EQUIVARIANT VECTOR BUNDLES ON DRINFELD’S UPPER
HALF SPACE

SASCHA ORLIK

ABSTRACT. Let X C }Pf{ be Drinfeld’s upper half space over a finite extension K of
Qp. We construct for every GLg41-equivariant vector bundle F on P¢, a GLgy1(K)-
equivariant filtration by closed subspaces on the K-Fréchet HY(X,F). This gives
rise by duality to a filtration by locally analytic GLg411 (K )-representations on the
strong dual H(X,F)’. The graded pieces of this filtration are locally analytic in-
duced representations from locally algebraic ones with respect to maximal parabolic
subgroups. This paper generalizes the cases of the canonical bundle due to Schneider
and Teitelbaum [ST1] and that of the structure sheaf by Pohlkamp [P].
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INTRODUCTION

Let K be a finite extension of Q,. We denote by X Drinfeld’s upper half space of di-
mension d > 1 over K. Explicitly, X is the complement of all K-rational hyperplanes
in projective space IP’C}(, i.e.,

¥-PU

The interest for studying the rigid analytic variety X is manifold. The first is its

P(H).

H Kd+1

connection to formal groups, since it is the generic fibre of a formal scheme classifying
certain p-divisible groups due to Drinfeld [D]. Another aspect is its role for the
uniformization of certain Shimura varieties [RZ]. On the other hand, as conjectured
by Drinfeld, the étale coverings of X’ realize the supercuspidal spectrum of the local
Langlands correspondence by considering the f-adic cohomology of these spaces. Our
interest is connected with the latter aspect. In [S1] Schneider studies the cohomology
of local systems on projective varieties which are uniformized by X. For this purpose,
he defines the notion of a p-adic holomorphic discrete series representation. These
representations can be realized by the space of rigid analytic holomorphic sections
F(X) of GLg, -equivariant vector bundles F on P%. They appear naturally in the
theory of p-adic modular forms [T1], [T2]. The dual of a holomorphic discrete series
representation is a locally analytic GL4 (K )-representation in the sense of Schneider
and Teitelbaum [ST3]. Those representations come up in the p-adic Langlands theory
of Breuil and Schneider [BS] as the locally analytic part of certain Banach space
representations. Our aim in this paper is a description of p-adic holomorphic discrete
series representations by considering a GLgy1 (K )-equivariant filtration on them. We
determine the graded pieces in terms of locally analytic GL4, (K )-representations.

In [SS] Schneider and Stuhler computed the étale and the de Rham cohomology
of Drinfeld’s upper half space. The cohomology is equipped with an action of the
general linear group G = GLgy1(K), which is induced by the natural action on
X. It turns out that the cohomology groups are duals of certain smooth elliptic

representations having Iwahori fix vectors. In particular, the top cohomology group
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is the dual of the Steinberg representation. In contrast, the space of holomorphic
sections Q4(X) = HO(X,Q4) of the canonical bundle Q¢ on P% is a much bigger
object, it is a reflexive K-Fréchet space with a continuous G-action. Its strong dual
Q4(X) is a locally analytic G-representation. In order to describe this latter space,
Schneider and Teitelbaum construct in [ST1] a G-equivariant decreasing filtration by
closed K-Fréchet spaces

QUX)° D QUX) D - D QUX)T D QYX)T D QN(X)T = {0}

on Q4(X)° = Q4(X). The definition of the filtration involves the geometry of X being
the complement of an hyperplane arrangement. Further they construct isomorphisms

1V (@Q4x) /i (x)y ity = co(a, Py v 70

VAN

of locally analytic G-representations, which they call (partial) boundary value maps.
Here, Pj=P(; 41—y C G is the (lower) standard-parabolic subgroup attached to the
decompz)sition (j,d+1—7) of d+ 1. The right hand side is a locally analytic induced
representation. The Pj-representation V is a locally algebraic representation. It is
isomorphic to the tensor product Sym?(K%!'=7) ®St,,;_; of the irreducible algebraic
GLgy1_j-representation Sym’(K9t17) and the Steinberg representation Stq; ; of
GLg41—j(K). Here the factor GLg11—;(K) of the Levi subgroup L; a1-j) = GL;(K) x
GLg431-;(K) acts through the way just described. The action of GL;(K) is given by
the inverse of the determinant character. The operation of the unipotent radical of
P;j on V/ is trivial. Finally, 0, denotes a system of differential equations which is
here a submodule of a generalized Verma module. In particular, the case j = 0,
i.e., the first subquotient of the above filtration is isomorphic to Hip(X') and yields
the Steinberg representation of GG. Their paper presents consequently in a sense a
generalization of the computation [SS] since it computes not only the top cohomology
of X. Further, it generalizes pioneering work by Morita (e.g. [Mo2]) who considered
such representations in the SLy-case. We refer to the introduction of [ST1] for a more

comprehensive background on this topic.

Pohlkamp [P] considers the other extreme, that of the structure sheaf Q° = O
on P4. Again, by using a similar construction, Pohlkamp defines a G-equivariant
increasing filtration by closed K-Fréchet spaces

K=0X),CcOX); C---COX)s—1 COX)4
on O(X)g = H°(X,O) together with isomorphisms

(O(X);)/O(X);-1) = C™(G, Pyyr—y; W)) 7°
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of locally analytic G-representations. Analogously to the above case, the Pyii_;-

representation W7 is a tensor product of a Steinberg representation and an irreducible
algebraic representation.

Our goal in this paper is to construct a decreasing G-equivariant filtration on
F(X) for all G-equivariant vector bundles F on X, which are induced by restriction
of a homogeneous vector bundle on P} = G/Pq 4. The latter objects are defined
by finite-dimensional algebraic representations of the parabolic subgroup P 4). Our
approach is different from [ST1], [P]. We use local cohomology of coherent sheaves on
rigid analytic varieties as a technical ingredient. In fact, F(X) = H°(X,F) appears
in an exact sequence

0 — H P, F) — H(X, F) — Hy(Py, F) — H' (P, F) — 0.

We consider the K-Fréchet space H&,(P%, F), where Y C P4 is the "closed” comple-
ment of X in P%. By a technique used in [O3], we are able to compute this latter
module as a G-representation. Here, we use an acyclic resolution of the constant sheaf
Z on Y where Y < (P4.)2? is the closed complement of the adic space X in
(P4.)*. By applying the functor Hom(i,( — ), F) to this complex, we get a spectral
sequence converging to Hy,q((P%)*, F*Y) = Hy(P%, F). The canonical filtration on
H i)(Pil(, F) coming from this spectral sequence gives rise to a decreasing filtration by
closed K-Fréchet spaces

F(X)° D F(X)' DD F(X)" D F(X) = H (P!, F)
on F(X)° = H°(X,F). Our first main theorem is:

Theorem 1: Let F be a homogeneous vector bundle on P4. For j = 0,...,d — 1,
there are extensions of locally analytic G-representations

0= 0§ (T (PR, FY) = (FX)[F(X)TY — O (G, Py U™ — 0.

Here the module U,C;'(Ml """ ) (H=3 (P4, F)') is a generalized Steinberg representation
with coefficients in the finite-dimensional algebraic G-module H%7(P%, F)". The
Pji1-representation U J/ is a tensor product N ]’ ®Stq-; of an algebraic Pj4;-representa-
tion N; and the Steinberg representation Stq ;. The symbol 0; indicates again a
system of differential equations depending on N;. Indeed, the representation NV; is
not uniquely determined. It is characterized by the property that it generates the

kernel of the natural homomorphism H sj; I(PL, F) — HYI(PL, F) as a module with

respect to the universal enveloping algebra U(g) of the Lie algebra of G. By enlarging
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the module N; we have to enlarge 0;, as well. In either case, the locally analytic

G-representations C*"(G, Pj41; Uj)% remains the same.

In the case where F arises from an irreducible representation of the Levi subgroup
L1,4), we can make our result more precise. Let X' = (A, ..., Ag) € Z be a dominant
integral weight of GLy and a let \g € Z. Set X\ := (Mg, A1,...,\q) € Z4TL. Denote
by F» the homogeneous vector bundle on P% such that its fibre in the base point is
the irreducible algebraic L 4)-representation corresponding to A. Put w; := s;--- sy,
where s; € W is the (standard) simple reflection in the Weyl group W = S;,; of G.
Then the above representation N; can be characterized as follows. By Bott [Bo] we
know that there is at most one integer i > 0 with H'(P%, F) # 0. Denote this integer
by ¢ if it exists. Otherwise, there is an 79 < d — 1 with w;, ¥ A = w;,41 * A, where *
is the dot operator of W on the set of weights. For j =1,... d, we set

) wiax A g <
Hin = wix X j >

Write p; = (1, 1) with ¢/ € Z7 and p” € Z9t . For j =1,...,d, let

l/|

|

Ui\ = U { (1" + (e cajpn) il = (dy, o dy)) | o0 =D di = ke =0

k=0
or dl = Oa Cl+1 S #;/ - ILL;/-‘rl’ [ = 17 s 7d _ja dl-‘rl S /’L;—l - Iu;‘—l—‘rl)

121,...,j—1}.

Here |p"| = pf — ptg_j,1- The elements in the finite set W; \ are dominant with respect
to the Levi subgroup Lg—j11,;) and (u”, 1) is its highest weight. Hence, for u € ; 5,
we may consider the irreducible algebraic L(4—;41 j)-representation V), attached to it.

Theorem 2: Let F = Fy be the homogeneous vector bundle on P% with respect to the
dominant integral weight X € Z%+ of L(1,q). Then we can choose Nj to be a quotient

of ®H«€\I’d—j,)\ V.

We want to point out that for some weights A, it happens that all irreducible con-
stituents in the direct sum apart from the module V,, with p = (4", 1) vanish under
the corresponding quotient map. But also the other extreme is possible, i.e., the
quotient map can be an isomorphism, as well.

Our filtration coincides with the filtrations in [ST1], [P]. More precisely, in the
case of the structure sheaf F = O the increasing filtration of Pohlkamp is related
to our decreasing filtration by F(X)! = O(X)a—j, j =0,...,d. In the case F = Q¢
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the filtration of Schneider and Teitelbaum is related to ours by a shift, i.e., we have
F(X) = Q4X)*! for i > 1. For i = 0, we get an extension

0 — QX)'/QYX)* — F(X)"/F(X)' — QY(x)°/QY(x)" — 0.
The dual sequence coincides with the corresponding one of Theorem 1.

The content of this paper is organized as follows. The first part deals with algebraic
and analytic local cohomology of equivariant vector bundles F on P%. In the first
section we recall some facts on the restriction of these bundles to X'. Amongst other
things, we explain the structure of the strong dual H°(X,F)" as a locally analytic
G-representation. In the following section we treat the algebraic local cohomology of
G-equivariant vector bundles on P%. We study the cohomology groups H, ;lj_ 1P, F)
as representations of U(g) and Pjy;. In Section 1.3 we turn to the anagftic local
cohomology groups H;Z {E)(P}l{,f) with support in the rigid analytic tube P (e).
These groups are naturally equipped with a topology of a locally convex K-vector
space. One of our focal points is to see that they are Hausdorff. Further, we prove
a local duality theorem which is similar to a result obtained by Morita [Mo3]. It
describes the dual of ker(ng;j(]PC}(,]:) — H¥I(P4, F)) for ¢ — 0, by means of
analytic functions on certain polydiscs. In the final section of the first part we compute
this kernel as representation of U(g) and P;; when F = F) is defined by a dominant
integral weight A € Z%! of L.q). Here we make use of the Grothendieck-Cousin
complex with respect to the covering by Schubert cells. The second part of this paper
deals with the computation of H(X,F) as G-representation. First we repeat the
construction of an acyclic resolution of the constant sheaf Z on the closed complement
Y [03]. In Section 2.2 we evaluate the spectral sequence obtained by applying the
functor Hom(i.( — ), F) to this acyclic complex. In Part 3 we compare our result
to that of [ST1] and [P]. Further, we provide with the cotangent bundle Q! another
example for our computation. Finally, in the Appendix we present an alternative
way for the computation avoiding adic spaces. It is based purely on rigid analytic

varieties.

Notation: We denote by p a prime, by K D Q, a finite extension of the field
of p-adic integers Q,, by Of its ring of integers and by 7 a uniformizer of K. Let
| | : K — R be the normalized norm, i.e., |7 = #(Ox/(7))"'. We denote by
C, the completion of an algebraic closure K of K. Let S := K[Xy,...,X4] be the
polynomial ring in d + 1 indeterminates and denote by P% := Proj(S) the projective
space over K. If Y C P% is a closed algebraic K-subvariety and F is a sheaf on
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P4 we write Hy(P%,F) for the corresponding local cohomology. If Y is a rigid
analytic subvariety (resp. pseudo-adic subspace) of (P%)™ (resp. (P%)%?) we also
write Hy (P4, F) instead of Hy((P%)"9, Fr9) (resp. Hy((PL), Fo1)) to simplify
matters. For a locally convex K-vector space V', we denote by V" its strong dual, i.e.,
the K-vector space of continuous linear forms equipped with the strong topology of
bounded convergence.

