The Fargues-Fontaine-Curve
Chapter 8: The ring B

Setting:

q = p" e Nwith p € P fixed

E/Q) finite extension

(O, (m)) ring of integers of E with uniformizer = € O
Fq = Og/(7) residue field

(FIF4,1-1) a non-archimedian algebraically closed extension with a norm |-|: F — Rxo, a — q’v(“)
corresponding to a valuation v: F — RU {+00}.

(Op,mp) ring of integers of F with O :={x € F||x| <1} and mp := {x € F||x| < 1}

C/E algebraic closed, non-archimedian extension with a valuation v¢ : C — R U {400}, such that
(Oc,vc) as valuation ring

In a talk before we have seen that for all r = 0 there are valuations

vV Ajps — RU {oo}

f= Z [x;] 7t inf{v(x;)+ir}
=0 ieZ

Newt(f) is the convex, decreasing, piecewise linear function with Legendre transform

,r=0
LNewt(f)) = {Vr(f) r .
—00 ,r<0
The following commutative diagram
Vr
Ajpf —> R U {00}
Vv,
Bb
with
B = Al —1={ Y. Lonln"linf{v(x)} > —oco}
+— Minf T (0] = e n ie7 i
v, : BY = RU {oo}
[e.°]
f= Z [xp)m" — inf{v(x;) +ir}
n>>-—00 iez

defines an extension v, of v, to B? and @ € m \ {0}. Futhermore



vi(f) ,r=0
—00 ,r<0'

ZL(Newt(f)):= {

is the corresponding extension from Newt(f) to B”.

Definition 1. Let I < (0,00) be an interval. The completion of B” for the family of valuations (v,) 1 is given

by
By = lim BY /%
UEeF

n
with the fundamental system F := {1 v;l_l [m,o0)|n,meN,r; € I} < B,
i=1

Bemerkung 2. The completion comes from the following idea in commutative algebra: Let R be a topological
ring s.th. 0 has a fundamental system & = {% neighborhood of 0|% subgroups}. Then the ring

R=lim R/%
UeF

is the completion of R.
Definition 3. We set B := B(p,00)-

For any I c (0,00) there is the interval gl :={q- yly € I} c (0,00) and the bijective map of sets

I—qlI
y—=4q-y
and the commutative diagram

Bb_‘/’)Bb

|,

B —— By

with the maps
¢:BY = BP
(e, 0) (e,0)
Y xpln— Y [xfn”
n>>-o00 n>>—-0o
BV - B,
x— (X +Wyez,
(,b By = BqI
o0 o0
(Y naln"+Uayez, —( ) [XZ%]JT” +Uyez,
n>>-00 n>>-oco



and the obvious inverse map

w:BY— BP
o0 (e0) 1
Yo Waln"— Y lywln”
n>>—-o0o n>>-o0o
¥ :Bgr— By
o0 o0 _
(Y Dnan"+ W ez, — (Y, x50+ Wyez,
n>>-0o n>>-o0o
is the extension by continuity of B.
Question: Why is ¢ well-defined?
Answer: Let
k 00
v =(v; (imoo) e Fr: Y. [xnaln" €.
i=0 n>>—-00
We have to show
o) 1
Y. [Gona) " eV = (M v;!(1qg-m,00) € Fyr
n>>-o00 j=0
Forall j €{0,...,[} it holds
- q
ny — 3 P . -7l =-1 . .
Vrj(n>;oo[(xn’%)q]n )= zg%{v(xn’%) +n-rjt= rllr€1£{q VXpa)+q-n-ri}=q rllrelg{v(xn,ag() +n-ri}=q-m.

The reason or this inquality is that rj € gI for all j € {0, .., [} and v is a valuation on F.
If I = (0, +00) then we have the commutative diagram

Bb_(p)Bb

L,

B —_— B
An alternative definition of B is used in the following examples and is given by

Definition 4. Let I < (0,1) be an interval. The completion of BY for the family of norms (.| p)pel 1S given by

By = lim B"/%
UeF

and the open neighbourhoods % of 0 are given by the topology of the complete norm

[l.Ilr=supl.lp : B = [0, +0o0].
pel



Here is

l.lp BY = RU {+00}

o0
Y [xuln" — sup|x,lp”
n>>-o00 ne”z

for e(v)eryp € (0,1). For every p € (0,1) there exists an unique element r € (0, +00), such that p = q" and l.lp =
o~ VY, where

vr:Bb—>RU{+oo}
o0
Y [xpla" — inf{v,(x,) + nr}
n>>—00 nez
are the previous valuations Vr > 0. The change from a norm |.|, and the corresponding valuation v, for
ap € (0,1) and r € (0,00) such that p = q" changes the open intervals (0,1) and (0,+0c0). In this sense the
definitions are compatible.

