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1. Introduction: E∞-algebras and Wortschatz

Clarify a list of notions and have a first glance of the role they play in the big picture.
Distribution of the talks.

Part 1. Basic notions

2. Simplicial sets and infinity categories

Recall the basics about simplicial sets.
• Define basic notions: ∞-categories (as quasicategories), Kan complexes (=spaces),

homotopy categories. Equivalences of ∞-categories
• Please do at least one proof concerning "filling the horn". You can freely choose

the one you like best.
• Discuss (in ≤ 3 minutes) the topological model for the ∞-category theory, i.e.

the relation between quasicategories and topological categories following [Lur09,
Chapter 1], motivating the notation MapC(X, Y ). (If time permits.)
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• Define simplicial abelian groups / R-modules / etc. Sketch the proof of Dold-Kan
correspondence (mainly state the functors in both directions).

• Dold-Kan and multiplicative structure: does not work before passing to homotopy
categories [CC04]

• Define the nerve of a category. Recall how to realize a commutative diagram as a
category. (Hence we can apply the nerve functor to a commutative diagram.)

3. Symmetric monoidal categories

Please freestyle. Make sure to include the category of chain complexes of R-modules
and the category of simplicial R-modules as examples. (R is any (commutative unital)
ring.) Maybe [TV08, p19-20] is a possible reference. (Honestly I forgot from where I read
these materials myself.)

4. Model categories

• Introduce the basic notions of a model category following [Hov99, Chapter 1] or
[Lur09, A.2].

• Discuss the projective model structure of the category of chain complexes of R-
modules, and the category of simplicial R-modules as examples. Discuss the no-
tion of a homotopy category, left / right Quillen functors and Quillen equivalences.
You can find all these materials in [Hov99].

• Explain whether the Dold-Kan correspondence is a Quillen equivalence.
• Simplicial model category, homotopy coherent nerve
• The notion of a underlying ∞-category of a model category;
• For a simplicial model category, the equivalence of homotopy coherent nerve of

fibrant-cofibrant objects and the nerve of cofibrant objects after inverting weak
equivalences: this is Dwyer-Kan theorem, [Lur17, 1.3.4.20]

5. Derived categories (as triangulated categories)

Recall the basics of derived categories in the triangulated category setting. You can
follow [Ill, Chapter 1, §1-§4].

6. Derived functors (as triangulated functors)

[Ill, Chapter 1, §5-§7]

Part 2. Trip towards E∞-algebras

7. Nonabelian derived category theory: Animation (of a 1-category)

Main references: [CS24], [BL, Appendix A].
The major aim of this talk is to understand the main theorem for nonabelian derived

category, [Lur09, 5.5.8.15(1)], explain LF is the left Kan extension of F |{compact projectives}.
(Follow [Lur24, Tag 02Y1] for an account of Kan extensions.) In particular, explain why
animated rings are the same as simplicial rings.

8. Excursion: classical cotangent complex

Recall the classical cotangent complex following [Bha17, 3.1.2]. Construct it explicitly,
and discuss [Bha17, Example 3.1.3]. (Optional: discuss the relation of the cotangent
complex to a concrete deformation problem if you can!)

https://kerodon.net/tag/02Y1
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9. Example of a nonabelian derived functor: the cotangent complex

Define cotangent complex for an animated ring following [Lur18, §25.2]. See also [TV08,
§1.2.1].

10. Stable ∞-categories, e.g. D(A)

In this talk we enter the homotopical algebra with more “abelian taste”.
[Lur17, Chapter 1] [Lur04, §2.1].

• Define stable ∞-categories.
• Define the (unbounded) derived ∞-category of a Grothendieck abelian category.
• Examples of Grothendieck abelian categories: abelian groups, R-modules, sheaf

of OX-modules, quasi-coherent sheaves on a scheme.
• Nonexample: coherent sheaves on a scheme.
• Sketch the main theorem: the homotopy category of a stable ∞-category is a

triangulated category. Follow [Lur17] Ch. 1 or [Lur04, 2.1.14]. (Optional: Explain
this point if you can do it in ≤ 3 minutes: any stable ∞-category is naturally
enriched over spectra.)

• Recall the definition of a t-structure in a triangulated category, and define the
t-stricture of an stable ∞-category.

• Specify all these notions with D(A) for an Grothendieck abelian category A.
What is its heart with the standard t-structure, e.g. when A is the 1-category of
R-modules?

