
The Fargues-Fontaine-Curve
Chapter 8: The ring B

Setting:

• q = pr ∈Nwith p ∈P fixed

• E/Qp finite extension

• (OE , (π)) ring of integers of E with uniformizer π ∈OE

• Fq =OE /(π) residue field

• (F /Fq , |−|) a non-archimedian algebraically closed extension with a norm |−| : F → R≥0, a 7→ q−ν(a)

corresponding to a valuation ν : F →R∪ {+∞}.

• (OF ,mF ) ring of integers of F with OF := {x ∈ F ||x| ≤ 1} and mF := {x ∈ F ||x| < 1}

• C /E algebraic closed, non-archimedian extension with a valuation νC : C → R∪ {+∞}, such that
(OC ,νC ) as valuation ring

In a talk before we have seen that for all r ≥ 0 there are valuations

νr :Ainf →R∪ {∞}

f =
∞∑

i=0
[xi ] ·πi 7→ inf

i∈Z
{ν(xi )+ i r }

Newt( f ) is the convex, decreasing, piecewise linear function with Legendre transform

L (Newt( f )) :=
{
νr ( f ) ,r ≥ 0

−∞ ,r < 0
.

The following commutative diagram

Ainf
νr //

� p

!!

R∪ {∞}

B b

ν̃r

;;

with

B b :=Ainf[
1

π
,

1

[ω]
] = {

∞∑
n>>−∞

[xn]πn | inf
i∈Z

{ν(xi )} >−∞}

ν̃r : B b →R∪ {∞}

f =
∞∑

n>>−∞
[xn]πn 7→ inf

i∈Z
{ν(xi )+ i r }

defines an extension ν̃r of νr to B b and ω ∈mF \ {0}. Futhermore
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L (Newt( f )) :=
{
ν̃r ( f ) ,r ≥ 0

−∞ ,r < 0
.

is the corresponding extension from Newt( f ) to B b .

Definition 1. Let I ⊂ (0,∞) be an interval. The completion of B b for the family of valuations (νr )r∈I is given
by

BI = lim←−−
U∈F

B b/U

with the fundamental system F := {
n⋂

i=1
ν−1

ri
[m,∞)|n,m ∈N,ri ∈ I } ⊂ B b .

Bemerkung 2. The completion comes from the following idea in commutative algebra: Let R be a topological
ring s.th. 0 has a fundamental system F = {U neighborhood of 0|U subgroups}. Then the ring

R̂ = lim←−−
U∈F

R/U

is the completion of R.

Definition 3. We set B := B(0,∞).

For any I ⊂ (0,∞) there is the interval q I := {q · y |y ∈ I } ⊂ (0,∞) and the bijective map of sets

I → q I

y 7→ q · y

and the commutative diagram

B b ϕ

∼ //

��

B b

��
BI

ϕ̃

∼ // Bq I

with the maps

ϕ : B b ∼−→ B b

∞∑
n>>−∞

[xn]πn 7→
∞∑

n>>−∞
[xq

n ]πn

B b → BI

x 7→ (x +U )U∈FI

ϕ̃ : BI
∼−→ Bq I

(
∞∑

n>>−∞
[xn,U ]πn +U )U∈FI 7→ (

∞∑
n>>−∞

[xq
n,U ]πn +U )U∈Fq I
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and the obvious inverse map

ψ : B b → B b

∞∑
n>>−∞

[yn]πn 7→
∞∑

n>>−∞
[(yn)

1
q ]πn

ψ̃ : Bq I → BI

(
∞∑

n>>−∞
[xn,U ]πn +U )U∈Fq I 7→ (

∞∑
n>>−∞

[x−q
n,U ]πn +U )U∈FI

is the extension by continuity of B b .

Question: Why is ϕ̃ well-defined?

Answer: Let

∀U =
k⋂

i=0
ν−1

i ([m,∞)) ∈FI :
∞∑

n>>−∞
[xn,U ]πn ∈U .

We have to show
∞∑

n>>−∞
[(xn,U )q ]πn ∈ V =

l⋂
j=0

ν−1
r j

([q ·m,∞)) ∈Fq I .

