Math. Z. 219, 515 —537 (1995)

Mathematische
Zeitschrift

«© Springer-Verlag 1995

Extremal plurisubharmonic functions of linear growth
on algebraic varieties

R. Meise!, B.A. Taylor?, D. Vogt?

! Mathematisches Institut, Heinrich-Heine-Universitit, Universititsstrasse 1, D-40225
Diisseldorf, Germany

? Department of Mathematics, University of Michigan, Angell Hall, Ann Arbor, MI
48109, USA

3 Fachbereich Mathematik, Bergische Universitit/GHW, GauBstrasse 20, D-42097
Wuppertal, Germany

Received 15 June 1993; in final form 14 February 1994
1 Intreduction

The classical Phragmén—Lindeléf Theorem shows that subharmonic functions
u(z) on the complex plane with a given asymptotic linear rate of growth,
u(z) < |z| + o{|z]), and a uniform bound at real points, u(z) < 0 for z = x
real, must also satisfy a uniform linear growth estimate, u(z) < |Imz|. In re-
cent years, it has been shown that the validity of some estimates in a similar
spirit for plurisubharmonic (psh) functions on an algebraic variety V C C”
characterizes whether or not the (system of ) constant coefficient partial differ-
ential operator associated to ¥ has a given property. Hormander initiated the
study of such conditions in [10], where he showed that the constant coeflicient
partial differential equation P(D)f = g associated to a polynomial P has a real
analytic solution f for every real analytic function g on R” if and only if a
certain estimate of Phragmén—Lindelof type is satisfied by all the psh func-
tions on V(P) = {z € €" : P(z) = 0}. In [14] it is shown that the existence
of a continuous linear right inverse for P(D), as a linear transformation of
C>(R") to itself, is characterized by the validity of a Phragmén—Lindelof -
type estimate for psh functions on V(P), and this was extended to the case
of systems of equations by Palamodov [18] and to ultradifferentiable functions
in [15]. Other Phragmén-Lindeldf conditions that characterize the surjectivity
of P(D) on spaces of ultradifferentiable functions are given in [6]. In many
examples, use of the Phragmén-Lindeldf condition is the casiest, and possibly
the only, way to verify that given examples of partial differential operators
have the property in question.

In this paper, we focus on one aspect of the Phragmén-Lindelof conditions,
the existence of a uniform bound on the linear rate of growth of the psh func-
tion. For this purpose, we define in Section 2 a condition called RPL, the radial
Phragmén-Lindelof condition (Definition 2.2). This condition requires that psh



516 R. Meise et al.

functions u on V' satisfying u(z) < |z| +o(lz|) and u(z) £ p|Imz| also satisfy
a bound u(z) < Alz| + B,. The essential feature here is that the constant A
depends only on the variety V', and is independent of u and p. The role of the
constant B,, which depends on p but is independent of u, is to account for the
nonhomogeneity of the variety. When ¥ is homogeneous, one can always take
the constant B to be 0. Our main result, Theorem 5.1, shows that an algebraic
variety of (pure) dimension k satisfies the condition RPL if and only if the
homogeneous algebraic variety Vj tangent to V' at infinity satisfies the di-
mension condition (Definition 2.6); i.e. for every irreducible component W
of ¥V}, the real algebraic variety W M IR" also has (real) dimension k. The
result is applied in [16], to characterize the homogeneous varieties which sat-
isfy the Phragmén-Lindeldf condition studied there. For varieties of the form
V = {P(z) = 0} where P is a homogeneous polynomial on C?, this latter
Phragmén-Lindel6f condition is equivalent to the existence of a continuous
linear right inverse for the associated constant coefficient partial differential op-
erator P(D). Also, Theorem 5.1 is used to prove a perturbation result for this
condition.

Thus, while the main application of most Phragmén-Lindelof conditions
has been to characterize properties of constant coefficient partial differential
operators, the main application of the RPL condition is to characterize an im-
portant intermediate step in the study of such principles. We do not know a
property of the partial differential operator P(D) that is equivalent to the variety
V = {P(z) = 0} satisfying the condition RPL.

The precise definitions of what we mean by a psh function on V', the condi-
tion RPL, and the dimension condition are given in Section 2. In Section 3 we
treat the case of homogeneous varicties where the relation between the estimate
we are studying and the dimension of the real points in V} is explained by a
theorem of Sibony—Wong [19], as extended by Siciak [20]. Section 4 contains
some technical results about continuity properties of extremal psh functions.
The main result in this section, Theorem 4.4, gives a natural semicontinu-
ity property of extremal functions as a function of the variety. This result,
whose proof depends on an “extension with bounds” lemma for psh functions,
Lemma 4.6, is then used in Section 5 to show that the condition RPL carries
over from V to its tangent cone V,. The same method and the essential results
of Section 4 are applied in [16], Section 4 fo prove the analogous resuit for
a different Phragmén-Lindelof condition. We also give in Section 5 a different
version of the Sibony-Wong estimate which allows an exceptional set. This is
a key point in proving the main result, Theorem 5.1.

2 Definitions and preliminaries

In this section, we introduce the notation and terminology that will be used
throughout the paper. There are several possible definitions of what is meant by
a psh function on a variety in C”", see ¢.g. Fornaess and Narasimhan [8]. For
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our purposes it is convenient to have the largest possible class, the so-called
weakly psh functions.

Definition 2.1 Let V be an analytic variety in an open subset D of C". A
Sunction u 1V — [—o00, ool is called psh on V if it is locally bounded above
and psh at the regular points Ve, C V. The values of u at the singular points
Vsing C V' are not important in our considerations. However, it is convenient
in the sequel to assume that

u(z) = limsup u(&} for all z € Vg .
:eVrcga -z

By PSH(V') we denote the set of all psh functions on V.

The type of estimate studied here is the following, which we call the radial
Phragmén-—Lindeldf condition.

Definition 2.2 An algebraic variety V in C" satisfies the condition RPL if
and only if there exists A > 0 such that for each p > 1, a constant B, exists
such that each u € PSH (V') satisfying (1) and (2) also satisfies (3), where:
(D) w(z) s lz| +o(lz]), z€eV

(2) u(z) £ pllmz|, zeV

(3) u(zy < Alz|+B,, ze V.

The main theorem of the paper, given in Section 5, characterizes when pure
dimensional algebraic varieties satisfy the condition RPL.
It is also useful to study a local version of the RPL condition.

