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Space setting

Let us first introduce some notations of spaces and operators
that we will work on.

Let (U, <,>y) and (H, <, >) be two separable Hilbert spaces.

L(U, H) denotes the space of bounded linear operators from U
to H. L* is its adjoint. L(U) = L(U, U).

We say L € L(U) is symmetric if
< Lu,v>y=<u,Lv>y foral uvelU
L € L(U) is nonnegative if

<Lu,u>y>0 forall vueU
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Hilbert-Schmidt Operators

Definition

An element T € L(U, H) is said to be a nuclear operator if there
exists a sequence (&)cr in H and a sequence (b;);cy in U
such that

(e.e]
Tx=) a<b,x>y forall xeU
J=1

and

> llall - [1byll < oo

jeN

Denote by L{(U, H) the space of all nuclear operators from U to
H.If U= H, T € L1(U, H) is nonnegative and symmetric, then
T is called trace class.
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Lemma
The space L1(U, H) endowed with the norm

Ty qumy = infO a1kl ol Tx = Y~ aj < bj,x >y, x € U}

jeN j=1o°

is a Banach space.
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Lemma
The space L1(U, H) endowed with the norm

Ty qumy = infO a1kl ol Tx = Y~ aj < bj,x >y, x € U}

jeN j=1

is a Banach space.

Definition
Let T € L(U), e,k € N be an orthonormal basis of U. Then we
define
T :=> " < Tex, & >u
keN

if the series converges.
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Trace and L¢(U)

The relation between a trace operator and nuclear operator is
given by the following lemma.
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Trace and L¢(U)

The relation between a trace operator and nuclear operator is
given by the following lemma.

If T € L1(U), then trT is well-defined independently of the
choice of orthonormal basis ey, k € N. Moreover we have

1T < || Tl|L, vy
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Trace and L¢(U)

The relation between a trace operator and nuclear operator is
given by the following lemma.

If T € L1(U), then trT is well-defined independently of the
choice of orthonormal basis ey, k € N. Moreover we have

1T < || Tl|L, vy

Proof: Let (&;)jcn and (by)jen be sequences in U such that

Tx=> a<b,x>y foral xeU
jeN
and
> lallullbllu < oo
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Proof continues...

Then we get for any orthonormal basis ey, k € N of U that

< Tex,ex >u= Y _ < 6k a >u- < 6, b >y
jeN
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Proof continues...

Then we get for any orthonormal basis ey, k € N of U that

< Tex, ex >y= < e a >y-<ekb >y
j )

jeN
Therefore
> I < Tex. ek >u |
keN
<Y Y <ewa>u-<exb>ul
jeN keN
1/2 1/2
< (Dll<enag>ulP| (D l<enb>ul
jeN \keN keN

= llgllu-liblly < oo
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Proof continues...

{trT| < |[T||,(v) follows and we can thus exchange the
summation to get

Y < Teex>u=)» > <exa>y-<exb>y
keN jeN keN

= Z < a,-,b,- >y
JeN
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Proof continues...

{trT| < |[T||,(v) follows and we can thus exchange the
summation to get

Y < Teex>u=)» > <exa>y-<exb>y
keN jeN keN

= Z < a,-,b,- >y
JeN

From this we can see that tr T is defined independently of the
choice of orthonormal bases. The proof is complete.
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Definition

Definition
A bounded linear operator T : U — H is called Hilbert-Schmidt

if
> lITek]? < oo
keN

where ek, k € N is an orthonormal basis of U.

The space of all Hilbert-Schmidt operators from U to H is
denoted by Lo(U, H).
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Hilbert-Schmidt Operators

We are going to prove the following theorem on Hilbert-Schmidt
operators.
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We are going to prove the following theorem on Hilbert-Schmidt
operators.
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Hilbert-Schmidt Operators

We are going to prove the following theorem on Hilbert-Schmidt
operators.

Theorem
@ The definition of Hilbert-Schmidt operators and the number

71 = D I Texl?
(U,H)
keN

does not depend on the choice of the orthonormal basis
ex, k € N, we have that HTHL2(U,H) = HT*HLQ(H,U)' For
simplicity we write || T||., or || T||L,(u,H)-
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We are going to prove the following theorem on Hilbert-Schmidt
operators.

Theorem
@ The definition of Hilbert-Schmidt operators and the number

71 = D I Texl?
(U,H)
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does not depend on the choice of the orthonormal basis
ex, k € N, we have that HTHL2(U,H) = HT*HLQ(H,U)' For
simplicity we write || T||., or || T||L,(u,H)-

@ || Tllecumy < ITpu,H)
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Hilbert-Schmidt Operators

We are going to prove the following theorem on Hilbert-Schmidt
operators.

