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Introduction



Genuine Bernstein-Durrmeyer Operators

Definition
For f € C[0,1], n € N, the genuine Bernstein-Durrmeyer
operators are given by

(Unf)(@) = F(O)pro(@) + F(Dpn()
n—1 1
=1 Y pual@) [ pacasna OO,
k=1 0
where

puada) o= () a0 -



Properties

» U, is positive and linear
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2x(1—x)
n+1
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Properties

» U, is positive and linear
» Upe; = ¢;, i =0,1and (Upes)(z) = 2% +
> (Unf)(0) = f(0) and (U, f)(1) = f(1)
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Properties

» U, is positive and linear

» Upe; = ¢;, i =0,1and (Upes)(z) = 2% +
> (Unf)(0) = f(0) and (Unf)(1) = f(1)

> [|Unflloo < [[flloo

2x(1—x)
n+1
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Properties Il

Lemma
Forn € N, m € Ny it holds

(Unpm) (‘73) - )\n,mpm(x)7

where
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Properties Il
Lemma
Forn € N, m € Ny it holds
(Unpm) (‘T) = )\n,mpm(x)7

where

n—1)In!
h— Gﬁ%ﬁﬁzm , form <n
n’m 0 5 form >n
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Properties Il
Lemma
Forn € N, m € Ny it holds
(Unpm) (:L’) = )\n,mpm(x)7

where

n—1)In!
h— Gﬁ%ﬁﬁzm , form <n
n,m - 0 | o ]

and po(x) :== 1, p1(z) := x and
pm(z) = D™ 2 [z (1 —2)™ ] form > 2,

respectively.



Properties Il

Lemma
» For arbitrary but fixed f € C[0,1], z € [0,1] and n € N it
holds

lim (M9 ) (2) = (U f)(x),

a,f——17F
where

Jo Pag(®) fO1(1 — t)dt
Jo Pa(t)te (1 — t)Pdt

MED f) (@) =D paila)
k=0

a, 8> —1,

are the Bernstein-Durrmeyer operators with Jacobi weights.

However, there is no convergence in the operator norm.



Properties Il

Lemma
» For arbitrary but fixed f € C[0,1], z € [0,1] and n € N it
holds

lim (M9 ) (2) = (U f)(x),

a,f——17F
where

Jo Pag(®) fO1(1 — t)dt
Jo Pa(t)te (1 — t)Pdt

MED f) (@) =D paila)
k=0

a, 8> —1,

are the Bernstein-Durrmeyer operators with Jacobi weights.

However, there is no convergence in the operator norm.
» (Unf) = M,(ﬂ?)f/, for f € C1[0,1]



Quasi-Interpolants



Differential Operator D?

Definition

521 Dl 1 l(

9 D! 1 eN and DY .=

=1
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Differential Operator D?

Definition
D% := D' (1 — 2)'D"*' 1 eNand D° := 1
Lemma

For f € C[0,1] it holds

DU,
Unrf = Unf = n(n—_{)

and therefore

& DUif
k=n+1
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Properties of D

Lemma
Forl € N and m € Ny we have

(D) (@) = Ympm (),
where p.,,(x) are given by po(z) := 1, p1(z) := x and

pm(z) ;= D™2 [z N (1 —2)™ ] form > 2,

- (—1)lgzjtg: forl <m—1
Tom = 0 forl>m—1
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Properties of D

Lemma
Forl € N and m € Ny we have

(D) (@) = Ympm (),
where p.,,(x) are given by po(z) := 1, p1(z) := x and

pm(z) ;= D™2 [z N (1 —2)™ ] form > 2,

- (—1)lgzjtg: forl <m—1
Tom = 0 forl>m—1

Lemma
For f € C?[0,1], I,n € N it holds

U,D*f = D*U,{.
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The Quasi-Interpolants Ut

Definition
ForneN, reNy, r<n-—1and f e Cl[0,1] the
quasi-interpolants of the genuine Bernstein-Durrmeyer operators
are defined as
T
e ._ _ ((n =10~y

=0
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The Quasi-Interpolants Ut

Definition

ForneN,reNy, r<n-—1andfeC|0,1] the
quasi-interpolants of the genuine Bernstein-Durrmeyer operators
are defined as

T

e ._ _ ((n =10~y
Ui f = l;( O T TR

Lemma
ForneN,r<n-1,peP,, m<r+1 we have

U{p = p.
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Spectral Characteristics of U,

