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Genuine Bernstein-Durrmeyer Operators

Definition
For f ∈ C[0, 1], n ∈ N, the genuine Bernstein-Durrmeyer

operators are given by

(Unf)(x) :=f(0)pn,0(x) + f(1)pn,n(x)

+ (n− 1)
n−1∑

k=1

pn,k(x)

∫ 1

0
pn−2,k−1(t)f(t)dt,

where

pn,k(x) :=

(
n

k

)
xk(1− x)n−k.
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Properties

◮ Un is positive and linear

◮ Unei = ei, i = 0, 1 and (Une2)(x) = x2 + 2x(1−x)
n+1

◮ (Unf)(0) = f(0) and (Unf)(1) = f(1)

◮ ‖Unf‖∞ ≤ ‖f‖∞
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Properties II

Lemma
For n ∈ N, m ∈ N0 it holds

(Unpm) (x) = λn,mpm(x),

where

λn,m :=

{
(n−1)!n!

(n−1+m)!(n−m)! , for m ≤ n

0 , for m > n
.

and p0(x) := 1, p1(x) := x and

pm(x) := Dm−2
[
xm−1(1− x)m−1

]
for m ≥ 2,

respectively.
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Properties III

Lemma

◮ For arbitrary but fixed f ∈ C[0, 1], x ∈ [0, 1] and n ∈ N it

holds

lim
α,β→−1+

(M (α,β)
n f)(x) = (Unf)(x),

where

(M (α,β)
n f)(x) :=

n∑

k=0

pn,k(x)

∫ 1
0 pn,k(t)f(t)t

α(1− t)βdt
∫ 1
0 pn,k(t)tα(1− t)βdt

,

α, β > −1,

are the Bernstein-Durrmeyer operators with Jacobi weights.

However, there is no convergence in the operator norm.

◮ (Unf)
′ = M

(0,0)
n−1 f

′, for f ∈ C1[0, 1]
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Quasi-Interpolants
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Differential Operator D̃2l

Definition

D̃2l := Dl−1xl(1− x)lDl+1, l ∈ N and D̃0 := I

Lemma
For f ∈ C[0, 1] it holds

Un−1f − Unf =
D̃2Unf

n(n− 1)
,

and therefore

Unf − f =

∞∑

k=n+1

D̃2Ukf

k(k − 1)
.
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Properties of D̃2l

Lemma
For l ∈ N and m ∈ N0 we have

(
D̃2lpm

)
(x) = γl,mpm(x),

where pm(x) are given by p0(x) := 1, p1(x) := x and

pm(x) := Dm−2
[
xm−1(1− x)m−1

]
for m ≥ 2,

γl,m :=

{
(−1)l (m−1+l)!

(m−1−l)! for l ≤ m− 1

0 for l > m− 1
.

Lemma
For f ∈ C2l[0, 1], l, n ∈ N it holds

UnD̃
2lf = D̃2lUnf.
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The Quasi-Interpolants U
(r)
n

Definition
For n ∈ N, r ∈ N0, r ≤ n− 1 and f ∈ C[0, 1] the
quasi-interpolants of the genuine Bernstein-Durrmeyer operators

are defined as

U (r)
n f :=

r∑

l=0

(−1)l
(n− 1− l)!

l!(n− 1)!
D̃2lUnf.

Lemma
For n ∈ N, r ≤ n− 1, p ∈ Pm, m ≤ r + 1 we have

U (r)
n p = p.
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Spectral Characteristics of U
(r)
n

For n ∈ N, r ∈ N0, r ≤ n− 1 we have

◮

(
U

(r)
n pm

)
(x) = λ

(r)
n,mpm(x),

where

λ(r)
n,m = λn,m

r∑

l=0

(−1)l
(n− 1− l)!

l!(n − 1)!
γl,m.

◮ λ
(r)
n,m − λ

(r)
n−1,m = (−1)r+1 (n−2−r)!

r!n! λn,mγr+1,m

12 / 23



The Bernstein inequality

13 / 23



Bernstein Inequality I

Theorem
For r, n ∈ N, r ≤ n− 1 it holds

‖D̃2rUnf‖∞ ≤ Cnr‖f‖∞.

Sketch of the proof:
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For r, n ∈ N, r ≤ n− 1 it holds
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Sketch of the proof: It is sufficient to show

n∑

k=0

∣∣∣D̃2rpn,k(x)
∣∣∣ ≤ Cnr.

Using the Leibniz-Formula we need the following:

n∑

k=0

∣∣∣[x(1 − x)]l+1Dr+1+lpn,k(x)
∣∣∣ ≤ Cnr ∀ 0 ≤ l ≤ r − 1.
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Bernstein Inequality II

Theorem
For r, n ∈ N, r ≤ n− 1 it holds

‖D̃2rUnf‖∞ ≤ Cnr‖f‖∞.

Sketch of the proof: Divide [0, 1] into En :=
[
1
n
, 1− 1

n

]
and

Ec
n := [0, 1]\En and give the estimate separately.

Use for x ∈ Ec
n that

Dr+1+lpn,k(x) =

n!

(n− (r + 1 + l))!

r+1+l∑

i=0

(−1)i
(
r + 1 + l

i

)
pn−(r+1+l),k−(r+1+l−i)(x)
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Bernstein Inequality III

Theorem
For r, n ∈ N, r ≤ n− 1 it holds

‖D̃2rUnf‖∞ ≤ Cnr‖f‖∞.

Sketch of the proof: Use for x ∈ En that we can represent the
(r + 1 + l)-th derivative of pn,k(x) as sum of terms of the type

qλ,m(x)
(k − nx)r+1+l−2λ−m

[x(1 − x)]r+1+l−λ
nλpn,k(x),

where λ ≥ 0, m ≥ 0, r + 1 + l − 2λ−m ≥ 0 and qλ,m(x)
polynomials in x independent of k and n.
Further we have

n∑

k=0

|k − nx|s pn,k(x) ≤ Cn
s

2 [x(1− x)]
s

2 ,

for x ∈ En.
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Direct Results
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Norm of U
(r)
n

Theorem
Let f ∈ C[0, 1], then ist holds

‖U (r)
n f‖∞ ≤ Cr‖f‖∞

and

‖f − U (r)
n f‖∞ ≤ Cr‖f‖∞.

Theorem
Let f ∈ C[0, 1], then it holds

lim
n→∞

||f − U (r)
n f ||∞ = 0.
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Jackson-Type Inequality

Theorem
For f ∈ C2(r+1)[0, 1] it holds

f − U (r)
n f =

(−1)r+1

r!

∞∑

l=n+1

(l − r − 2)!

l!
Ul

(
D̃2(r+1)f

)
,

where the convergence of the series ist absolute and uniformly in

[0, 1].
Furthermore we get

‖f − U (r)
n f‖∞ ≤

(n− r − 1)!

n!(r + 1)!
‖D̃2(r+1)f‖∞.
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Definition

K2l(f, t)∞ := inf
g∈C2l

{
‖f − g‖∞ + t‖D̃2lg‖∞

}
l > 0

Theorem
Let f ∈ C[0, 1], then it holds

‖f − U (r)
n f‖∞ ≤ CrK2(r+1)

(
f,

(n− r − 1)!

n!(r + 1)!

)

∞

.
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Outlook/ Forthcoming results
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Outlook/ Forthcoming results

◮ Asympotic Expansion

◮ Simultanous Approximation

◮ Strong Converse Results

◮ Lp- Approximation

◮ Linear Combinations of Un
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Thank you for your attention!
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