We use bold letters G, P, ... to denote algebraic group schemes over K, whereas
we use normal letters G, P, ... for their K-valued points of p-adic groups. We use
Gothic letters g, p, ... for their Lie algebras. The corresponding enveloping algebras
are denoted as usual by U(g), U(p), . ... Finally, we set G := GLq41. [f H C G is any
closed linear algebraic subgroup and R is a Og-algebra, then we denote for simplicity
by H(R) the set of R-valued points of the schematic closure of H in GLqg+1,0y-

Acknowledgments: 1T am much obliged to M. Strauch for pointing out to me the
topic treated in this paper and for all the discussions we had during our stay at the
[HES in 2004. I wish to thank M. Rapoport and P. Schneider for their numerous
and interesting remarks on this paper. Further, I would like to thank Benjamin
Schraen for indicating a mistake in a previous version. Finally, thanks goes to Istvan
Heckenberger for helpful discussions.
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1. LOCAL COHOMOLOGY OF EQUIVARIANT VECTOR BUNDLES ON IP"}(

1.1. The rigid analytic variety X'. In this section we recall some geometric prop-
erties of Drinfeld’s upper half space X'. We explain its rigid analytic structure making
it into a Stein space. Furthermore, we treat briefly G-equivariant vector bundles on
X which are induced by homogeneous vector bundles on P%. We discuss how we can
associate to to such a sheaf a locally analytic G-representation in the sense of [ST3].
In what follows, we denote for a variety X over K by X" the rigid analytic variety
attached to X [BGR].

Let € € [J,en W = |K*| be a n-th square root of some absolute value in
| K*|. Recall the definition of an open respectively closed e-neighborhood of a closed
K-subvariety Y C P%. Let fi,..., f. € S = K[Xo, ..., X4] be finitely many homoge-
neous polynomials with integral coefficients generating the vanishing ideal of Y. We
suppose that each polynomial has at least one coefficient in O%. Let | | be the unique
extension of our fixed norm | | on K to C,. A tuple (2, ..., z) € AH(C,) is called
unimodular if |z;| <1 fori=0,...,d, and |z;| = 1 for at least one i with 0 <i < d.
The open e-neighborhood of Y is defined by

Y(e) = {z € (P%)™ | for any unimodular representative Z of z, we have

1f;(3)] <eforall1<j< r}.

This definition is independent of the chosen unimodular representatives, so it is well-
defined. By using the standard covering (D (X;))i=o...a of P%, one verifies that Y (¢) is
a finite union of K-affinoid spaces, cf. [BGR] 7.2. In particular, it is a quasi-compact
open rigid analytic subspace of (P%)". On the other hand, the set

Y (e) = {z € (P%4)"9 | for any unimodular representative Z of z, we have

1f;(2)] <eforalll <j< r}

is called the closed e-neighborhood of Y. Again, it is an admissible open subset of
(P4)". but which is in general not quasi-compact.

Remark 1.1.1. We use the terminology open respectively closed, since the corre-
sponding neighborhoods for adic spaces [H| are open respectively closed in the adic
space (P4)e. O

For a non-trivial linear K-subspace U C K% =V, let Y; be the closed linear
K-subvariety P(U) of P%. Set ¢, := |7"|,n € N.
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Proposition 1.1.2. For every n € N, both
(P%)™\ Yi(en), for UV,

and

Vo= | Yolen) resp. X o= (B9 3,
Uuv

"9 where Y, is quasi-compact. The covering

x=Jx

18 admissible open and X is defined over K.

are admissible open subsets of (P4 )

Proof. See [SS] Proposition 1. O

As in [ST1] we also work with the closed e-neighborhoods Y, (¢). Similar to the
above proposition, we have for these spaces, the following statements.

Proposition 1.1.3. For every n € N, both
(P)"™\ Yy (en), for U SV,

and

Y, = U Yy (e,) resp. X, = P49\ Y
UV

"9 where X, is quasi-compact. The covering

X:U%

neN

are admissible open subsets of (P4)

is admissible open. Furthermore, this covering induces on X the structure of a Stein
space. The K-algebra of global sections O(X) is a K-Fréchet space. More precisely,
we have O(X) =lim _ O(X,), where the K-algebras O(X,) are K-Banach spaces.

Proof. See [SS| Proposition 4 resp. [ST1] chapter 1. O

We follow the convention in [ST1] and consider the algebraic action m : G x P4 —
P4 of G on P} given by

g-lgo: - iqd) =mlg, (g0 qd)) =1lqo::qdg "

Let F be a G-equivariant vector bundle on P%. This is a vector bundle F on P%
together with a G-linearization, i.e., an isomorphism of sheaves

(1.1) m*(F) = pr*(F)
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on G x P4 satisfying a certain cocycle condition, cf. [MFK] Definition 1.6. Here pr :
G x P4 — P4 is the projection map onto the second factor. We get by functoriality
an induced G"-equivariant vector bundle on (P% )™, which we denote for simplicity
by F, as well.

Alternatively, there is the following description of G-equivariant vector bundles
on P4, cf. [Bol, [Ja] where they are called homogeneous vector bundles. Denote by
P (1,4 the stabilizer of the base point [1:0: ---: 0] € P4 (K), which is a parabolic
subgroup of G. Let

m:G— G/Pqq
be the projection map and identify G /P 4y with P4.. Let V be a finite-dimensional
algebraic representation of Py q). For a Zariski open subset U C P4, put

Fv(U) := { algebraic morphisms f: 7 (U) — V | f(gp) = p *f(g) for all
g€ G(E),p e Pua(E)}.

Then Fy defines a homogeneous vector bundle on P% with fibre V. If F is a G-
equivariant vector bundle with fibre V' in the base point, one has a natural identifi-
cation F = Fy.

Our p-adic group G stabilizes X'. Therefore, we obtain an induced action of G
on the K-vector space of rigid analytic holomorphic sections F(&X'). Let O be the
structure sheaf on P%. Since X is contained in the rigid analytic variety attached to
affine scheme D (Xy) = A%, we may choose a K-linear isomorphism

(1.2) O(X)" > F(X).

Here the integer n = rk(F) € N is the rank of F. We transfer the natural topology
of the former one onto F(X). The topology on F(X) is independent of the chosen
isomorphism. Thus F(X') inherits the structure of a K-Fréchet space. Similarly, the
sets F(X,) are K-Banach spaces and we get'

F(X) = lm F(X,).

n

Applying the same arguments as in [ST1] Lemma 1.3, Proposition 1.4 and Propo-
sition 2.1, we conclude that F(X) is a reflexive K-Fréchet space and its strong dual

FX) = lim F(X,)

neN

'Hence the O(X)-module F(X) is coadmissible in the sense of Schneider and Teitelbaum [ST2],
cf. p. 152.
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is a locally convex inductive limit of duals of K-Banach spaces. Furthermore, the

action
G x F(X)— F(X)
is continuous and the orbit maps
G — F&x)
g — g-f
are locally analytic for f € F(X)’. Thus, the strong dual F(X') is a locally analytic
G-representation in the sense of Schneider and Teitelbaum [ST3]. By definition it is a

barrelled locally convex Hausdorff K-vector space together with a continuous action
of GG such that the orbit maps are locally analytic functions on G.

1.2. Algebraic local cohomology I. This section deals with the algebraic local
cohomology H;%-( (P4, F) of G-equivariant vector bundles F on P%. We will study
these K-vector spaces as representations of g and of the parabolic subgroup fixing
P’

Denote by B C G the Borel subgroup of lower triangular matrices and let U be
its unipotent radical. Let T C G be the diagonal torus and denote by T its im-
age in PGLg;. For 0 < ¢ < d, let ¢, : T — Gy, be the character defined by
ei(diag(ty, ..., tq)) =t;. Put oy j ;== ¢, —¢; for i # j, and o := 41, for 0 < i < d—1.
Then

A={a; | 0<i<d—-1}
are the simple roots and

are the roots of G with respect to T C B. For a decomposition (iy,...,%,) of d +
1, let P, .5, be the corresponding standard-parabolic subgroup of G, Ug, . i)
its unipotent radical, U(+il

component.

Fix a G-equivariant vector bundle F on P4. Let F be a graded G-module which
is projective and of finite type over S = K|[Xj,..., Xy], such that its associated sheaf
on P4 is just F, cf. [H] ch. 2, §5. Then F is naturally a g-module, i.e., there is a
homomorphism of Lie algebras

(1.3) g— End(]:)
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defined in the following way. Restrict the linearization (1.1) to GV x P4, where G
is the first infinitesimal neighborhood of the identity. Let ¢ € g and let f € F(U) be
a section for a Zariski open subset U C P%. Then

d
v f = d_T((l +T1%) - f)r=o-
Further, there is the following Leibniz rule concerning the multiplication with func-
tions Z € Opq (U),
(1.4) rEN=E0C N+

Here we consider the structure sheaf O = Opa with its natural G-linearization. In

this case we can specify the action of g on O. Indeed, for a root o = «; ; € P, let

La = L(Lj) S Ja

be the standard generator of the weight space g, in g. Let u € X*(T) be a character of
the torus T. Write y in the shape j = Z?:o m;€; with Z?:o m; = 0. Define 2, € O(X)
by

E,u(QO,---,Qd) :qglo'”q:ind'
For these functions, the action of g is given by
(1'5) L(ivj) ’ E# =mj- Eu+ai,j

and

Fix an integer 0 < j < d — 1. Let
Pl =V (Xji1,-- ., Xa) CPL

be the closed K-subvariety defined by the vanishing of the coordinates X 1,..., Xy.
The algebraic local cohomology modules Héj (P4, F), i € N, sit in a long exact
K

sequence
c H P \ P, F) — Hyy (P, F) — H'(Pig, F) — H' (P \ P, F) = -
K

Let H;j (P4, F) be the local cohomology sheaf with support in the closed subvariety
K

IP’]I'(. It is related to the local cohomology groups by a spectral sequence (cf. [SGA2],
Theorem 2.6.)

By = HY (P, ML, (P, F)) = HI'(P, ).
K K
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Since ]P’jk and P4 are both smooth, the local cohomology groups H;j (P4, F) vanish
K
for i # d — j [SGA2]. It follows that

HP (P, My, (P, F)) = HL (P, F)
PK PK
for all p € N. In particular,
H;JR(IP%,}“) =0 fori<d-—j.

On the other hand, the cohomology groups H*(P% \ IPJ]'(, F) can be computed by the
Cech complex

P Fox)— B FD(Xk X)) = =F(De(Xja - Xa)
JH+1<k<d JH+1<k1<k:<d
(1.6)
= @ (FXk)O - @ (FXkl'ng)O — _)(FXjJrl"‘Xd)O'
J+1<k<d JH1<k1 <ka<d

Here for a homogeneous polynomial f € S, the set D, (f) C P% denotes as usual
the Zariski open subset of P4, where f does not vanish. The symbol © indicates the

degree zero contribution of a graded module.

Alternatively, we may compute H* =1 (P4 \ %, F) for j < d—2, by the inductive
limit
(1.7 oy (F/ (X, X P
neN
cf. [EGAIII] Prop. 2.1.5. In the case j = d — 1, we have merely an exact sequence
0 HO®}. ) — H @ \ P F) = lim(F/X{F)" — 0.
neN
Here, the (twisted) degree of a coset [f] € F//(X}\,,..., X}) is by definition

deg([f]) = n - (d—j),
where deg([f]) is the ordinary degree of [f], cf. loc.cit. 2.1. Sometimes, when we
write down elements of lim _ F’ [(XZy, ..., X})F, we use generalized fractions. This
terminology arises from the natural embedding of K-vector spaces

h_I)H (F/(Xjn—i—h s 7XZIL)F)O - (FXj+1'~~'Xd)0'

neN

For [f] € (F/(X}yy,...,X})F)° we use the symbol

gl
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for its image in (F'x,,...x )P, The transition maps are then simply given by

{ /] }'_) [(Xjr1 - Xa f]
LRI, ¢/ XpHe Xt
We deduce from (1.6) that H*(P% \ P, F) = 0 for i > d — j and consequently
K
for i > d — 7. In the case i = d — j, we get an exact sequence
0— HTITN(PY, F) — HT P\ P, ) — Hy, (P, F)
(1.8) —  H¥I(PL,F) —o0.

There is a natural algebraic action of P j41,4-j on each of the entries in this sequence,
since the parabolic subgroup stabilizes IP”I'(. In particular, this sequence is equivariant
with respect to this action. Furthermore, by (1.3) the Lie algebra g acts by functo-
riality on all the cohomology groups, so that the sequence is equivariant for g, too.
We set

L (P, F) = ker (HY, (P, F) — H'J (P, 7))

which is consequently a P(ji1.4-j X U(g)-module. Here the semi-direct product is
defined via the adjoint action of P ;41 4-j on g. Indeed, for a section f of 7 and 3 € g

resp. p € Pjy1,4—5), we compute

d d

LTI ) = o (07 (143T) p) - 1)) = pe (14 (5 -5-P)T) - ).

This compatibility transfers by functoriality onto the cohomology groups.

Lemma 1.2.1. There exists a finite-dimensional P (511 a—j) -invariant K-subspace
o
Nj - Hpj ](]P)?OF)
K

which generates ]:Igj_j (P4, F) as U(g)-module.