11. Symmetric monoidal ∞-categories via correspondences

We introduce two definitions of symmetric monoidal ∞-categories: one is with the span
(or correspondence) category following Cranch’s thesis, the other one is as a section of a
certain map of ∞-operads.

In this section we follow Cranch’s thesis [Cra10] (see also Bachmann-Hoyois’s Astérisque
[BH21, Appendix C]) to introduce symmetric monoidal ∞-categories.

12. Symmetric monoidal ∞-categories via ∞-operads

(Heavy talk. Might need to split into two.)
• Define ∞-operads following [Lur17, 2.1.1.10]. Explain its relation with the 1-

categorical notions: operads and colored operads.
• Define the underlying ∞-category of an ∞-operad. Define maps of ∞-operads.
• Examples.

(1) (Commutative ∞-operad) The (nerve of the 1-category) Fin∗ together with
id : Fin∗ → Fin∗ is an ∞-operad. This ∞-operad is denoted by Comm⊗.
Its underlying ∞-category is ∆0. [Lur17, 2.1.1.18]

(2) (Associative ∞-operad) Define 1-category Assoc⊗ as follows. The objects
are the same as the objects in Fin∗. For morphisms, define

HomAssoc⊗(⟨m⟩, ⟨n⟩) :=
{
(α, (⪯1, . . . ,⪯n))

∣∣∣∣ α ∈ HomFin∗(⟨m⟩, ⟨n⟩),
⪯i is a total order of α−1(i)

}
.

The composition rule is given by composition of the α’s and the lexicograph-
ical ordering. ([Lur17, 4.1.1.3]) The nerve of this 1-category (together with
the forgetful functor to Fin∗) is an ∞-operad. This ∞-operad is also denoted
by E⊗

1 [Lur17, 5.1.0.7]. Its underlying ∞-category is ∆0.
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(3) Define the 1-category LM⊗ as follows. The objects are pairs

(⟨n⟩, S)

where ⟨n⟩ ∈ Fin∗, S ⊂ ⟨n⟩o is a subset. For morphisms, define

HomLM⊗((⟨n⟩, S), (⟨n′⟩, S ′))

:=

(α,⪯i) ∈ HomAssoc∗(⟨m⟩, ⟨n⟩)

∣∣∣∣∣∣
α(S ∪ {∗}) ⊂ S ′ ∪ {∗}

“each fiber of points in S ′ contains
exactly one maximal element”


(See [Lur17, 4.2.1.6] for the precise statements.) The nerve of this 1-category
(together with the forgetful functor to Fin∗) is an ∞-operad. The underlying
∞-category is ∆0

∐
∆0.

There are two natural functors linking the ∞-operad Assoc⊗ and LM⊗: the
forgetful functor

LM⊗ → Assoc⊗,

and the natural inclusion

Assoc⊗ ↪→ LM⊗ .

(4) E⊗
0 : [Lur17, 2.1.1.19]

• Define symmetric monoidal ∞-categories as sections of maps of ∞-operads [Lur17,
2.1.2.19] (See also [Lur17, 2.1.2.18] and [Lur17, 2.0.0.7].)

• For a symmetric monoidal 1-category C, C naturally gives rise to a colored operad
C⊗. The nerve N(C⊗) of this colored operad is a symmetric monoidal ∞-category,
whose underlying ∞-category is N(C). [Lur17, 2.1.2.21]

• The nerve of (the construction of [Lur17, 2.1.1.7]) applied to) a colored operad in
the 1-categorical sense is an ∞-operad [Lur17, 2.1.1.21]. The following important
examples are all of this kind: CAlg(C),Alg(C),LMod(C).

• Objects in CAlg(C) are called E∞-algebras in C.
• Example: An E∞-algebra in Cat∞ is a symmetric monoidal ∞-category.
• Example: a monoidal ∞-category is an object in Alg(Cat∞).
• For A ∈ Alg(C), define

LModA(C) := LMod(C)×Alg(C) {A}.

• Intuition: State [Lur17, 5.1.1.5] and 5.1.1.7 (for n-categories)
• State Barr–Beck–Lurie

13. D(R) = ModR and hence is symmetric monoidal

Do this talk together with the intuition introduction [HA §3.4].

14. A glance in different models for ∞-categories and homotopical
algebraic geometry

The aim of this talk is to locate better where we are in the big picture.
• Compare quasicategories, topological categories and simplicial model categories

following [Lur09, Chapter 1].
• Compare simplicial rings (= animated rings in [CS24] = derived rings in [Lur04])

and E∞-rings following [Lur18, Chapter 25].
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Grossary
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