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Hermann Weyl (b. November 9, 1885, at Elmshorn in northern Germany;
d. December 8, 1955 at Ziirich) studied at Gottingen under D. Hilbert,
H. Minkowski, and F. Klein between 1904 and 1908 (dissertation), at a time
when Gottingen mathematics was at its apogee. After his habilitation (1910)
he taught three years at Gottingen. He became professor of mathematics at
the ETH Ziirich in 1913, where he lived and worked during his mathemat-
ically most productive years. In 1930 he hesitatingly accepted a call back
to Gottingen as Hilbert’s successor. His second Gottingen period remained
a short episode, as Weyl would not adapt to the Nazi regime. He rather
preferred to emigrate to the United States in 1933 where he was offered a po-
sition at the newly founded Institute for Advanced Studies. There he stayed
until his retirement in 1951, after that sharing his time between Princeton
and his beloved Ziirich.

In his prolific work H. Weyl contributed to real and complex analyis,
geometry and topology, Lie groups, number theory, to the foundations of
mathematics, mathematical physics and philosophy. He was a tremendously
inventive mathematician, an unconventional, deep thinker, and a fluid writer.
To all of the fields mentioned he contributed at least one book (all in all 13
without translations during his lifetime) which, together with his other tech-
nical and conceptual innovations, often led to strong immediate response and
were of lasting influence on the mathematical sciences of the 20th century.
They surely will continue to do so well into the following one. In this note
we can only indicate a highly selective profile of his work, centered around
his most influential books which have become classics of mathematical liter-
ature.

H. Weyl started his research in the field of integral operators (Weyl 1908)
and of differential equations with singular boundary conditions. At the time
of his habilitation he anticipated among others, the defect theory of un-
bounded Hermitian operators in special cases and the asymptotic properties
of eigenvalues of bounded self-adjoint operators (Weyl 1910, Weyl 1911).
The analytical questions studied by him were often linked to physical prob-
lems (boundary value problems of elastic vibrations), sometimes to number
theory or even to both as in a famous paper on equidistribution modulo 1
(Weyl 1916).

Weyl’s fame started with his first book (Weyl 1913), which grew out
of a lecture course at Gottingen in winter 1910/11 and built upon Klein’s
intuitive treatment of Riemannian function theory, Hilbert’s justification of
Dirichlet’s principle, Hilbert’s hints on the analysis situs of the plane in
his work on the foundations of geometry, and Poincaré’s construction of



covering surfaces of algebraic curves. Weyl gave a new presentation of the
foundation and of the main properties of Riemannian surfaces, which was
highly influential for geometric function theory of the 20th century (although
its first edition stood still on shaky grounds with respect to its basic concept
of a real 2-dimensional manifold).

His second book (Weyl 1918a) was written after the First World War and
under the impression of a need for a safe intellectual base in a time of cultural
turnover. It opened Weyl’s intervention into the foundations of mathemat-
ics, different from Hilbert’s program of an axiomatic formalist fondation,
and even in opposition to it. Here Weyl sketched how a reduced part of real
analysis could be secured by constructions in a semi-formalized arithmetical
language, respecting the restrictions of predicativity. Shortly after this pub-
lication, Weyl changed his mind and started to support Brouwer’s more radi-
cal intuitionistic program. He attacked Hilbert’s foundational views strongly
and polemically in a famous programmatic article (Weyl 1921). In the late
1920s he developed more multifaceted views on the foundational questions.
After the second World War he even returned to a weak preference of his
arithmetical constructive approach of 1918."!

Overlapping with the work in the foundations of analysis and the concept
of the continuum, Weyl started to analyze and to deepen the links between
differential geometry and the newly founded general theory of relativity. His
book Raum - Zeit - Materie (Space - Time - Matter), first published in
1918 and revised in five successive editions until 1923, was one of the first
text books of the subject and among the most influential ones over decades
to come. In its first part, the book gave an up to date introduction to
Riemannian and Lorentzian geometry, from the third edition (1919) onwards
extended by an introduction of a gauge geometric generalization of semi-
Riemannian geometry, which Weyl had invented at the time of writing the
first edition (Weyl 1918d). It served him as a starting point for a proposal
of a geometrically unified field theory of gravitation and electromagnetism
and an attempt to derive the basic matter structures from it (following and
extending a research program of G. Mie and D. Hilbert) (Weyl 1918¢). The
book was only the “top of an iceberg” of other contributions to this active field
of interchange between differential geometry and general relativity. Weyl
pursued it in a broad conceptual and philosophical perspective. One of
the outcomes of this approach was his Analysis of the Problem of Space
(Weyl 1923) in which he sketched concepts which later would be turned into
fibre bundles and the study of geometries characterized by gauge structures
in them.?

