally smooth, em choose

Ñ with TTIIÑ = RI

Prismatic cohomology

Definition Let e Lea site with a terminal object X.

For t : er → Ah a sheaf on e
, set

rice, A) := 7- Cx ) . This is left
- exact

→ RP beet ) : = TCF
,
I
• I.

,

5- Ez
. injective resolution .

Example It e-- Xzar
,
RT (Xzar

,
Fl is sheaf cohomology .

Remark Since ✗ c- e is terminal , text = 1in FCYI .

Yee

Definition If e is a category
with the chaotic site structure ,

we define Tce
,
FI := him tcxl .

✗ c- at

→ Rr ce.tl = Klim tcxl .
✗ at

Remuh This cohomology is always trivial if e has a terminal object .

Definition We define sheaves on CRIAI
# by

ncp.tl (R→ ☐ LIDc-B) 1-7 ☐
⇐ : CHAI#→ @Ringer )a , ,

rp
0T¢ : (RCA)

#
→ Cringing ,

CR→ BIIB ← B) t> BIIB .

From this we obtain

- prismatic e.homology not
t-RPCCRIAIA.ca )

- Hodge-Tate cohomology Epa , = RPC CHAI # , 0T¢) .



op

Example It A-ALI , ER /A / = Prism
a.I ,

has

a terminal object ⇒ A- RIA
= A

, put
= ALI

,

Towards Hodge -Tate

Let F-
*

C- edgaiy .

We say
F-
*

is strictly commutative

if xp = o for ✗ a Éhitl Since ✗
"
= -xi this is

only additional data in characteristic 2 .

Let B. → c be a map of rings .

The de Rham complex
el n

GE,, ,

deer ) = C C → heirs -4 rien, -4 . . . )

is initial
among cdgas over

13 with a map
C-> F-

°

.

A slightly sharper Formulation is
:

Lemma CIE,☐ ,

deer) is intra among
CE? all C- cdgais,

Cil Ei = 0 Fico ;

a- it if ! C
→ F- 0 ;

Ciii 1 ellycall
?
= 0

.

Proof sketch
el

Le -4 Eo → E') c- Derigc Ci E
' ) → view 4. lie,☐ → E' g- E

'

iii.É
"

r

v EZ
the,☐

- -
- - >

. ☒

np
Since ① takes values in CRinyn.gg ,

H* CIRCA ) will be a graded commutative ring.
Moreover

,
there is a natural differential : If I- Cdl

,

then the short exact sequence

0 → ⑨
*
% Qa /di → ①

⇐
→ 0



gives rise to a map 1-1 't CAIRa. I ¥ Ht" Era ) on cohomology .
Goal Construct a map

CI*
A. A-VR ,

deer I > CHEEMA I
,
BE 1

.

For this
.
it suffices to show that pie Citi 12--0 it to c- R

.

More an cohomology over the chaotic site

currently, we sit in - between two extremes :

Eil He has a terminal object , all higher cohomology vanishes .

Ciil It e does not have a terminal object , we have

little control over
" Klim FCN

"

in general-
✗ c- e

The following is a useful compromise :

Definition An object ✗ c- e is weakly terminal if for
all YE e

there exists a map Y
-> ✗

.

Example It e. Set
, every nonempty set is weakly terminal- Terminal

⇐> Singleton-

Lemma It ✗ ee is weakly terminal, then Nice ,
e- I can be computed

by the Zech -Alexander complex

text → 9- (✗ ✗ ✗ I toxxxxx) - - -

IE
assumptionSuhgoal Find a uueatlg terminal

object in CRIAKIP
.

Lemma CExistence of prismatic envelopes I Let CA.tl he a prism and let
CAiI7 → CDCg) be a map of d- parts .

Then there is a universal
map

of pans CA , Il > Cc, Ict

→Sometimes one unites C = ☐ { ¥ b?
S
EBay )

.



Remark It cp.de × , - , xr ) =]
,
then BE ¥ } = ☐ { Fee }

under some hypotheses : Details next talk?

Corollary CRIA/ admits finite coproducts .

Proof sketch CR → ☐ /Its ← B) and Ctr → chic c- el
,

may consider Do '
-
= Bag C-

There is no reason that

R → ☐ IIc should commute
,

so we fix the failure :
I := her (Do -> CIIC ¥13 IIC ),I I

EIIC→ Do /ID,
and then we form (Ait ) → EDoc T ) → ED.be?=lg,IDotiE-lg)

.