Theorem
@ The definition of Hilbert-Schmidt operators and the number

71 = D I Texl?
(U,H)
keN

does not depend on the choice of the orthonormal basis
ek,k € N, we have that HTHL2(U,H) = HT*HLQ(H,U)' For
simplicity we write || T||., or || T||L,(u,H)-

@ || Tllecumy < ITpu,H)

@ Let G be another Hilbert space, S; € L(U, G),
S> € L(G,U) and T € Lo(U,H). Then $1T € Lo(U, G),
TS; € Lx(G, H) and

I RRRRRRRRERRRERRERRRRERERRREBDRRRRRRRL
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Proof of the theorem

1151 Tllpu,6) <IStLH,e) | Tl La(u,H)
TSzl o(6.H) <IITllau,mylISILG,w)
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Proof of the theorem

1151 Tllpu,6) <IStLH,e) | Tl La(u,H)
TSzl o(6.H) <IITllau,mylISILG,w)

Proof: If g, k € N is an orthonormal basis of U and fx, k € N is
an orthonormal basis of H. We obtain by Parseval identity that

S oNTelP =Y "1 < Tex, f;> |2

keN keN jeN

= Tl

jEN
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Proof of the theorem

1151 Tllpu,6) <IStLH,e) | Tl La(u,H)
TSzl o(6.H) <IITllau,mylISILG,w)

Proof: If g, k € N is an orthonormal basis of U and fx, k € N is
an orthonormal basis of H. We obtain by Parseval identity that

S oNTelP =Y "1 < Tex, f;> |2

keN keN jeN

= Tl

jEN
So the first conclusion is proved.
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Proof continues...

Let x € U and f,, k € N be an orthonormal basis of H, then we
get
ITXIP =D < Tx, fx >?
keN
<|xIB D NT&IIG
keN

= ITIE, u,m X1

where we used Cauchy-Schwarz inequality and property (1).
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Proof continues...

Let x € U and f,, k € N be an orthonormal basis of H, then we
get
ITXIP =D < Tx, fx >?
keN

2 2
<|IxIG Y IT G
keN

= ITIE, ()l IXIS
where we used Cauchy-Schwarz inequality and property (1).

Therefore, we showed that

Tl euHy < T u,H)
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Proof continues...

Let ex, k € N be an orthonormal basis of U, then

D IS Tekl % < 1Sl el TIE um)
keN
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Proof continues...

Let ex, k € N be an orthonormal basis of U, then

D IS Tekl % < 1Sl el TIE um)
keN

Furthermore, since (TSz)* = S;T*. From above and (1), we
have TS, € L»(G, H) and

TSzl L,(G.H) = I(TS2)*|Ly(H,6)
= 1S3 T"|L,(H.6)

<|1S2llau)ll TllLa(u,H)
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A lemma

Lemma

LetS, T € Ly(U, H) and ek, k € N be an orthonormal basis of
U. If we define

<T,S>,:= < Sey, Tex >
2
keN

we obtain that (Lo(U, H), <, >,) is a separable Hilbert space.

If fy, k € N is an orthonormal basis of H, we get that
i ® ex = fj < ek,- >y, j,k € N is an orthonormal basis of
Lo(U, H).
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Proof: Let us first show Ly(U, H) is complete.
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Proof: Let us first show Ly(U, H) is complete.

Let T, n € N be a Cauchy sequence in Lo(U, H). Then itis
clear that it is also a Cauchy sequence in L(U, H). Because of
the completeness of L(U, H), there exists an element

T € L(U,H), such that || T, — Tl| u,H) — 0as n— oo.
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Proof: Let us first show Ly(U, H) is complete.

Let T, n € N be a Cauchy sequence in Lo(U, H). Then itis
clear that it is also a Cauchy sequence in L(U, H). Because of
the completeness of L(U, H), there exists an element

T € L(U,H), such that || T, — Tl| u,H) — 0as n— oo.

But by Fatou’s lemma, we also have for any orthonormal basis
ek, k € N of U that

ITo =TI, =D < (Ta— Tew, (Tn, T)ex >
keN

— annlionofu(rn — Tm)exl|? < |;nnli£fz 1(Th — Tm)exl?
keN keN

B H . 2
= I}nnllgofHTn — Tmllf, <
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Proof continues...

Now we will prove that Ly(U, H) is separable.
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Proof continues...

Now we will prove that Ly(U, H) is separable.

If we define f; ® ex == f; < ek, >y, j,k € N, then it is clear that
fi® ex € Lp(U, H) forall j, k € N and for arbitrary T € Ly(U, H)
we get
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Proof continues...

Now we will prove that Ly(U, H) is separable.

If we define f; ® ex == f; < ek, >y, j,k € N, then it is clear that
fi® ex € Lp(U, H) forall j, k € N and for arbitrary T € Ly(U, H)
we get

<fioe,T>,=) <exey>y-<FfTey>=<Tf,Tex >
neN

Thus f; ® e is an orthonormal system.
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Proof continues...

Now we will prove that Ly(U, H) is separable.

If we define f; ® ex == f; < ek, >y, j,k € N, then it is clear that
fi® ex € Lp(U, H) forall j, k € N and for arbitrary T € Ly(U, H)
we get

<fioe,T>,=) <exey>y-<FfTey>=<Tf,Tex >
neN

Thus f; ® e is an orthonormal system.
Since T=0if<fi®ex T >,=0foralljk cN,

span(f; ® ex|j, k € N) is dense in Lo(U, H).
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Another lemma

Let (G, <,>g) be a separable Hilbert space. If T € Ly(U, H)
and S € Ly(H, G), then ST € Lo(U, G) and

ST w,6) < ISl Tl L,
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Another lemma

Let (G, <,>g) be a separable Hilbert space. If T € Ly(U, H)
and S € Ly(H, G), then ST € Lo(U, G) and

ST w,6) < ISl Tl L,

Proof: Let f, be an orthonormal basis in H, then

STx:Z< Tx,f > Sfe, xeU
keN
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Proof continues...

Thus
1STlywa < DT fllu - [1Sfklla
keN
<O NTHRIDVZ- O 11SklIE)?
keN keN
=Sl - I T,

The proof is complete.
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Proof continues...