For all j ∈ {0, ..., l } it holds

νr j (
∞∑

n>>−∞
[(xn,U )q ]πn) = inf

n∈Z
{ν(xq

n,U )+n · r j } = inf
n∈Z

{q ·ν(xn,U )+q ·n · ri } = q · inf
n∈Z

{ν(xn,U )+n · ri } ≥ q ·m.

The reason or this inquality is that r j ∈ q I for all j ∈ {0, ..., l } and ν is a valuation on F .

If I = (0,+∞) then we have the commutative diagram

B b ϕ //

��

B b

��
B

ϕ̃

∼ // B

An alternative definition of B is used in the following examples and is given by

Definition 4. Let I ⊂ (0,1) be an interval. The completion of B b for the family of norms (|.|ρ)ρ∈I is given by

BI = lim←−−
U∈F

B b/U

and the open neighbourhoods U of 0 are given by the topology of the complete norm

||.||I = sup
ρ∈I

|.|ρ : BI → [0,+∞].
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Here is

|.|ρ : B b →R∪ {+∞}
∞∑

n>>−∞
[xn]πn 7→ sup

n∈Z
|xn |ρn

for every ρ ∈ (0,1). For every ρ ∈ (0,1) there exists an unique element r ∈ (0,+∞), such that ρ = qr and |.|ρ =
ρ−νr (.), where

νr : B b →R∪ {+∞}
∞∑

n>>−∞
[xn]πn 7→ inf

n∈Z
{νr (xn)+nr }

are the previous valuations ∀r > 0. The change from a norm |.|ρ and the corresponding valuation νr for
a ρ ∈ (0,1) and r ∈ (0,∞) such that ρ = qr changes the open intervals (0,1) and (0,+∞). In this sense the
definitions are compatible.

Beispiel 5. Let I = [ρ1,ρ2] ⊂ (0,1] with a,b ∈ F s.th. |a| = ρ1 and |b| = ρ2. Furthermore B := B(0,1) in this
situation. Then it follows

B(0,1) = {x ∈ B b | ||x||I ≤ 1} =Ainf[
[a]

π
,
π

[b]
]

with B b =Ainf[
1
π , 1

[ω] ], the norm ||.||I : sup
ρ∈I

|.|ρ : BI → [0,+∞] and BI = á
Ainf[

[a]
π , π

[b] ][ 1
π ] in the π-adic topology.

Here is

|.|ρ : B b → [0,+∞]
∞∑

n>>−∞
[xn]πn 7→ inf

n∈N
{ν(xn)ρn}

∀ρ ∈ I .

Definition 6. The schematic Fargues-Fontaine curve is defined as

X := XE ,F := Proj(
⊕
d≥0

Bϕ=πd
)

with Bϕ=πd = {x ∈ B |ϕ(x) =πd · x} for all d ≥ 0.

Beispiel 7. We consider the simpler setting E =Qp ⊂ F = Quot(Ob
C ) with C = Q̂p and B = B(0,1) to look at the

graded ring structure of the ring
⊕

n∈Z
Bϕ=pn

. Let f ∈ Bϕ=pm
, g ∈ Bϕ=pn

and then the graded ring structure is

given by
ϕ( f · g ) =ϕ( f ) ·ϕ(g ) = (pm · f ) · (pn · f ) = pm+n · f ∈ Bϕ=pm+n

.

For f = ∑
n∈Z

[cn] ·pn ∈ ⊕
n∈Z

Bϕ=pn
converging, i.e. cn ∈C b for all n ∈Zwith lim

n>0
sup|cn | 1

n ≤ 1 and lim
n→∞ |c−n | 1

n = 0,

it follows by Definition ∑
n∈Z

[cp
n ] ·pn =ϕ( f ) = pk · f = ∑

n∈Z
[cp

n ] ·pn+k = ∑
n∈Z

[cn−k ] ·pn .
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Hence cn−k = cp
n for all n,k ∈Z.