Definition 2.3 Let V' be an analytic variety in a neighborhood of a point
e VNR". We say that V satisfies the condition RPLy,. at ¢ if and only
if there are constants ¢ > & > & > 0 and A > 0 such that each u €
PSH (V N {|z — & < &a1}) satisfving (1) and (2) also satisfies (3), where:
D uzy 21, zeV{lz— ¢ <&}

Q) uz) 20, ze VNR"N{|z —¢] £ &}

B)uz) L Alz—¢l, zeVn{lz-¢ £ &}

The last definition can perhaps be better expressed in terms of relative
extremal psh functions (Klimek [12], Chapter 4, Section 5).

Definition 2.4 Let V be an analytic variety in a pseudoconvex domain D ¢ C"
and let K be a compact subset of D. By the extremal function of K relative
to D and V, we mean the function

Ug(z) = Uz K, D, V), z€V;

that is the upper envelope of all the functions u(z) that are psh and bounded
above by | on V and that satisfy u(z) < 0 whenever z € KN V. The
upper-semicontinuous regularization Ug(z) = lim sup,_,, Veeg Uk () is psh on
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V and equal to Ug(z) outside a pluripolar subset of V (see e.g.[12],
Theorem 4.7.6).

Clearly, if we take D= {|z - ¢ < ¢} and K = VNR"N{|z — | < &},
then V satisfies RPLj, at ¢ if and only if

Ug(z) £ Az =&, zeVn{lz=¢& £ &}.

The definition of the condition RPL can also be phrased in terms of the ex-
tremal psh function on ¥ that is the upper envelope of all the psh functions
on V satisfying conditions (1) and (2) of that definition.

In studying the conditions RPL, RPL,,., the component structure of the
variety is not important, as Hormander has already pointed out in [10].

Propesition 2.5 (i) An algebraic variety V satisfies the condition RPL if and
only if each irreducible component of V satisfies RPL.

(it) An analytic variety V in a neighborhood of ¢ € C" satisfies RPLjoc
at & if and only if each local irreducible component of V satisfies RPLo.
at ¢

Proof. Let V1,...,V; be the irreducible components of ¥ C C€". If RPL holds
for V;, 1 £ j £ k, then it clearly holds for V. Conversely, if V' satisfies RPL
and if V,, is given, then we can find a psh function v on €" which is —oc on
V; for j+m, satisfies v|y,, £—o00, and v(z) < log(1+|z|) as |z| — oo (see e.g.
[12], Chapter 5, or [3]). Now let u be psh on V,, and satisfy the estimates (1)
and (2) of the definition of the RPL condition. The function u, = u + &v can
be extended to a psh function on V by defining it as —oo on V' \ V,,. Then
the function

e = T U+ 2 I in z/z;

Wy 1+2£(u + e]g;én og | sin z;/z;])

satisfies the estimates (1) and (2) of the RPL condition. Hence, RPL for V
implies that w, is bounded by A4|z| + B, on ¥ and consequently on V,. Then
letting ¢ — 0, we see that u has the same bound on V,. The proof for the
condition RPLy,, goes exactly the same way.

It seems clear that for a variety to satisfy the condition RPL, it must have
lots of “nearly real” points. One measure of this is the dimension of the set of
real points in the variety.

Definition 2.6 Let V be an analytic variety in a neighborhood of a point
e VR We say that V satisfies the dimension condition at & if, for
every local irreducible component W of V at &, the dimension of W NIR" as
a real analytic variety at & is equal to the dimension of V at & as a complex
analytic variety. If 'V is a pure dimensional global variety in C" then we say
that 'V satisfies the dimension condition if, for every irreducible component
W of V, the dimension of W N R", as a real analytic variety, is equal to
the dimension of V as a complex variety. Finally, a global variety V. C C"
satisfies the strong dimension condition if and only if VR"={ and, for each
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Ee VN R", V satisfies the dimension condition at &, when V is considered
as a local variety in a neighborhood of £

For the definition of real analytic sets and their dimensions we refer to
Narasimhan [17].

The dimension condition and strong dimension condition are different re-
quirements. For example, the algebraic variety zZ2 = (z; — 1)(z; + 1)* has
complex dimension 1. At the point & = (1, 0) it also has dimension 1 as a real
algebraic variety but the point (—1, 0) is isolated in the set of real points in the
variety. Hence, this variety satisfies the dimension condition but not the strong
dimension condition. An example of a homogeneous variety with this property
is given by making this example homogeneous, z3z3 = (z; — z3)(z1 + 23)%.

The dimension condition measures if the set of real points in the variety
V' is pluripolar. Recall that a set E is pluripolar in ¥ if and only if there
is a plurisubharmonic function on ¥ that is —oo on £ but is not identically
—oo on V. If W is any irreducible component of V, there are psh functions
on V that are identically —oo on any other irreducible component of ¥ but
not identically —oc on W. Thus, a subset £ of ¥ is not pluripolar in V' if

and only if £ N W is not pluripolar in W for each irreducible component W
of V.

Proposition 2.7 (i) A4 pure dimensional variety V in C" satisfies the dimension
condition if and only if V. N R" is not pluripolar in V.

(ii) A local analytic variety V in a neighborhood of a point £ € VN IR"
satisfies the dimension condition at & if and only if VOR"N{jz —&| < ¢} is
not pluripolar in V for each ¢ > 0.

Proof. By the above remark, it is no loss of generality to suppose that V' is
irreducible. If ¥ N IR”" has dimension less than the dimension of V, then in a
neighborhood of each point of ¥ NIR” there are finitely many analytic functions
f1,..., fq that vanish identically on ¥ N IR” but do not vanish all on V'\ R”
in this neighborhood. That is, the set ¥ NIR" is the set where the psh function
u=log Y |f;| is —oc. Thus, the set ¥ N IR" is locally pluripolar in ¥ and,
consequently, is globally pluripolar in the Stein space V by a theorem of B.
Josefson (as extended to Stein spaces by E. Bedford {1]). Consequently, if V
fails the dimension condition, then ¥ N IR" is pluripolar in V. Conversely, if
VNIR” has dimension & = dim V' then there are regular points £ € F'NIR” such
that ¥ NIR” is a real analytic manifold of real dimension & in a neighborhood
of £, Therefore, any psh function » on ¥ that is —oo on V' NR" must be —oco
on a neighborhood of ¢ in V. Hence, u must be identically —oco on the regular
points of ¥, since these form a connected complex manifold. That is, u = —c©
on ¥V, so ¥ N R” is not pluripolar in V. This completes the proof of (i). The
proof of (ii) is similar.

Lemma 2.8 Let V be an analytic variety in a neighborhood of £ € V N IR"
which satisfies RPLio at & Then V satisfies the dimension condition at L.
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Proof Let K = V¥V NR" N {|z]| £ ¢} . The extremal function Uy satisfies
Ug(z) £ Alz—¢| for z € V near ¢, since V satisfies RPLy, at £. Therefore, K
is not pluripolar in ¥, so V satisfies the dimension condition by the previous
proposition.