Thus

1STlywa < DT fllu - [1Sfklla

keN

<O NTHIE)YZ- O 1ISkIIZ)?
keN keN

=[Slleo - I Tl

The proof is complete.

Remark: Let ¢, k € N be an orthonormal basis of U. If

T € L(U) is symmetric, nonnegative with 3 ) -y 7, ¢~ < o0,
then T € Ly (U).
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Third lemma

LetL € L(H) and B € L»(U, H), then LBB* € L{(H),
B*LB e Ly(U) and we have

trLBB* = trB*LB
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Third lemma

LetL € L(H) and B € L»(U, H), then LBB* € L{(H),
B*LB e Ly(U) and we have

trLBB* = trB*LB

Proof: By previous theorem and lemma, LBB* € L{(H) and
B*LB € L{(U).
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Third lemma

LetL € L(H) and B € L»(U, H), then LBB* € L{(H),
B*LB e Ly(U) and we have

trLBB* = trB*LB

Proof: By previous theorem and lemma, LBB* € L{(H) and
B*LB € L{(U).

Let ex,fx,k € N be an orthonormal basis of U and H
respectively. By Parseval identity
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Proof continues...

> Y Il < f,Ben > - < fi, LBen > ||

keN neN
<> (O I<fc,Ben> )2 (3| < f,LBen > P)'/2
neN keN keN
— 3" [IBesll - [ILBen
neN

< ||Ll|eqmy - 1BILZ,
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Proof continues...

> Y Il < f,Ben > - < fi, LBen > ||

keN neN
<> (O I<fc,Ben> )2 (3| < f,LBen > P)'/2
neN keN keN
— 3" [IBesll - [ILBen
neN

< ||Ll|eqmy - 1BILZ,

and we can exchange the summation to get
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trLBB* =Y < LBB*fy, fk >= Y _ < B*fy, B*I'fy >y
keN keN

=Y > <Bf,en>y- < B'Lf, en >y
keN neN

:ZZ<fk,Ben>-<fk,LBen>
neN keN

— Z < Be,, LBe, >
neN

= < enB'LBey >y
neN
=1trB*LB

The proof is complete.
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Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Gaussian measure

Consider two separable Hilbert spaces (U, <,>y) and
(H, <,>). Denote B(X) as the Borel os-algebra of X.
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Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Gaussian measure

Consider two separable Hilbert spaces (U, <,>y) and
(H, <,>). Denote B(X) as the Borel os-algebra of X.

Definition

A probability measure i on (U, B(U)) is called Gaussian if for
all v € U, the bounded linear mapping v’ : U — R defined by
U< u,v>y, ueUhasaGaussianlaw. i.e.forallve U,
there exists m:= m(v) € R and ¢ := o(Vv) € [0, oo[ such that if
o(v) >0

(wo (V) NA) =V € A)= -— [ e =% dx

forall A€ B(R). If o(v) =0, o (V)™ = 6.
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Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Mean and Covariance

Theorem
A measure . on (U, BU) is Gaussian if and only if

mu(u) — /Uei<u,v>uu(dv) _ ei<m,u>uf%<0u,u>u7 ueu,

where m € U and Q € L(U) is nonnegative, symmetric with
finite trace (trace class).

In this case . is denoted by N(m, Q) and m is called mean and
Q is called covariance. The measure . is uniquely determined
by m and Q.
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Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Mean and Covariance

Furthermore, for all h,g € U

/ < X,h >y u(dx) =< m,h >y,
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Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Mean and Covariance

Furthermore, for all h,g € U

/ < X,h >y u(dx) =< m,h >y,

/(< X,h>y —<m,h>y)(< x,g>y— < m,g >y)u(dx)

=< Qh,g >y,
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Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Mean and Covariance

Furthermore, for all h,g € U

/ < X,h >y u(dx) =< m,h >y,

/(< X,h>y —<m,h>y)(< x,g>y— < m,g >y)u(dx)

=< Qh,g >y,

[ 1= mifEuta) =
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Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Representation of Gaussian random variables

Lemma

If Q € L(U) is of trace class, then there exists an orthonormal
basis ex,k € N of U such that

Stochastic Integrals in Hilbert Spaces

Qe = Xk, M >0,keN

0 is the only accumulation point of (Ax)ken-
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Qe = Xk, M >0,keN

0 is the only accumulation point of (Ax)ken-
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Lemma

If Q € L(U) is of trace class, then there exists an orthonormal
basis ex,k € N of U such that

Qe = Xk, M >0,keN

0 is the only accumulation point of (Ax)ken-

Theorem

Letm e U, Q € L(U) of trace class. In addition, assume { ey} is
an orthonormal basis of U with eigenvectors of Q and
corresponding eigenvalues .
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Representation of Gaussian random variables

Then a U-valued random variable X on (2, F, P) is Gaussian
with Po X~ = N(m, Q) if and only if X = Yo vV kBk€x + m.
Here i are independent real-valued random variables with
Po " = N(0,1) for all k € N with \ > 0. The series
converges inL3(Q, F, P; U).
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Representation of Gaussian random variables

Then a U-valued random variable X on (2, F, P) is Gaussian
with Po X~ = N(m, Q) if and only if X = Yo vV kBk€x + m.
Here i are independent real-valued random variables with
Po " = N(0,1) for all k € N with \ > 0. The series
converges inL3(Q, F, P; U).

Proof: Let X be a Gaussian random variable with mean m and
covariance Q. Set <, >=<,>y,then X =3, . < X, ex > &
in U, < X, e > is normally distributed with mean < m, ¢ >
and variance A,k € N by lemma.
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Proof continues...

