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In the present paper the following theorem is proved:

Theorem: Let 0 — FF — G — E — 0 be an exact sequence of Fréchet— Hilbert
spaces, £ € (DN), F € () then the sequence splits.

Here (DN) denotes the class of all Fréchet spaces admitting a logarithmic convex fun-
damental system of norms, whereas (£2) denotes the class of all Fréchet spaces which have
a fundamental system of seminorms such that the system of dual (extended real valued)
norms is logarithmic convex. These are linear topological invariant classes. The formulation
in terms of any given fundamental system of seminorms is contained in Sect. 3.

This theorem has been proved first by Vogt and Wagner in [9], [14](cf. [10], Thm. 7.1)
under the assumption, that one of the spaces is nuclear. Other proofs in this or similar
cases can be found in Petzsche [6] and Vogt [12]. While the formulation given in the present
paper appears to be the most desirable one, it is much harder to prove and has been an
open problem for some time. This is because in the nuclear case the crucial decomposition
Lemmata 3.1., 3.2. either become easy by reduction to E or F' being a power series space,
or, as done by Petzsche [6], can be proved by using nuclear expansions of the maps. The
present approach was suggested by the observation that the interpolation Lemma 2.1. (cf.
[13], 1.4.) for general linear maps is dual to Petzsche’s decomposition Lemma [6], 3.4. for
nuclear maps. In fact we proceed just the other way in proving an interpolation result for
nuclear norms to obtain by dualization the crucial decomposition result (Lemma 1.1) for
general continuous linear maps.

As a by-result we obtain the interpolation Theorem 1.2 for nuclear operators. It should
be mentioned that by examples of Pietsch [7] nuclear operators between interpolation triples
do in general not interpolate as nuclear operators. Theorem 1.2 is also implicitely contained
e.g. in the proof of [2], Theorem 13.1, as was indicated to the author by A. Pietsch.

Preliminaries : We use common notation for Fréchet spaces (see [3]). For tensor
products and nuclear norms see [8], for scales [4] and for interpolation [1], [2].



A linear operator T' from a Banach space G to a Banach space H is called nuclear if it
has a representation (called nuclear representation)

Tr = Z Yn ()2,

for all z € G, where y, € G and z, € H for all n and

> lynll*llznll < +oo,

n

Il I* denoting the dual norm. We put
v(T) =inf Yyl zal
n

the infimum running through all nuclear representations of T'. For instance in case of Hilbert
spaces the dual of the normed space (even Banach space) of all nuclear operators equipped
with the nuclear norm, can be isometrically identified with the Banach space L(H,G) of
all continuous linear operators from H to G. This is done by

(T,8) = yn(Szn) ,

where T is represented as above and S € L(H,G). Obviously the finite dimensional opera-
tors and, in case of scales as used in §1 of this paper, the operators with finite matrices are
dense in the space of nuclear operators.

A locally convex space is called hilbertizable if it admits a fundamental system of semi-
norms given by semiscalar products. A Fréchet-Hilbert space is a hilbertizable Fréchet
space.

1. For any k we denote by { , ) the usual scalar product on @*. | | is the euclidian
distance. For nonnegative aq,...,amn, B1,...,5, and t € R we put on €™ (resp. C"):
o 2a,t, 2
(@, Y)ar = ‘Zle “txyy ‘x|a,t = (z,%)ay
j:
n
(@, s = X ltaygy, |z, = (z,7)py

Il
N

J

For a linear map T : @™ — €™ we denote by v(T) the nuclear norm with respect to | |,
by v¢(T) the nuclear norm of T : (C™, | |a,t) — (T™,] |5,4)-

Lemma 1.1 v(T) < vo(T) " vy (T) for all t € R.
ProOF: For z € €™ (resp. z € €") and z € € we put
A@e = (),

Bla)r = ()



and T, = MZ 1M *B(2) T A(-=z) for My = 14(T). We may assume T # 0, hence M; > 0.
Then we obtain for z =t +in :

wT.) = inf{zm TZ—ZA%@%,!%\—M =1}
= M;—lM; inf{zm T = ZA ® (y;° A(2)) , |25 = [y =1}

= MMt 1nf{Z|)\| T= Z)\ﬁj®77]a 151, = m |Zt:1}

v(+) is a continuous, convex function on the space M (n,m) of all complex n X m — matrices,
z —» T, an entire function with values in M (n,m). Hence z — v(T}) is a continuous
subharmonic function on @ which depends only on Re z. Therefore t — MM, v, (T)
is convex, which implies M!~'M; "1, (T) < 1 on [0, 1].

