LECTURES ON RESTRICTION SPACES OF A%
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1 Preliminaries

With D:= {2z € C : |2] <1} we set
A*® = C>(D)N H(D)

where H(D) denotes the holomorphic functions on D. Let E be a proper compact
subset of the unit circle. We will study the space

Ax(E) :=A%p={flp : f €A™}
equipped with the quotient topology of the restriction map.

An equivalent representation of A* is
A® ={f € C32(R) : all negative Fourier coefficients vanish}.

Here C32(R) denotes the 27-periodic C'*°-functions on R.

So A% can be considered as the space of all functions on R which have a Fourier
expansion f(t) = Y 52 are’™® with rapidly decreasing Fourier coefficients (ag, a1, ...),
that is Yo |ax|(k 4+ 1)? < oo for all p € No.

The map F +— (agp, a1, ...) defines an isomorphism A 2 s, where s denotes the space
of rapidly decreasing sequences.

We will adopt throughout this draft the representation of A% as periodic C*°-functions.
Then A (E) is given in the following way: E C [0, 27| compact and A (E) is defined
as above.

We set [5(F) :={f € A* : f|g = 0}, that is, [4(F) is the ideal of E in the algebra
A®°. Then
Aco(E) = A®/14(E)



and it is a nuclear Fréchet space.

EXAMPLE: If E has not Lebesgue measure 0, then I4(E) = {0} hence Ax(E) = A™®.

Definition 1.1 F is called a Carleson set if

27 1
lo dr < +oo.
/0 ®d(@. B)

Theorem 1.2 (Taylor and Williams, Novinger) The following are equivalent:

1. 14(E) # {0}
2. There is f € A> such that {t € [0,2n]: f(t) =0} =E.

3. E is a Carleson set.

Lemma 1.3 Ifey,e9,... denote the lengths of the disjoint intervals of which [0, 27[\E
consists, then E is a Carleson set if, and only if,

1
Zanlogg— < +o0.
n

n

Proof: For 0 < a < b we have

b
1 1
1 log—F—<dzr=(b—a)l 1+1log2)(b— a).
(1) /a Ogd(x,{a,b})x (b—a) ogb_a+( +1log2)(b—a)
If ]a,b] is one of the disjoint intervals in [0, 27[\E, then d(z, F) = d(z,{a,b}), from
where easily follows the equivalence. O

EXAMPLES: 1. E = {z1,22,... } U{0}, z,, \, 0. Then &, = z, — zp11.
Assumption: There are ¢ € N, C' > 0 such that 2 < Ce, for all n € N.
Then

1 1 S|
anlog— < 27rlogC+qZ€nlog— < 27rlogC+q/ log —dx < 4o00.
n En n In 0 X

2. E = the classical Cantor set. Then, obtaining the &,, from the stepwise construction,

R log3 < /2\F !
Zgn loge— = 22’“*13*’“105_1: 3k = O§ Zk: <3> = 3log3 < +o0.
n k=1 k=1



In both cases the set E is a Carleson set.

3. An example of a set of the type in case 1. failing our assumption and not being a
Carleson set would be z, = @ forn=2,3,....

: 1 1 1
In this case 7 log(nd ) Togn > en > ) og(n i) ogn? loga > logn for large n, from

which the claim is easily derived.

2 The problem

CrAamM (PATEL 2011): For every Carleson set E the space Ay (F) does not have a
basis.

Basis: eq,eq, ... is a basis of the topological vector space X if every x € X has a unique
expansion © = ) Tpep.

It was an important Problem of GROTHENDIECK whether every nuclear Fréchet space
has a basis. It was solved in the negative by MITYAGIN and ZOBIN . Many counterex-
amples have been given since then. If the claim was true it would have been quite
interesting as being appearing in a not ad hoc constructed natural environment as a
consequence of structural properties.

Our main result will be

Theorem 2.1 For E = {27" : n € N} and the for E being the classical Cantor set
the space Ao (F) has a basis.

so disproving the above mentioned claim.