Define
<X,e>—<m,ex> :
By = B, v if keN >0
0 otherwise

Sto
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Proof continues...

Define
<X,e>—<m,ex> :
By = B, v if keN >0
0 otherwise

then Po B, = N(0,1) and X = 3y VAkBkex + m.

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Proof continues...

Define
<X,e>—<m,ex> :
By = B, v if keN >0
0 otherwise

then Po B, = N(0,1) and X = 3y VAkBkex + m.

To prove the independence of gk, take an arbitrary n € N,
axeR, 1< k<nfor
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Proof continues...

n n
axfx = < X,ex > +cC
w

k=1,\(#£0

n
<X, > \ﬁek>+c

k=10

Sto
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Proof continues...

n n
axfx = < X,ex > +cC
w

k=1,\(#£0

<X, > rek>+c

k=1,77#0
which is normally distributed since X is a Gaussian random
variable. Thus gk form a Gaussian family.
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Proof continues...

n n
axfx = < X,ex > +cC
w

k=1,\(#£0

n
<X, > \ﬁek>+c

k=1,77#0
which is normally distributed since X is a Gaussian random
variable. Thus gk form a Gaussian family.

E(BiB) =

——E(< X-—m,gi>< X —-m, g >)
DY

Aj
—— < Qej, 6 >= < e >

AN
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Proof continues...

Besides, >"/_; v xBkex, n € N converges in L2(Q, F, P; U)
since the space is complete and
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Proof continues...

Besides, >"/_; v xBkex, n € N converges in L2(Q, F, P; U)
since the space is complete and

EQNS. vAkBeerl P) = S ME(118l )
k=m k=m

n
=> X—0 as nm—0

k=m

because ) .y Ak = trQ < co. This complete one direction of
the proof.
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Proof continues...

Let e, be an orthonormal basis of U such that

Qex = \ex,k € N. Let B, be a family of independent
real-valued Gaussian random variables with mean 0 and
variance 1. Then
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Proof continues...

Let e, be an orthonormal basis of U such that

Qex = \ex,k € N. Let B, be a family of independent
real-valued Gaussian random variables with mean 0 and
variance 1. Then

n

Zmﬁkek+m,neN+x::Z\/A>kﬁkek+m

k=1 keN

in L2(Q, F, P; U) from the first part of the proof.
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Proof continues...

Fix u € U, we get

n n
<V kBrek +mu>=> /ABk < e, u>+ < mou>
k=1 k=1

is normally distributed for all n € N and the sequence
converges in L2(Q, F, P). This implies that the limit < X, u > is
also normally distributed.
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Proof continues...

Fix u € U, we get

n n
<V kBrek +mu>=> /ABk < e, u>+ < mou>
k=1 k=1

is normally distributed for all n € N and the sequence
converges in L2(Q, F, P). This implies that the limit < X, u > is
also normally distributed.

E(< X,u>)=EQ VB < ek, u>+<mus>)

keN
n

= lim E(kz VABk < €, U >)+ < mu>=<m,u>
=

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Proof continues...

and

E((<X,u>—<mu>)(<X,v>—<myv>))

n n
= 1im EQ vV MBk < e, u> > /B < €, v >)
k=1 k=1

n—oo

=Y M<epu><env>=) <Qeu><ev>

keN keN
=) < e, Qu>< e v>=<Quv>
keN

forall u,v e U.
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Proof continues...

and

E((<X,u>—<mu>)(<X,v>—<myv>))

n n
= 1im EQ vV MBk < e, u> > /B < €, v >)
k=1 k=1

n—oo

=Y M<epu><env>=) <Qeu><ev>

keN keN
=) < e, Qu>< e v>=<Quv>
keN

for all u,v € U. The proof is complete.

Bergische Univer: uppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Existence result

From the proof above, we have the following existence result for
Gaussian measure.

Let Q € L(U) be trace class and m € U. Then there exists a
Gaussian measure 1 = N(m, Q) on (U, BU).
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Q-Wiener Processes

A U-valued stochastic process W(t), t € [0, T] on probability
space (92, F, P) is called a (standard) Q-Wiener process if
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Q-Wiener Processes

A U-valued stochastic process W(t), t € [0, T] on probability
space (92, F, P) is called a (standard) Q-Wiener process if
e W(0O)=0
@ W has P-a.s. continuous trajectories
o W(t), W) — W(t), -, W(t)) — W(t,—1) are
independentforall 0 < t; < --- <t < T,neN
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Q-Wiener Processes

A U-valued stochastic process W(t), t € [0, T] on probability
space (92, F, P) is called a (standard) Q-Wiener process if

e W(0O)=0
@ W has P-a.s. continuous trajectories

o W(t), W) — W(t), -, W(t)) — W(t,—1) are
independentforall 0 <t <--- <t <T,neN

@ the increments have the following Gaussian laws

Po(W(t)—W(s))~" = N(0,(t—s)Q) forall 0<s<t<T
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Lemma

Let ex be an orthonormal basis of U consisting of eigenvectors
of Q with corresponding eigenvalues A,k € N. Then a
U-valued stochastic process W(t), t € [0, T] is a Q-Wiener
process if and only if

W(t)=> vV bB(ex, te[o,T]

keN

where Bi(t), k € {n € N[\, > 0} are independent real-valued
Brownian motion on (22, 7, P). The series converges in