1.case: Suppose that k < 0. For all n ∈Zwe consider the sequence cn+k = c
1
p

n ,cn+2k = c
1

p2

n ,cn+3k = c
1

p3

n , ...

2.case: Let k = 0. Hence cn = cp
n for all n ∈Z, i.e. cn ∈ Fp ⊂C b . This induce a map

Fp →WOE (Fp ) ,→WOE (Fp )[
1

p
] :=W (Fp )[

1

p
] =Qp → Bϕ=π

cn 7→ [cn] 7→ [cn] 7→ [cn] ·pn

3.case: Let k > 0. Then from the condition cn−k = cp
n is follows

cp
k = c0 ⇒ ck = c

1
p

0

cp
k+1 = c1 ⇒ ck+1 = c

1
p

1

cp
k+2 = c2 ⇒ ck+2 = c

1
p

2

cp
k+3 = c3 ⇒ ck+3 = c

1
p

3

.

.

.

cp
2k = ck ⇒ c2k = c

1
p

k = c
1

p2

0

cp
2k+1 = ck+1 ⇒ c2k+1 = c

1
p

k+1 = c
1

p2

1

cp
2k+2 = ck+2 ⇒ c2k+1 = c

1
p

k+1 = c
1

p2

2

.

cp
3k = c2k ⇒ c3k = c

1
p2

k = c
1

p3

0

cp
3k+1 = c2k+1 ⇒ c3k+1 = c

1
p2

2k+1 = c
1

p3

1

.

Therefore c0, ...,ck−1 determines the sequence (cn)n∈Z.

claim:
c0, ...,ck−1 ∈mb

C ⊂Ob
C .

proof:
This follows directly by the 1 : 1-correspondence

mb
C → Bϕ=p

c 7→ ∑
n∈Z

[cq−n
]pn
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(cf. Annschütz [10] in Proposition 4.2.1. part (2))
where f ∈ Bϕ=p .

Lemma 8. It holds (B b)ϕ=π
d =

{
E , d = 0

0, d 6= 0

Beweis. We are separating the proof in two cases:

1. d = 0

2. d 6= 0

1.Case: Let f =
∞∑

i>>−∞
[xi ]πi ∈ (B b)ϕ=1. By Definition ∀i ∈Zwe get ϕ(xi ) = xi , i.e. xi ∈ Fq .

This implies f ∈ E .

2.Case: Let d 6= 0 and 0 6= f ∈ Bϕ=πd
. Then ∀x ∈Rwe have

qNewt( f )(x) = Newt(ϕ( f ))(x) = Newt(πd f )(x) = Newt( f )(x −d).

Thus ∀n ∈Nwe have

qnNewt( f )(x) = Newt(ϕn( f ))(x) = Newt(πdn f )(x) = Newt( f )(x −dn).

Now we distinguish the two subcases
i.) d > 0

ii.) d < 0

Ad i.): Now it follows qnNewt( f )(x) = Newt( f )(x−nd) =∞,∀n >> 0. But this implies the contradiction f = 0.

Ad ii.): Now there exists a x0 << 0 such that Newt( f )(x0) ≥ Newt( f )(x) ∀x ∈ R. As Newt( f ) is non-decreasing,
we get

Newt( f )(x) ≥ Newt( f )(x0 −nd) = qnNewt( f )(x0) ≥ qnNewt( f )(x)

∀n >> 0, ∀x ∈R. This implies Newt( f )(x) =∞, for all x ∈R i.e. f = 0.

Lemma 9. Let (xn)n∈Z ⊂ FZ a sequence s.th.

lim
|n|→∞

ν(xn)+nr =∞

for all r ∈ (0,∞). Then
∑

n∈Z
[xn]πn converges in B.