We conclude this section with a lemma that will be needed several times
in the paper.

Lemma 2.9 There exists a psh function H on {|z] < 1} C C” that is contin-
uous on the closed ball {iz| < 1} and has the following properties:

(1) H(z) £ |Imz| for|z| £1

(2) H(z) £ |Imz|—c for |z| =1 and c = 5
(3 Hx)Z0 forxeR" x| £ 1

(4) H(iy) 20 for ye R, |y £ 1

(5) HE)=0(z) asz—0.

< |
=

Proof. 1t is easy to check that H(z) = %(llm z|> — |Rez|?) has all the given
properties. (We thank the referee for suggesting this function to replace a more
complicated one used previously.)

3 Homogeneous varieties

In this section we study the condition RPL on homogeneous algebraic varieties
in €"; that is, on varieties ¥ satisfying z € V if and only if {z € V for all
complex scalars {. For such varieties, we will show that the condition RPL
holds if and only if the variety satisfies the dimension condition. This result is
closely related to the Sibony—Wong estimate [19], as improved by Siciak [20],
which implies that a psh function u on C" satisfying the inequality u(z) < |z|
on a nonpluripolar set of complex lines in €" must in fact satisfy an estimate
u(z) < Alz| for all z € €. The constant A depends only on the set of lines
and is independent of the function u. In fact, when V' = C", our result is a
special case of the Sibony-Wong estimate.. However, we need the result on
homogeneous algebraic varieties.

Lemma 3.1 Let V be a homogeneous algebraic variety in C", and E a set of
complex lines in V which is not pluripolar in V. Then there exists a constant
A > 0, depending on E and V, such that if u is psh on V and satisfies
u(z) < |z| for all z in a complex line belonging to E, then u(z) < Alz| for
alze V.

We will postpone the proof of this lemma until the remark following
Lemma 5.5 in Section 5, where a version of it is given that allows u to be
psh outside a small exceptional set. However, using the lemma we can prove
the main result of this section.
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Theorem 3.2 Let V be a pure dimensional homogeneous algebraic variety in
C”. Then the following are equivalent:

(1) V satisfies the condition RPL,
(ii) There exists a constant A 2 1 such that every psh function u on V that
satisfies (1) and (2) also satisfies (3), where
(1) u(z) < |z| +o(lz]), z€ ¥
2)u(z) £0, ze VNR"
(3) w(z) £ Alz|, ze V.

(1) V satisfies RPLiy, at 0.

(iv) V satisfies the dimension condition at 0.

(v) V satisfies the dimension condition.

(vi) There exists a constant A Z 1 such that every psh function u on V
satisfying w(z) < |z| for all z € V of the form z = {x, where x € VN R",
{ €, also satisfies u(z) < Alz| for all z € V.

Proof. (i)= (i1): Let u be a psh function on V satisfying (1) and (2) of (ii).
Let A be the psh function of Lemma 2.9 and ¢ the constant appearing in that
lemma. For R > 0 large, define for z € V,|z| < R,

v(z)=uv(z R) = %max {u(z) - % + i—RH(%), ﬂrc-n—zl} )

When |z| = R and R is sufficiently large, the first term in the maximum does
not exceed

R+ o(R) + (2R/c)([Im z/R| — c) = (2/c)|Imz|,

so if we extend the definition of v(z, R) to all of ¥ by making it equal to
|Imz| at points of ¥ outside the ball {|z| £ R}, then v is psh on V. Note that
v satisfies the inequality (1) of the condition RPL, since it is equal to |Imz]
outside a compact subset of V. We also claim that v satisfies the estimate
(2) of that condition for some constant p. This is obvious for |z] > R. In
the compact set ¥ N {|z| £ R}, we have that the first term in the maximum
defining v is negative on a neighborhood of the set of points where | Imz]| = 0,
since H(z) < |Imz| and u is uppersemicontinuous. Therefore, we can choose
p sufficiently large, depending on R and u, such that v(z) < p|Imz| holds
on all of V. Since V' is a homogeneous variety, for any » > 0 the function
v(rz)/r is also psh on V and satisfies (1) and (2) of the condition RPL with
the same constant p. Therefore, we conclude that v(rz)/r < A|z] + B, for
all z € V. Multiply this equation by r and replace rz by z to obtain that
v(z) £ Az} +rB, holds for all z € V. Letting » — 0, we get v(z, R) < A|z|.
Finally, let R — oo, and use the fact that H(z) = O(|z]*) as z — 0, to see that
(¢/2)u(z) < lim sup,_, v(z, R) £ A|z| holds for all z € V.

(i) = (iii): Let gy > 2¢ > 0 and let u be psh on VN {|z] < &} with u(z) L 1
and u(z) £ 0 forz € VNR*"N{|z}] £ &}. Fix a point 2/ € VN {lz| £ &}
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and then define a psh function on V by setting

v(z) = ce;max {u(z)+ éH(Z - Rez’>’ |Imz|} .

€2 céy

on ¥ N{jz —Rez'| £ &} and setting v(z) = |Imz| at points of ¥ outside
this ball. Exactly as in the proof of (i) = (ii), we have that v is psh on V.
The function v also clearly satisfies (1) and (2) of (ii), so we conclude that
it also satisfies (3). Applying this estimate at the point z’ and using the fact
that H(iy) = 0, we conclude that u(z') < ;Aé;|z’|. Since z’ is an arbitrary point
of VN {iz| £ &}, we have therefore proved that ¥ satisfies RPLj,c at 0 (with
&3 = 82).

(ili)y = (iv): If V fails to satisfy the dimension condition at 0, then by Propo-
sition 2.7, part (i), the set K = V NIR" N {|z] £ &} is pluripolar in V for
some ¢ > 0. Therefore, the extremal function of K relative to ¥ N0 {|z| < &}
satisfies Ug(z) = 1 (see e.g. Klimek [12], Chapter 4). In particular, it cannot
satisfy Ux(z) £ A|z| in any neighborhood of 0, so as was already noted in
Section 2, V' cannot satisfy RPLj,. at 0. This is a contradiction, so ¥ must
satisfy the dimension condition at 0.

(iv) = (v): This is obvious, since the dimension of a variety is the maximum
over all points in the variety of the dimension of the variety at the point.

(v)= (vi): This is a direct consequence of Lemma 3.1. For, by Proposition
2.7, the set E of all complex lines /(x) = {{x : { € €} where x € V¥ N R"
is not a pluripolar set of lines in V if and only if V satisfies the dimension
condition. Therefore, the hypothesis on u in (vi) shows that the hypothesis of
Lemma 3.1 is satisfied. The constant 4 in (vi) is the one associated to the set
E of real lines in V.