L2(Q, F, P, C([0, T], U)), thus has a P-a.s. continuous
modification. In particular, for any Q as above there exists a
Q-Wiener process on U.
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Normal filtration

Definition

A filtration 73, t € [0, T] on (2, F, P) is called normal if
@ Fy contains all elements A € F with P(A) =0
@ Fi=Fiy =NsstFs forall te]0,T]
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Normal filtration

A filtration 73, t € [0, T] on (2, F, P) is called normal if
@ Fy contains all elements A € F with P(A) =0

@ Ft = Fty = NsstFs forall tec|0,T]

A Q-Wiener process W(t), t € [0, T] is called a Q-Wiener
process w.r.t. afiltration 7, t € [0, T] if
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Normal filtration

A filtration 73, t € [0, T] on (2, F, P) is called normal if
@ Fy contains all elements A € F with P(A) =0

@ Ft = Fty = NsstFs forall tec|0,T]

A Q-Wiener process W(t), t € [0, T] is called a Q-Wiener
process w.r.t. afiltration 7, t € [0, T] if

@ W(t), t €0, T]is adapted to F;,t € [0, T]
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Normal filtration

A filtration 73, t € [0, T] on (2, F, P) is called normal if
@ Fy contains all elements A € F with P(A) =0

@ Ft = Fty = NsstFs forall tec|0,T]

A Q-Wiener process W(t), t € [0, T] is called a Q-Wiener
process w.r.t. afiltration 7, t € [0, T] if

@ W(t), t €0, T]is adapted to F;,t € [0, T]
@ W(t)— W(s)isindependentof Fsforall0 <s<t<T.
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Define
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Define
N:={Ac FIP(A) =0}, Fi:=a(W(s)s<t)
FO: = o(FUN)

Then we get

Fi = ﬁs>t-7?2> te [07 T]

is a normal filtration.

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Existence of normal filtration Q-Wiener processes

Stochastic Integrals in Hilbert Spaces

From above we have

Let W(t), t € [0, T] be an arbitrary U-valued Q-Wiener process
on (2, F, P). Then itis a Q-Wiener process w.r.t. the normal
filtration F, t € [0, T| defined as above.
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Lemma

Assume that E is a separable real Banach space. Let X be a
Bochner integrable E-valued random variable defined on

(Q, F, P). LetG be a o-field contained in F.

Then there exists a unique Bochner integrable E -valued
random variable z a.s., measurable with respect to G such that

/XdP_/zdP forall Acg
A A

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Bochner integrable random variables

Stochastic Integrals in Hilbert Spaces

Lemma

Assume that E is a separable real Banach space. Let X be a
Bochner integrable E-valued random variable defined on
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Then there exists a unique Bochner integrable E -valued
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Bochner integrable random variables

Lemma

Assume that E is a separable real Banach space. Let X be a
Bochner integrable E-valued random variable defined on

(Q, F, P). LetG be a o-field contained in F.

Then there exists a unique Bochner integrable E -valued
random variable z a.s., measurable with respect to G such that

/XdP_/zdP forall Acg
A A

The random variable z is denoted by E(X|G) and is called the
conditional expectation of X given G. Furthermore

E(XI9)I < E(IX]19)
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Property of conditional expectation

Lemma

Let (Ey,e1) and (Ez,e2) be two-separable spaces and

Y Ey x E; — R a bounded measurable function. Let Xy, Xo be
two random variables on (2, F, P) with values in (Eq, 1),

(Ez, e2) respectively and let G C F be a fixed o-field.

Assume that Xy is G-measurable and X5 is independent of G,
then

E(6(X1, X2)|G) = o X
where ¢(x1) = E(6(x1, %)), X1 € Ey.
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Fi-martingale

Definition

Let M(t), t > 0 be a stochastic process on (2, F, P) with values
in a separable Banach space E, let F;,t > 0 be a filtration on
(Q, F, P). The process M is called an F-martingale, if
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Fi-martingale

Definition

Let M(t), t > 0 be a stochastic process on (2, F, P) with values
in a separable Banach space E, let F;,t > 0 be a filtration on
(Q, F, P). The process M is called an F-martingale, if

@ E(|IM(t)|]) <ooforallt>0
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Fi-martingale

Definition
Let M(t), t > 0 be a stochastic process on (2, F, P) with values
in a separable Banach space E, let F;,t > 0 be a filtration on
(Q, F, P). The process M is called an F-martingale, if

@ E(|IM(t)|]) <ooforallt>0

@ M(t) is Fi-measurable for all t > 0
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Fi-martingale

Definition
Let M(t), t > 0 be a stochastic process on (2, F, P) with values
in a separable Banach space E, let F;,t > 0 be a filtration on
(Q, F, P). The process M is called an F-martingale, if

@ E(|IM(t)|]) <ooforallt>0

@ M(t) is Fi-measurable for all t > 0

@ E(M(t)|Fs) = M(s) P-as. forall0 <s <t < oc.
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Properties of F;-martingale

If M(t),t > 0 is an E-valued F;-martingale and p € [1, ), then
[|M(t)||P,t > 0 is a real-valued Fi-martingale.
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Properties of F;-martingale

If M(t),t > 0 is an E-valued F;-martingale and p € [1, ), then
[|M(t)||P,t > 0 is a real-valued Fi-martingale.