We will proceed in two steps:

1. Study the space C(F) := {f|g : f € C¥([R)}.

2. Compare the spaces Co(E) and Ay (E). Show that in our cases they coincide.

3 Structure of C(F)

A complete characterization of the function in C(FE) has been given by WHITNEY
1934 . We will not use this and give a more suitable description in our special cases.



Most of the following applies to arbitrary compact subsets E of R. But, due to our
intended application we will assume E C [0, 27[. It is quite obvious that

EwR) :={flg : f e CTR)} = {fle : feCxrR)}={flg: feC=(0,7])}

and the quotient topologies of the restriction in all three descriptions coincide.

Therefore the topology of Eo(FE) can be given by the quotient norms

llollle = nf{[|fllx : f € C™R), fle=¢}
where || f|x = sup{|f®(z)| : p=0,...k, = € [0,2x]}.

We set J(E) := {f € C*°(R) : f|g = 0}, that is, J(E) is the ideal of E in C*°(R).
Then
Coo(E) = C(R)/J(E)

and C(E) is a nuclear Fréchet space.

Lemma 3.1 Let 0 be an accumulation point of E, ¢ € Cx(E) and ¢ = f|g where
f € C®(R). Then fP)(0) is uniquely determined by o for all p € Ny.

Proof: We proceed by induction: f(0(0) = £(0) = ©(0)

Assume f(0(0),..., f®)(0) to be determined. For z € E, x # 0 there is £ between
and 0 such that

p

6)) ,
FPD(g) = (p+1)! flz) - Z f J"(O) 2.

e j!

J=0

For z — 0 we have £ — 0 and therefore

(2) for0) = g D (go(x) 20 xJ)
§=0

zeEx—0 P+l J!
and this determines explicitly f®+1)(0). O
Definition 3.2 ¢®)(0) := f)(0) where f € C®(R) with f|g = .

Corollary 3.3 If 0 is an accumulation point of E and f € J(E) then f®)(0) =0 for
all p € Np.



Proof: f is an extension of ¢ = 0. O
Of course the previous applies, mutatis mutandis, to any accumulation point of E.

We set JO(E) := {f € C®(R) : f®)(z) =0 for all p € Ny and z € E}. Then &(E) =
C>®(R)/J*(FE) is the space of Whitney-jets on E.

Corollary 3.4 If E is perfect, then J(E) = J*(E).
and this implies
Proposition 3.5 If E is perfect, then Co(E) = &(F).

This applies, in particular, to the Cantor set.

We will use the following two theorems.

Theorem 3.6 (Tidten) If E is the Cantor set, then &(E) is isomorphic to a com-
plemented subspace of s.

Theorem 3.7 (Aytuna, Krone, Terzioglu) IF X is a complemented subspace of s
and X & X =2 X, then X has a basis, more precisely: then X = A (a) for some a.

Here we define for any sequence oy < ap, < --- 7 400

Ao(a) ={€= (&1, &2, ...) & [€]p :=sup|&,|eP*™ < +oo for all p € Ny},

Equipped with the norms |- |, this is a Fréchet space.
We obtain:

Proposition 3.8 If E is the Cantor set, then Co(E) has a basis.

4 Structure of C>*(F) if E has one accumulation point

We assume that £ = {x, : n € N} U {0} where x,, \, 0. In this section we set
&n = min(x, — Tp_1,Tnt1 — Tp) and as before we make the

Assumption: There are ¢ € N, C' > 0 such that z < Ce, for all n € N.



From our previous example we know that E is a Carleson set.
We introduce the following notation:

J®0) = {feC>®R): fP(0)=0 for all p € N}

Joo(0) = {p € CulE) : ™ (0) =0 for all p € No} = {f| : f € J®(0)}
and we first study the space J(0).

We choose an even y € .@[—%,—F%] with ¥ = 1 in a neighborhood of 0 and we set
Xe(z) == x(%)-

For any scalar sequence & = (&n)nen we set f(z) := > 2 &uxen(r — 2). Then f €
C>®(R\ {0}) and f(zy) = &, for all n.