(vi) = (i): We will show that (vi) implies (ii), which clearly implies (i). Let u
be psh on V' and satisfy the estimates (1) and (2) of (ii), and let x#0 be a point
of V¥MIR". Then we obtain from the ordinary Phragmén-Lindel6f theorem in the
complex plane, applied to the function { — u({x), that u({x) < |Im (x| £ |{x|;
that is, u(z) < |z| for all z = {x with { € € and x € V' N R". By (vi), we
therefore conclude that u satisfies the estimate (3) of (ii).

Example. 1t seems reasonable that the estimate u(z) < Alz| of (3) of the
condition RPL,. or of (ii) of Theorem 3.2 might be improved to one of the
form

(1) u(z) < A|Imz|’|z|'~*

for some constant ¢ > 0. However, this is not the case, as is shown by the
homogeneous variety V = {z = (z1, 2,23)|222% = —(21 — 22)*(z1 +22)} (which
satisfies the dimension condition but not the strong dimension condition). This
can be seen as follows. Let ¢ = (1, 1, 0)/v/2 € ¥ N R? and for small » > 0,
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let U, = {|z — r¢| < r/2}. For small 6 > 0, define a psh function in ¥ N U,
by

u(z) = u(z, r, 0) = max {% + dlog|zy — z| + %H(z—(z—;ﬁ> ,|Imz}} .

where H, c are the function and constant of Lemma 2.9. Then u is psh on ¥ NU,
and —oo = u(z) < 0 at all real points of V inside this ball, since z; = z; at
all such points. At points in the boundary of U,, we have that the first term in
the maximum does not exceed cr/4 + (+/2)(2|Imz|/r —¢) < |Imz| from the
estimate (2) of Lemma 2.9. Therefore, we can extend u to a psh function on
all of V' by defining it to be equal to |Imz| outside this ball. For small #, §,
this function clearly satisfies ¥ < 1 and ¥ < 0 on ¥ M R”. On the other hand,
lims_,ou(z, r, 0y = cr/4 + (r/2)H(2(z — #&)/r) > cr/8 at nonreal points of U,
near r¢. Since there are such points with | Imz| arbitrarily small, no estimate
of the form (1) can hold.

It seems likely that such an estimate may hold if ¥ satisfies the strong
dimension condition.

4 Local extremal functions

We pointed out in Section 2 that the definition of the property RPL,,. could be
phrased in terms of local extremal functions Uy on a variety. In this section
two continuity properties of these local extremal functions are given, one in
terms of K and the other in V. These properties will be used in the next
section to show that if the condition RPL holds on V then it also holds on
the homogeneous variety that is tangent to V' at infinity. The results are given
in a slightly more general form than is needed here, since other applications,
such as the one in [16] require the stronger version. For this reason, we give
the following generalization of the local extremal function defined in Section
2. Similar extremal functions have been studied previously by several authors;
e.g. Siciak [21], Zeriahi [23].

Definition 4.1 Let D be a domain in C", h a psh function on D, E a subset of
D, and V an analytic variety in D. The extremal psh function of E relative
toh, V, and D is the function Ug(z) = Ug(z; h, V, D) defined on V by

sup {u(z) :uis psh on V, u(z) £ h(z), z€V; u(z) £0, z€ E} .

When some or all of the parameters h, V, D are fixed, we will often drop them
from the notation. As usual, we will let U} denote the uppersemicontinuous
reqularization of Ug through regular points of V.

Recall that a pseudoconvex domain D C & is called hyperconvex if it
has a bounded continuous psh exhaustion function. That is, if there exists a
negative continuous psh function p on D such that p(z) — 0 as z — 6D and
{ze D:p(z) £ -5} is a compact subset of D for each ¢ > 0.
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Proposition 4.2 Let D be a hyperconvex domain in C", h a continuous psh
Sunction on D,V an analytic variety in D, and K; a sequence of compact
subsets of D.

If Ky DKy D -+ with K = NK;, then

lim Ux,(z; h, V, D) = sup Ux,(z; h, V, D) = Ux(z; h, V. D).
J=ee J

I](Kl C Kz C o with E = U/KJ, then

lim Ug(z; b, V. DY =1inf Ug (z; b, V, D) = Ug(z; h, V, D) .
oo i J

Proof. This proposition is well-known. The proof of the first assertion is the
same as that of Proposition 4.5.10 of [12]. The second assertion is a con-
sequence of the following three general facts about extremal functions: (i)
Ug; = 0 at all points of K;; (it) UK = Uk, except on a pluripolar set ([2],
Theorem 7.1); (i) the countable union of pluripolar sets is pluripolar. We
omit the details.

We also need to discuss the limits of the extremal functions under conver-
gent sequences of varieties V; C D. There are several ways this can be done;
for example, convergence in the Hausdorff metric on sets or as currents on D.
However, for our purposes it seems the simplest and most convenient way is
in terms of the following definition.

Definition 4.3 Let D be a domain in C" and let V and V;, j € N, be subsets

of D. We say that (V;);en converges to V if the following two conditions

are satisfied:

(1) Each zy € V is the limit of a sequence (z;)jen satisfying z; € V; for all
jeEN

(2) Each sequence (zi)ien satisfying zy € V;, for all k € N and some sub-
sequence (jiren of N, which is convergent in D has its limit in V.

Theorem 4.4 Let D be a hyperconvex domain in C". Let K be a compact
subset of D, h a continuous psh function on D and V; a sequence of pure
k-dimensional analytic varieties that converge to an analytic variety V in D,
in the sense of Definition 4.3. Then

Uk(z;h,V,D) < liminf Ug(zj;h, V;, D)
J—00 ;

for every sequence of points z; € V; such that z; — z € Vieg .

For the proof, we need several lemmas.

Lemma 4.5 Let D be a hyperconvex domain in C", V an analytic variety in
D, ¢ an open neighborhood of V in D, and ¢ > 0. Then there exists a psh
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function  on D such that

(i) V = {z € Dly(z) = —0}
(i)Y y(z) <e z€D
(iii) Y(z) 2 0, z€ D\C.

Proof. This is very much like Theorem 7.2 of [3]. Since V is an analytic variety
in a pseudoconvex domain, there is a psh function ¥ on D such that V =
{z € D|¥(z) = —oc}. This function will be modified to obtain the function
of the lemma. The lemma holds with ¥ replaced by any complete pluripolar
set in D.