Forne N, r € Ng, r <n—1 we have
> (U8pm) (@) = A hp (@),

where
4 n—1-—1
/\g’zﬂ = Anm Z(_l) %'ﬂ m-
1=0 tn — 1)t
> )‘57:271 - )\szll,m = (_1)r+1W)\n,m%‘+l,m
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The Bernstein inequality



Bernstein Inequality |

Theorem
Forr,n e N, r <n —1 it holds

ID* Un flloo < CN"||f oo
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Bernstein Inequality |

Theorem
Forr,n e N, r <n —1 it holds

ID* Unflloo < On||floc-

Sketch of the proof: It is sufficient to show

n
Z ‘ﬁQTpmk(az)‘ < Cn'".
k=0
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Bernstein Inequality |

Theorem
Forr,n e N, r <n —1 it holds

Hﬁ%Uanoo < On" || flloo-

Sketch of the proof: It is sufficient to show

Z ‘152Tpn7k(;1:)‘ < Cn'".
k=0

Using the Leibniz-Formula we need the following:

Z ‘ l+1D”+1+lpn7k(m)‘ <Cn" VO<Z<I<r-—1.

14 /23



Bernstein Inequality |l

Theorem
Forr,n € N, r <n —1 it holds

ID* Un flloo < CN" || f oo

Sketch of the proof: Divide [0,1] into E,, := [1,1— 1] and
E¢ :=[0,1]\E, and give the estimate separately.
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Bernstein Inequality |l

Theorem
Forr,n € N, r <n —1 it holds

ID* Un flloo < CN" || f oo

Sketch of the proof: Divide [0, 1] into E,, := [%, 1-— %] and
E¢ :=[0,1]\E, and give the estimate separately.
Use for x € Ef that

DT+1—Hpn7k($) —

r4+1+1
r+1+1
(n — T + 1 T l [ Z ( . )pn—(r+1+l),k—(r+1+l—z’)(33)
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Bernstein Inequality |l
Theorem
Forr,n € N, r <n —1 it holds

ID* Un flloo < CN" [ f oo

Sketch of the proof: Use for x € E,, that we can represent the
(r 4+ 1 4 [)-th derivative of p, x(x) as sum of terms of the type
(k‘ o na;.)r+l+l—2)\—m

QA,m(x) [3}'(1 — .’E)]T+l+l_)\ n)\pn,k(m)u

where A\ >0, m >0, r+14+1—2X—m >0 and gy ()
polynomials in x independent of k£ and n.
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Bernstein Inequality |l
Theorem
Forr,n € N, r <n —1 it holds

ID* Un flloo < CN" [ f oo

Sketch of the proof: Use for x € E,, that we can represent the
(r 4+ 1 4 [)-th derivative of p, x(x) as sum of terms of the type
(k‘ o na;.)r+l+l—2)\—m

QA,m(x) [3}'(1 — .’E)]T+l+l_)\ n pn,k(m)u

where A\ >0, m >0, r+14+1—2X—m >0 and gy ()
polynomials in x independent of k£ and n.
Further we have

> |k = nal’ pp(z) < Cn2 [x(1 - 2)]2,
k=0

(N1

for x € F,.
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Direct Results



Norm of U\

Theorem
Let f € C[0,1], then ist holds

1T lloo < Coll floo

and

1f = U fllso < Collflloo-
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Norm of U\

Theorem
Let f € C[0,1], then ist holds

1T lloo < Coll floo

and

1f = U flloo < Crll lloo-

Theorem
Let f € C[0,1], then it holds

Jim [[f — U flloo = 0.
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Jackson-Type Inequality

Theorem
For f € C?"+1[0,1] it holds

(—1)r+t i (I—r—2)

r! {!
l=n+1

J-U0f = v (D)),

where the convergence of the series ist absolute and uniformly in
[0,1].
Furthermore we get

(n—r—1)!

o 107

If = U flloo <



Definition
(= in J o+t D% 0o l
K2l(f7t)oo glecf2l {H g” H gH } >0

Theorem
Let f € C[0,1], then it holds

e (n—r-n!
I = U o < Coltaerny (£. 525 )
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Outlook/ Forthcoming results

» Asympotic Expansion

22/23



Outlook/ Forthcoming results

» Asympotic Expansion
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Outlook/ Forthcoming results

v

Asympotic Expansion

v

Simultanous Approximation

v

Strong Converse Results

v

L,- Approximation

v

Linear Combinations of U,
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Thank you for your attention!
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