Beispiel 5. Let I = [p1,p2] < (0,1] with a,b € F s.th. |al = p1 and |b| = p». Furthermore B := B 1) in this
situation. Then it follows

b lal &
B(0,1) ={xe B"|l|xll; =1} = Ajpt[—, =]
T [b]
with BY = Amf[n [w]] the norm |||\ : supl lp : By — [0, +00] and By = mf[[”], [b]][%] in the n-adic topology.
pel
Here is
Il : BY — [0, +00]
o0
Y. [xpln" — inf{v(x,)p"
n>>-—00 neN
Vpel.

Definition 6. The schematic Fargues-Fontaine curve is defined as

X := Xg r := Proj() B*=")
a=0

with BY="" = {xeBlp(x)=n%x} foralld = 0.

Beispiel 7. We consider the simpler setting E = Q,, c F = Quot(ﬁé’) with C = @ and B = B 1) to look at the

graded ring structure of the ring @ BY=P". Let f € BY=P",g € B*=P" and then the graded ring structure is
nez

given by

m+n

o(f-Q=9)-o=p" -N-p"- fHl=p™" feB?P

For f = Z [ca]-p™e @ BY=P" converging, i.e.c, € C? forallne Z wzthhmsuplcnln <1land hm Ic_nln =0,
nez

it follows by Definition

Yl p" =) =pF =Y [eh-p™F =Y lcnil p"

nez ne”z nez



Hence c,_ = c foralln, ke Z.
1 1 1

. - 2 3
1.case: Suppose that k < 0. For all n € Z we consider the sequence ¢, = C},,Cniok = Cpp ,Cni3k =Ch ...

2.case: Let k= 0. Hencec, = cl forallnez,ie. c,e Fpc CY. This induce a map
1 1 Q=1
Fp— We, (Fp) — WﬁE([Fp)[;] = W(IFp)[;] =Qp—B

cn— [enl — [enl = [cnl - P"

3.case: Let k > 0. Then from the condition c,_i = cl is follows

1

p_ — P
Ck—C()DCk—CO
p 1

— — P
Ck+1—61$0k+1—61

1

p_ _ P
Ck_‘_z—C2:>Ck+2—C2

1

p

— _ P
Ck+3—6330k+3—03
L3
p _ — P aP
czk—ck:>c‘2k—ck—co

1 1

p o _ _ P _
Coks1 = Ckr1 = C2k+1 = Cpy = G

1 1
r o _ _ o _
Coka = Ch+2 = C2k+1 = Cp ) =6

1 1
3
— P
1 1

p =2
¢ k

3k=62k363k:(:

c?  =c =>c =c” =c”
3k+1 — C2k+1 7 O3k41 = o T O

Therefore cy, ..., c—1 determines the sequence (¢;) nez-

claim:
b @b
€0y oy Ck—1 EML S OL.

proof:
This follows directly by the 1 : 1-correspondence
m2 — B¥=P
c— Y ¢ "1p"
nez



(cf. Annschiitz [10] in Proposition 4.2.1. part (2))
where f € BY=P.

E, d=0

Lemma 8. It holds (Bb)tﬂ=ﬂd :{
0,d#0

Beweis. We are separating the proof in two cases:

1. d=0
2. d#0
o0 .
1.Case:let f= Y [x;ln'€ (BDy#=1, By Definition Vi € Z we get ¢(x;) = x;, i.e. x; € Fy.
i>>—00
This implies f € E.

2.Case: Let d #0and 0 # f € B*“™ . Then Vx € R we have
gNewt(f)(x) = Newt(ep(f))(x) = Newt(ndf) (x) = Newt(f)(x—d).
Thus Vn € N we have
q"Newt(f)(x) = Newt(¢" (f))(x) = Newt(?" f)(x) = Newt(f) (x — dn).