Let p be a continuous psh function on D that is an exhaustion function
for D and vanishes on ¢éD. Let (J;)jen be a sequence of positive numbers
that decreases to zero so fast that Y d,/j < ¢/2 and (1 +logj)o,— < &/4.
Exhaust D by the compact sets K; = {z € D|p(z) £ —0d;} and set M; =
sup{¥(z)|z € K,}. Tt is no loss of generality to suppose that M; = 0. Choose
numbers ¢, > 0 so small that

Yoe(M;+1) <o
=

0=2¢(¥P(2)— M)z - ze K\C .

&
277
Define for z € K, ¢,(z) = max{e;(¥(z) — M;), (1//)(p(z) + J;)}. On the
boundary of K;, we have y;(z) = 0 = (1//)(p + J;), so ; can be extended
to a psh function on all of D by setting it equal to (1//)(p + J;) in D\K;.
Then let

Wz) = iw/(z).
2

Since ¥, < 0 on K, the partial sums of the infinite series are eventually
decreasing on each compact set. If z € V, then y{(z) = (1//)(p(z) + 6;), so
¥(z) = —oo because Y (1/j) = +oc and Y. d;/j < +oc. For any z € D, there
is a unique integer k = k(z) such that z € K;\K;_1 (where Ko = (). Then

k—1 oC
Y(z) = Y- (1j)p(z) +d;) + kaax{ﬁj(‘x”(z) ~M;), (1/j)(p(z) +6,)} .
Jj=1 Jj=

From this we see that ¥(z) > —oc for z ¢ V, so ¢ 15 psh on D and (i) of
the lemma holds. It is also clear from this equation that ¥(z) < > 5,/j < &/2.
And, when z ¢ ¢, we have (with Jg := 0)

EES pyact ”(Z) 3 e (W)~ My) > —(1+ loghk)_y — &/4 > —z/2
Jj=1 j=k
by the choice of the d;,¢,. Thus, the function ¢ + &/2 has all the properties
asserted in the lemma.
Using this lemma, the following “extension with bounds™ result can be
proved for psh functions.
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Lemma 4.6 Let D be a hyperconvex domain, h a continuous psh function on
D and V an analytic variety in D. If ¢ > 0 and U is any psh function on
D such that U < h on V, then there is a psh function U, on D such that
U =Uon Vand Uy £ h+e forall zeD.

Proof. Let 0 = {z € D|U(z) < h(z)+¢/4}. From the lemma just proved, there
is a psh function ¥ on D that is —oo on ¥, nonnegative on D\, and bounded
above by ¢/4 on D. If we define U; as equal to max{U,(h+ ¢/4)+ (Y +¢/4)}
on (7, then U, is equal to &+ + ¢/2 near ¢€ N D. Hence, we can extend U,
to a psh function on all of D by setting it equal to A + ¥ + ¢/2 on D\€. We
clearly have Uy = U on V C € since Y = —oo on V. Also, U, < h+ ¢ since
Y < gf2.

Lemma 4.7 Let (V;);en be a sequence of pure k-dimensional analytic varieties
in an open set D C C" that converge to an analytic variety V in the sense of
Definition 4.3. If K is a compact subset of D and O is an open neighborhood
of KNV in D, then KNV, C € for sufficiently large j.

Proof. Assume that K N V; is not contained in ¢ for infinitely many j € N.
By passing to a subsequence we can then assume that there exists a sequence
(zj);en converging to zp € D and satisfying z; € (KNV,)\C for all j € N. Since
(V;)jen converges to V, and since K is compact, we conclude zo € KNV C €,
so it must be the case that z; € ¢ for all large j € N, contradicting our choice
of zj.

Lemma 4.8 Let D be a hyperconvex domain in €", h a continuous psh function
on D, and U a psh function on D such that U £ h— 0 on D for some § > 0.
Then there is a sequence of continuous psh functions U; on D such that
U zUyz---—>UonDand Uy < hon D.

Proof. Let y(z) = x(|z|) be a smoothing kernel; i.e. an infinitely differentiable,
nonnegative function with support in {|z| £ 1} and integral equal to 1. With
¥.(z) = £ 2"y(z/¢) the usual approximation of the J-function, the functions
U, = U x y, are psh and smooth on the set D, of points in D whose distance
to the boundary of D is greater than &, and U, \, U as ¢ ~\, 0. Let p be a
continuous psh defining function for D with p = 0 on éD. Let K; = {z €
Dip(z) £ —d/2j}. Since K; is a compact subset of D and # is continuous, it
follows from Dini’s theorem that there is a number ¢ = ¢; > 0 so small that
D; D K; and U, < h —36/4 for z € K;. Then for z € K; near ¢K;, we have
U, < h—36/4 < h+jp. Consequently, the function U; defined on D by setting
Uj =h+jp on D\K; and U; = max{U,, h+ jp} on K; is psh and continuous
on D. We clearly have U; < h on D. Moreover, since for ¢ = ¢, < & we
have U, < h —30/4 < h+ jp on K;(1\K;, the sequence U, is decreasing in
J. This completes the proof.

We can now give the proof of Theorem 4.4.
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Proof. Let zy be a regular point of the pure k-dimensional variety V and
n > 0. Let u be a psh function on ¥V with u £ 0on KNV, u £ hon V, and
u(z0) > Uk(zo;h,V,D) — . Since h,D are fixed throughout the argument, we
will drop the 4 and D from the notation and write the extremal functions as
Uk(z; V). By Lemma 4.5, there exists a negative psh function v on D that is
equal to —oo exactly on the singular set of V. The function u+ yv is therefore
psh at all the regular points of ¥ and tends to —oc on the singular set of V.
Therefore, by a Theorem of Fornaess and Narasimhan [8], it has an extension
to a psh function on all of D (for the case of the theorem needed here, there
is a simpler proof). By Lemma 4.6, there is a psh function U, on D such that
U, =u+nvonVand U, < h+nonall of D. Since u < 0 on KNV, we have
that U, < 0 on KN V. By Lemma 4.8, there exists a larger continuous psh
function on D, again denoted U,, such that U, < h+ 2y and U, < 5 on an
open set ¢ containing KN V. By Lemma 4.7, the sets KNV, are contained in ¢
for sufficiently large j. Therefore, the functions U, — 24 are competitors in the
supremum defining the extremal functions Ux(z; ;) for large j. Consequently,
if z; € V; converges to zg € V' then because U, is continuous

lim inf Uk (z;; ¥;) 2 lim inf Uy(z;) — 20 2 U,(z0) — 21
Jooe X J—00 ’

v

u(zp) + y(zo) — 2n 2 Ug(zo; V) 4 nu(ze) — 317

Since # > 0 is arbitrary and v(zp) > —oc, the assertion of the Theorem
follows.