Proof: Since E is separable, there exists Iy € E*, k € N such
that ||z|| = sup Ik(z) for all z € E. Then for s < t,

E(|[M[[|Fs) > sup E(l(M)| Fs)
= suplk(E(Mt|J-'s))
= SUp/k( s) = ||Msl|
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Properties of F;-martingale

This proves the lemma for p = 1. Jensen’s inequality implies
that for all p € [1, o),

E(||Mi|P1Fs) = (E(/|Mi]||Fs))P
Thus the lemma holds for any p € [1, o).
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Properties of F;-martingale

This proves the lemma for p = 1. Jensen’s inequality implies
that for all p € [1, o),

E(||Mi|P1Fs) = (E(/|Mi]||Fs))P

Thus the lemma holds for any p € [1, o).
Theorem

Letp > 1. Let E be a separable Banach space. If
M(t),t € [0, T] is a right-continuous E -valued F;-martingale,

then
E( sup [[M(t)[|P)'/P < P sup (E(/IM(t)|[P))" /P
te[0,T] P =1 tepo,7]
_ P p\\1/p
= p_1(E(HM(T)H )
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Square integrable martingales

Denote by M2(E) the space of all E-valued continuous square
integrable martingales M(t),t € [0, T].
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Square integrable martingales

Denote by M2(E) the space of all E-valued continuous square
integrable martingales M(t),t € [0, T].

Lemma

The space M3 (E) equipped with the norm

IM(O)]| vz - = tes[t(;IOT](E(\I/\/l(l‘)lIz))”2 = (E(IIM(T)|[%))"/2

= (E( sup_[IM(1)|[?))"/2 < 2E(]|M(T)|[?)/?
tel0,T]

is a Banach space.
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Properties of square integrable martingales

Let T >0, W(t),t € [0, T] be a U-valued Q-Wiener process
with respect to a normal filtration F;, t € [0, T] on (2, F, P).
Then W(t), t € [0, T] is a continuous square integrable
Fi-martingale, i.e. W € M2(U).
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Properties of square integrable martingales

Let T >0, W(t),t € [0, T] be a U-valued Q-Wiener process
with respect to a normal filtration F;, t € [0, T] on (2, F, P).
Then W(t), t € [0, T] is a continuous square integrable
Fi-martingale, i.e. W € M2(U).

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Properties of square integrable martingales

Let T >0, W(t),t € [0, T] be a U-valued Q-Wiener process
with respect to a normal filtration F;, t € [0, T] on (2, F, P).
Then W(t), t € [0, T] is a continuous square integrable
Fi-martingale, i.e. W € M2(U).

Proof: The continuity follows from the definition of Q-Wiener
processes.

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Properties of square integrable martingales

Let T >0, W(t),t € [0, T] be a U-valued Q-Wiener process
with respect to a normal filtration F;, t € [0, T] on (2, F, P).
Then W(t), t € [0, T] is a continuous square integrable
Fi-martingale, i.e. W € M2(U).

Proof: The continuity follows from the definition of Q-Wiener
processes.

Foreach t € [0, T], we have

E(IW(1)3) = trQ < oo.
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Proof of the lemma

Hencelet0 < s <t < T, A e Fs. By proposition,
< / W(t) — W(s)dP, u >y :/ < W(t) — W(s),u >y dP
A A

_ P(A)/ < W(t)— W(s),u>ydP =0
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Proof of the lemma

Hencelet0 < s <t < T, A e Fs. By proposition,
< / W(t) — W(s)dP, u >y :/ < W(t) — W(s),u >y dP
A A
_ P(A)/ < W(t) — W(s),u>y dP =0

for all u € U as F; is independent of W(t) — W(s) and

E(<W(t)—W(s),u>y)=0 forall veU
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Proof continues...

Therefore
/W(t)dP:/ W(s) + (W(A) — W(s))dP
A A
_/ W(s)dP+/ W(t) — W(s)dP
A A
:/W@W:W@
A

for all A € Fs.
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Proof continues...

Therefore
/W(t)dP:/ W(s) + (W(A) — W(s))dP
A A
_/ W(s)dP+/ W(t) — W(s)dP
A A
:/W@W:W@
A

for all A € Fs.

The proof is complete.
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Elementary process

First we consider the following class of processes:

Sto
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Elementary process

First we consider the following class of processes:

Definition

An L = L(U, H)-valued process ¢(t),t € [0, T] on (22, F, P) with
normal filtration F;,t € [0, T] is said to be elementary if there
exists 0 = fp < - < tx = T,k € N such that

k—1
¢(1) =D dmlm (), t€[0,T]
m=1

where ¢m : Q — L(U, H) is F;,-measurable with respect to
strong o-algebraon L(U,H),0 < m< k—1. ¢, takes only a
finite number of values in L(U,H),0 < m< k —1.
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Denote the space of elementary process defined as . Define

t
Int(6) (1) : = /O 4(s)aW(s)

k—1
= ¢m[W(tmer A t) = W(tm A1), t € [0, T]

m=0
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Denote the space of elementary process defined as . Define

t
Int(6) (1) : = /O 4(s)aW(s)

k—1
= ¢m[W(tmer A t) = W(tm A1), t € [0, T]

m=0

For all ¢ € ¢, we have

The stochastic integral fot o(s)dW(s), t € [0, T] is a continuous
square integrable martingale w.r.t. F;,t € [0, T], i.e.