K

Proof. Consider the formula (1.7). The parabolic subgroup P (ji1,4-j acts on each
entry appearing in the inductive limit separately. Each entry is a finite-dimensional
K-vector space. Let S/(X;11...X4) — S be the K-linear section of the projec-
tion, given by X; — X; for i < j, and X; — 0 for ¢ > j + 1. This map induces a
K-linear section F/(Xj1,...,Xq)F — F. Denote by F” the image of this section
which forms consequently a system of representatives of F'/(X,41,...,X4)F. Then
(F/(Xjs1, ..., Xa)F)? may be identified with the homogeneous elements f € Fy := F”



EQUIVARIANT VECTOR BUNDLES ON DRINFELD’S UPPER HALF SPACE 15

of degree d — j. Similarly, (F/(X?,,,..., X7)F)° may be identified with the homoge-
neous elements

d d
feR=Fo @ X, Fo f X X Fo- 00X Xq- F

k>j+1 k>j+1
kAl

of degree 2(d — j), etc. Under this identification the outer term X,iq--- X4 - F’
coincides with the image of the first transition map in (1.7). Since F' is a finitely
generated graded S-module, there is an integer n € N, such that any homogeneous

k-.

representative f € F’ of degree n(d—j) is divisible by some monomial X0 X¥1.. .. X5’

of degree d — j. Set

N = im((F/ (5 X)) — (Fyx,))-

Thus

N; = { [ /] 1 | f € F,,_1 homogeneous of degree (n — 1)(d — j)}

n—1 n—1
X]-‘rl '...'Xd

We claim that this finite-dimensional P41 q—j-invariant K-subspace satisfies the
condition of our lemma. In fact, let f € F,, be a homogeneous element of degree
n(d — j). By assumption, we may assume that

sz(’fO-Xfl----ij-Xfflln-de-g

with g € F,,_1 and ),k = d — j. Further, we may assume that k; > 1 for at least
one ¢ < j. Consider the identity

L, 1),{ 9] } | Ly 9] (n—1) {[X¢~Xj+2~---Xd~g]
2,7+ n— n— - n— n— - - n n
’ D CURETIIRD ¢ xrob Xy T XY

The left hand side and the first summand are contained in U(g) - N;. It follows that

[ (X3 Xjt2Xag]
n n

e } is contained in U(g) - N;. By induction on the indices [ < j with

jH+1
k; > 1, we see that [X" .X[,{] ' -X”] € U(g) - N;. The case where F' € F,, with n’ > n
J1 2Ry
follows inductively, as well. 0

Remark 1.2.2. Alternatively we can prove Lemma 1.2.1 by using Corollary 1.4.9
in section 1.4. This section is independent of the results in 1.2 and 1.3. In the case
where U = Uy q) acts trivially on the fibre V' of F, it produces an explicit candidate.
In the general case, we know that the fix point set VY # 0 is non-trivial since U is
unipotent, cf. [Ja] ch.I, 2.14 (8). Consider the exact sequence

0—VY =V -V/VY =0
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of algebraic P (3 q)-modules, which induces an exact sequence of homogeneous vector
bundles

0— Fyuv — Fy — Fyyyuv — 0

on P4. We get an equivariant long exact sequence
d—j d—j d—j
L EEE )

of P41,a-j X U(g)-modules. The groups Hg]:(P‘}(,fW) and f[gj;j(]P"}(,}"W), W e
{V,VU, V/VU} differ only by the finite-dimensional K-vector space H*7(P%, Fy).
By Corollary 1.4.9 and by induction on the dimension of V', there are finite-dimensional
P (i11,a-i)-submodules of the outer terms generating them as U(g)-modules. But then
the statement is true for the middle term sz; 1(PL, Fy) of the exact sequence and

thus for ﬁgj;j (PL, Fy) . O

1.3. Analytic local cohomology. In the following we study the analytic local co-

homology groups Hgi_ ' (P4, F) as topological K-vector spaces. We shall prove a

K(e)

local duality theorem which describes the topological dual of ker(Hgf ée) (P, F) —
K

H& (P, F )) for ¢ — 0, by means of analytic functions on certain polydiscs.

Let X be a rigid analytic variety over K and consider a coherent sheaf G on X.
Let U C X be an admissible open subset and let Y := X \ U be its set theoretical
complement. Then the local algebraic cohomology groups Hy (X, G) are defined by
the right derived functors of

ker(I'(X,G) — (U, G)).

If X is a separated rigid analytic variety of countable type one can equip these co-
homology groups with a locally convex topology as follows, cf. [vP]. For a rigid
analytic variety X of countable type, the space of global sections G(X) = I'(X, G)
has a natural structure of a K-Fréchet space. If X is an arbitrary separated rigid
analytic variety of countable type with an admissible covering X = [ J, X; by affinoids
resp. by (quasi-) Stein spaces [K2|, one considers the corresponding Cech complex
[Tox)—=][oxinx;) — -
i i<j

computing H*(X,G). All contributions are K-Fréchet spaces, in particular, they are
locally convex Hausdorff K-vector spaces. Hence they induce on the cohomology
groups H*(X,G) in a natural way a locally convex topology. This topology does not
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depend on the covering X = (JX;, cf. [Ba] Lemma 1.32. We point out that the
topology on the cohomology is in general not Hausdorff. Finally, we consider the long
exact cohomology sequence

&t H;‘/—i—l(X’g)_)...
The cohomology groups Hi- (X, G) are equipped with the finest locally convex topol-

ogy such that the boundary maps ¢ become continuous. It turns out that the long
exact cohomology sequence is then even topological? exact, cf. Lemma 5.1 in [S2].

We are interested in the analytic cohomology groups H;j ( )(IP"}(,}" ) where F is
K\En

our fixed homogenous vector bundle. Recall that ¢, = |7"|, n € N. By GAGA (cf.
[K2] §4), we know that
H'(Pi, F) = H'((Py)", F)

for ¢ > 0. The cohomology group H;j

( )(IP)C}{,]: ) sits in the long exact cohomology
K \€n

sequence
. Hi—l((Pgl()rig\PJI'((en)’f') N H;?(En)(]fp;l(,f) — HZ(]P)?(,JT)
— H((PL)"9\ P (en), F) — - --

As for the computation of H'((IP%)"9 \ P’ (en), F), we consider the Cech complex

@ F(D (X)) — @ F(D+ (X))o NDe(Xpy)) — -+

j+1<k<d JH1<ki <ko<d

= F(D(Xjq1), NN D (X))

with respect to the covering of Stein spaces

(PL)™ \Py(e) = |J D+(Xn).,.

k=j+1
where

D, (X))o = {[xo L ag) € (PLY | |z > |zl - en w}.
For 1 > € > 0, we set

Do (Xp). = {[xo cag € (PLY | x> |n e w}.

2A topological exact sequence (or topological complex) of topological vector spaces is an algebraic
exact sequence (complex) --- — E=! — E* — E*l — ... gsuch that all homomorphisms are
continuous.
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These are affinoid rigid analytic varieties and we can write

d

(PL)™\ (P)(e)” = |J Da(Xn)e.

k=j+1

Thus, we get an admissible covering

PR\ P(en) = | (PR)™ \Pi(e)”

€e—€n

en <e€|K*|

by quasi-compact admissible open subsets. Consider the Cech complex computing
H*((Pf)"™9 \ Py (€)™, F) :

(19 P FOi(x))— B FDu(Xi)eNDi(Xpy)e) = -

j+1<k<d JH1<k <ko<d

= F(Dy(Xj51)e N+ N Dy (X))

Lemma 1.3.1. The cohomology groups H'((P%)""9\P}. (€)=, F) (resp. H, ( )_(Pﬁl(, F)),
K €

1,7 =0,...,d, are K-Banach spaces in which the algebraic cohomology Hi(IP}l(\]P’%, F)
(resp. H'ifk (P4, F)) is a dense subspace.

Proof. First we treat the case F = O. Set ¢ = L. Consider the Gauss-Norm | [« on
the homogenous localization (K[Xy, ..., X4]x,.x,)° = O(D4(Xo - ... X;)) given as
follows. Let f € K[X,..., X4 be a homogeneous polynomial of degree n(d+1),n €
N. Write
f= > i XQ e X
io+++ig=n(d+1)
Then

| = max fag | (¢)

’ (XO cee Xd)" 10,-+s0d

Here 7(ig, -+ ,iq) = ZijZn(ij —n). Then for every subset {i1,... 441} C{0,...,d},
the restriction maps

O(D-I—(Xil) AR D+<Xij> M---N D+(Xir+1)) - O(D-I—(Xll) M---nN D+<Xir+1))
are isometries. Here the symbol Dj(?l]) indicates that we omit the open subset
D, (X;,) from the intersection. The images of the differentials in (1.6) are closed, in

J
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particular the differentials are strict® . In fact, it suffices to show that the image of

the maps

r+1 o 5

@ O(D4(Xi) N N DL(Xy) NN Dy (X4, ) = OD4(Xi) N+ N DL (XG,4,4)
j=1

are closed. But

im(0) = { Z Wigig X0 -+ X5 | @iy = 0 if iy < 0 for some k & {i1, ..., ips1}
io-4tig=0

resp. ifij<0forallj:1,...,r+1}.

Further, the completion of (1.6) with respect to the norm | | is exactly (1.9). By
[BGR] section 1.2, Cor. 6, the completion functor is exact for strict homomorphism.
Hence the statement of our lemma follows in the case F = O.

For an arbitrary vector bundle F, we use the fact that it splits on the affine sets
D, (X;) as a direct sum of rk F copies of O. Again the complex (1.9) is the completion
of (1.6) and the images of the differentials are closed. O

Now we treat the situation of the open tubes P4 (¢,) C (P%)"9. We shall see that

Hi((PL)"9\PI (e,), F) respectively H, )

K\€n) '

which the algebraic cohomology H' (P4 \ P}, F) respectively H, (P4, F) is a dense
K

subset. More precisely, we can write these cohomology groups as projective limits of

(P4, F) are naturally K-Fréchet spaces in

K-Banach spaces:
Lemma 1.3.2. We have

H((PR)"™ \ Py(ea), F) = lim  H'((P)"™ \ Pi(e)”, F)

e—en

en<e€|K*|
respectively
Héi{(en)(lp;l(af) = lin H;g{(e)—(P;l(vJT)'

e—en

en<e€|K*|

Proof. In fact, the compatibility with the projective limit follows from the following
propositions. Here, the density condition follows from the previous lemma. O

3Recall that a homomorphism f 'V — W of topological vector spaces is strict if the induced
homomorphism V/kerf — imf of topological vector spaces with the inherited topologies is a home-
omorphism, cf. [BGR].
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Proposition 1.3.3. Let G be a coherent sheaf on a rigid analytic variety X. Consider
a decreasing family of subsets Y1 DYy D --- DYy D Yiy1 D -+ in X, such that every
subset X \'Y; is admissible open in X. Set Y := oy Yi and assume that X \'Y is
admissible open in X, as well. Suppose that all cohomology groups H@;l(X, G) are K -
Fréchet spaces, such that the images of the transition maps HZL (X,G9) — Hgl(X, g)
are dense for k € N. Then there is a topological isomorphism

lim  Hy (X,G) & Hy(X,G)

<——keN

of K-Fréchet spaces.

Proof. By the same reasoning as in Proposition 4 on §2 of [SS] (cf. also Proposition
2.2.1), we have a short exact sequence
0 — lilng) Hy Y(X,G) — Hiy(X,G) — lim Hy, (X,G) — 0.
k

But the projective system (H;;l(X, G))ren of K-Fréchet spaces has the topological
Mittag-Leffler property by our condition on the density, cf. [EGAIII| 13.2.4. Thus
we get by loc.cit. 13.2.3 an algebraic isomorphism p : HL(X,G) = lim Hy (X,G).
But p is continuous and lim_ Hy (X,G) is a K-Fréchet space. It follows from the
bijectivity that Hi(X,G) has to be Hausdorff. Since it is a quotient of a K-Fréchet
space it has to be a K-Fréchet space, as well. Now the claim follows from the open
mapping theorem [S2] 8.6. O

Analogously one proves the ”dual” version of this Proposition.

Proposition 1.3.4. Let G be a coherent sheaf on a rigid analytic variety X. Let U C
X be an admissible open subset and consider an increasing family of open admissible
subsets Uy CUy C --- C Uy CUpyy C -+~ CU of U with UkGN U, = U. Suppose that
all cohomology groups H (U, G) are K-Fréchet spaces and that the images of the
transition maps H™'(Upy1,G) — H7Y (U, G) are dense for k € N. Then there is a
topological isomorphism

lim,_ H'(Uy,G) = H'(U,G).

<—keN

Remark 1.3.5. In [SS] Corollary 5 the authors consider a similar question concerning
the compatibility with projective limits. They deal with constant coefficients in which
all the cohomology groups are finitely generated modules over an artinian ring, so that
the usual Mittag-Leffler property holds. 0

Remark 1.3.6. An alternative way for proving Lemma 1.3.2 is to apply the following
Lemma to the Cech complex (1.9).
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Lemma 1.3.7. Let 0 — V! — V? — V3 — 0, n € N, be a projective system
of topological exact sequences of K-Banach spaces (or more generally of K-Fréchet
spaces). Suppose that the transition maps an+1 — V1 n € N, have dense image.
Then the sequence

OH@V;H@VT?H@V,?HO

1s topological exact, too.

Proof: The exactness follows from the topological Mittag-Leffler property, cf. [EGAIII],
13.2.4. 0

O

It follows from Lemma 1.3.2 that
(1.10) H, (P4 F)=0 fori<d—j

Pic(en)
and
Hég{(%)(]}”?{,f) = H'(P%,F) fori>d—j.
Put Gy = G(Og). For any positive integer n € N, we consider the reduction map
(1.11) Pn : Go — G(Og /("))

Put
Pliiraj) =1 (Pir1a-p(O0x/(7")).
This is a compact open subgroup of Gy which stabilizes ]P’i((en). Again, as in the

algebraic setting, we have an exact P

(i+1.4—j) % U(g)-equivariant topological complex

0 — HH (P, F) — HH (PR \ Pylen), F) — Hop ) (P, F)
K\én
— HYI(PL,F) =0,

Proposition 1.3.8. The action P, ,;_;

x HL (P4, F) — HE (P4, F) is
N ) Pl (en) PJ (€n)
contimuous.