5 Nonhomogeneous varieties

In this section, we show that the dimension condition holds for the variety
tangent to ¥ at infinity if and only if V satisfies the condition RPL. If V' is
an algebraic variety, recall that V), the homogeneous variety tangent to V' at
infinity is defined to be the set of all points of the form {z where { € €
and there exist points z; € ¥ such that |z;] — oo and z = lim; ,z;/|z].
Equivalently, if #(V) is the ideal of all polynomials that vanish on V, then
V}, is the variety of common zeros of the highest degree homogencous terms
of these polynomials. We refer to the books of Chirka [7] or Whitney [22] for
more details about tangent varieties.

Theorem 5.1 Let V be a pure dimensional algebraic variety in C". Then the
following are equivalent:

(i) V satisfies the condition RPL.
(ii) Vy satisfies the condition RPL.
(ili) ¥y satisfies the dimension condition.

For the proof of Theorem 5.1, we need some lemmas.
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Lemma 5.2 Suppose V is an algebraic variety in C". Let V; = {z/j:z € V'}.
Then the sequence of algebraic varieties V; converges to Vy in C", in the
sense of Definition 4.3.

Proof. Tt is easy to verify the second part of Definition 4.3. The first part is less
clear, but we omit the proof since it is well-known. It can be easily proved
using the good coordinates for ¥ and V), introduced later in this section. A
result stronger than the lemma is given in [22], Chapter 7, Section 3, which
1s a local version of the lemma. An analogous proof can also be used for the
global case considered here.

Lemma 5.3 Suppose V is an algebraic variety that satisfies the condition
RPL, that D = {z € €" : |z| < 2}, and that V; = {z € D : jz € V}. For
& > 0, let

Ke={lz] £1:|Imz| L ¢lz|or |z| £ ¢}.

Then the local extremal function Uk (z;V;) = Uk, (z;1,V;) of K, relative
to V;,D, and the psh function 1 on D satisfies the estimate
1

B,
@) Uz V) S A2l + =5 z€ ¥, S 4,
J

where A is independent of j and ¢ and B, is independent of j.

Proof. Let u be psh on V}, satisfy u < 1 on V;, and u < 0 on K. Let H be the
psh function and c the constant from Lemma 2.9. Fix zy € V; with |zg| < 1/4,
and let » = r(j) = j/2. Define a psh function U on ¥ N {|z — Rejzy| < r} by

U(z) = cmax {ru(z/j) + ZH <z;lif£2> , l1Imz|} .
c r c

On the set of z € V with |z — Rejzg| = », we have from u < | and the
estimate (2) for H from Lemma 2.9 that the first term in the maximum does
not exceed r + (r/c){|Imz|/r — c¢) £ (1/c)|Imz|, so U can be extended to a
psh function on all of ¥ by defining it to be equal to |Imz| outside of this
ball. The function U clearly satisfies the estimate (1) of the condition RPL,
U(z) = |z| + o(|z]). The estimate (2) of the condition is obvious outside the
ball {|z — Rejzg| < r} with p = 1. Inside this ball, U(z) £ |Imz| if z/j € K,
since H(z) < |Imz|. Otherwise, z/j ¢ K,, so
cj clz| c
U@ £ S +imz| = T+ [imz) < (1 + 2—&5) Imz|,

so (2) of the condition RPL holds for U with p = 1+¢(2¢?)~!. Since ¥ satisfies
RPL, we conclude that U(z) < Ajz| + B, holds for all z € V. Let z = jzg
and use the fact that H(iy) = 0 to see that u(zo) < (4/c)(J|zol/r) + Be/er.
Consequently, equation (2) holds with constant 4 equal to 24/c, where A4 is
the constant from the condition RPL. This completes the proof of the lemma.



Plurisubharmonic functions of linear growth 529

Proof of Theorem 5.1 (i) = (ii) This part is a consequence of the convergence
theorems in Section 4. Let D denote the ball {|z| < 2} C €" and let K =
R"N{[z| < 1}. By Theorem 3.2 it is enough to prove that ¥}, satisfies RPL;
at 0; that is, the extremal function Uk (z) = Ug(z;1,V, D) satisfies

3) Ug(z) £ Alz| forzeV,, |zl < 41
Define K, = {|z] £ 1: |lmz| = ¢z} or |z] £ ¢} so that K = M50 K,. By
Proposition 4.2, 1t suffices to prove that (3) holds with K replaced by K, where
the constant 4 is independent of ¢ > 0.

To prove this, let V; denote the variety in € given by V; = {z/j :z € V'}.
By Lemma 5.2, we have that V; N D — V, N D, in the sense of Definition
4.3. We also have the estimate (2) from Lemma 5.3. Letting j — oc in this
inequality and applying the convergence theorem, Theorem 4.4, then shows
that (3) holds with K replaced by K., as asserted.

Proof of Theorem 5.1 (ii) => (iii) This is a part of Theorem 3.2.

To prove the remaining implication of the theorem, we shall use some
special coordinates that are good for the study of ¥ and V). The assumption
that V' is an algebraic variety of pure dimension k£ in C” is continued. Then the
variety V), also has dimension k. Therefore, after a suitable (real linear) change
of variables we can choose coordinates z = (s,w) on C",s & C* we Cr so
that the projection map 7 : (s,w) +— w is a proper map of ¥ and ¥} onto CF.
Then there are positive integers m,m’ with m = m’ such that

V={(gw)w):1 £j<m}
Vi={Bw)w): 1 £ j = m'}

where the o; and f; are locally multiple-valued analytic functions. Moreover
we can assume that the coordinates are such that there exists C > 0 such that

l;(w)| = C(1 + |w))
!ﬁj(W)l < Clw|

for all w € C*. (See, for example, [7], Theorem 2, p. 77). As |w| — oc, the
varieties ¥ and V, are closer together than |z|!~#; that is, constants ¢ > 0,C = 1
exist, depending only on V' and the choice of coordinates, such that for each
w € C* we have

4)

(5)

max {mm Bi(w) —ou(w)l} £ C(1 4w~

l<jsm 1S

(6)
max { mm By = (W)} = C(L+ w70

Iglism 1)<
Also, there is a homogeneous polynomial D(w) of degree d on C* such that
the branched cover 7 : ¥, — CF is an analytic cover over {w € C* : D(w)#0}
and such that each fiber over w € €* has exactly m’ distinct points. Since ¥},
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is a homogeneous variety, it therefore follows that when D(w) =0, the distinct
points B;({w) — B;({w) = {(B;j(w) — Bi(w)) are further apart than a small
constant times |[{w|. In particular, for each # > 0 there exists R, > 0 such
that for each w € ©* with |w| = 1 and |D(w)| = # there exist positive integers
pi,1 £j < m sothat forallR > R, andeach | < < m’ there are exactly
u; of the ay(w) satisfying

Lemma 5.4 There exists n > 0 small enough, such that, given any wy € C*,
there exist / € C* with |}| = 1 and a number r,0 < r < max{|wgl,1}, such
that the analytic disk

A4=Awy, A, r)={w+{1:{eC | £r}
has its boundary 04 contained in the set |D(w)| = njw|®.