Int:e — M3
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Hilbert-Schmidt

To show the mapping above is an isometry and extend the class
e to its completion, we recall the Hilbert-Schmidt operators:
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Hilbert-Schmidt

To show the mapping above is an isometry and extend the class
e to its completion, we recall the Hilbert-Schmidt operators:

Definition

Let ex,k € N be an orthonormal basis of U. An operator
A € L(U, H) is called Hilbert-Schmidt if

D < Aey, Agy >< o0
keN
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Important lemmas

Lemma

If Q € L(U) is nonnegative and symmetric then there exists a
unique Q'/2 ¢ L(U) nonnegative and symmetric such that
Q1 /2 o Q1 /2 _ Q
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Important lemmas

Lemma

If Q € L(U) is nonnegative and symmetric then there exists a
unique Q'/2 ¢ L(U) nonnegative and symmetric such that
Q1 /2 o Q1 /2 _ Q

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Important lemmas

Lemma

If Q € L(U) is nonnegative and symmetric then there exists a
unique Q'/2 ¢ L(U) nonnegative and symmetric such that
Q1 /2 o Q1 /2 _ Q

If in addition trQ < oo, we have that Q'/? € L,(U) where
1Q'2|2 = trQ and Lo Q"2 € Lp(U, H) for all L € L(U, H).
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Important lemmas

Lemma

If Q € L(U) is nonnegative and symmetric then there exists a
unique Q'/2 ¢ L(U) nonnegative and symmetric such that
Q1 /2 o Q1 /2 _ Q

If in addition trQ < oo, we have that Q'/? € L,(U) where
1Q'2|2 = trQ and Lo Q"2 € Lp(U, H) for all L € L(U, H).

Lemma

If ¢ = S8 dm Nt IS @n elementary L(U, H)-valued
process then

: T
2
[ /O o(s)aW(s) 3z = E /0 16(s) 0 Q2| 2, ds) = ||| 2
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Remark

If two elementary processes ¢ and ¢ belong to one equivalence
class with respect to || - || 7, it does not follow that they are equal
P:-a.e. Because their values only have to correspond on
Q'/2(U) Pra.e.

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Remark

If two elementary processes ¢ and ¢ belong to one equivalence
class with respect to || - || 7, it does not follow that they are equal
P:-a.e. Because their values only have to correspond on
Q'/2(U) Pra.e.

Int:(&” : HT) — (M27H : HM%.)

is an isometric transformation. The isometric extension to
completion £ is unique sine ¢ is dense in &.
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A Hilbert space

In this section we will seek an explicit representation of the
completion &.
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A Hilbert space

In this section we will seek an explicit representation of the
completion &.

First, define Uy := Q'/?(U) with inner product
< Up, Vo >0:=< 071/2U0, 071/2V0 >y, U, Vo € Up

where Q~'/2 is the pseudo-inverse of Q'/2 in the case that Q is
not one-to-one.
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A Hilbert space

In this section we will seek an explicit representation of the
completion &.

First, define Uy := Q'/?(U) with inner product
< Up, Vo >0:=< 071/2U0, 071/2V0 >y, U, Vo € Up

where Q~'/2 is the pseudo-inverse of Q'/2 in the case that Q is
not one-to-one.

By proposition, (U, <, >¢) is again a separable Hilbert space.
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The separable Hilbert space Lo(Up, H) is called L. By
proposition, we know Q'/2g,,k € N is an orthonormal basis of
(Uy, <, >0) if gk,k € N is an orthonormal basis of (kerQ'/2)L.

This basis can be supplemented to a basis of U by elements of
kerQ'/2.
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The separable Hilbert space Lo(Up, H) is called L. By

proposition, we know Q'/2g,,k € N is an orthonormal basis of
(Uy, <, >0) if gk,k € N is an orthonormal basis of (kerQ'/2)L.
This basis can be supplemented to a basis of U by elements of
kerQ'/2.

Thus
Ll = IILo Q'/2||,, foreach Le L3
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Representation of £

Define L(U, H)o := {T|y,| T € L(U, H)}. Since Q'/2 € Lp(U), it
is clear that L(U, H)o C L3 and || - ||7-norm of ¢ € e can be
written as

i
lollr = (EC| llo(s)Egds) "2
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Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Representation of £

Define L(U, H)o := {T|y,| T € L(U, H)}. Since Q'/2 € Lp(U), it
is clear that L(U, H)o C L3 and || - ||7-norm of ¢ € e can be
written as

i
lollr = (EC| llo(s)Egds) "2

Define
NGO, T; H): = {¢: [0, T] x Q — L3|¢is predictable and||¢||; < oo}
= L%([0, T] x Q,Pr,dt @ P; LJ)
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Representation of £

To prove £ = N, we need

@ Since L(U, H)o C L3 and ¢ € ¢ is L3-predictable, we have
e CNE,.
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Representation of £

To prove £ = N, we need
@ Since L(U, H)o C L3 and ¢ € ¢ is L3-predictable, we have
e CNE,.
@ By completeness of L3, we have NG, is complete.
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Representation of £

To prove £ = N, we need
@ Since L(U, H)o C L3 and ¢ € ¢ is L3-predictable, we have
e CNE,.
@ By completeness of L3, we have NG, is complete.
@ cis dense in NG,
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Extension of stochastic integrals

Finally we will extend the definition of stochastic integrals from
NE to

Nw(0,T; H) =

;
{¢: Q7 — L3|¢is predictable withP(/ ||¢>(s)|\fods < o0)=1}
0 2

We call Ni/(0, T; H) the space of stochastically integrable
processes.
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First lemma

Let W(t) be a Q-Wiener process, T > 0.