This is the c.product . ☒

Construction of Cech- Alexander complexes

goal : construct a weakly initial object in CRIA la
.

Let Fa 1-{ RTs
,
where Ñ is a formally smooth lift of R .

This comes with a svjection Fa → R ; let y be the kernel
.

send generates to lifts of images in 1311--13We obtain a diagram
A > Fo > F. {¥} = ?F - - - --313

&
v

v v

ALI > Fol] ] f /IF - -→BAD
14 7

R

The claim is that R→ FIEF ← F is weekly initial , which follows
from the orange dragon-

Upshot 1-1*111,2 ,a) ear be computed as the cohomology of the chain complex
Fo Eets f '

" 1=2 → .
-

, We write E ; : f-
9-
→ 1=1+4

where F 9- c. = 0¢
, ,a
C F ④

"+9-1 )
.

• ten the e.simplicial structure map .



Remark This is the eaohain complex associated to a diagram of d- rings .

Consequently, each differential will commute with 4 .

Lemma Consider HE CAIN ,al as a edya with differential PE
induced by o - > OI, → Oa /can → 0*-20 .

Then jsdlqctl12=0 Ht c- R .

Proof Let us first give a emuuiat description of PE Crltl) .

O O Oo qf
n
t t

u tpakltll
f-0 → 1=1 → F

'
→ . . . Fold → F

' /d-- - .

da
a lil lid lid lid

lid qq.tl-city ~D 5%-1-11+1 - da

→ 1=2 →
-
-
- -

g- c. Folder→ FYI
" → - -

TE FO → - F '

Ii 1 I 1It v0

clotFold → FYI
→ -

. .

1AKF%d -8 FYI
→ FYI → . . . .

I 1I
1 t o

o

oo

0

Begin with qltl c- FYI. Since F. fd is R -lineal! I ,

nctl to 0 C- F' Id . Pich a lift T G Fo .

This maps to
ETH-{' a-↳ da ,

u-h.ch comes from a GF !

Playing the same gone on the night-had side , we find

pi ett - Ca] .



So our goal is to show that non - O in ti CF
-

IIF
.

I
,

on equivalently C 50 It) - E ' ETI / u Ceo CTI - E ' CHI - o
in tired'F' lets F)

.

The definition of this cap product is
Ehc Ei CTI - E ' ETI ) .

-

Go CE ' CTI - E
' Ctll

= ⑨ E ' ETI - e ' E
'

CTI 1 . @
°

ECT) - E
' E' CTII

Claim ⑨ E ' ETI - zig
'
a- 11 . @

°

ECT) - E
' E' Ctl / = dCd2f(all .

We can assume p= 2 . Hence
nda qoctih+ {'Cti - Cecil- ICHI

d Ceo CTI - E' G-1) = ✓Goettl to C- E' CHI t z

= dCE°CT1) + ( C-tierce4th 1- E' Ctihdc-11+206-11041011

1- E°CTlE
'

CTI

= ICE CTM + dcei a-11 - E
'

Ctl
'
- 2d@ ' CTII + KATE' Ctl

= dc ECT)) - NCE' CTM + E
' CTICEOCTI - E ' CTI )

.

a-

dcerctll
⇒ d Cdc each - E'CTI) = d CE

'

Ctl Ceo CTI - E ' Ct 11

= ECE ' CTII ( Ecce-CTI - Eo { 'CTII

- El ② '
CTI) ( E

' CEOCTII - E 'E' CTI )

1- E' Cecctll Let Cecil - Éheictt )

= Ecce' CTH Ceoeeoctll - El ce
'

CTI )

- E
' CE ' CTI ) C E- CEOCTI ) - E

'

E'CTII



1- E
'
CE ' CTM ( EOE ' Ctl - E

' E
' CTI /

= ⑨ E ' ETI - e ' E
'

CTI 1 . @
°

ECT) - E
' E' CTII

On the other hand
,

ICE CTI - E ' Ctll = dCelal

= ethereal + ahcrcdl +20cal ercdl

= ethical tercel ] Can + 2dam

← dhdc.at + doll 01621

⇒ DC ECT) - E' CTI ) = dcd's call ,

since old lolcat is a cycle . ☒