Proof. This is a well known consequence of a minimum modulus theorem for
polynomials (e.g. [4], Lemma 3.4.1), and the homogeneity of |D(w)l.

The basic estimate for the proof of the last part of the theorem is given in
the next lemma. It is like Lemma 3.1, except that an exceptional set is allowed
and a stronger upper bound is required. The idea is that psh functions must
have the same rate of growth in all but a small exceptional set of directions.
The proof is similar to that of Theorems 1.41 and 1.44 in Chapter 1 of [9].
See also Section 11 of [20], which contains the proof of Lemma 3.1 due to
Siciak. After the proof, we will also point out how the same argument proves
Lemma 3.1, the Sibony—Wong estimate. A different proof can be given using
Kiselman’s theorem on envelopes of psh functions [11].

Lemma 5.5 Let v: V, — [0, oo[ be usc. Assume that for some ng > 0 and
o> nal/d the following conditions are satisfied:

(i) v is psh on the set
G i={z = (s, w)€ Vi1 ID(w)| > |w/p|’}.

(i) v(z) £ |z} for all z in a set E of complex lines in Vy, passing through
the origin such that the union of all these lines is not a (locally) pluripolar
set in V.

(iii) v(z) £ plz| for all z € V}, and some p > 1.

Then there exists a constant A = 1, depending only on Vi, ny and the set E
of complex lines in (i) but independent of p and v, such that

w(z) £ Alz|  for all z = (s,w) € V} with |D(w)| = nolw|*.

Proof. In proving the lemma, it is no loss of generality to assume that v({z) =
v(j¢|z) for all complex numbers {, that 1 — v(zz) is nondecreasing for ¢ = 0,



Plurisubharmonic functions of linear growth 531

and that v(z) Z |z|; otherwise, replace v by max;<;{v(tz), |z|}. Then for
m > v(0) = 0 and z € V), define the auxillary functions
Hz) = r(z,m) = sup{r = 0: v(tz) < m}

1

r(z,m) '

W(z) = Y(z,m) = log

The function z — (z) has the following properties:

(a) ¢ is usc and Y((z) = Y(z) + log|{[;
(b) Y(z) = loglz| + log nll,z € [, I a complex line in E;

(¢) % S rH2)z|, ze Vi

(d) ¥(z) < loglz[ +log £, z € V)
(e) if zo = (59, wp) is a point of G, then z +— Y(z,m) is psh on a neighborhood
of z;.

These properties are all direct consequences of the definitions of r(z) and
Y(z). For example, it is easy to check that ¢ is usc, since v is usc, and
that it has the homogeneity property of (a). The estimates of (b) and (c) are
direct consequences of the estimates of hypotheses (ii) and (iii) of the lemma,
together with the lower bound v(z) = |z|. Part (d) is just a reformulation
of (c). To see that (e) holds, let (f;(w),w) be the branch of V) satisfying
zg = (B;(wg), wo) and consider the function

o(w,0) = v({(B(w)w)), |w—w| <4, (eC.

For § sufficiently small, ¢ is psh on {(w,{): |{w — wy| < J,{+0}. Since ¢ is
locally bounded from above, it has a psh extension to {(w,{) : [w — wo| < 4,
{ € €} by Hormander [10], 4.4. Hence, an application of Thm. I. 28 in Gruman
and Lelong [9] shows that Y((f{w), w),m) = —log 6(w, m) is plurisubharmonic
in a neighborhood of wy. Obviously, this implies (e).

Next, let £* denote the set of points z € V), which satisfy |z] = 1 and
which belong to some complex line in E. Then E* is not a pluripolar subset
of V. Let L(z) denote the extremal psh function of minimal growth for the
set £*,

L(z) = sup{u(z) :upshon Vj,u < 0on E*, u(z) < log(l +|z]) + O(1)},

and let L* be the usc regularization of L. By a theorem of Zeriahi [23] Thm.
4.2, extending a result of Siciak for the case when V), = ", the function L~
is also a psh function of minimal growth on V7; that is, there exists a constant
7 > 0 such that

L*(z) Slog'lz[ +7, z €V,

where log” |z| = max{log|z|, 0}. There is onc technical point to note in the
application of Zeriahi’s theorem. He uses a different definition of psh function
on ¥ than the one in Definition 2.1. However, using the fact that there is a
psh function v on €” of logarithmic growth that is equal to —oco exactly on
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the singular subset of V3, it is easy to check that the extremal function L* is

independent of the class of psh functions used in its definition.
Finally, define

U(z) = U(z,m) = max{ Y(z,m) + ——10g ID(w)], log|z| + = log } .

For z = (s,w) ¢ G we get from (d) and |w] < |2,

LWi(z) + Llog |D(w)| £ 1 [logz| +log & + 1 log |D(w)]

A

1 [log |z| + log & + log | = log|z| + llog 4 .

Therefore, the first term in the maximum defining U is dominated by the
second one whenever |D(w)| < (Jw|/p)¢. Hence, we obtain from (e) that U
is psh on V. Moreover, we get from (d) that U is bounded by log|z| + O(1)
on V. Since we may assume that |[D(w)| < |w|? holds for all w € C*, we get
from (b):

1
—l/I(Z) + ~log ID(w)] < loglz] + = log p- forallz € E*.

Hence U — %log% 1s a competitor in the definition of the extremal function L.
Consequently, we have

| 1 1 1
Uz) € L(z) + zlog— < log*lz| + 7+ zlog— forallz € V.
2 m 2 m

Evaluating this at [z} = 1 we get

1 1
Y(z) = 2y +1og—"; - 210g|D(W)|, z€Vy lzl=1.
Now, from (5) there is a constant Cy; > 0 such that {w| = 1/Cy whenever
z = (s,w) € ¥}, with |z| = 1. Therefore, the last inequality can be rewritten as
[wl

D)}~

1
Y(z) £ 2y + log;ﬁ + log Co + — log

The homogeneity property (a) then implies

wl

\D( & z=(s,w)EV,.

Y(z) =y <1z|é> log |z| + 2y + logg + l1

Exponentiate the last inequality, write  in terms of #(z), and multiply by
mr(z) to obtain

[wl

< CoeP(r(2)lz]) (W

) forallz = (s,w) € V.
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Next fix z = (s,w) € V;, with v(z) > 0 = v(0) and fix 0 < & < v(z) arbitrarily.
If we let m := v(z) — ¢, the previous estimate gives

N N 2y !W!
L(Z)*&é C()e [ZI (W) .
Since £ > 0 can be chosen to be arbitrarily small, this implies
uz) £ — 7]
Mo
for all z = (s,w) € ¥, with |D(w)| = no|w|?, which completes the proof.