Now we distinguish the two subcases
i) d>0
ii.) d<0

Adi.): Now it follows g"Newt(f)(x) = Newt(f)(x—nd) = oo, ¥n >> 0. But this implies the contradiction f = 0.
Adii.): Now there exists a xg << 0 such that Newt(f)(xp) = Newt(f)(x) Vx € R. As Newt(f) is non-decreasing,

we get
Newt(f)(x) = Newt(f)(xo — nd) = q"Newt(f)(xo) = q" Newt(f)(x)

Vn>>0, Vx e R. This implies Newt(f)(x) = oo, forall xe Ri.e. f =0. O
Lemma9. Let (x,)pez < F Zq sequence s.th.

lim v(x,)+nr=o00
[n]—oo

forallr e (0,00). Then Y. [x,]n" convergesin B.
nezZ

Beweis. Hence it suffies to show that
Vi ([xpln™) — 0o

for |n| — oo and for all r € (0,00) holds. Because this is equivalent to |[x;] -n”lp =0V|n|—o0,Vp€(0,1). But
this follows directly by the only assumption with

vr([xplr™) =v(xy) +rn— oo

for all |n| — oo and for all r € (0,00). O



Bemerkung 10. We construct a bijektiv map mr — B®~" in the following way:
Letacemg, i.e.v(a)>0. Then

fai=Y 1a® 17
ieZ

converges in B, because of the previous Lemma with the satisfyed assumption:
va® ) +ir=q (@ +ir—oo
forall|i| — co and v(a) > 0. Moreover

(p(fa) — Z [d_(i_l)]ﬂ'i zﬂ‘fu

ieZ

after an Index shift, induce the map

mrp— B¥="

a— fg

Definition 11. For an open interval I c (0,00) and f € By we define Newt? (f) as the decreasing convex func-
tion whose Legendre transformation is

Z:R— RU{xoo}

vi(f) ,rel
r:—»
—00 ,rel

with
Newt;(f) := {(x, Newt) () (x)) € T(Newt)(f))|3i €N : x€[i,i+1] : 1; € —I} cR?.

Here A; is the slope ofNewt(I’ (f) on the interval [i,i + 1] for all i € Ny.

Bemerkung 1. Let K c I and (f,)nez a sequence in B? and f an element in BY with f #0, s.th.

lim f,=f.
n—o0
Le.
VreK:Ve=z0:INeN:Vn=N:|f,— fl, <e.
Daraus folgt

ANeN:Vn=N:VreK:v.(fn) =v:(f).
Daraus folgt £ (Newt(} (f)) is a concave function with integral slopes. Therefore Newt? is a decreasing convex

polygon with integral break points. If f € B and A; the slope of Newt for alli € N, then

1) A; <0

2) limA; =0

1—00

3.) .lil’l’l /11' =00

1——00



If the interval I is compact, then the definition of the Newton polygon must be modificated.

Definition 12. Let I = [a, b]  (0,00) a compact interval, f € By and f # 0. We define Newt(l)( f) as the decrea-
sing convex function whose Legendre transform is

Z:R—RuU{oo}

v (f) ,Tel
r— va(f)+(r—a)6gva(f) ,r<a
vp(f)+(r—=b)ogvp(f) ,r>b

with
Newt(f) := {(x,Newt)(f)(x)) e T(Newt(f)[3i € Np: x€[i,i+1] : 1; € —I} <R

The A; is the slope ofNewt(} (f) on the interval [i,i + 1] for all i € Ny just like before.

Bemerkung 13. For an element f € BY we consider in the definition before the fonction

Rso — RU {oo}
r—v:(f)

with their left and right derivatives

dgvalf) = lim L =Vall)  vrl)=Valf)
r—a r—a —a

forallr < a and

vr(f) = vp(f) - vr(f) = vp(f)
r—b - r—b

forall b <. This is equivalent to v, (f) < v4(f) +0gva(f)(r—a) forallr < a and

advb(f) = lim
r—b*

vr(f) 2 v (f) +0gvu(f)(r = b)

for all b < r. Furthermore let A be a slope of Newt(f), then m)(Newt(f)) = 0gv_y(f) —04v_7(f), where
m) (Newt(f)) is the multiplicity of the slope A of Newt(f). The mutiplicity formula explains the difference
between the open and the compact case and the right multipicities of the slopes —a,—b are in the previous
definition m_,(Newt(f)) = 0gva(f) —04va(f) and m_,(Newt(f)) = 0gvp(f) —0avp(f).