Proof. We follow the proof of Lemma 1.3 in [ST1]. Since Hg;{ )(IP?(,}") is a K-
K \En

Fréchet space it is by the same reasoning as there enough to show that for m > n, the

orbit maps (into K-Banach spaces) P}, ;_; — Hg]; Zen)_ (P4, F) are locally analytic.

We may assume that F = O, c¢f. Prop. 2.17 in loc.cit. The cohomology group

Hg;?e)f(]Pf(,O) is a quotient of H(g - (D1 (Xj11)e N+ N D4(Xy),), O) for all g €
K
Pia ) Letge P, ;) and F € HY(Di(Xj11)eN--N D (Xg)e, O). We choose
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an open neighborhood @ of g in F},, ; ;) such that h- (D1 (Xj41)eN- - N D1 (Xa)e) =

G- (Di(Xj1)eN---ND4(Xg)e) Vh € Q. Then it suffices to see that the induced map
Q— H(p- (Di(Xj41)eN---NDy(Xa)e),O), h — hF, is locally analytic. We may
assume that g = 1. Then we apply the same argument as in Prop. 2.1 loc.cit. U

Corollary 1.3.9. The dual space ng;zﬁn)(ﬁb%,}")/ is a locally analytic P, 4 o

representation.

Proof. The dual space H ;l; Z )(IP’%, F) is by Lemma 1.3.2 the locally convex inductive
K\en

limit
d—j d T i
HP.;'(] (P, F) = h_H} H, (

(en) 7 (€)

(P&, F)

€—€n,

en<e€|K*|

of duals of K-Banach spaces. In the proof of the previous proposition we have seen

that the orbit maps P}, , ; — Héj - (P4, F) are locally analytic. Thus the orbit
) K €
maps on the dual space are locally analytic. The claim follows. 0

Set
et (P, F) = ker (Hg, 0 (P, F) — H' (P, ).
Py (en) Py (€n)
This K-Fréchet space has the structure of a P}, ; » x U (g)-module in which the

algebraic cohomology I:I:)Z (P4, F) is a dense subspace.

We apply Lemma 1.2.1 to obtain a P41 4—j-invariant finite-dimensional K-subspace
N; C ﬁg]:(P‘}{, F)
which generates ﬁsj;j (P4, F) as U(g)-module. Thus f[g;([?;l(,f) is a quotient of a
generalized Verma module [Le]. More precisely, there is an epimorphism
25 U(8) @uipyy i, Ny = Hey? (P, F)

of U(g)-modules. Since the universal enveloping algebra splits into a tensor product
Ug) = U(uz;+17d7j)) Q@ U(p(j+1,d—j)), we may regard ¢; as an epimorphism

o
(112) Pj - U(ua+1’dij)) (27 Nj HHP%](P?{’F)
Denote by 9; = ker(yp,) the kernel of this map.
+

(J+1,d-j)
with respect to the action of conjugation. Let

éjz{ﬁla”'aﬁT}

Consider the affine algebraic group U

: -
lizes U(j+1,dfj)

. The Levi subgroup Lj;1,q—j) stabi-
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be the set of roots of u

(j+1,d—3)"
on UJ; 1,4 may be viewed as the polynomial K-algebra in the indeterminates

Xg,,...,Xg,. Consider the L4 - U;J“H i
(1.13) O(U(yq.a ) X Uluf;

(G+1,d—j)

The K-algebra O(Ua 11.4_j) of algebraic functions

) -equivariant pairing

(j+1,d— J)) - K

(f:3) — 3 f(D).
This is a non-degenerate pairing and induces therefore a K-linear L;1,4—;)-U (J; lde)
equivariant injection

OU(yq.4 ) — Homp(U(uf,, 4 5) K).

More concretely, this map is given by
X Xi e (i)l (i) (L?f"LZ“J*
where
{(Llﬁl1 oL )t | (i, i) € NG}
is the dual basis of {Lg1 . Lgr | (ir, ... ,i) € N},

Put
UJr " = ker (U

(j+1,d—j)
Thus we have the identity

1 (OK) — Ua+1,d—j)(0K/(7Tn)))~

n +,n
P(j+1 d—j) — P(j+1,d—j (OK) U]—i—l d—j)"

Further, we may mterpret U as an open K-affinoid polydisc,

+1d J) C U]+1d —7)

since all entries z in U , apart from the diagonal have norm |z| < |7"|. Hence

]+1 d—j
the ring of K-analytic functions O(U (Grd— ])) is a K-Banach algebra. The pairing
(1.13) extends by continuity to a non-degenerate L; 14— (OK)-U(J;Jrl 4—j)-€quivariant
pairing

+,n

(1.14) O(Uﬁld])xU( j+1d])) — K
which in turn extends to a Pi14-j-equivariant pairing
(1.15) () (OWET ) @ N X (Ul 4 ) @ ) — K.

(f®o,3@n)— d(n)-5-f(1)

Here, the subgroup U( +1,4-5(Ok) C P!

(j+1,d—j)
K-Banach space O( respectively on U (u,

acts by definition trivially on the

). We put

(§+1,d— J)) (g+1 d—j)

O a gy N o= { ] € OWET 4 5) @ N | (£,05) =0}

(j+1,d—j)° (j+1,d—5)
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We obtain an equivariant injection

owrr ,N]‘)df — Homg (U (u,

(j+1,d—j) Gta—g) © N;i/0j, K) = HomK(Fféf;(IP’%,f% K).

On the other hand, we have an injection of the duals

f‘{d.ﬁj (]P)?{’f)l — HOHIK(lf[d‘ij(]P)([i{af)a K)a
Pl (en) Pl

since H ,i;j (P4, F) is dense in f[gj; in)(]P’f(, F). The following proposition says that for
n — 00, these two topological K-vector spaces coincide in HomK(ﬁg; I(PL, F),K).

K
It is based on the same principle as the duality theorem of Morita, cf. [Mo3] Theorem
2.

Proposition 1.3.10. Forn € N tending to infinity, we get an isomorphism of (Haus-
dorff) locally convex K -vector spaces

. n . ~ . rrd—1
lim OV 4, N})™ — lim o, e (i, F)
neN neN

compatible with the action of @n P(T}-‘rLd—j) = P(j41,4-5(Ok).

Proof. Recall that we can express the K-Fréchet space H;l; Z )(IP’%(,}" ) by Lemma
. K n
1.3.2 as the projective limit of the K-Banach spaces H;l;z )7(IP’?<,.7:), where € — €,
K €

and €, < e. Since H4J(P%, F) is finite-dimensional, we see that H% 7 (PL, F) is

Pi{(en)*
closed in H;l; Z - (P4, F). We deduce the same compatibility for the K-Fréchet space
~ . K En
H (P, F), i,

PI(en)

Hy o (Pi F) = lim - Ho 0 (P, ).

€e—e€n

en<e€|K*|
Therefore, we can replace the K-Fréchet spaces in the statement by the K-Banach

spaces flsj_z )_(P}i{,]—_). We set for € € |K*|,
K \€n

gl { X aunsi Ly Lo € K

(i1 5-yir)EN

(i) (@)t @iy [ €T = 00+ 4y — oo}.
This is a K-Banach algebra in which the universal enveloping algebra U (ua +1 d_j))

is a dense subset. We get an epimorphism of K-Banach spaces (use [BGR| Cor. 6 in
1.2),

+ rrd—j d
(1.16) Ul a2 ® Ny — Hyd (P, F).
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On the other hand, let
O (U+n ) = { Zail’”"i"'X,gll U Xé: | ai17"'7i7' E K7 Sup |ai1,...7ir|€ill+m+ir < OO}

(+1,d—j) S
(41 ,.yir ) ENG (i1,000sir)
resp.
OUG T a gy N o= { € WU ) @ N) | (£:05) =0}
be the K-Banach spaces of bounded functions on U J; fl d—j) . Then
. N +,n
lim,_ Ob(UJ+1d p) =lim, OWGY 4 j)
resp.
. +,n +,n d;
lim On(U;l 4 js NS = lim O(UGY, 4 5 Nj)®
are identities of locally convex K-vector spaces. But O, (U, J; fl d—j) ) is the topological

dual of U (u, Uit J)) 1 (cf. Example in [S2] ch. I, §3). We deduce from (1.15) together

with (1.16) that Ob(UJ;fld iy , /)% is the topological dual of ﬁgj—? )_(IP"}(,}"). The
K \€n

claim follows now from [Mol] Theorem 3.4 respectively [S2] Prop. 16.10 on the duality

of projective limits of K-Fréchet spaces and injective limits of K-Banach spaces with

compact transition maps. 0

Remark 1.3.11. The inductive limit lim _ H (P4, FY identifies by Proposition

P (en)
1.3.3 with the strong dual of the analytic local cohomology group H (PJ Jris (PL)9 | F).

In particular, the action of P14 (Ox) on lim ng_z )(IP’?(,]-—) extends to one
of Pi1,4—j). On the other hand, the expression lim O(U(erfld i) N]’,)dj can been
thought as the stalk in the point P}, of the Grassmannian Gr;;(K%™) of a certain
"sheaf”. Here the action extends to one of ;1 4—j), as well. It is easily seen that the
isomorphism of Proposition 1.3.10 is even P41 4—j-equivariant, where the unipotent
radical Uj41,4—j) acts on the pairings (1.15) via N}. Furthermore, it follows from 1.3.9

that the map is even an isomorphism of locally analytic P 4—;)-representations. []

1.4. Algebraic local cohomology II. Let F be a homogeneous vector bundle on
IP’% which arises by a representation of the Levi subgroup L q) of P34, i.e., such
that the unipotent radical Uy 4y acts trivially on the fibre. In this section we compute
explicit formulas for the K-vector spaces.

(P, F) = ker (H}u i (P, F) — H' (P, F))

sz sz

as representations of Pq_j;1,5 X U(g). First we consider the local cohomology groups
with respect to the closed subschemes V (X, ..., X;_1) C P% defined by the vanishing
of the first ¢ coordinate functions. Note that the stabilizer of this subvariety is the
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upper triangular parabolic subgroup Pzg a+1-i) C G. Afterwards, we use the conjugacy

of V(Xo,..., X;—1) and V(Xg_it1, ..., Xg) within P4 via the action of G on P%. The
reason is that we follow the notation used by Kempf in [Ke].

Let 7 : G — G/P(1,4) be the projection map and identify G/Pq) = P4 as
described in section one. Let

N=(\>...>)\) €z

be a dominant integral weight of GLg4. This gives rise to a finite-dimensional irre-
ducible algebraic representation V), of GLq. Let Ay € Z be arbitrary and put

A= (Ao, A1, ..o, Ng) € 24
Extend the action of L(; 4y on V) to one of P q) on the same space V) := V), such

that Uy q) acts trivially on it and such that Gy, acts via multiplication

Ao

(z,v) — 27 - v,

v € Vy®k K, 2 € Gu(K). Denote by Fy = Fy, the corresponding homogeneous
vector bundle on P4 cf. (1.2). Furthermore, if we add to A the tuple r-(1,...,1), 7 €
N, then the G-linearization on F, is twisted by det®” . Finally, we point out that
H(Dy(Xo), F») is isomorphic to K[, ..., %] ® Vi as P 4 x U(g)-module.

Example 1.4.1. The following identifications can be seen by the procedure used
in [Ja], part II, 2.16. Note that we work with the contragredient identification of
G/P(l,d) with Pil(

2) Let A= (r,0,...,0), r € Z. Then F\ = O(r) is a twisted sheaf.
—1,1,0,...,0). Then F, = Q! is the cotangent sheaf on P%.

4) Let A = (—d,1,...,1). Then F, = Q% is the canonical bundle on P%. [l

Let W be the Weyl group of G. Set
W; ::si-si_1-~~~31€W,

where s; € W is the simple reflection with respect to the simple root a; € A. We
put wy = 1. Let Wy, ,, be the Weyl group of Ly q). Then the reflections w;,i =
0,...,d — 1, are just the representatives of shortest length in W with respect to
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w/ WL, 4 Let B C G be the Borel subgroup of upper triangular matrices. The

Schubert cells in P4 are given by

Xuo =B woPaa)/Paay = Di(Xo)
le = B+w1P(17d)/P(17d) = V(Xo) N D+(X1)

XU)Q = B+’UJ2P(17d)/P(17d) == V(Xo, Xl) N D+(X2)

de = B+de(17d)/P(17d) = V(XO,Xl, ce ,Xd_l) N D+(Xd) = {[0 20 1]}

The corresponding Schubert varieties X, , i.e., the Zariski closures of the cells X,
are just the closed subschemes V (X, ..., X; 1) C IP’%, 0<i<d.

Denote by * the dot action of W on X*(T)q given by

wkx =w(x+p) —p,

where p = %Za@_ «. Note that the set of negative roots &~ correspond to the set
of positive roots with respect to the Borel subgroup B™. We get

Wo* A = A

wy kA = (A =1L Ao+ 1,A,..., )

wyk A = (A —LAa—1,A0+2,A3,..., A1)

wix A = A —L—1,..., 0 =LA+ N01, -5 )

wd*)\ = ()\1—1,)\2—1,...,>\d—1,)\0+d).

In particular, there is at most one integer 0 < ¢ < d, such that w; * A is dominant
with respect to B*. This integer is characterized by the non-vanishing of H(P%, F)),
cf. [Bo] Theorem IV’. We denote this integer by iy if it exists. Otherwise, there is a
unique integer iy < d with w;, * A\ = w;,+1 * A. We get

(1.17) Wi ¥ A= Wigp ¥ A
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for all i > ig (resp. @ > ig if wy, * A = w11 * A), and

for all i < iy, with respect to the dominance order > on X*(T)q. We put

wi_l*/\ ZSZO
A = S
Ha w; kA 11> 1.

