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Introduction



Baskakov-Durrmeyer Operators

Definition
Let (14 )~ Df(.) € Lao[0,00), o € [0,00), then the
Baskakov-Durrmeyer operators are given by

(Bns1f)(o an-',-lk /0 brg1,k(7) f(7)dT,

where

k
briaade) = ("1 1) o1+ 0,



MKZD Operators and Relation to BD Operators
Definition

Let (1 — )=V f(.) € Ly[0,1), = €[0,1), then the ,natural”
Durrmeyer variant of Meyer-Kénig and Zeller operators are given by

0 1
(Mof)(@) = S () -1 / i (£)(1 — )2 £ (1),
k=0 0

where

My k() == <n ;: k) (1 = z) D,



MKZD Operators and Relation to BD Operators

Definition
Let (1 — )=V f(.) € Ly[0,1), = €[0,1), then the ,natural”
Durrmeyer variant of Meyer-Kénig and Zeller operators are given by

o0 1
(Muf)(@) = 3 mas(o) - [ a1 = 0200,
k=0 0

where

My k() == <n —]: k) (1 = z) D,

Let 0:[0,1) — [0,00), o(z) := 12, f(-) = f(o()). Then

(Mnf)(z) = (Bn—&-lf) (o(z)).
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Differentialoperators

Definition
Let o € [0,00), 7 € N, then

(s

D2 .—
Dy = T

(a“(l +o)r

(s

do"

)
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Differentialoperators

Definition
Let o € [0,00), 7 € N, then

~ d" d"
D2r — (1 r
B do” (U (1+0) da’”)

respectively for z € [0,1)

~ x’ .
D%; = UTWUT, with

Ui=(1-2)?2% U =U"1oU.

dz’
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Eigenfunctions and Eigenvalues



Eigenfunctions and Eigenvalues of BD Operators

Let m € Ng, m <n—1 and let
m

G(0) 1= 2 (™14 0)™)
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Eigenfunctions and Eigenvalues of BD Operators

Let m € Ng, m <n—1 and let
m

(@) 1= 2o (" (14 )™
then

(Bnt19m)(0) = Anmgm ()
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Eigenfunctions and Eigenvalues of BD Operators

Let m € Ng, m <n—1 and let
gm(0) = -~ (6™ (1 +0)™)
then
(Bn+19m)(0) = Anmgm (o)

where
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Eigenfunctions and Eigenvalues MKZD Operators
Let m € Ng, m <n —1 and let

m Qjm
ante) = 0" ()
where the differential operator D is defined by

d
U:=(1- a:)2%, Un=Um"1oU,
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Eigenfunctions and Eigenvalues MKZD Operators
Let m € Ng, m <n —1 and let

() = U ()

where the differential operator D is defined by

d
U:=(1- 33)2%, Un=Um"1oU,

then

(Mngm)(x) = Anmgm (),
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Eigenfunctions and Eigenvalues MKZD Operators
Let m € Ng, m <n —1 and let

m a’:m
onte) = 0" ().
where the differential operator D is defined by
2 d m m—1
U=1—-2)*—, U"=Um"0oU,

dx

then

where
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Eigenfunctions and Eigenvalues of the Differential
Operators

Lemma

D%T.é;/n (U) = ’)’r,m.é;/n (U)a
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Eigenfunctions and Eigenvalues of the Differential

Operators

Lemma

respectively

D%T.é;/n (U) = 'Yr,m.é;/n (U)a

D3 gm () = Yrmgm (@),
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Eigenfunctions and Eigenvalues of the Differential
Operators

Lemma

lN)JQBTVa;/n (@) = Yr.mgm(0),
respectively

5]2\29m($) = %,mgm(ﬂi),

where

(m—r)!

M , forr <m
Yrom =

0 , otherwise

10/22



Lemma
Form <n —1 it holds



Lemma
Form <n —1 it holds

_m(n—l—k)! B
)\nm—Zm%,m—l‘i‘

Corollary
Forp e Py, g <n—1itholds

Bpnyip = p+z n—l

(n—1-k)!
Kl(n— 1)1 em
B2,



Asymptotic Expansions



Classes of Functions

Let I be an Intervall, then we denote with H(@ (x) the set of all
functions f : I — R possessing the following properties:



Classes of Functions

Let I be an Intervall, then we denote with H(@ (x) the set of all
functions f : I — R possessing the following properties:

» fis g times (q € N) differentiable at x
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Classes of Functions

Let I be an Intervall, then we denote with H(@ (x) the set of all
functions f : I — R possessing the following properties:

» fis q times (¢ € N) differentiable at
» f ist bounded on every finite intervall I’ C I

13 /22



Classes of Functions

Let I be an Intervall, then we denote with H(@ (x) the set of all
functions f : I — R possessing the following properties:

» fis q times (¢ € N) differentiable at
» f ist bounded on every finite intervall I’ C I
» f(z)=0(29) if x — 0



Theorem of Sikkema

Theorem

Forq € N, let {L,}, n € N, be a sequence of linear positive
operators, L, : H?9(x) — C(I). Let the operators be applicable
to (t — x)%*! and to (t — x)%92 and let

r+1

(Lo(t —2)") () = O (nL—TJ) (n—o0), 1=0,1,...2q +2,



Theorem of Sikkema

Theorem

Forq € N, let {L,}, n € N, be a sequence of linear positive
operators, L, : H?9(x) — C(I). Let the operators be applicable
to (t — x)%*! and to (t — x)%92 and let

(Lo(t —2)") () = O (nt—%“J) (n—o0), 1=0,1,...2q +2,

then we have

M W) (g
Laf)@) =3 TN Lt ) (@) +o(n™0) (n— o0).