For any two index sets I, .J and families («;)icr, (5;);jes of nonnegative real numbers
we put

Gy = {:L’ = (zi)ier : |27 = Ze2ait|x¢|2 < +oo}
i€l

Hy = {o=(2))jes: o} = Y 'ay[? < +oo}
Jj€J

These are Hilbert spaces, equipped with their natural scalar products. v4(-) denotes the
nuclear norm of a nuclear operator Gy — Hy.

Theorem 1.2 LetT : G, — H, be nuclear, T Gy C Hy and T : G1 — Hi nuclear. Then
T Gy C Hy for allt, T : Gy — Hy is nuclear and vi(T) < vo(T) w1 (T)! for all t € [0,1].

ProorF: First assume T = T,,, where

1%
0 otherwise

Then the first and second assertion are clear, the third follows from Lemma 2.1.. For
arbitrary T there are sequences j,, p = 1,2,..., %, v = 1,2,... and a matrix (t,,) such
that for T,, defined as above for n = 1,2, ... holds

Vo(Ty —=T) — 0,
n(T,—T) — 0.

In particular (7,,)new is a v4(-) — Cauchy sequence for ¢ = 0,1,. .., hence for all ¢ € [0,1].
Therefore, for fixed t € [0,1], (T,), converges to a nuclear operator G; — H;, which is
obviously the restriction of T" to GG;. This shows the first and second assertion. The third
follows from

Vt(T) = hTI;Il Vt(Tn) .



Theorem 1.3 For every continuous linear map S : Hy — Gy and every r > 0 there exists
S, € L(H,,Gy), S1 € L(Hy,G1) such that

1
1ol < —= IS,

ri—t

[Sull < eS|

and Sx = S,x + S1x for all x € Hy.

PROOF: Let E be the space of all complex (J x ) — matrices with only finitely many nonzero
entries, considered as a subspace of H;®, G, for all t. Put Uy = {u € E : v;(u) < 1}. Lemma
1.1. tells that

1 1
(1) riU, N U C U,
rt
for all » > 0 and ¢t € [0,1]. S defines a linear form ¢ on E with |o(u)| < [|S| for all
u € Uy hence of the left side of (1). Therefore there are linear forms o,, o1 on E such that
0, + 01 =0 and

_1
Sup{|ao(u)| tu € it Uo} < IS
1
sup{|01(u)] T € TUl} < 9] -
rt
0o, 01 define continuous linear maps S, : H, — G,, S1 : Hi — G with

1
1ol < —=IISII',

ri-t

1
re||S]

A

151

IN

and S,z + Six = Sz for all z with only finitely many nonzero coordinates, hence for all
r € Hiy.

2.  We shall make use of the following result:

Lemma 2.1 Let G, H be linear spaces and on each of them seminorms || |lo < || [l1 < |2
such that with suitable 0 <7 <9 <1 and C >0

I

[l

Then there exists D such that for every linear map A : G — H with ||Az||; < Cj||x||; for
§=0,2 and z € G, we have ||Az|y < DCL=TCT||z|y for all x € G.

1-9 9 !
Cllle I 2™ on (G [ lo)

<
< Ol IHI5 on H .



PRrROOF: Instead of the first inequality we may write (possibly increasing C):
Iyl < C(rlivlls + =7 llylls)
for all > 0 and y € (G, || ||,)". The bipolar theorem yields
Uy € C(rUs + 7175 0s)

for all » > 0, where U; ={z € G : ||z|; <1}, 7 =0,1,2.
Let x € U;. For every n € IN, we have z,, € 02*”(17%)U2, yn € C27"U, with
T = Xp — Yp. SINCE Ty — T+l = Yn — Ynt1 We obtain

0203—7052 . 2—n(1—7’)—(n+1)(1—$)7
pD'cl-meza=5)

HA«’IJn - Awn—l—l”l <
<

Since C' > 1 we may assume x, = 0 and obtain

sup || Az, || < DCL7CF .
n

For n so large that ||z < 2" we may assume y, = 0, i.e. = x,. This proves the
assertion.

We prove two consequences of this lemma.

1 o
Lemma 2.2 Let Iy 2, Iy L F,, 1§ = 19013 be continuous linear maps with dense range
between Hilbert spaces such that

1-9 9
ly o3l < Cllylls™ " lly o esllz

forally € FO/. Then there exists a scale Gy, t € IR, as is §1 and for every 0 < ¥, <9 <1
continuous linear maps A,, A1, As, which make the following diagram commute

F, 2 a,

T T
Aq

F1 — Gﬁo

) )
Ao

and such that A, is invertible and Ay is surjective (hence has a right inverse Rs).