Lemma 4.1 f € J*(0) if, and only if, limp o % =0 for all p € No.

Proof: For every p and N we have

|$n]
sup [P (2)| = sup [&| X2 = IxP| sup =5
0<|z|<|zN| n>N n>N €n
which proves the assertion. O

The following holds without our general assumption on the sequence (z,)nen.

Lemma 4.2 1. If ¢ € Joo(E) then lim,_ o mip\go(:cn)] =0 for all p € Np.
2. If p € C(E) and lim,,_, aip\go(:cn)] =0 for all p € Ng then ¢ € J(0).

Proof: 1. Let ¢ = f|g € J(0), f € J*°(0). Then we have

1 1 1
(3) E!w(l‘n)l = plflza)l < Hllf(p)\l[o,xn}

n

and the right hand side converges to zero.
2. Follows from the previous Lemma, because
oo
F@) =) e(aa)xe, () € J*(0)
n=1
and f|p = . O

Using our assumption on the sequence we obtain:



Proposition 4.3 Let p € C(E). Then ¢ € J(F) if, and only if, lim,_,~ xip|<p(xn)\ =
0 for all p € Ny.

We set o, = —log z,, and set, as defined before:

Ao(o) ={&= (&1, &,...) & [€]p :=sup|&|eP™™ < +oo for all p € Np}.
n
Equipped with the norms | - |, this is a Fréchet space.
Theorem 4.4 ® : ¢ — (p(zn))neny maps Joo(0) isomorphically onto Aso(c).

Proof: That & is an algebraic isomorphism follows from the previous proposition.
From equation 3 we see that

1
[2(p)]p < Hiﬂf{\\f\lp [ € CFR) with flg = ¢} = (|| f]llp-

Therefore ® is continuous and, due to the open mapping theorem, an isomorphism. 0O

Theorem 4.5 Let ¢ € C(E). Then ¢ € Cx(E) if, and only if, there are numbers
Ap, p € Ny, such that Ay = ¢(0) and for all p € Ny we have

. (p+1) PoA
Apiq = lim ( ) <<p(a:n)—zjfmﬁl .
n=1

n—00 x%"‘l

In this case A, = ©P)(0) for all p.

Proof: Necessity follows from formula 2, from there also that A, = ¢®)(0) for all p.

To show sufficiency we us the E. Borel Theorem to find g € C®(R) with ¢g(P)(0) = 4,
for all n € Ny.

We set h = ¢ — g|g and estimate:

et = o) - g(e)

(p+1)! Zp A ) (1) — g9(0)
= Pl (P(xn) - T'J‘T% - p+1 g(xn) - E j' xiz
Tn =0 I Tn =0 .

The second line converges to A,+1 — g®*(0) = 0. So there exists H € J>°(0) with
H|lg=h. Weput f=H+g. Then f € C®(R) and f|lp =¢ —g|lg + 9lg = ¢. O



Theorem 4.6 The norms

ol ()] +sup o [ () =3 £,
= max sup —& T — X
Pl p=0,...k v TLGII\)T xﬁ o 7=0 ]' "

are a fundamental system of seminorms in C>°(E).

Proof: If f € C*(R) with f|g = ¢ then we have, by elementary estimates, [|¢|r <
3||fllx- Since that holds for any such f we obtain ||¢||x < 3|||¢|||x for all k. So the
topology generated by the norms || - || is weaker than the topology of Coo(E).

By standard arguments one shows that C°°(FE) is complete in this topology hence, by
the open mapping theorem, the topologies coincide. O

We have already remarked that C°°(E) can be considered as well as a restriction space
of C*°(R) as also of C22(R). We collect some information about the latter space.

Lemma 4.7 The following norms are a fundamental system of seminorms for C52(R)
[e.e]
|fln = Z lak|(|k| +1)™, n € Ny, ay Fourier coefficients.

k=—o00

The dual norms are

uly = sip [bpl([k]+ 1), n€No, b = p(e™).
k=—o0
They satisfy |l < |pli—y [l for alln € N,

Here for any seminorm || - || the extended real valued dual norm is defined by ||u|* =
Sup |4 <1 ().