This is a L q-i+1)-dominant weight. Let V;\ be the finite dimensional L q—i+1)-

module with highest weight p; y. By considering the trivial action of U(+i, deit1

we may view it as a Pzgdfiﬂ)—module.

) on it,

Proposition 1.4.2. For 1 <i < d, the Pf; ) % U(g)-module Hy (P, F)) is a

(i,d—i+1 .
; + 4 ko y k1 kq
quotient of the P 4 ; 4 -module @k%,:“,ki_;éo K- XPXP... XMooV,
koi'-:'-,-&-gd_:o

Proof. Set F = F). We consider the Grothendieck-Cousin complex of F with respect
to the covering (X, )i=o,.a of P%, i.e., the complex

0— HY., (Ph.F) % HY, (PLF)% .5 HE (PL,F) 0.
The i-th cohomology of this complex yields exactly H!(P%,F), cf. [Ke] Theorem
8.7. Furthermore, it is compatible with the action of B* and g. We have for each
0 <i<d—1, an exact sequence
0 = H (B F)— HY, (P, F) — HE (P, F)

— HHEY(PL,F) — 0.

X,

Since H%l (P4, F) — H;ﬁl (P4, F) is injective, we see that H%w.(IF’?(,}") is the

Wit +1
kernel of Hi, (P4, F) 2 HY! (P, F). Tt follows that

H, (Pi, F) = ker (H, (P, F) — H'(P., F))
is isomorphic to the image of the boundary homomorphism
HE! (B F) ™ Hy, (P, F)

resp. to the cokernel of
HE? (Pl F) "5 HY) (B, F)

4 +
As for the P(i,d—i+1)

we will see that we can realize V; 5 as a submodule of Fl%w (P, Fy).

i

-module structure on @ K - Xé“’Xfl ---X(I;d we refer to 3.1. In the proof
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if H=1(P4., F) # 0. Here we put H)_(Ll (P4, F) = H°(P%, F). By excision we get the
following chain of T X g-isomorphisms
Hg(wi (]P)?(7 ‘F) = HiL/(X() ..... Xifl)ﬁD+(Xi) (D+ (XZ)7 f)
g Hgl/(Xo ..... Xifl)ﬂD_F(Xi)(D‘i’ (X'L)’ O) ® f<w7f)7

where F(w;) denotes the fibre of F in w; - P (1 q). A simple computation gives

%/(XO X,-_l)ﬂDJr(Xi)(D'F(Xi)? O) = @ K- Xgonl o 'de'

-----
kQyeees k;_1<0
ki1 kg=>0

k;€Z
k0+...+kd:0

We can rewrite this expression as follows. Recall that for a root o = ag; € ® the
symbol L ;) denotes the standard generator of the weight space g, C g. Analogously,

we put
Xy
X(k,l) = Xak,z = ? c K[XQ, “e ,Xd]XO..AXd.
l
Then we get (compare [Ke] Corollary 11.10)
7 n Mi—1 Xzz
H, (P, 0) = K[X(i+14), - - - X(a)] ® Z Loy - Loy - ity - Xo X
0" Ai-1
(noy...,ni—1)EN?
Thus we obtain
Hy, Py, F) = H, (Pk.0)® Fluw)
X
— o n .. n’ e )
= K[X(Z+1,Z)7" X(dZ ((@ ZL )O ’LZ 1) XO---Xi_l ®f(wz>
TV geeny Mi;—1
The weights of Hy (P%,O) are given by
{wi*<0> e 70)— Mo Q= = Mi—1"0G—1,;— N~ O jy1— - *— Ng—1"0 g | ng, ..., Nd—1 € N}-

Here the highest weight is w;  (0,...,0). The highest weight of the fibre F(w;) is
given by w;-A. We conclude that the highest weight of H (P%,F) is given by w; .
A highest weight vector is given by

Xi
Xo- - Xia

where vy = v ) is a highest weight vector of V).

Vi = ® w;(vy),

Reconsider the homomorphism

Hgylz—l (P;l{’ f) 6i—_>1 H:é(wl UP)C}(’ f)
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If i < iy then by (1.18) the highest weight of the image is w;_; * \. If @ > iy then by
(1.17) the highest weight of the image is w; * A. Thus the highest weight of the image
is ;€ X*(T). Furthermore, the weight vectors d;_1(v;—1,) and v; , differ by the

factor (%)AO*’V”. More precisely, we conclude by weight reasons
X; Xo—Ai+i :
0ic1(Vicin) = ()"0 i wig x A S w; x A,
Xi1
Xi \No-riti :
(1.19) 5i_1((X—) TN i) = Vi i wiig A wy x A
i—1
Since ]:I%w.(IP)?(,}" ) is also a Pa dei Jrl)—module7 it follows that it contains the irre-

ducible algfebraic Lia-i+1) = GL; X GLg_j1-representation V; ) corresponding to
the highest weight p; . One checks that im(d;,—1) = }N[iywi (P4, F) is equal to®
(1.20)
UL 10y s Lo o) (K2, 2] Vi) = @D K- Xb Xbe 1,
k.

Xi—1’ 7 Xi-1

kQ,--rki_1 <O
Kjyenskg >0
ko+--+kg=0
Here U(L(i—1,0), - - -, L(i—1,i—2)) denotes the subalgebra of U(g) generated by L1y, .- -,
L(;—1,—2). Indeed, the above expression is contained in the image. As for the other

inclusion, we note that
V)\ = U(LIG(RU(L(LC[) N B)))"U)\,

where R, (L1,4yNB) denotes the unipotent radical of L(; )N B, cf. [Ja] p. 204. Thus,
if Ly is a root of g contained in Lie(R,(L,q N B)) then k > [,k > 2 and [ > 1.
Let w;_1 * A < w; * A\. Then

Xio X
Ko X, Wttbenn) = 5 M@ meno i ()
X
= Lw (k)01 ) (Vie10) — (L(wi,l(k),wi,l(Z))Xo — -Xi_2> - wi—1(0y).

Since k > [ > 1, we conclude that w;_1(k) > w;—1(]). If w;_1(1) & {0,...,1 — 2}
i—1
or wi_1(k) € {0,....i — 2} we deduce that (Liu,_ k.0 0) vots) - Wio1(va) = 0.

Otherwise, we get

X5 Kus 1)
(L(wi—l(k)’wi—l(l))m) cwi—1(vy) = — Xwi_ll(z) *Vi—1,A-

®Note that U(L(i=1,0)s -+ L(i—1,i—2)) leaves V; ) invariant, since V; ) is a P?Ld_ )—module.

i+1
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1—1
1—1

In any case, since L, ., (k),w,_,1))(Vi-1,1) is contained in (1.20), we see that 5o e
wi—1(L(kpvy) is contained in (1.20) as well. The case w;_y * A > w; * A is treated

similarly by using identity (1.19). O

Example 1.4.3. Let A\ = (0,...,0). Then pyn = wy * A = (—=1,1,0...,0) and
Viy= K% DD K%. So Hlle (P4, O) is a quotient ofK[%, o §—g] ® Vi.x with
non-trivial kernel. On the other hand, if A = (—1,1,0,...,0) then iy = wo* A = A
and Vi, =V, = Kd(%) G- Kd(ﬁ—g). In this situation the map K[%, ce §—3] ®
Via— HL (P&, Q) is an isomorphism.

wy

We shall determine a Pa d_i1)-Submodule of (1.20) generating it as U(g)-module.

We make use of the following statement which can be found in various descriptions

in [FH].

Lemma 1.4.4. Let v € (Z")y = {(v1,-.-,Vp) | 1 > 12 > -+ > 1} be a dominant
weight, n € N. Let V,, be the irreducible algebraic representation of GL,, of highest

weight v. For k € N, we consider the irreducible algebraic representation Vi, of highest
weight (k,0,...,0) € (Z")4, i.e., Vi = Sym"(K™). Then®

Vk & V,, = @ Vy+(cl,...,cn)'

Proof. By tensoring V,, with det™™", we may suppose that v, = 0. Set a; := v; —
Vi1, ¢ = 1,...,n — 1. Then we have V, = I'y, ., , and Vj, = 'y o with the
terminology in [FH] §15. By loc.cit. Prop. 15.25 a) we deduce the decomposition (as
SL,-modules)

VioVi= @B Tubes

b1,eesbn—1
where the sum is over all non-negative integers b, ..., b, 1 for which there are non-
negative integers ci, ..., ¢, with >, ¢; = k, with ¢;41 < @; and with b; = a; +¢; — ¢iq

for 1 <i < n—1. The highest weight of I'y, ;. , isv+(c1—cpn, Ca—Cpy ..y Cho1—Cn, 0).
Since we deal with GL,-modules of total weight 11 + - -- + v, + k, we have to replace

VV+(01_Cna02_5n7~~~7cn—1_cn70) by VV+(017'~-7Cn)‘ O
We start to investigate the extreme cases ¢ = 1 and ¢ = d. For £ > 0, let
K[%, e §—§]k be the set of polynomials of degree k in the indetermines §—(1), . §—g

Then we get identifications

K[%) T %]k = Symk(K% D K3) 2V kko..0)-

6Note that the condition Civ1 <V —Viy1,1=1,...,n—1, implies that v + (¢1,...,¢,) € (Z™)+



32 SASCHA ORLIK

For an integral vector v = (vy,...,v,) € (Z")4, we set
V] = v — vy,

Lemma 1.4.5. (i) Let juy \ = (pto, ') with po € Z and i/ € (Z),. Then FI% (P4, Fy)
wy

= K[%, cee %] - Vix is generated as U(g)-module by @KMK[%, s %]k Vi
(i1) The module f[% (P4, Fy) = K[f(—g, e %]-Vd,,\ is generated as U(g)-module
wd -
by Vd,,\-

Proof. (i) We identify K[%, e );—Z] ® Vi with @kzo Vickko..0) @ Vix. We may
apply the previous lemma with n = d and v = i/. We deduce that the number of
irreducible summands in Vi_; x0..0) ® V1,5 is the same for k > a; +az + -+ + @,
with a; = p; — pii, ;. But the latter sum is exactly py — pj; = |1/|. The Lie algebra g
maps V(0.0 * Vix t0 ViCk—1k410..0) - Vi,x and its image is again a Pad)—module.
The claim follows since irreducible submodules are mapped to different irreducible

submodules by weight reasons.

(ii) By (1.20) it is enough to show that K[X)jfl] - Vax C U(g) - Var. We consider

the following two cases.

Case 1: wg * A < wg—1 * A\. Then vy is a highest weight vector of V; . We compute

&.U - &-L-w(v):—@ , X4 )-w(v)

X, Ve X, X x, el @) el
Xd Xd

= —Lup(v———" ——— L4 .

iy, walon) + 5 Lanwa(v)

But Lgjywa(va) = wa(Lo,i+1)va) = 0 since L 41yvx = 0. Thus we obtain );—‘: SUg =
—L(4,)va,x- On the other hand, the module Vg, is equal to U(Lie(R,(La1) N B)))va,x-
If Ly is a root contained in Lie(R,(L(qg1) N B)) we necessarily have [ < k < d. We
deduce that

X X,
Xd: “Lgepvay = L(k;,l)(X(:1

= —L@d—1)(Lgenvar) + (L), Lias) - vax

: Ud,,\) = _L(k,l)(L(d,d—l)Ud,A)

= —L@d—1)(Lgpvar) + 0ixLiag - vax

is contained in U(g) - Vax. The case of polynomials of higher degree is treated in the

same way.
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Case 2: wq * A > wg—1 * A\. Then d4_1(v4—1,) is a highest weight vector of V. We

get 64-1(va_1) = (524)" - v for some n > 0, cf. (1.19). We compute

Xa—1
Xd 5 ( ) . Xd Xd n
Xz' d—1\VUd-1.2) = Xl Xd,1 Vg, \
Xd Xd Xd
— n,__ 2. —— n L ; _b 1
(XCH) X; VA (XUH) (d,3)Vd, A (by case 1)
X X
= —L(d,’b)((Xdil )n . ’Ud,)\) + <L(d’z)(de1) ) . Ud,)\
Xa
= —L(d,i)(5d—1(vd—1,A)) + (L(d’i)(Xd ) ) Vg

But L (7)™ -var = 0if i #d — 1. If i = d — 1 then

X Xq

L o (—=— n - _“ta \n+1 |
(d, )(qu) Vd A n<Xd—1) VA
Xq
= —n— - 0g-1(v4_
an' d 1(Ud 1,)\)7
so (n+ 1)% “0g—1(Va—12) = —L(a,iy0d—1(va—1,2)- If w € Vg is an arbitrary vector we
argue as in case 1. 0

Now we treat the general case which is a mixture between the above extreme cases.

