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Let K ⊂ Rd be compact and A(K) the space of germs of real analytic functions on K
with its natural (LF)-topology (see e.g. [1], 24.38, (2)). This topology can also be given
by A(K) = lim indk→+∞Ak where

Ak = {(fα)α∈Nd
0
∈ C(K)N

d
0 : ∥f∥k := sup

x∈K

|f (α)(x)|
α!

k−|α| < +∞}.

Based on this description we give in the present note an explicit fundamental system of
seminorms for A(K).

We start with a modified problem.

Let X be a Banach space. We put

Fk = {(xα)α∈Nd
0
∈ XNd

0 : ∥x∥k := sup
α

∥xα∥k−|α| < +∞}

and
F = lim indk→+∞Fk.

On F we consider for any positive null-sequence δ = (δn)n∈N the continuous norm

|x|δ = sup
α

∥xα∥δ|α||α|.

Lemma 1 The norms | · |δ are a fundamental system of seminorms on F .

Proof: It is sufficient to show that for every positive sequence εk, k ∈ N, there exists δ
such that

Uδ := {x : |x|δ ≤ 1} ⊂
∑
k

εkBk

where Bk denotes the unit ball of Fk. Without restriction of generality we may assume,
that εk ≤ 1 for all k.

Fot every k we choose nk > nk−1, such that k − 1 < ε
1/nk

k k. We put δ−1
n = ε

1/nk

k k for
nk ≤ n < nk+1. We obtain for these n

δ−n
n = ε

n/nk

k kn ≤ εkk
n.
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Due to the construction δ = (δn)n is a null-sequence. For x ∈ Uδ and nk ≤ |α| < nk+1 we
have xα ∈ εkBk and therefore

ξk =
∑

nk≤|α|<nk+1

xα ∈ εkBk.

Since x =
∑

k ξk the proof is complete. 2

Theorem 2 If K ⊂ Rd is compact, then the norms

|f |δ = sup
α

sup
x∈K

|f (α)(x)|
α!

δ
|α|
|α| ,

where δ runs through all positive null-sequences, are a fundamental system of seminorms
in A(K).

Proof: Let F be as above with X = C(K). We define a map A : A(K) → F by

A(f) =
(
f (α)(x)

α!

)
α∈Nd

0

. The map A is obviously continuous and A−1(B) is bounded in

A(K) for every bounded set B in F . From Baernstein’s Lemma (see [1], 26.26) it follows,
that A is an injective topological homomorphism. Hence Lemma 1 proves the result. 2
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