Theorem 4.8 If there is C > 0 such that x, < Cxyqq for alln € N, then || - |2 <
Crll - le=1ll - |1 for all k with suitable Cy.

Proof: not given here, see the original paper [12].

REMAK: The rather restrictive assumption on the sequence (z,)nen cannot be relaxed.
To show this we define

m

o(xy) = x—”' for n > N, ¢(z,) = 0 otherwise.
m!



We may assume that x; < 1. We obtain

e o) ;)1
Z—' x) :x—pgo(xn) forp <m
=0 "
1 m
=— (p(zn) — "') forp>m
T !
and therefore
=0 forp<m, n<N
1
=—a P forp<m, n>N
m!1
:—Mx?_p forp>m, n<N
=0 forp>m, n > N.
This yields:
for k<m 1
k
lelle = aizh
fork=m

1
lellx = max(mﬂwﬂs =1

and for £k > m

1 1
lolle = max(mfﬂNH; L m,fﬁ ")

For given k we choose m = k and obtain:

1
lelle =1, llelle-r = v+t lellern = k, N

The norm inequality in Theorem 4.8 then gives (k!)? < (J’k;ac;;’i;l
zn < Cr(kD) 2oy

for all NV, hence the assumption in Theorem 4.6.

We use the following results:

Theorem 4.9 (V.) Let E and F be nuclear Fréchet spaces. A € L(F,E) surjective
and there are constants Cp > 0 and p € Ny such that

1. || Az||k < Cill2||lk4p for all k and x € F.



2. el < Cellelie—r lalless for all k and & € E.

3. yllz* < Cllylli_y lylliy for all k and y € F'.

then E has a basis, more precisely: there is  such that E = Ax(B).

Theorem 4.10 (V.) Iflimsup O‘g—:l < 400, Aso(ar) nuclear and
0 — Axa) — Axo(f) —w —0

exact, then Aso(a) = Aso(B).

Here w := CY with the product topology.

Finally we obtain:

Theorem 4.11 If there are constants C > 0 and q € N such that x}, < Ce, and
Tp < Cxpyq for all n, then Coo(E) = Ax(a) where oy, = —logxy,. In particular,
C*(E) has a basis.

Proof: We apply Theorem 4.9 to F' = C2(R), E = Co(E) and A : C2 — Co(E)
the restriction map. The assumptions are fulfilled by Lemma 4.7, Theorem 4.8 and the
fact that ||Af|lx < 3| fllx < 3|f|k for every f € C32(R) (cf. proof of Theorem 4.6).

This shows that Coo(E) is isomorphic to some space Ax(8)). By use of the E. Borel
theorem we have an exact sequence

0 — Joo(0) — O (E) 25w — 0

where p(¢) = (¢ (0))pen,. Moreover x,, < Cwxy,q1 implies that for a, = —logzy,
we have limsup,, a”—:l = 1. Since in the above exact sequence Jo(0) = Ax(a) and
Coo(F) = Aso(B) we obtain from Theorem 4.10 that Coo (F) = Aso(8) = Ao (). 0

EXAMPLE. x, = 27", &, = 27! hence z,, < 2e,, Tn, < 22,41. Therefore Coo(E) =
Aso(n) =2 H(C). Here H(C) denotes the space of entire functions which is isomorphic
to Aso(n) by £+ (an)nen, where f(z) = S50, arz*.

10



5 Comparison of A (F) and Cy(FE)

We will use the following result:

Theorem 5.1 (Alexander, Taylor, Williams) If there are constants Ci, Ca such
that

+ s

(4) ! /blo ;dx<C lo !
b—a /, gd(:c,E) =18

for all0 < a <b<2m, then Axo(E) = Cxo(E).