Note that K[ X |m >i, n<i—1] = @rpt, <0 K - XX - X5,
R

Lemma 1.4.6. Write p; = (¢, 1) with ' € (Z')y and p" € (241" . Then the
Pla 111y % U(g)-module f[iyw(]P’%,]-}) = K[X@mm) | m >4, n <i—1]-Viy is

generated by the PZ; d7i+1)-subm0dule Or<|w | K[ Xmny | m >0, n <i— 1), - Vi

Proof. Write V; x = V,y ®XV,». We may identify K[X ) | m > i, n <@ — 1] with

the outer tensor product representation V(g . o —x) X Viro.. 0) of La d-it1)" We get

K[X(m,n) | m Z i, n S 1 — 1]k’ ® ‘/72,)\ = (‘/(0 ..... 0,—k) X Vu’) X (Vv(k,O...,O) ® Vu”)'

By the proof of Proposition 1.4.2 we saw that K[ X, | k>4, [ <i—1]-V;, is

already generated as U(g)-module by K[Xi_(_i1 e X)ffl] - Vix. Now we apply the proof

of part (i) of the previous lemma to deduce the claim. O
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For ;5\ = (1, 1) with ¢/ € (Z%); and p” € (Z4=1) ., we define

/l‘

|

i\ = U { (W = (dis -y di), 1"+ (ery oy caign)) | 2050 = 0 d; = ke = 0

k=0

or dl = 07 Cj+1 < N;, - /’L;‘/J,-l? j = 17 s 7d - i’ dj-‘rl < ,UJ;_] - ,u;_j—|-17

jzl,...,i—l}.
We let

Miy= P Vi < KXumlm>in<i—1]@V,
PEP; A
be the sum of the irreducible Pzg dei +1)—modu1es with respect to the weights appearing
in (I)L)\. Let
i K[ X |m >, n<i—1]@Viy— Hy (P, Fa)

be the quotient map.

Corollary 1.4.7. Then for 1 <i <d, the Padfiﬂ) x U(g)-module ﬁ% (P4, Fy) is

i

generated as U(g)-module by p;(M; ).

Proof. We write Vo, 0-r) ® Vi = Vo,...0-k) @ V)™ = Vik,...00) ® Viuw)-)* where

(i) = (—pi,...,—p1) and * indicates the dual representation, cf. [FH| Ex. 15.50.
By Lemma 1.4.4 we have a decomposition
‘/(kv"'vozo) ® ‘/(M/)* = @ WM/)*+(d17"'7di)'

(dyseesdy)ENG
djp1 ST = ()5 g5 5=200 8

Thus we get
*
Vio,.0—k) @ Vir = ( B Virsa.a) = B Vi
(d1 sy di)eNé (d1se-- di)eN'é
dj+1§(u');*(#'>;+17]':2 »»»»» i dj+1§(#’);*(u/);+17j:2 vvvvv i

But (1/); — ()41 = iy — Hi_jiq- Finally, if ¢; > 0 and d; > 0 then

pi(vﬂ’—(di,-n,dl) X VM”+(01 ,,,,, Cd—i+1)> =4 'pi<vu’—(di,--~,d1—1) X VH”+(Ci—1,-~~,Cd—1+1))'
The claim follows. O
Remark 1.4.8. We point out that for some weights \, some of the irreducible sub-

modules V,, C M; x,pu € ®; n, apart from p; x are mapped to zero under the quotient
map p;. We refer to section 3 for examples.
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Now we translate the above result for the computation of I ;d,i(lpjl(, F). Consider
K

the block matrix
0 I;
2 = S G,
Ijii O

where I; € GL; denotes the j x j-identity matrix. Then V(X,...X; 1) = X,, is
transformed into V(Xy4_i11,...,Xq) = IP’CIl{i under the action of z;. We have

-1 _ p+
zi-Paipgy -4 = P(i,d+17i)

and on the Levi subgroups the conjugacy map is given by

A 0 B 0
L —i+1i Li —i :
(d H’)B(OB)H(OA)E (i,d—i+1)

Thus we get an isomorphism
Fri d ~ Fri d
pg;i(Pm]:) - Hywi (Pkaj:)
compatible with the action of the parabolic subgroups. Hence in order to determine
the P(q_i;1,4) < U (g)-representation of H bisi (P4, F) in terms of highest weight vectors,
K

we have to apply z; - regarded as an element in the Weyl group W - to them. Clearly
the dominant weights are respected by this transformation. We set

-1
Uin = z; - P

1
//|

|

= U {(:u” + (Cla s 7Cd—i+1)7:u/ - (dw cee 7d1)) ’ chj - Zjdj = kacl =0

k=0
" 7 . . / /
or dy =0, Cj+1 < Hy — Hjr1s J = L... >d -1 dj+1 < Hi—j — M1

jzl,...,z’—l}

and

No=&@ V. c KXy |m<d—i,n>d—i+1]@V, 1, .

ZI
HeEWY; A

Let
q; : K[X(m,n) | m<d—i,n>d—i+ 1} ® sz;lm’)\ - Hé%—i(ﬂhi(af)\)
be the quotient map. We obtain:

Corollary 1.4.9. For 1 < i < d, the Pg_is13) % U(g)-module H, (P&, Fy) is

d—1
PK

generated by q;(N; »).
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2. THE G-REPRESENTATION H®(X,F)

2.1. The fundamental complex. In this section we recall the construction [O3] of
an acyclic resolution of the constant sheaf Z on the boundary of X considered as an
object in the category of pseudo-adic spaces [H].

In order to determine the structure of F(X) = HO(X,F)" as a locally analytic
G-representation, we proceed as follows. Let

Y= (Bl &

be the set-theoretical complement of . Consider the topological exact sequence of

locally convex K-vector spaces with continuous G-action
0 — HPi, F) — H(X, F) — Hy(Pi, F) — H' (P, F) — 0.

Note that the higher cohomology groups H'(X,F), i > 0, vanish since X is a Stein
space [K2]. The G-representations H°(P4., F), H'(P%, F) are finite-dimensional alge-
braic. A more delicate problem is to understand the structure of the G-representation
Hjl, (P4, F) which is a K-Fréchet space. More precisely, it is by Proposition 1.3.3 and
Proposition 1.1.3 a projective limit of K-Banach spaces

Hy (P, F) = lim Hj,_ (P, F).
In [O3] we constructed acyclic resolutions of overconvergent étale sheaves on the
boundary of period domains. We want to apply this construction to our situation.
The construction makes use of Huber’s adic spaces [H]. In the appendix we give an
alternative approach avoiding these spaces. In the following, the symbol X indicates

the adic space attached to a scheme X or to a rigid analytic variety X defined over
K.

We take the complement of X in the category of adic spaces, i.e., we set
yad — (}P);l()ad \ Xad.

This is a closed pseudo-adic subspace of P%. Let {eg,...,es} be the standard basis
of V = K% For any o; € A, put

Vi=EK-¢; and Y; =P(V})
=0
For any subset I C A with A\I = {a;, < ... <, },let Y7 be the closed K-subvariety
of P4 defined by
Y =P(Vi,).
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Furthermore, let P; be the lower parabolic subgroup of GG, such that I coincides with
the simple roots appearing in the Levi factor of P;. Hence the group P; stabilizes Y7.
We obtain

(2.1) Yol = U U g- YIad = U g- Ygg{ad—l}'

]CAgEG/P[ geG

For any compact open subset W C G/ Py, put

7= gvi.

geEW

We proved in [03], Lemma 3.2, that Z}V is a closed pseudo-adic subspace of (P4 ).
By (2.1) it follows that
a G/P G/Pa\{ag_1}
yd: U ZI/ I:ZA\{ad,l}C»l .

IcA
[ANT|=1

Starting from the constant étale sheaf Z on Y% we constructed a sheaf of locally
constant sections on the same space. We recall the definition. Consider the natural

closed embeddings of pseudo-adic spaces

(1)97] . gY']ad _ yad

resp.
‘i)g,l,w : gyzad - Z}/V
resp.
Urw: 2y — Y.
Put
L1 = (Pg,1)(Py; Z)
resp.
ZZIW = (‘I’I,W)*(‘Ij?,w Z)
and let

HH# .
S rw  Lgy — L

be the natural homomorphism given by restriction. Let C; be the category of compact
open disjoint coverings of G/P; where the morphisms are given by the refinement-
order. For a covering ¢ = (W;); € Cr, we denote by Z. the sheaf on Y% defined
by
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Z.(U) = {(sg)ge H Zg1(U) | there are sections s; € Z w;(U), such

I
g€G/ Py

that &Djlij(sj) = s, forall g € Wj}.

Note that Z,. is just the image of the natural morphism of sheaves

@ szvj - H ZLg.1-

JEA 9€G/Pr
We put
/
(2.2) IT 2. =limz,
geG/P; ceCy

We obtain the following complex of sheaves on ),

O—>Z—>@ H, Zg7[—>@ H/ Zg,1—>"‘—>@ H, Lygg— -+

ICA P Ica G/P IcA P
AT |1 9eG/Pr T2 9€ /Pr IA\I‘:Z.QEG/ T
(2.3)
/ /
=D Il 2w~ I zw—o
ICA
|A\I|C=d—1 geG/Pr geG/Py

Theorem 2.1.1. The complez (2.3) is acyclic.

Proof. This is Theorem 3.3 in [O3]. Strictly speaking, we treated in loc.cit. the case
of the constant étale sheaf Z/nZ. But the proof is the same. O

2.2. Evaluation of the spectral sequence. In this section we evaluate the spectral
sequence which is induced by the complex (2.3) applied to Ext*(i.(—), F). Here
i: Y4 — (P%4)* denotes the closed embedding.

By [SGA2] Proposition 2.3 bis., we conclude that
Ext*(is(Zoyaa), F) = Hyaa(Pl, F),

Further, we have H3,., (P, F) = H3 (P, F) since the topoi of X and X are equiva-

lent, cf. [H]|, Prop. 2.1.4. Recall that Gy = G(Ok) denotes the compact p-adic group
of Ok-valued points of G.
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Proposition 2.2.1. For all I C A, there is an isomorphism

Ext*(iu( [[ Zgu). F)=lm €5 Hye P F).

gEeG/ Py ne€N geGo /PP

Proof. Consider the family
{gPI" | g € Go,n € N}

of compact open subsets in GG/P; which yields cofinal coverings in C;. We obtain by
(2.2) the identity

/!
IT 2. =1mz =lm Zjory
geG/ Py ceCy neN g€Go /P
Choose an injective resolution Z* of F. We get

Exti(i( [] Zp),7) = HiHom(i( [[ Zo).T%))

QEG/P] QGG/P]

= H'(Hom(lm € i.(Z o), Z%) = H'(lm @ Hom(in(Z ) I%))

I I
n€N geGy /PP neN geGy /PP

:Hz(@ @ HggP}L<PCII(71-.>)

neN gGGo/P}” I

We make use of the following lemma. Here @;TE)N is the r-th right derived functor of

lim .
«——neN

Lemma 2.2.2. Let T be an injective sheaf on (P%)%?. Then

liingﬂe)N @ HZQP}L(IP’%,I) =0 forr>1.
g€Go/Pp !

Proof. 1t suffices to show that the projective systems
(D #Fi1)
neN
g€Go/ PP
and

(D m@\z" 1)
9€Go/ PP nen

are lim _ -acyclic. Clearly the maps Go /Pl — G/ P are surjective for n > m. It

follows that the first projective system is lilnneN—acyclic. Since 7 is injective, we have

surjections

HO((PL)\ 27 T) — HO((Ph)»\ Z9'T T)
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for n > m and AP C gP/". Thus we see that the transition maps
P @z~ P HEYNZTT)
hEGQ/P" QGGQ/PIm

are surjective, as well. The claim follows. O

Thus we get by applying a spectral sequence argument (note that liln(’") =0forr>2
[Je]) short exact sequences, i € N,

0 — lim® @Hzgpn (P2, F) — Ext/( H Zgr1), F)— lim EBH oy (PR, F) — 0.

3 geGo/Pp Z1 gEG/PI geGo/P" 71

ne

Lemma 2.2.3. The projective system <®g€Go/P}“‘ Hi—gll)In (]P’%,]—")) consists of K-
z] N

Fréchet spaces and satisfies the (topological) Mittag-Leffler property for all i > 1 (cf.
[EGAIII] 13.2.4).

Proof. By the same methods as those used in Propositions 1.1.2 and 1.1.3, we can
choose a decreasing sequence of admissible open subsets

DD, DDmDDm_H IDJRI
in (PL)79 with
m (Dm)ad = Zfl )

and such that the complements (P%)"% \ D,, are admissible open. In fact, we can
choose these subsets to be coverings of the shape

D= J b Y7 (em),
h€Rm
where R,, C PJ' are finite subsets. Here we may assume that R,, C R,,+1 and 1 € R,,
for all m. By translation with g € Gy we obtain admissible open subsets ¢ - D,,, of
(P49 with
(24) M, 9 (Dw) = 2]

We shall see that the cohomology groups H*((P%)™ \ D,,, F) are K-Fréchet spaces
and that the transition maps

H*((P%)"™ \ D1, F) — H*((P%)"™ \ D, F)

have dense image. Let A\T = {a;, < - < ;. }. f A\T ={ag_1},ie,Y; CPLisa
hyperplane, then the covering ((P%)"\ D,,, ), is of the type considered in Proposition
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1.1.3 and the statement is a priori clear since it holds for Stein spaces. In general, we

Y (em) = ) Hy (€m)

J>t1

where H; is the hyperplane V(X;) C P%. Then
(2.5) (PL)\ D= ) h- (U (P4 )Tig\H;(em)).

h€Rm, J>i1

may write

For a hyperplane H C P% let {5 € S be a unimodular linear polynomial with
V(€y) = H. Thus a point z € (P%)"9 is contained in (2.5) if for all h € R,,, there is
an index 7 > iy with ]ﬁh.Hj(Z)| > €,. For each h € R,,, let j, > i; be some integer.
Set

Ui = {2 € (Pg)™ | |lhm;, (2)] = € Vh € Ry}
Then for varying (ji)n, the sets Uyj,), form an open covering of (P%)™9\ D,, consisting
of K-affinoid subsets. In fact, let

,=1{h-Hj, | h € Ry}

By the same reasoning as in [SS| Prop. 4, we see that the K-algebra O(Uy,,),) of
analytic functions on Uyj,), is isomorphic to the K-affinoid algebra

K(Th, T |0 <0 < d, H,H € Hy, 1)/ I,
where [,,, is the closed ideal generated by the elements
TH,H — 7Tm, He H(jh)h
Tug - Tpogr — 7™ Tgur, H,H" € Hiy,, H € Hiyy, U{H: | 0 <1 <d}

d
TH,Hjl _ZAZTH17Hj lng Z)\Z“ H e H]h

=0

The isomorphism is given by Ty g — 7Ly [l € O(Ugj,), )-

From now on, it suffices to treat the case F = O. We consider the Cech complex
with respect to the covering U;,), for varying (ji)s. The analytic functions on the
intersections of the various sets Uy;,), are described in the same manner. It is checked
that the boundary maps are closed. In particular, the cohomology groups H*((P4. )79\
Dy, O) are K-Fréchet spaces. Furthermore the transition maps are dense. Thus by
Proposition 1.3.4 we get”

(2.6) H*((PR)*!\ 2,7, F) = lim H*((P§)™\ D, F).