PRrROOF: After (if necessary) an equivalent change of the scalar product in F» we may assume
that

Br = e “(z,ei)ictf;

el
where (f;)icr is a complete orthonormal system in F, and (e;);cs is an orthonormal system
in I, complete in (ker (9)* (see [8], 8.3.1.). We set Ayz = ((x, fi)o)ics and apply Lemma



2.1. to G := im§ equipped with the norms || [|o, || |1, || ||2 induced from F, and, by ¢$

(resp. 1), from F; (resp. F»). || ||2 can be expressed as follows
13 = > ez, fi)ol?
il

which means that |Ayz|; = ||z||2 for z € G. We obtain, using | |y, < | |77 |7 that
| Aoz|y < 2Dzl
for all x € G. The maps A; = A, 0§, As = A, 0§ satisfy the assertions of the Lemma.
Lemma 2.3 Let Es L—%> By L—(l)> E,, 1§ = 1§ o1} be continuous linear injective maps with
dense range between Hilbert spaces such that
ezl < Cllegalle™ 3

for all x € Ey. Then there exists a scale Hy, t € IR, as in §1 and for every 0 <71 < 71, <1
continuous linear maps B,, B1, By which make the following diagram commute

B,

H, = E,
T T

H., 25 E
T T

m 2 E
and such that B, and By are invertible.

PROOF: We proceed as in the previous proof and first may assume that
=) e Px,e)af

jeJ

where (e;);es (resp. (fj)jer) are complete orthonormal systems in Ey (resp. E,). We set
Bo(&) = Y &if;
jed
for £ € H,. Then for By := By|g, we have
By(&) =Y €ligje; .
jeJ

Hence B, and By are isomorphisms. We apply Lemma 2.1. to H; with the norms | |o, | |+,

| |1 and to E» with the norms ||z o, [|tdz||1, |[z]|2. We obtain using | [£ < | [5' 77| [*™

that

)

leyBaz||1 < Dlxls,

for all x € Hy, hence for all x € H.,. So B; = L%Bg satisfies, together with B,, B, the
assertion of the Lemma.

Finally we obtain the following result, which is crucial for the splitting theorem of §3.



1 o 1 o
Proposition 2.4 Let By 2 By — E,, Iy -2 F —% F, be as in Lemmata 2.3.,
2.2.. Assume 0 < 7 < ¥ <1, ¢ € L(E1,F1), € > 0. Then there exist p, € L(E,, Fy,),
@2 € L(Es, F) such that ||p,| < e and 1§ 0 poid = p,015+ 150 .

PROOF: We choose 0 < 7 <t < ¢ <1 and, in the notation of Lemmata 2.2., 2.3., apply
Theorem 1.3. to ¢ = Ajopo By € L(Hy, Gy) and suitable » > 0. We obtain ¢, € L(H,, G,)
and ¢; € L(H1,G1) such that |[1,| < m and Y = Y,x + Yrx for all x € Hj.

We Put Yo = A;l oq,bo o Bo_17 Y2 = R2 01/}2 o Bo_l' Then ®o c L(EO’FO)’ 2 c L(E2,F2)’
lleoll < e, and on H; we have

AOOL(fO(pOL%OBQ = AloSOOBl
= %-Hbz
= Apo(pooty+150p2)0 By.

This yields the result.

3.  We can now prove the main result of this paper, a splitting theorem for exact sequences
of Fréchet—Hilbert spaces. We assume that F, G, FE are Fréchet—Hilbert spaces, i.e. there
exists a fundamental system || ||, < || |1 < ... of seminorms given as ||z||} = (z,z) for
some positive semidefinite scalar product ( , ).

Let0 —F -G5S E—0bea (topologically) exact sequence. We shall identify
F =ker j.
We assume that E has property (DN)

IpVEIK,C : | I® < Cl bl 1%
and F has property (£2)

Yp3IgVQIN<I <L O < CIIFIIG -
Property (DN) is equivalent to the existence of a logarithmically convex fundamental sys-
tem of seminorms, (2) to the existence of a fundamental system of seminorms, such that
its dual norms are a logarithmically convex system. Further descriptions can be found in
the literature (see [9],[14]). For the above mentioned description see [11]. Obviously (DN)
is equivalent to
IpVh, 0<7<13IKC: [l <Cll I Ik -

We may assume, as we will do from now on, that p in (DN) is 0.
Moreover we may choose a fundamental system of hilbertian seminorms in GG, such that
for the induced (hilbertian) seminorms on F' we have with suitable 0 < ¥ < 1, Cj

1-9 9
e < Crll a1 15y -



On E we assume as fundamental system of (hilbertian) seminorms the quotient norms of
the || ||x- This can be done so as to make p in (DN) to be zero.