Beweis. Hence it suffies to show that
νr ([xn]πn) →∞

for |n|→∞ and for all r ∈ (0,∞) holds. Because this is equivalent to |[xn] ·πn |ρ = 0 ∀|n|→∞,∀ρ ∈ (0,1). But
this follows directly by the only assumption with

νr ([xn]πn) = ν(xn)+ r n →∞

for all |n|→∞ and for all r ∈ (0,∞).
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Bemerkung 10. We construct a bijektiv map mF → Bϕ=π in the following way:
Let a ∈mF , i.e. ν(a) > 0. Then

fa := ∑
i∈Z

[aq−i
]πi

converges in B , because of the previous Lemma with the satisfyed assumption:

ν(aq−i
)+ i r = q−iν(a)+ i r →∞

for all |i |→∞ and ν(a) > 0. Moreover

ϕ( fa) = ∑
i∈Z

[a−(i−1)]πi =π · fa

after an Index shift, induce the map

mF → Bϕ=π

a 7→ fa

Definition 11. For an open interval I ⊂ (0,∞) and f ∈ BI we define Newt0
I ( f ) as the decreasing convex func-

tion whose Legendre transformation is

L :R→R∪ {±∞}

r 7→
{
νr ( f ) ,r ∈ I

−∞ ,r 6∈ I

with
NewtI ( f ) := {(x,Newt0

I ( f )(x)) ∈ Γ(Newt0
I ( f ))|∃!i ∈N0 : x ∈ [i , i +1] :λi ∈−I } ⊂R2.

Here λi is the slope of Newt0
I ( f ) on the interval [i , i +1] for all i ∈N0.

Bemerkung 1. Let K ⊂ I and ( fn)n∈Z a sequence in B b and f an element in B b with f 6= 0, s.th.

lim
n→∞ fn = f .

I.e.
∀r ∈ K : ∀ε≥ 0 : ∃N ∈N : ∀n ≥ N : | fn − f |r ≤ ε.

Daraus folgt
∃N ∈N : ∀n ≥ N : ∀r ∈ K : νr ( fn) = νr ( f ).

Daraus folgt L (Newt0
I ( f )) is a concave function with integral slopes. Therefore Newt0

I is a decreasing convex
polygon with integral break points. If f ∈ B and λi the slope of Newt for all i ∈N, then

1.) λi < 0

2.) lim
i→∞

λi = 0

3.) lim
i→−∞

λi =∞
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If the interval I is compact, then the definition of the Newton polygon must be modificated.

Definition 12. Let I = [a,b] ⊂ (0,∞) a compact interval, f ∈ BI and f 6= 0. We define Newt0
I ( f ) as the decrea-

sing convex function whose Legendre transform is

L :R→R∪ {∞}

r 7→


νr ( f ) ,r ∈ I

νa( f )+ (r −a)∂gνa( f ) ,r < a

νb( f )+ (r −b)∂dνb( f ) ,r > b

with
NewtI ( f ) := {(x,Newt0

I ( f )(x)) ∈ Γ(Newt0
I ( f ))|∃!i ∈N0 : x ∈ [i , i +1] :λi ∈−I } ⊂R2.

The λi is the slope of Newt0
I ( f ) on the interval [i , i +1] for all i ∈N0 just like before.

Bemerkung 13. For an element f ∈ B b we consider in the definition before the fonction

R≥0 →R∪ {∞}

r 7→ νr ( f )

with their left and right derivatives

∂gνa( f ) = lim
r→a−

νr ( f )−νa( f )

r −a
≥ νr ( f )−νa( f )

r −a

for all r < a and

∂dνb( f ) = lim
r→b+

νr ( f )−νb( f )

r −b
≤ νr ( f )−νb( f )

r −b

for all b < r. This is equivalent to vr ( f ) ≤ νa( f )+∂gνa( f )(r −a) for all r < a and

vr ( f ) ≥ νb( f )+∂gνb( f )(r −b)

for all b < r. Furthermore let λ be a slope of Newt( f ), then mλ(Newt( f )) = ∂gν−λ( f ) − ∂dν−λ( f ), where
mλ(Newt( f )) is the multiplicity of the slope λ of Newt( f ). The mutiplicity formula explains the difference
between the open and the compact case and the right multipicities of the slopes −a,−b are in the previous
definition m−a(Newt( f )) = ∂gνa( f )−∂dνa( f ) and m−b(Newt( f )) = ∂gνb( f )−∂dνb( f ).
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