Remark. The same argument also proves Lemma 3.1. For, in this case, if
m > my = limsup,_,u(z), then the function (z) is always psh on ¥V} and
satisfies (z) < log|z| + O(1). Hence, without using the hypothesis (iii), we
conclude, again from the theorem of Zeriahi cited before, that

1 N 1
W(z) £ L7(z) + log— < log*|z| + 7 + log— .
m m

Consequently, we have y(z) < y+ log% when |z| = 1, so by the homogeneity
property of i in (a),
1
V(@) = loglz| + 7 +log .

Exactly as in the proof of the lemma, this implies

(z) < max{mg,e’lz|}, ze€V,.
If v is replaced by

1
l+¢

ve(z) = max { (v(z) + elog |zl),0}
then the conclusion also applies to v, which has my = 0. Thus, v.(z) £ €7|z|
and, letting ¢ — 0, we conclude that v(z) < e|z|.

Returning now to the special coordinates z = (s,w), we can then associate

to a psh function ¥ on V' a function v on ¥, which is psh at most points of
Vi, by

(8)  o(B(w),w) = max{u(u(w),w) : |as(w) ~ B,(w)| £ C(1 + jw|)! %}
where C, ¢ are the constants in (6). This function was used by Hérmander [10]

in his proof that the Phragmén-Lindeléf condition he studied carries over to
nearby varieties.

Lemma 5.6 Let u be a psh function on V and let v be the function on V,
Just defined. Then

() If w(z) £ |z| +o(|z]), z € V, then v(z) £ [z} +o(|2]), z € Vp;
(ii) If u(z) < p|lmz|,z € V, then v(z) £ p(|Imz| + C(1+ |z|)!7%), z € V3
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(iii) For each n > 0, there is a constant R = R, > 0 such that v is psh on
Vi N I'(n,R), where I'(n,R) is the cone with truncated tip,

I(nR) = {z = (s,w): [D(w)| > nlw|%,|z| > R}.

Proof. The estimates of (i) and (ii) follow directly from the first inequality
of (6). Part (iii) is a consequence of (7), since then v(f;(w),w) is locally the
maximum of the u; psh functions u(o(w),w).

Lemma 5.7 Let & > 0. Then there exists a function ¢ psh on €" and a
constant C; = 0 such that o(0) = 0 and

—Cilz]' £ o(z) < Imz| + C) — [z]' 7.

Proof. This is well-known, even in a more general form; see e.g. [5]. For
the case at hand and one variable, one can take the function ¢ given by the
formula -

h(z) = Re(—iz)* = r®cos(a(f — 50 2= re'!

@(z) = @(x +iy) = o|y| — h(x + i(n + |¥])) .

When a = 1 — ¢ < 1, the function ¢(z) — ¢(0) satisfies the estimates of the
lemma. It is harmonic off the real axis and easily checked that the jump in the
normal derivative across the x-axis is positive provided n > 0 is large enough.
Consequently, it is subharmonic in €. For » variables, one can take a function
of the form ¢(z1) + ... + ¢(z,).

Proof of Theorem 5.1, (iii) = (i) Let u be psh on ¥ and satisfy the estimates
(1) and (2) of the condition RPL with p > 1. To prove the existence of
constants 4, depending only on V and B,, depending only on V' and p but not
on u, such that u satisfies (3) of RPL, we first fix a number 5; > 0 so that
the conclusion of Lemma 5.4 holds for all 0 < 1 =< #;. Next we let £ denote
the set of all complex lines of the form

Ix)={lx:{eC xeV,NR"}.

E is not a pluripolar set of lines, since ¥, N IR" is not pluripolar in ¥}, by
Proposition 2.7 and the present hypothesis. Consequently, the set E, of these
complex lines that also lie inside the set |D(w)| = n|w|? is also not a pluripolar
set provided # > 0 is sufficiently small, because the union of the sets V; N
{ID(w)| = nlw|?} is equal to V3, except for a pluripolar subset of V. We
can therefore choose 0 < #y < #;, depending on ¥, so small that E,, is not
pluripolar.

Since it suffices to prove the desired conclusion for all sufficiently large
p > 0, we can assume that p > pg =17, Y To do this, consider the function
v defined on V), in terms of u in (8). Let ¢(z) be a psh function on €" obtained
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by choosing C as in (ii) of Lemma 5.6 and then § = 1/Cp in Lemma 5.7. By
the estimates of Lemma 5.6, there is a constant C(p) > 0, depending on p
but independent of u and v, such that the function v, defined by

vi(z) = Ho(z) + pCo(z) — C(p)}
v2(z) = max{v|(z),0}
then satisfies the estimates
0z} £zl +o(lz]), ze WV,
9
1(z) £ pllmz|, ze€ V.

If we choose C(p), the constant in the definition of v, sufficiently large, then
we can assume that

A

n(z) £ 0 for |z] £ R,—a.
Hence 5.6 (iii) implies that v, is psh on the set
Vi {z = (s,w) 1 [D(w)| > |w/p|?} .
Since p~¢ < 1, this implies that for each z € E,, the function { — vy({z)
is a subharmonic function of { € €. Therefore, from the classical Phragmén-—

Lindel6f principle and the estimates (9),

n(z) £z

, zelx)ekE,, .

In consequence, Lemma 5.5 implies that there is a constant 4 depending only
on V¥, and ng such that

v(z) = Alz|, z=(s,w)E Vi, |D(w)| > molw|*.

From the definition of v, in terms of v and ¢, and the lower bound for ¢ from
Lemma 5.7, we deduce

(10) wWz) S Alz| + B, z=(s,w)E Vi, |[D(W)| > no|wl?

for a possibly larger constant 4 and a constant B depending also on p.
Next we consider the psh function U, defined on €¢ by

U(w) = max{u(o;(w),w): 1 £ j £ m}.
From (5) and (10) we get a constant C, = C,(B,4) such that
U(w) < AClw| +C,. we T, |D(w)] > nolwl .

To derive a similar estimate for U at all points in €%, we apply Lemma
5.4. 1t implies that for each w € €%, jw| = 1, there is a one-dimensional
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disk of radius not exceeding |w| and whose boundary lies in the set where
ID(w)| =2 m|w|? > no|w|?. Hence the maximum principle implies that the
same estimate holds for all w € €, if we replace 4C by 24C and C, by
some larger constant B,. That is, the estimate (3) of the condition RPL holds
forallze V.
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