About the middle of 1920s H. Weyl delved into what became his most in-
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fluential contributions to pure mathematics, the study of the representations
of semi-simple Lie groups. Combining E. Cartan’s insights into the represen-
tation theory of Lie algebras (in later terminology) with methods developed
by A. Hurwitz and I. Schur to study the representation of certain matrix
groups (orthogonal, unitary, and special linear), invariant theoretic methods
as used by E. Study and others, Weyl used his knowledge of the topology of
manifolds and developed the core of the general theory of representations of
Lie groups in a genuine blend of geometric, algebraic, and analytic methods
(Weyl 1925/1926). Extended and refined, this work formed the core of his
later book The Classical Groups written as a harvest of his work and his
lecturing activities on this topic during his Princeton years (Weyl 1939).3

During his work on the representation theory of Lie groups Weyl ac-
tively followed the turn towards the “new” quantum mechanics and started
to explore the possibilities opened up by the interplay of infinitesimal and in-
tegral group operations in quantum mechanics. In 1927/28 he gave a lecture
at the ETH on the topic, which gave rise to his second book on mathematical
physics Group Theory and Quantum Mechanics (Weyl 1928). Weyl empha-
sized the conceptual role of group methods in the symbolic representation of
quantum structures, in particular the intriguing interplay of representations
of the special linear group and permutations groups. In this interplay he also
saw the mathematical clue to understanding the phenomenon of spin cou-
pling, studied at the time by some of the young physicists turning towards
quantum chemistry (F. London, W. Heitler e.a.). Recently it has attracted
new interest in the different context of quantum computing. Moreover, Weyl
explored the central role of the discrete symmetries (parity P, charge conju-
gation C, and time inversion T) in the first steps toward a quantized version
of electrodynamics, thus anticipating structural elements which turned into
important questions for physics three decades later. Not covered in the book,
but published separately, was a second step for his gauge theory of the elec-
tromagnetic field. Quantum theorists had proposed to reconsider the gauge
idea for the phase of wave functions rather than for scale gauge as in Weyl’s
original idea of 1918. Weyl took up the proposal and explored it after the
rise of Dirac’s spinor fields for the electron (as was done independently by V.
Fock in a similar way) (Weyl 1929). He came to the conclusion that the new
context demanded considering symmetry extension of the Lorentz group by
unitary transformations in U(1). That gave rise to a modified gauge the-
ory of electromagnetism which was endorsed by leading theoretical physics
(among them W. Pauli and E. Schrodinger, V. Fock) and served as a starting
point for the next generation of physicists who molded the symbolic frame
of gauge field theories in the 1950/60s.*

3(Hawkins 2000, Borel 2001, Slodowy 1999)
4(Coleman /Korté 2001, Mackey 1988, Mackey 1993, Yang 1986, O’Raifeartaigh/Strau-
mann 2000, Scholz 2002, Scholz 2004b)



H. Weyl was not only a philosophically interested researcher in mathe-
matics and physics. He gave active literary expressions to his philosophical
reflections of scientific activity in many of his publications, among them five
of his books. Most influential was his contribution to a philosophical hand-
book Philosophy of Mathematics and Natural Science, originally published
in German in 1927, translated into English in 1949. It became a classic in
the philosophy of science.

Many of Weyl’s other contributions to mathematics, physics and the phi-
losophy of science could not be mentioned in this overview. For broader and
more detailed information see, among others (Newman 1957, Chevalley /Weil
1957, Dieudonné 1976, Coleman /Korté 2001, Frei/Stammbach 1992, Sigurds-
son 1991, Deppert 1988, Chandrasekharan 1986, Wells 1988).
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