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Exercise 1.1 (Formal power series). Let R be a ring (as usual com-
mutative with 1). Set

R[[x]] =

{
∞∑
n=0

anx
n | an ∈ R, n ∈ N0

}
.

(The sums are formal and in�nite, there is no convergence condi-
tion, as a set we can identify R[[x]] with the set of in�nite sequences
(a0, a1, a2, . . .) in R.) Take f =

∑∞
n=0 anx

n, g =
∑∞

n=0 bnx
n ∈ R[[x]]

and de�ne the following operations:

f + g :=
∞∑
n=0

cnx
n, with cn = an + bn ∈ R,

f · g :=
∞∑
n=0

dnx
n, with dn =

∑
i+j=n

i,j∈N0

aibj ∈ R.

(1) Show that the expression dn above is well de�ned, i.e. that the
sum is �nite.

(2) Show that the two operations above de�ne a ring structure on
R[[x]] with 0R[[x]] =

∑
n 0R ·xn and 1R[[x]] = 1R ·x0+

∑
n≥1 0R ·xn.

(3) There is an injective ring homomorphism R ↪→ R[[x]], a 7→
a·x0+

∑
n≥1 0R ·xn, and also R ↪→ R[x] de�ned by the same for-

mula, where R[x] is the polynomial ring in one variable. Show
that there is a unique R-algebra homomorphism R[x]→ R[[x]]
which sends x to 0 ·x0 + 1 ·x1 +

∑
n≥2 0R ·xn. Furthermore this

map is injective.

In the following we do not write the parts of a formal sum
∑

n anx
n

which has a zero coe�cient and we write x instead x1 and 1 = x0.

Exercise 1.2. Let R be a ring. An element c ∈ R is called nilpotent

if there is a natural number n ≥ 0 such that cn = 0. We denote by R×

the group of units.

(1) Let R be a ring. Show that if u ∈ R× and c ∈ R is nilpotent,
then u+ c ∈ R×. (Hint: Geometric series trick!)
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(2) Let R[x] be the polynomial ring in one variable. Show

f = a0+a1x+. . .+anx
n ∈ (R[x])× ⇐⇒ a0 ∈ R× and a1, . . . , an are nilpotent.

In particular, if R has no nilpotent elements, then (R[x])× =
R×. (Hint: For ⇐ use (i). For ⇒: If b0 + . . . + bmx

m is an
inverse of f show by induction on r that ar+1

n bm−r = 0, for
r ≥ 0. Deduce that an is nilpotent. Then use (i).)

(3) Let R[[x]] be the ring of formal power series from Exercise 1.1.
Show

f = a0 + a1x+ a2x
2 + · · · ∈ (R[[x]])× ⇐⇒ a0 ∈ R×.

(Hint: First show that for g ∈ R[[x]], the expression 1 + xg +
(xg)2 + (xg)3 + . . . is a well de�ned element in R[[x]].)

Exercise 1.3. Which of the following ideals are equal, which are con-
tained in another:

(1) In Z: < 2, 3 >, Z, < 5 >, < 7 >, < 10, 15 >
(2) In Z[x]: < 2, x >, < 2x >, < 9x, 4x >, < x2 + x3 >, <

5x2 + x3 >, < 5(x2 + x3) >
(3) In Q[x]: < 2, x >, < 2x >, < 9x, 4x >, < x2 + x3 >, <

5x2 + x3 >, < 5(x2 + x3) >
(4) in Q[[x]] (see Exercise 1.1 and 1.2, (iii)): < 1 + x >, < x >,

<
∑

n≥1 x
n >, < 78 >

Exercise 1.4. Let k be a �eld and f1, . . . , fr ∈ k[x1, . . . , xn] be poly-
nomials in n variables. Set

X := {a ∈ kn | fi(a) = 0, for all i = 1, . . . , r}.
Denote by Map(X, k) the set maps from X to k. We have a map
θ : k[x1, . . . , xn]→ Map(X, k), f 7→ (a 7→ f(a)).

(1) Show that the ring structure of k induces a ring structure on
Map(X, k) for which θ is a ring homomorphism.

(2) Show that there is a unique ring homomorphism

θ̄ : k[x1, . . . , xn]/ < f1, . . . , fr >→ Map(X, k)

such that θ = θ̄◦π, where π is the quotient map k[x1, . . . , xn]→
k[x1, . . . , xn]/ < f1, . . . , fr >.