Let F}, G, E; be the Hllbert spaces associated to the || ||, ¢\ : Ex — Ej, etc. the
connecting map for k > [, and /¥ : E — E},, etc. the canonical map. For every k we have
an exact sequence

0 — F, k —> Gk L Ek — 0
of Hilbert spaces, which clearly splits.
On E we define ||z||3 = inf{||*z +&[|x : € € kertg}. This is an equivalent fundamental

system of hilbertian seminorms on F because, choosing K > k for given k according to
(DN), we obtain ker:$ = kert%. and therefore for z € E :

lzll7 < llallx < mnf{|le"z + €|k« € € keree} = ek -

Moreover p in (DN) may be chosen again as 0 and all 1§, (hence ¢}, ) are injective. This is
easily seen from the fact that the local Banach spaces are E = Ej,/kertf and ||-|o = || ||5"-

Lemma 3.1 For every ¢ € L(E, Fy;) and ¢ > 0 there are ¢ € L(E, Fy_1), x € L(E, Fy+1)
such that sup ||[¢z|p-1 <e, ng_l ocp=1)+ LI,:_} °oX.

llzflo<1
Proor: We have [pz|; < Cllz|7;, for suitable C, k. We choose 7 with 0 < 7 < ¥ < 1

and for k', 7 numbers K, C" according to the second form of (DN). Then the assertion is
an immediate consequence of Proposition 2.4..

Lemma 3.2 For every ¢ € L(E,Fy) and ¢ > 0 there are p € L(E,F_1), x € L(E,F)

such that sup |[Yz|r-1 <e, Ll]zfl op=1h+ P oy,
l[zllo<1

Proor: We put ¢, = ¢ and choose inductively maps ¢, € L(E, Fy4,). If ¢, is chosen
we find, according to Lemma 3.1., ¥, € L(E, Fyyp-1), Yp+1 € L(E, Fyypy1), such that

—p—1 k+p— 1 - k+p—1
”S|‘|1P [plktp—1 < 27770 1y 0 0p = Yp F Ly © Pptt-
Tllo>
We put
_  ktp-1 k+p—1
(2) Xk+p—1 = lpip ZLkﬂl 1°

Then Xitp—1 € L(E, Fyqp—1), and Xpip—1 = LZIZ_I ° Xk+p- Hence there is x € L(E, F)

k+p—1

such that xp4p—1 = ¢ o x for all p.

We set

Z Lk-i—y 1°

Then ¢ € L(E, Fi_1), sup [[¥z|k-1 < e and the required equality is (2) with p = 0.
llzllo<1

Lemma 3.3 For any sequence ¢, € L(E,Fy), k = 0,1,..., there is a sequence Sy €
L(E,Fy), k=0,1,..., such that o, = Sy — L£+1Sk+1 for all k.



PRrROOF: For ¢, and € = 27% we choose 1, and y}, according to Lemma 3.2. and put

k 00
Sk=pr—> Foxu+ Y ot
v=0 v=k+1

A straightforward calculation shows the result.

Theorem 3.4 If 0 — F Iy @ % E — 0 is an ezact sequence of Fréchet—Hilbert
spaces, if moreover E has property (DN) and F has property (), then the sequence splits.

PROOF: Assuming the arrangement described in the beginning of the section, let r; be a
right inverse for ¢ and Ry = 7y o ke L(E,Gg). We put ¢ = L,’jﬂ o Rpy1 — Ri. Then
vk °qr = 0, hence ¢ € L(E,Fy). Notice, that we consider Fj as a subspace of Gy.
According to the previous Lemma there are Sy € L(E, F)) such that ¢ = S — L’,jHSkH
for all k. Therefore

tiv1 © (Ris1 + Sky1) = R+ S

which means that there is R € L(E,G) such that Ry + S, = (¥ o R. Hence R is a right
inverse for q.

Remark: It should be noted, that Lemma 3.3. says slightly more, than used in Theorem
3.4.. Tt states that Proj'(L(E, F}))r = 0, (cf. [6], 3.3.; [5]). In consequence any exact
sequence 0 — F — G — E — 0 splits, also without the assumption, that G is
hilbertizable, if we only know that the local sequences split. However, this clearly implies
that G is hilbertizable. Theorem 3.4. can be expressed by saying, that Ext!(E, F) = 0 in
the category of Fréchet—Hilbert spaces.
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