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The p-adic numbers

TODO: Put a nice, short and quippy definition of Qp here.1

1This was funny during the talk because I just explained the p-adics verbally
but the slide just by itself is rather unhelpful.



Recollection of terminology

Every p-adic number field K comes equipped with a valuation

v : K → Z ∪ {∞}

and a (discrete) valuation ring

OK = v−1({x ≥ 0}).

This ring is local with the maximal ideal v−1({x > 0}) admitting a
generator πK which we call uniformizer and a finite field called
residue class field

OK/(πK ).



Unramified extensions

Definition
We call a finite extension L|K unramified if πK is a uniformizer of
L. This is the case if and only if the corresponding extension of
residue class fields has the same degree as L|K.

Heuristically unramified extensions are completely determined by
the data on residue class fields and thus simple to understand.2

Fact
Unramified extensions are your friends.

Ramified extensions with degree coprime to p are okay-ish.

All other finite extensions are horrible.

2One should mention Hensel’s lemma here but I can’t. I am most likely not
sitting next to your screen.



Abelian extensions of Q

Theorem (Kronecker-Weber)

The maximal abelian extension of Q is the composite of all
cyclotomic extensions of Q i.e. Qab can be constructed by
adjoining all roots of unity to Q.

It is Hilbert’s unsolved twelfth problem to find an analogue of this
theorem for arbitrary number fields. There is a solution for
quadratic imaginary extensions of Q by adjoining ”torsion points”
of an elliptic curve and its j-invariant.



Formal modules

Definition
A formal R-module is a formal group law F over R with a
homomorphism of rings

R → EndR(F ), a 7→ [a]F (X )

such that [a]F (X ) ≡ aX modulo terms of degree at least 2.



Lubin-Tate modules

Definition
Take K to be a p-adic number field with valuation ring OK and
uniformizer πK . A Lubin-Tate module is a formal module F over
OK such that

[πK ]F (X ) ≡ X pn mod π

with pn := (OK : πKOK ).

Fact
Lubin-Tate modules exist for all choices of K and πK . One can
show that Lubin-Tate modules are completely determined by πK
and K up to a sensible notion of an isomorphism.



Lubin-Tate extensions

Definition
The πn

K -torsion group of a Lubin-Tate module given by a
uniformizer πK is defined as

F (n) := ker([πn
K ]F )

where we interpret the underlying formal module as an OK -module
that acts on all elements of positive valuation in K the algebraic
closure of K.

Definition
Denote by Ln the field K (F (n)) obtained by adjoining the
πn
K -torsion points of F . We call it a Lubin-Tate extension.



An analogue of Kronecker-Weber

Theorem
Let K be a p-adic number field with maximal abelian extension
K ab. One can identify

K ab = KnrLπK

where Knr is the maximal unramified extension of K and LπK
the

composite of all Lubin-Tate extensions Ln given by a uniformizer
πK .





Lubin, Tate and Lubin-Tate theory



Connections to cohomology theories

Definition
The Lubin-Tate formal group law of height n for the degree n
unramified extension of Qp with uniformizer p gives rise to the
Johnson-Wilson cohomology theory K̃ (n) also called integral lifts
of Morava K-theory.
In this sense Morava K-theory, denoted by K (n), is K̃ (n)/p.



Ohhh there is some time left

Fact
For chromatic level 1 K (1) is one of p summands that make up
complex K-theory modulo p. The other summands are suspensions
of K (1).

Fact
Take K (0) to be singular cohomology with rational coefficients.
The Morava K-theories are the fields of cohomology theories in the
sense that all ”modules” over them are free.