V!
v=0



Asymptotic Expansions Baskakov and MKZD-operators

Theorem
Let 0 € [0,00), ¢ € N and f € H?9 (), then we have for n — oo

(Bnt1f)(o )+ Z Z'_ - (D%k ) (o) +o(n9).
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Asymptotic Expansions Baskakov and MKZD-operators

Theorem
Let 0 € [0,00), ¢ € N and f € H?9 (), then we have for n — oo

(Bns1f)(o ) + Z Z'_ Lo (D%k ) (o) +o(n9).

Theorem
Let z € [0,1], ¢ € N and f € H?9(x), then we have for n — oo

(M, f)(x )+ Z 2|_ 1= (D%’j ) () +o0(n79).
-1
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Quasi-Interpolants



Quasi-Interpolants of Baskakov and MKZD Operators

Definition
Let 7 € Ng, n €N, (1+0) " Df(0) € Loo|0,00), then the
quasi-interpolants of the Baskakov-operators are defined as follows

(r) »._ - n! (_1)k =2k
B”+1f'_kz_()(n+k)! Db (Busf)-
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Quasi-Interpolants of Baskakov and MKZD Operators

Definition
Let 7 € Ng, n €N, (1+0) " Df(0) € Loo|0,00), then the
quasi-interpolants of the Baskakov-operators are defined as follows

(r) »._ - n! (_1)k =2k
B”+1f'_kz_()(n+k)! Db (Busf)-

Definition
Let (1 — )V f(z) € Loo[0,1), then the quasi-interpolants of
the MKZD-operators are defined as follows

T

Lo(=1)F <
=3 )
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Representation as Linearcombinations

Theorem
Letr € Ng, n €N, (14 0)" " Yf(g) € Loo|0,00), then

(n+1—1)!

) v
B = E -1 B .
ntrf l:O( ) Nr=D(n+1—r—1) ni1f
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Representation as Linearcombinations

Theorem
Letr € Ng, n €N, (14 0)" " Yf(g) € Loo|0,00), then

(n+1—1)!

") Ly
B = —1 B, .
n1f lzz(;( ) Nr—-Dn+1—r—-1) 1]

Theorem
Let (1 —z) Y f(z) € Luo[0,1), then

T

MO =3

=0

(n+1—1)!
M,
r—0n+1—r—1) +f
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Eigenfunctions and Eigenvalues of the Quasi-Interpolants
Lemma
Let m,r € Ng, m <n—1, then

(BY) .5m)(0) = AT )G (o)
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Eigenfunctions and Eigenvalues of the Quasi-Interpolants

Lemma
Let m,r € Ng, m <n—1, then

respectively

where

_ |
) — 1 r—I (n—i—l 1) )\ .
T (=1) Nr—-Dn+1—r—-1) ntlm
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Lemma
For m,r € Ny, m <n —1 it holds

1

m
I+ > (_1)r7k,m
k=r+1

A0, =

) —
n,m

(n—1—k)!
k!(n—1)!

(

k—1
r

)

form <r

form >r’



Lemma
For m,r € Ny, m <n —1 it holds

: 1 form <r

Ayl = m n—1—k)! /k— .

P Y () e gy () form >
k=r+1

Corollary

Forp e Py, g <n—1itholds

P, firg<r
()

B - q n—1— — = .. .
n+1P p+ > (—1)” ! k)!(k 1)D%p fiirqg > r

El(n—1)! \ r

k=r+1



Asymptotic Expansion Quasi-Interpolants

Theorem
Let o € [0,00), ¢,r € N and f € H?92") (), then we have for
n — oo
q
(r) _ (L= R R =T
(BLN@ =fe)+ 3 e () (DY) @)

k=r+1
+o0(n79).
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Asymptotic Expansion Quasi-Interpolants

Theorem
Let o € [0,00), ¢,r € N and f € H?92") (), then we have for
n — oo
q
(r) _ (=1 =R =T o
(BN =)+ 3 (W g (DH1) ()
+o0(n79).
Theorem
Let z € [0,1], ¢, € N and f € H®92")(z), then we have for
n — oo
q
(r) _ B r(n—l—k)' k—1 ~ok
MOHE =)+ 3 U () (D) @)

+0(n79).
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Thank you for your attention!
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