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Kay Riilling

Recall: A finite field extension L/k is called separable if for any ele-
ment a € L, its the minimal polynomial f, € k[x] has no multiple roots
in an algebraic closure, equivalently f, and f,( = its formal derivation)
are coprime. A finitely generated field extension K /k is called separa-
ble if there is a purely transcendental extension k(ti,...,t,)/k inside
of K such that K/k(ty,...,t,) is finite separable. If k is a perfect field,
then any finitely generated field extension K /k is separable.

Exercise 5.1. (1) Let K = k(tq,...,t.)/k be a transcendental field
extension. Show that Q}(/k is a free k(t4, ..., t,)-vector space of
(2) Let K/k be a field extension and L/K finite separable. Show
that the natural map Qj, ®x L — Qf ;. is an isomorphism.
(Hint: Write L = K[z]/(f) and use the exact sequence of L-
vector spaces (f)/(f)* — Q}(m/k QKla) L — QlL/k — 0, in which
the first map sends the class of f to df.)
(3) Let L/K be a purely inseparable field extension of degree p, i.e.
L = K[X]/(X? —a), where a € K \ KP. Show that there is an
isomorphism

Q}(/k ®x L | ® Lda = Q] (a, arda) — a+ arda.
K -da L/k> ’

(4) Let K/k be a finitely generated field extension of transcendence
degree r. Conclude from the above that K /k is separable if and
only if dimg Q. = 7.

Exercise 5.2. (1) Let A be a noetherian integral local ring with
residue field k& and fraction field K and M a finitely generated
A-module. Show that if dimy (M ®4 k) = dimg (M ®4 K) =1,
then M is a free A-module of rank r. (Hint: By Nakayama’s
Lemma M is generated by r elements.)
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(2) Let A = k[xq,...,2,)/I, where I = (fy,..., fr). Assume k is
algebraically closed and A is integral and has Krull dimension
dim A = d. Denote by J = (0f;/0x;) the Jacobian matrix; it is
an n X r-matrix with coefficients in k[z1,...,z,]. Assume that
for all @ € k™ with f;(a) = 0, all 7, the rank of J(a) is n — d.
Show that Q! s 1s alocally free A-module of rank d. (Hint: a as
above defines a map A — k(a) = k. Show that Q,lél/k ®ak(a) has
vector space dimension d. To this end use the exact sequence

,,,,,,,,,

which the first map sends the class of f; to df;. Then conclude
with Exercise and (T]).)

(3) Let k be a field and X a smooth integral k-scheme of dimension
d. Show that Q% 1, 18 locally free of rank d.

Exercise 5.3. Let k be a field of characteristic # 2,3. Let a,b € k
and set £ = Projk[X,Y,Z]/(Y?*Z — (X3 + aXZ? 4+ bZ3)).

(1) Set U = Spec k[z,y]/(y* — (z* + ax + b)), where z = X/Z,y =
Y/Z and W = Specklu, 2]/(z — (u® + auz?® + b2?)), where u =
X/Y,z=Z/Y. Show that U,W C FE are open and E = UUW.

(2) Show that F is a smooth k-scheme if and only if 4a®+27b* # 0.

We assume 4a3 + 27b% # 0 in the following.

(3) Show that E is an elliptic curve.

(4) Set Uy =U\V(y), Uy =U\V(32?> +a) and Us =W \ V(1 —
2auz — 3bz*). Show that E = U; UU, U Us is an open covering.

(5) Define the differential forms

dx dy

=—eI'(U = e I'(U-
07 2y ( lawE)a (8% 3$2+a ( 27(-“-)E>7
du
= — F U
s 1 — 2auz — 3bz? € T(Us,wp),
where wgp = Q, Ik Show that there is a differential o €

I'(E, wg) with o)y, = o, 1 = 1,2, 3.
(6) Show that we have an isomorphism O — wg, f — f-a. (Hint:
We know from the lecture that wg = Op abstractly.)