"Note that H*((P%)* \ Dt | F) = H*((PL)"% \ D1, F) resp. H*((PE)*\ Zf’n,]:) =
H*((PL)" \ P} - Y[*, F) since the corresponding topoi are equivalent cf. [H] Prop. 2.1.4.
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Furthermore, the transition maps
n+1 n
H*(Bf)"\ 2", F) — H (PR)™\ 2,7, F)

are dense. Thus, taking (2.4) into account, our projective system consists of K-Fréchet
spaces and satisfies the topological Mittag-Leffler property. O

We deduce from [EGAIII] 13.2.4 that

im % ( D o PF) =0

neN
g€Go/ P} I

We obtain the identity

Ext'(in( [ Zyu),F) = lim P H. oy (B, 7).

gEG’/P[ nEN QEGo/Pn
On the other hand, we have () = ,,en Y1(€:,)™ = Y. Again, by applyin
enZ neN Y 1\En I gain, Dy applying
Proposition 1.3.3, we deduce the 1dent1ty lim | HZ;DP (P, F) = m HY (P4, F).
We get
lim P H,mp(PLF) = lim P Hy, P F)
nogeGo/Pp ! " g€Go/Pp
= lim @ Hy, (k. F).
n gEGo/P"
Thus the statement of our proposition is proved. 0]

Consider the spectral sequence

!/
27) B =Ext/(@ i [[ Zos). F) = Bxt P (iu(Zyea), F) = H,2H(P, F)
aNTaps1 IECTPr
induced by the acyclic complex (2.3), cf. Theorem 2.1.1. By applying the previous
proposition to it we compute for the rows E}Y, ¢ € N, the following complexes of
K-Fréchet spaces. Note that we have

nd—i (]P)?(a:’r) = Héd—j( ]P);l{v @ H* P%,

d
PK J(en) K
k=j+1
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by (1.10).
od d . d .
i @ iy )~ Bl D M~ Dlin D
n n ICA n n ICA n n
gGGo/P #?:1 gGGo/PI #§:2 gGGo/PI
: d
— ... — lim @ Mg,
n gEGO/P(Ti,d)
where

Higo (P, F) 3 ao &1

QP(}((En)

HY(P4., F) ;o ap €l

B @A ) - B B M- B @

1

ngGGo/P(Té’l AAAA 1 #15%32 n gEGo/PI" é%ﬁ?’ n gEGo/P}”
apg€el apg€el

- d—1
— ... —lim EB M7,
n QEGO/P&,(FU

where

g,

£ lim @ H]Pd i (P4 @ lim @ Mj —>@ lim @ M7,
€n ’
77/ n
96G0/Pd+1 —3 1, #I:dfjJrl 9€Go/Pr' #I:dﬂ'm 9€Go/Pp'
Q.- ad7j7161 ao.“adijilel

: J
—...—=lm & M,
n geGO/P(d+l —3,3)

where

' H;Pil{—]' (€n) (IEDCIZ(7 F) ; Oéd*j ¢ I
Mg,] - I

H](]P)(Ii(wl/t) ;o Qd—j €l
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Here, the very left term in each row E7 7 sits in degree —j 4+ 1. We can rewrite these
complexes in terms of induced representations. Here we abbreviate

(d+1—717):

d+1—74,1,...,1)

for any decomposition (d+1—j,1,...,1) of d + 1.

od 1 Go ryd d : Go pqd : Go pgd
ET%: hmIndPélHP(}((en)(IP’K,f) — lim @ Indpp Mg ; — lim @ Indpn Mg
n n ICA n ICA
#I1=1 #I1=2

: Go d
— ... =
lim Indpﬁ,d) My,

By lim Ind HE (P, F) — lim P magmer — lim @ dg Mg

d—1
n (2.1 ) n  IcA ICA
#I1=2 #I1=3
apgel apgel
— ... — lim Indg% dfl
— (2,d-1) 9
n

B lmdfy (P F) — @G, — ln @) i,

" d—j
(d+1-4,17) P (en)

n n ICA n ICA
#I=d—j+1 #I=d—j+2
Q.. D‘d—j—IEI ao...ad_j_lel
— ... — limInd7) jI
— (d+1-55) &

n

EY: limIndg) | Hia (P, F).

(d,1)
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Proposition 2.2.4. Fach of the complexes Ef’j, j=1,...,d, is acyclic apart from
the very left and right position.

. . .7]’ 1 ° ° .
Proof. We can write each of the complexes in the shape E7* = lim K7, where K7, is

a complex of K-Fréchet spaces which appears in a short exact sequence of complexes
of K-Fréchet spaces

(2.8) 0— K}, — K}, — K, — 0.
Here, K7 7; is the complex

Go 3 ] d GO r7 ] d
IndPn o de_j (]P)Kv f) - @ IndP” de—j (IEDK7 ‘F)
(d+1—3,17) K (Gn) oA I K (En)
#I=d—j+1
QQ)yeenys ocdijilel,adijgf

- P Ind3s H? (P4, F) — ... — Ind$0 H’ )(M(,f).
ICA

d—j L d—j
= PK (en) (d+1-3,5) PK (en
#l=d—j+2
Q.- ad_j_lefyoéd_jél

Furthermore, the complex K;,’: is given by

dz  HI(PL,F) — D WdBH (PR, F)— @ IndGaH (P, F) —

(d+1—5,19)

#I=d—j+1 #I=d—j+2
Qe ad_]_lel Q.- ocd_7_1€I
Go 7 d
- P mdGH (P, F).

IcA
#(A\I)=1

Q@ ad7j7161

Since H’(P%, F) is a G-module, this complex is isomorphic to

(Indﬁ(‘,}iﬂjuf){a D mEK-.— P IndggK)®Hj(P§<,f).
#Iig—A]:+l #(iEIA):l

It suffices to prove that the complexes mn Kj,, and mn K7, are acyclic apart from

the very left and right position. We deduce this property for K ; 7: by applying the
first part of the following lemma to its dual.

Lemma 2.2.5. (i) For each integer 0 < j < d — 1, the following complex is acyclic
apart from the very left and right position:

(Indga K- P mdiEKk—...— P IndIGD;K)®Hj(IP’?<,F)~

(d+1—j,19)
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(it) Let W be any Pat1-35(Ox/(7"))-module. Consider W as a Pl ;;-module
via the inflation map (1.11). Then for each integer 0 < j < d — 1, the following
complex is acyclic apart from the very left and right position:

Ind%e W—... - EB IndZaW — EB IndZaW — IndZ w

(d+1-3.,5) (d+1 3,19)

A A
#1 —j+2 #1 —Jj+1
Qe ag—j— 16] ag_ jgl Qe ag—j— 16[ ag_ jgl

Proof. For a subset I C A, there is a natural isomorphism

~

Go/ P — G(Ok/(7"))/Pr(Ok /(7"))-

Via this identification the representation IndPQW coincides with IndG(OOK //( ﬂn)) W.
Then statement (i) follows from Theorem 2.5, ch. 11 in [OR]. In fact, loc.cit. treats
the dual complex in the case n = 1, but the proof for n > 1 is the same. The proof of
part (ii) works by the same reasoning as in loc.cit. In particular, it does not depend

on the coefficient system. O

Since the complex K7 ’7: consists of finite-dimensional K-vector spaces, we conclude

by the Mittag-Leffler condition that lim K > s acyclic apart from the very left and
—n //J7n "

right position. The dual complex (lim K o) of lim K i is given by

lim Ind {2 H (P, ) — €D lim IndEs H (P, F)' — €D lim Ind5s H (P, F)'
N T Y

o Plasa—gan Ica n IcaA n

#I=d—j+1 #l=d—j+2

Q@ O‘d—j—IEI [T RREES ad_]-_lEI
— .. ED lim Ind$9 HY (P%., F)'
p— Py K>
IcCA n
#(A\I)_zl

“dFC W FY o @ mdEH @ Y~ @ Inds (B, FY

P(d+1—j,13)
Ica Ica
#I=d—j+1 #HI=d—j+2
Q.. O‘d—j—lel g, ad—j—lel
00,G 177 (TOd /
— . @IndPI H (P, F)".
IcA
#(A\I)=1

Qs "‘d—j—lEI

Here Ind;o’G denotes the (unnormalized) smooth induction functor for a parabolic
subgroup P C G, cf. [Ca]. Again, since H’(P%, F) is even a G-module, this complex
coincides with

(IndooG K «— @ IndO’SIVGK — L — @ Ind;i’GK> & H](]P)?(a"r)/

(d+1 7, 1]
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Let
G L 00,G 00,G
VB ) = IndR K > mdy°K
QI Plat1-j.19)

be the smooth generalized Steinberg representation with respect to the parabolic
subgroup Pg;1-j15). It is known that this is an irreducible smooth G-representation,
cf. [BW] ch. X. Put

W (HIPL FY) =

Plav1-j.19) Plav1-,19)

(K) @ H (P, F)

The only non-vanishing cohomology groups of the dual complex (llnn K ; 1;,)/ are there-
fore given by
H(m K)) = of | (B (P, F)) & B (P, F) for j =2

Playi-j19)
n

resp.

* . .7// OO,G .
H((lim K7,,)") = Indp” H' (P, F)' for j =1.

Now, we turn to the complexes lim K i 7; Each entry in lim K h 7; is a compact
projective limit of K-Fréchet spaces, hence nuclear, cf. [S2] Proposition 19.9 (compare
also the example at the end of chapter 16). By loc.cit. Corollary 19.3 these objects
are reflexive. The duality functor is exact on the category of K-Fréchet spaces, cf.
[Ba] ch I, Cor. 1.4. So, it suffices to show that the dual complexes (see [S2] Prop.
16.10)

: Go r7J d ! : Go 1717 d /
th}IndP&Hij’lj)HPdK,j o) Pl F) = IQC? hTII)lIndPInHP[;;j ) Prcs F)
#I=d—j+1

Q.. ad*jflel’adfjgl

. Go 77i d / . Go 77 d /
— B lim Indl3 Hy o P F) = lim Inds  Hou (o) (Pic: )
ICA n n
#I=d—j+2
00»4»%‘_161,%17]'&1
consisting of compact inductive limits of locally convex K-vector spaces are exact
apart from the very left and right position. But this follows by the exactness of lim

from Lemma 2.2.5, as well. Thus Proposition 2.2.4 is proved. 0

Remark 2.2.6. Alternatively, on could prove the acyclicity of lim K;;L as follows.
By the same reasoning as in the proof of Lemma 2.2.5 one shows that even the
complex K ]' ,; is exact apart from the very left and right position. Then we apply the
topological Mittag-Leffler condition to the projective limit to deduce the claim, cf.

Lemma 1.3.7. O
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By Proposition 2.2.4 we deduce that the only non-vanishing entries in EY? are
given by the indices (p,q) = (—j+1,7), j=1,...,d, and (p,q) = (0,4), 7 > 2. For
the latter indices, we get

Ey? = 0P, F).
For the other indices, we obtain

il TRy PPy
E2 Jthy ker(El J+hy El It J) —_

ker (hmInd H]d o (PLF) — lim @ IndG"M] )

- Plai-j9) (en) A
Thus our spectral sequence has apart from stretching the y-axis the same structure
as in the case of constant coefficients, c¢f. p.70 [SS]. Further, the composed maps
Ey® — Hy(P%,F) — H*(P{, F) where the first map is the edge homomorphism are
isomorphisms for s > 1 and surjective for s = 1. By the same reasoning as in loc.cit.
we conclude that our spectral sequence degenerates at Fy. By duality, i.e., by taking
the strong dual of these K-Fréchet spaces, we get locally analytic (cf. [ST3] Cor. 3.3)
G-representations

—j+15\ . G 1 G d !
(Ey777) = coker <117r>n IQC? IndPQ(M] ) — h:;nlndpfd+1 JU)H;d e (PK,}")>,
#I=d=j+1

Qe adijilel

which are by (2.8) extensions of locally analytic Gy-representations

(2.9)

A i
0= U ooy (P Bl FY) = (B — D Indy (s (P, FY'@Sty) — 0
Here, St; = vgﬁGL (K) denotes the smooth Steinberg representation of the p-adic

Lie group GL; viewed as one of the factors of the Levi subgroup L—j41;). Now, we
plug in the result of Proposition 1.3.10. We obtain isomorphisms of locally analytic
G-representations:

lim IndP&+1 ”>(Hé;‘;j(en)(lp§l(’]:) ® St;) = lim Ind%(% jH])(O(U; n]+1’])’NC/l_j)dd—j ® St;)

= lim Indp& HIJ)((’)(U; L) Ny ;) ® St ;)%=

The latter equality holds since St; is smooth. On the other hand,
lim Ind?, (O™ 1 s Ni_;) ® Sty) =2 C(G, Plg—js1); No_j @ St;).