Lemma

Let ¢ be a Lg—valued stochastically integrable process.
(H,|| - ||5) is a separable Hilbert space and L € L(H, H). Then

L(¢(t)), t € [0, T] is an element of Nyw(0, T; H) and

T T
L /O S(H)dW(1)) = /O L(6(t)dW(t), P—as.
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Second lemma

Lemma

Letp € Nw(0, T) and f is an Ft-adapted continuous H-valued
process. Set

T T...
/ < K1), $(t)dW(1) >::/ 3(t)dW (1)
0 0

with ¢¢(t) :=< f(t), p(t)u >, u € Uy. Then this integral is
well-defined as a continuous R-valued stochastic process.
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Second lemma

Lemma

More precisely, ¢r is a Pr/B(L2(Uo, R))-measurable map from
[0, T] x Q to La(Uo, R), [|#(t, W)l|L,(up,r) = [1¢7(E, w)E(E, W)l[u,
for all (t,w) € [0, T] x Q and

T T
/ 1BOI2 gyt < sUp_[IF(D)] / lo(t)|2,0t < o P-as.
0 te[0,T] 0 2
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Third lemma

Lemma
Let € Nw(0, T) and M(t) := [ ¢(s)dW(s),t € [0, T]. Define

t
<M>e= [Cllo()os. te 0.7l

Then < M > is the unique continuous increasing F;-adapted
process starting at zero such that ||M(t)||>— < M >,t € [0, T]
is a local martingale.
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Third lemma

Lemma

If p € N (0, T), then for any sequence
={0=tg<ti<--- <t =T} I€N,

of partitions with max;(t/ — t/ ;) — 0 as | — oo

Jim E (1D IM(f,4) = M(§)I[P= <M > | =0

/+1<1L
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Cylindrical Wiener processes

In case that Q is not of finite trace, we need a Hilbert space
(Uy, <,>1) and a Hilbert-Schmidt embedding

J: (Up, <, >0) = (Us, <, >1)
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Cylindrical Wiener processes

Stochastic Integrals in Hilbert Spaces

In case that Q is not of finite trace, we need a Hilbert space
(Uy, <,>1) and a Hilbert-Schmidt embedding

J: (Up, <, >0) = (Us, <, >1)

Lemma

Let ex,k € N be an orthonormal basis of Uy = Q'/?(U) and
Bk,k € N a family of independent real-valued Brownian motions.
Define Qq := JJ*. Then Q; € L(U;), Qq is nonnegative definite
and symmetric with finite trace and the series

W(t) = Zﬁk(t)‘je/ﬁ te [07 T]? (1)

k=1
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Cylindrical Wiener processes

Lemma

Moreover, we have that 011 / 2(U1) = J(Uy) and for all uy € Uy

—_ 11012 _
luollo = 11Qy " Junll1 = [|Juoll 5172,

ie. J;, Uy — 011/ 2 U, is an isometry.
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Stochastic integrals

Fix Q € L(U) nonnegative, symmetric but not necessarily of
finite trace. We integrate with respect to the standard U;-valued
Q1-Wiener process given by the above lemma.

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

Stochastic integrals

Fix Q € L(U) nonnegative, symmetric but not necessarily of
finite trace. We integrate with respect to the standard U;-valued
Q1-Wiener process given by the above lemma.

First we get a process ¢(t),t € [0, T] is integrable with respect
to W(t),t € [0, T], if it takes values in L2(Q11/2(U1), H), is
predictable and if

)
2 _
P /0 1), gy 95 < ) =

Bergische Universitat Wuppertal Stochastic Integrals



Infinite Dimensional Wiener Processes

Martingales in Banach Spaces

Construction of Stochastic Integrals

Properties of Stochastic Integrals

Stochastic Integrals for Cylindrical Wiener Processes

Stochastic Integrals in Hilbert Spaces

By previous lemma, 011 /2(U1) = J(Up) and that

—1/2 —1/2
< Jug, Jvg >Q1/2 =< 01 / Jug, Q1 / Jvg >1=< Ug, Vo >9
1

(1)

for all ug, vo € Up.
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By previous lemma, 011 /2(U1) = J(Up) and that

—1/2 —1/2
< Jug, Jvg >Q1/2 =< 01 / Jug, Q1 / Jvg >1=< Ug, Vo >9
1

(1)

for all ug, vo € Up.

It follows that Jek,k € N is an orthonormal basis of 011 /2(U1 )-
Hence

¢ € L= Lp(Q"2(U),H) + o J' € Lp(Q)2(Uy), H)
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Define

t

o(s)dW(s) ::/t¢(s)oJ‘1dW(s), te[0,T]. (2
0 0

Sto
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Define

/¢> s)dW(s /¢ S)oJ TdW(s), tc[0.T]. (2

Then the class of all integrable processes is given by
T
Nw = {¢: Q1 — L3|spredictable andP / l|é()|[%0ds < o0 | =1}
0 2

as in the case where W(t), t € [0, T] is a standard Q-Wiener
process in U.
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Remark

@ The stochastic integral defined in the last slide is
independent of the choice of (Uy, <, >1) and J. This
follows by construction, since by (1) for elementary
processes (2) does not depend on J.
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Remark

@ The stochastic integral defined in the last slide is
independent of the choice of (Uy, <, >1) and J. This
follows by construction, since by (1) for elementary
processes (2) does not depend on J.

Q@ If Q € L(U) is trace class, the standard Q-Wiener process
can also be considered as a cylindrical Q-Wiener process
by setting J = I : Uy — U where [ is the identity map. In
this case both definitions of the stochastic integral coincide.
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