We first study the case of E = {z1,x2,...} U{0}, x,, \ 0. We set ¢, =z, — zp41. To
study formula (4) in the special case of a = zps, b = x,, we use formula (1) to obtain:

M—-1

1 Tm 1
log — = log ——dx — (1 +log2 — .
Z En Og En /x]\/[ Og d(l’, E) €z ( + Og )(xm I'M)

n=m

Hence in this case the condition in Theorem 5.1 means the existence of C'1, Cy such
that

M-1 1

1 1
(5) 726nlog—§0110g7+(72.
Tp — T M e En Tp — TM

We use this to give an example of a Carleson set which does not fulfill the condition in
Theorem 5.1.

EXAMPLE: We set E = {x, ) = 27" — f2—m-—m?*

:meNy, k=0,..,2m°},
We fix m € N and consider inequality (5) for the points 27™ < 27™*! in E. We obtain:
gmom? (Q_m_m2 (m 4+ m?)log?2) = (m + m?)log?2 < Cymlog2 + Cs.

This should hold for all m € N which is impossible. So E does not fulfill the condition
in Theorem 5.1.

On the other hand

I o2 2 S
log — =) 2mig—m-m M)log2 =log2 Y 27™ %) <
zn:enoggn Z (m 4+ m~) log og Z (m+m*) < 400

m=1 m=1

hence E is a Carleson set.

11



We will need the following elementary inequality. For that let 0 < a < b. From the
mean value theorem we obtain a < £ < a + b such that

(a+b)log(a+b) —aloga = b(logé +1) < b(log(a+0b) +1) <blogh+ (1+ log2)b

and this implies

1 1 1
6 log — +blog - < b)1 2logb.
(6) aoga—i- ogb_(a—i-)oga b—i— og
Assume now that 0 < a1 < a9 < --- < a,, with Z?':laj <agy fork=1,...,m—1.
Set a = Z;n:l a;, then we obtain, using estimate (6) inductively,

“ 1 1

7 log — < alog — + 2a.
(7) Zajogajfaoga+a

i=1
Assumption: xn11 < €, for all n € N.

We analyze estimate (4) under this assumption. Let 0 < a < b. We assume

1 < a<zpy, Tmy1 <D<z,

and set |11, o] = Jwjp1, 5[ N ]a, bl, € = aj — a1 and assume first m < M
M
Z 59:$k+1—a§xk+1§6k form < k < M.
j=k+1

By use of formulae (4) and (7) we obtain
M

T 1 1
/a log D) dr < Z e, log o+ 4(Tpy1 — a)

n=m+1 n

1
< (merl - (I) IOg — + 6(xm+1 - a)-
ITm+1 — Q

To handle the case m = M or the interval |z,,+1,b] we have to estimate the following
situation 0 < A < a < 8 < B. We set ¢ = min(¢, A‘LTB), ¢" = max(¢, ‘”TB) and obtain

ﬁl b d /3’1 L d ﬂ“l L d
/a Ogd(x,{A,B}) vz /a/ ngl}‘—A $+/a” OgB—ZE v

ﬁ/ 1 BII 1
< /a/ logx_a/dx—i—/a” logmdm

= (B’ —d)log

1 / /
Gt (=)

+(B/1 o a//) 1Og — + (5// o O//).

1
ﬁ”—oz

12



Considering the cases a < g < A‘*'TB, A*'TB <a<p,a< A‘*'TB < [ separately we arrive
in every case at

p 1 1
/a logmdaﬁg(ﬁ—a)logﬂ_a—i—ii(ﬁ—a).

The factor three appears only in the last case and comes from the application of (6).

With A = 241, B =z, and o = a, 8 = b this takes care of the case m = M. With
A =a = xpy1, B =0b we obtain, using (6) for the last estimate,

"or L a T e g SN S
/a 9B " T / % 4z, E) “/xmﬂ Uz, )

1
< (Tm+1 —a)log o _a +6(zm+1 —a) +

Tm+1 —
+(b*xm+1)10gb +3(b*$m+1)
— Tm+1
1

< (b—a)l 8(b—a).

