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Exercise sheet 1 for Algebra II

Kay Riilling

Exercise 1.1 (Formal power series). Let R be a ring (as usual com-
mutative with 1). Set

R[[z]] = {Zanx" la, € R,n € NO} .
n=0

(The sums are formal and infinite, there is no convergence condi-

tion, as a set we can identify R[[x]] with the set of infinite sequences

(ap, a1, as,...) in R.) Take f = > ja,a”, g = >~ bua" € R[[z]]

and define the following operations:

f+yg :Zchaj”, with ¢, = a, + b, € R,
n=0

f-g:= E d,x"™, with d, = E a;b; € R.
n=0 i+j=n
1,7€Ng

(1) Show that the expression d,, above is well defined, i.e. that the
sum is finite.
(2) Show that the two operations above define a ring structure on
R[[z]] with Oppa) = 32, Or-2"™ and 1gj) = 1p-2" 432,51 Op-2".
(3) There is an injective ring homomorphism R — R[[z]], a —
a-2°+3%" -, Og-2™, and also R < R[z] defined by the same for-
mula, where R[] is the polynomial ring in one variable. Show
that there is a unique R-algebra homomorphism R[z] — R[[z]]
which sends z to 0-2°+1-2'+ > ., 0p-2". Furthermore this
map is injective. -
In the following we do not write the parts of a formal sum ) a,z"

which has a zero coefficient and we write = instead z! and 1 = 2°.

Exercise 1.2. Let R be a ring. An element ¢ € R is called nilpotent
if there is a natural number n > 0 such that ¢* = 0. We denote by R*
the group of units.

(1) Let R be a ring. Show that if u € R* and ¢ € R is nilpotent,

then u + ¢ € R*. (Hint: Geometric series trick!)
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(2) Let R[x] be the polynomial ring in one variable. Show
f=aptarz+.. 4a,z" € (R[z])* <= ap € R* and ay,...,a, are nilpotent.

In particular, if R has no nilpotent elements, then (R[z])* =
R*. (Hint: For <= use (i). For =: If by + ... + b,2™ is an
inverse of f show by induction on r that a" b, , = 0, for
r > 0. Deduce that a,, is nilpotent. Then use (i).)

(3) Let R[[z]] be the ring of formal power series from Exercise [I.1]
Show

f = a0+a1$+a2x2+ SRS (RH$H)X <<= ag € R*.

(Hint: First show that for g € R[[z]], the expression 1 + xg +
(xg9)* + (zg9)® + ... is a well defined element in R[[x]].)

Exercise 1.3. Which of the following ideals are equal, which are con-
tained in another:
(1) InZ: <2,3>,7Z, <5>,<7>,<10,15 >
(2) In Zlz]: < 2,2 >, < 2z >, < 9,40 >, < 2? + 2% >, <
5x% + 2% >, < 5(z? +2%) >
(3) In Q[z): < 2,z >, < 2x >, < x4 >, < 22 + 2% >, <
Sr? + a3 >, < 5(x? + 23) >
(4) in Q[[z]] (see Exercise [I.1] and (i): <14z > <z >,

<D >, <78 >

Exercise 1.4. Let k be a field and fy,..., f. € klz1,...,z,] be poly-
nomials in n variables. Set
X ={a€k"| fila)=0, foralli=1,...,r}.
Denote by Map(X, k) the set maps from X to k. We have a map
0: klry,...,x,] = Map(X, k), f — (a— f(a)).
(1) Show that the ring structure of k induces a ring structure on
Map(X, k) for which € is a ring homomorphism.
(2) Show that there is a unique ring homomorphism
0:klry,... .20/ < fi,..., fr > Map(X, k)

such that @ = for, where 7 is the quotient map kfxy, ..., x,] —
klxy,...;xn)/ < fiyoooy fr >



