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Exercise sheet 10 for Algebra II

Kay Rülling1

Exercise 1. Let R be a ring, S ⊂ R a multiplicative subset and R′ an
R-algebra with structure map ϕ : R→ R′. Set T := ϕ(S).

(i) Show that T ⊂ R′ is a multiplicative subset.
(ii) Show that the ring T−1R′ has a natural structure as S−1R-

algebra.
(iii) By the above we can consider T−1R′ as S−1R-module; we

can also consider R′ as R-module and form the S−1R-module
S−1R′. Show that we have an isomorphism of S−1R-modules
T−1R′ ∼= S−1R′.

Exercise 2. Let k be a field, k[x, y] the polynomial ring in two variables
with coefficients in k and f ∈ k[x, y]. Assume that f = ax + by +
(higher order terms), with (a, b) ∈ k2 \ {(0, 0)}. Set R := k[x, y]/(f)
and denote by m ⊂ R the image of the ideal (x, y) in R. Show that
for all prime ideals p ⊂ R the ideal mp ⊂ Rp is principal. (Hint: First
show that for any prime p 6⊂ m we have mp = Rp.)

Exercise 3. Let R = Z, S = Z \ {0} and Mn = Z/(n), n ≥ 2.

(i) Show that S−1Mn = 0, for all n.
(ii) Show that the image of (1, 1, 1, . . .) under the localization map∏

n≥2Mn → S−1(
∏
≥2Mn) does not vanish.

(iii) Conclude that S−1(
∏
≥2Mn) and

∏
n≥2 S

−1Mn are not bijec-
tive.

[But as we saw in the lecture S−1(
⊕

λMλ) ∼=
⊕

λ S
−1Mλ.]

Exercise 4. Let R be a ring, S ⊂ R a multiplicative subset and M an
R-module.

(i) Denote by S the category with objects the elements of S and
morphisms HomS(s, t) = {x ∈ R |xs = t}, for s, t ∈ S, with
composition induced by multiplication. Show that S is a fil-
tered category.
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(ii) Show that there is a functor S → (R-mod), s 7→ Ms = lo-
calization of M at s, which sends a morphism x : s → t to
ex : Ms →Mt, m/s

n 7→ xnm/tn.
(iii) Show that there are natural maps βs : Ms → S−1M such that

βs = βt ◦ ex, for all x : s→ t.

(iv) Show that the βs induce an isomorphism lim−→s∈SMs
'−→ S−1M .