< (b-a)log ;= +8(b~a)
We have shown, rephrasing the assumption z,11 < ey,
Theorem 5.2 If x,, < 2¢,, for alln € N then C(E) = Ax(E).
If e,.1 > e, for n = 2,3,... or, equivalently z, < %(:Enq + zp4+1) then the above

assumption is special case of the assumption in Section 4. It can also be written as
2z,41 < x,. Hence we have the following final result for the case of sets with only one
accumulation point.

Theorem 5.3 If (¢,)nen is decreasing and there is C > 0 such that 2xp,41 < x, <
Cxpy1 for alln € N then Ax(E) = Co(E) = Aso() with oy = —log xy,. In particular,
the space Ao (E) has a basis.

EXAMPLE: For E = {27 : n € N} the space Ay (F) has a basis, more precisely
Ax(FE) = C®(E) 2 Ax(n) = H(C).

Next we study the As(E) for the classical Cantor set. So E will denote in the sequel
this set. We first make the

REMARK: (3¥E)N[0,1] = E for all k € Ny.

13



This is the reason to state the following elementary formula: For M C [0,1] and a > 0
we have

a 1 1 1 1
8 log ————— dxz = alog — log ——— dx.
®) /0 8 Q(z,adl) " “ga”/o %8 d(w, p)

Let now 0 < a < b < 1be given. Weset b—a : =~ =0,7172...7mn where the last term
denotes the triadic expansion of v which we assume to be finite.

We set a9 = a and a; == a+ 0,v1...7 for £ = 1,...,m. That means ax41 =
ap + Yre137%71. Therefore

Ak41
/logd da;—Z/ logd )d

We study the k — th term. It is an integral over an interval of length 75,13 %~! and
~r+1 can take on the values 0, 1,2. If y,11 = 0 the term is 0, hence we assume ;11 = 1
or 2.

We consider the subdivision of [0,1] into 3 intervals of lengths 37%. We call them
windows and we call a window:

white, if it has been already been excluded from the Cantor set,

black, if it waits for treatment.

We first assume that 511 = 1 and we consider three cases.

1st Case: Our interval is contained in a white window, then

371(}71

/ak+1 1 1 dr < / 1 1 doe = 37F 11 L + 37 k-1
og ——— AT og — aAxr = O .
an & diz,E) ~ — Jo & x & 3—k-1

2nd Case: Our interval is contained in a black window. We estimate the integral by the
integral over the whole window. Shifting the lower end of the window into 0 and then
multiplying by 3% we get the again the Cantor set. By use of formula (8) we obtain

/akﬂl b dor < 37%1 1 Dy37F
o Ogd(m,E) r < og3k1+ 0

where Dy = log 3 + fo log FIENo)] dx and this estimate is valid also in the 1st case.

3rd Case: Our interval hits a black and a white window. Then we estimate roughly by
the sum of the estimates in the 1st and 2nd case and this estimate is, of course valid
for all three cases.

14



If 141 = 2 we have two intervals of length 3 %=1, Therefore we may estimate by two
times the estimate of the previous 3rd case and therefore four times the estimate in the
2nd case. So finally we obtain:

W%ll 1 dr < 4-37%1 1 4Do37F
L, st S 4 g any

< 12941377 og s h 1+ 4Dy 413!
< 1294137 % og e + D137
where D = 4D 4 121og 2.
So we have
b 1 s et 1
/a logmdwg 12kZ_Ofyk+13 logm—i—D(b—a).

We wish to apply inequality (7). Therefore we need

m—1 00
k=n k=n

where v = max{k <n : vy, # 0}. Now (7) delivers

b 1 1
< — —
/a log TCN) dx <12(b—a)log e + 244+ D)(b—a)

for all triadic numbers a < b in [0,1]. Since E is Carleson, the function log m is
integrable, hence both sides of the above inequality depend continuously on a and b.
Therefore the inequality is true for all 0 < a < b < 1 and we have proved:

Proposition 5.4 If E is the classical Cantor set then Ax(E) = Coo(E).
Together with our previous results we have shown:

Theorem 5.5 If E is the classical Cantor set then As(E) has a basis. It is isomorphic
to some Ao ().

Theorems 5.3 and 5.5 show our main result Theorem 2.1.
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