Flaiv1i (d=j+1.3)’
n
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Here C*"(G, Pg—j+1,5); N @St ;) denotes the locally analytic induced G-representation
[F] with values in N;_; ® St;:

C"(G, Pa—jy1.5); Ng_; ® St;) = { locally analytic maps f: G — N;_; ® St; |

fla-p)=p"'flg)VgeCG.pe P(d—j-HJ)}'

In the above formula, we have made use of the canonical identity
C(Go, Pa-j415)(Ox ); Ng_; @ St;) = C*(G, Pla—jr1,5); Na_; ® Sty)

as locally analytic Gy-representations. This identity follows from the Iwasawa de-
composition G = G - Pa—j1+1,; and by [F] 4.1.4. Hence, the above space possesses
even the structure of a locally analytic G-representation. We claim that the above
isomorphisms and the resulting extensions (2.9) are even G-equivariant. In fact, this
follows essentially from the Iwasawa decomposition and Remark 1.3.11. Altogether,
we get an isomorphism

lim Ind (3 (H] (P, F) @ St;) = C™(G, Pla-ji1,): Ny @ St) ",

- (a+1-4,3) PR (en)

In the following, we also use for a parabolic subgroup P C G and a locally analytic
P-representation U, the symbol Ind%"¢(U/) instead of C*(G, P;U).

Lemma 2.2.7. Let V* = V=4 o =42 5 ... 5 V=1 5 VO 5 V1 = (0) be the
canonical filtration on V- = H},(PY, F) defined by our spectral sequence (2.7).
Then the subspaces V7 are closed in the K-Fréchet space Hs, (P, F).

Proof. Recall the definition of V*. Let K*® be the simple complex attached to the dou-
ble complex Eg*— the 0-th term of our spectral sequence. Let FP(K®) =3 . E)*
be the sum of the columns Ey” with j > p. Then V=4 is by definition the kernel
of the natural homomorphisms H'(K®) — H'(K®/F~4T{(K®*)), or equivalently, it
is the image of the natural homomorphism H'(F~4+{(K®)) — H(K®), cf. 11.2.2
[EGAIII]. We consider the pull-back of V* to H°(X,F) under the boundary map
H(X,F) — Hy(P%,F). On X the vector bundle F splits, cf. (1.2). Since the
canonical filtrations with respect to O™ and F differ topologically at most by finite-
dimensional Hausdorff K-vector spaces, it is enough to treat the case of F = O™*F
and hence of F = O. In this case one sees by the definition of our spectral sequence
that the algebraic part of VV~9*% consists of functions having at most d — i + 1 poles,
cf. also Proposition 3.1.1. Thus, our filtration coincides up to the numbering with
Pohlkamps (3.3) which consists of closed subspaces. O

Summarising the computation of this chapter we obtain the following theorem.
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Theorem 2.2.8. Let
Yyl Syt 5 Syl o VO S v = (0)

be the canonical G-equivariant filtration by closed K-Fréchet spaces on H;,(]P’%,]:)
defined by the spectral sequence (2.7). For j = 1,...,d — 1, there are extensions of
locally analytic G-representations

0 — 'Ug (HJJFl(]P)CIl(’f‘)/) N (V*J’/V*j‘i‘l)l N Indan,G (Néij71®stj+1)dd*j*1 - 0

(d—j1d+1) Pla—j5+1)

In the case j = 0, there is an extension

0 — Indy ¢ (H'(P%, F)') — (V°) — Ind3S (Nj_y @ Sta)* — 0.

P

Proof. This follows from the above computation O

Consider the topological exact G-equivariant sequence of K-Fréchet spaces
0— H'(PL,F) — H' (X, F) 5 Hy(PL, F) — H (P%, F) — 0.
Fori=0,...,—d, we set
Wi = p L (ViHL),
Thus we get a G-equivariant filtration by closed K-Fréchet spaces
weow o ow oW

on W~ = HO(X, F).

Corollary 2.2.9. Forj =1,...,d, there are extensions of locally analytic G-represen-
tations
. _ _j an,G dg—j
0= UIGD;dfj+1,1j)(HJ (P?(",F)/) — (W /W ]+1)/ - IndP(dH—j,j)(NC/l—j ® Stj) =0

In the case j =0, we get
W = 1P, F).
O

For vector bundles, where the unipotent radical Uy gy acts trivially on the fibre,

we can make our result more precise using the main result Corollary 1.4.9.
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Theorem 2.2.10. Let F = F) be a homogeneous vector bundle on P4 corresponding
to the L1 q)-dominant weight \ € 79 Letig € N be the unique integer with w; x X >
w1 *x A for all i > ig, and w; * A < w11 * A for all i < ig. For 1 <j <d, let

) wiax A g <
Hix = wix A1 j >
Write pjn = (1, 1) with y' € 27 and p" € Z73+. Further, set

III

|

\Ijj7/\ == U { (/L” + (Cl, ce 7Cd—j+1)7// — (dj7 e ,dl)) | Zici == szz == k’,Cl =0
k=0

or dl :07 Cit+1 S ,u;'/_ﬂ';,-}-ly 1= 1a"'7d_j7 di+1 Slu;'—i_lu;—i—&-h
izl,...,j—l}
and let

Nip= P Vi C KXpm|m<d—j n>d—j+1]@ Vi

HEW A

be the sum of the irreducible algebraic Pyi,_j ) -representations V, attached to p. Let
q] : K[X(m,n) | m S d— j, n Z d —] + 1] & ‘/(,u,”,,u/) — ﬁ;}igj(]?%,?)\)

be the quotient map of Corollary 1.4.9. Then we can choose Ny_; to be q;(Nj ).

Proof. This follows from Corollary 1.4.9 . U
Remark 2.2.11. By renumbering the filtration W* on H°(X,F), i.e., if we set
F(X) =W

for i = 0,...d, we get the filtration on H(X,F) mentioned in the introduction. [J

Conclusion: Although we have generalized the cases of F = Q% [ST1] respectively
F = O [P] to arbitrary homogeneous vector bundles on P%, our result has the lack
that it does not yield explicit isomorphisms (partial boundary value maps) as in loc.
cit. We hope to determine these isomorphisms in a future paper.

3. EXAMPLES

3.1. F= Opg{ . In this chapter we compare our result in the case F = O = OP?( to
that of [P]. For this purpose, we have to recall some more notation used there.



52 SASCHA ORLIK

In loc.cit. there is defined a filtration by closed K-Fréchet spaces on O(X) as
follows. For a character u = sz:o mie; € X.(T), we set

J_(u)={l]0<1<dandm < 0}.

For a subset J C {0,...,d}, we put
ay .= Z K- L.
{p|J-(w)CJ}

This is a U(g)-submodule of
Oui(X):= Y  K-Z,COX)

neX*(T)
and we have

J CcJ < ay Cay.

The extreme cases are

.....

We set a3 1= > 0 for J # 0 and aj = 0. We obtain K-vector space isomor-

phisms
ClJ/Cl? AN Z K- Eu.
{elJ=J-(w)}
Put
A(J) == {peX*(T)|m;=—1forje€ J (u)and J_(u)=J}
M; = Y K-E,+aj/a;
HeA(J)
p; = {(9ij)19:;,=0,ifi ¢ Jandje J}

Then My C ay/a5 is a py-submodule of O (X). For 0 < j < d, we set

Clj: E K':#.

{w|#J-(0) <35}
We get a filtration by g-submodules

(3.1) K=0gyCaqyC---Cag_1 Cayg= Oinf(X)
on Oie(X). For 0 < j < d, we put
ji={d—j+1,...,d}.
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Let P; C G be the parabolic subgroup with Lie algebra p;. Let U; C P; be its
unipotent radical and let Ly C P; be its standard Levi subgroup. The group L7 splits
into a product

Ls = L(j) x L'(j)

7=

with L'(j) & GL; and L(j) = GLg_j41. We get

[ =1(7) x I'(5).

In [P], chapter 1, it is shown that [(j) acts on M5 via the j-th symmetric power on
the K-vector space K%', Further ['(5) acts on M by the trace character, i.e., by

= (= V.= (7).
CE= (=) ) B tel(j)
Denote by 07 := ker o5 the kernel of the epimorphism

05 U(g) ®upy My — aj/as.

Let Ouge(X) C O(X) be the subspace of algebraic functions. More concretely,

T d
Oug(X) = {F = g Q=TI csXi)¥ | ey € K,

j=1 =0
P is a homogeneous polynomial of degree Z lj}.
j=1
This is a dense subset of the K-Fréchet algebra O(X'), comp. [ST1] 3.3. We denote
by
11 Opg(X) = N
the index function. This is a G-invariant map taking values in the interval [0, d]. For

a function F = g € Oa(X), with (P, Q) = 1 and pairwise different (cg ;,...,cq;) €

K4t j=1,...,r it is defined by 2(%) = Zo(%) =r . In general, it is given by

P
1(F') = min max {ZO(—k) | k},
Qnk
where the minimum is taken over all representations F' =), % with % € Ouie(X).
Put
(3.2) OuslX); = { F € OuglX) | (F) < j}.
We obtain a filtration

K= Oa1g<X)0 - Oalg(?()l C--C Oalg(X)d—l - Oalg(X>d = Oalg(X)
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on Oye(&X). The relation between the filtration (3.1) on Oy (X) and this one is
alg Zg aj? j - O d
geG
This follows from some of the results in [GV] and is explained in [P] resp. [ST1].
Finally, for j =1,...,d, let
O(X); := Ouy(X); C O(X)

be the topological closure of O, (X); in O(X). We get a G-equivariant filtration by
closed K-Fréchet spaces

(3.3) K=0X),CcOX), C---COX)y=0(X)

on O(X). Each subquotient is a reflexive K-Fréchet space with a continuous G-action
(see [ST1] Prop. 6) and its dual is a locally analytic G-representation. Similarly to
[ST1], Pohlkamp constructs for 1 < j < d, isomorphisms

(0(2);/0(X);1) = C™(G, Py : M3 @ Sty

of locally analytic G-representations. Here, the unipotent radical of P; acts trivially
on Mji@ St;. The group L(j) acts in the obvious way. The action of L'(j) is given by
the inverse of the determinant character and on St; by the Steinberg representation.

We return to our computation. First of all, the cohomology of the structure sheaf
O is given by
H*(P%,0) = H'(P%,0) = K.
So, in this case all the contributions v$ (H*j(P}l{, 0)), j=-1,...,—d, in

Playjtia,...,
Theorem 2.2.10 vanish. Moreover, we have O(X )0 = K = WY, Tt remains to compute

the locally analytic part of our formula. The structure sheaf corresponds to the weight
A=(0,...,0) € Z4L. We get®

wjx A= (—1,...,—-1]4,0,...,0)
N———

and
pix=w;*x X forall j=1,...,d.
Further we compute
“—U{ L=k ]Gk 0., 0))
]—1

8Instead of a further comma, we use the symbol | for a better distinction of the individual vectors.
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resp.
J

Uin= | J{G,k0...,0 =1,...,—1, -1 k)}.

k:O j—l

By Corollary 1.4.9 we deduce that the U(g)-module I—ifgj;j(]P’?(,(’)) = H&:(P%,O)

is generated by a quotient of the P (j;1q—j-representation Ny_j\ = @Meq’d—jk Vi,

where V), is the irreducible algebraic Lj;1 a—j-representations with highest weight u.

Actually, by the following proposition and the U(g)-structure with respect to O, cf.

(1.5), it turns out that the representation to the one with highest weight
20ty pa—jpn = (d—4,0,...,0] =1,...,—1)
A
—J

generates H&:(P%, O) as U(g)-module.

Proposition 3.1.1. For 0 < j <d— 1, we have
d—j 1 k
HP%J(IP’%,O) = P K- -xpxf-Xxgp
KQs-ersk >0

EQ+...+kg=0

Proof. The proof follows easily from the formula (1.7). O

Hence we can choose N; to be the P ;11 qa—j-module isomorphic to the outer tensor
product
Sym® (K9™) X det ~".
By the proposition above, we may identify /N; with the K-vector space generated by
the elements

P ko yk k
——c P K- XpxPe-xpe
Xj-i-l o Xy kgy-. k20
kjp1rkg<O
Eo+..-4+kg=0
where P is homogeneous polynomial in Xy, ..., X; of degree d — j. These are precisely

the elements
=, € O(X) where u € A(d — j).
In particular, we have
Nj = Mz=
as subspaces of Op¢(X). Further, the set of differential equations 9; = 0= coincide.

By Theorem 2.2.10 we have a filtration W~¢ > W=t > ... 5 W1 5 W° on
H°(X,0) with

(WY WY 22 C™G, Pagjin gy Njyy © Stoj)®, j=—1,...,—d.
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Hence we have shown that the graded pieces of our filtration coincides with that in
[P]. Moreover, by definition of the canonical filtration on Hj},(P%, O) induced by the
spectral sequence (2.7) (cf. Lemma 2.2.7), we see that both filtrations are the same.
In fact, this follows from Proposition 3.1.1 and (3.1).

3.2. F = Q¢ . In this chapter we compare our result in the case F = QF = Q,

K K
to that of Schneider and Teitelbaum. In [ST1] the authors define a G-equivariant
decreasing filtration by closed K-Fréchet spaces

QU)o QM) DD QM) D QYA D QY X)HTE =0

on Q4(X)? = H°(X,Q%). As in [P] this construction involves an index function ¢ on the
algebraic differential forms Qalg(z\f ), which counts the negative prime divisors without
multiplicities of a given differential form. For any integer j € N, the filtration step
Q4(Xx)7 is defined by the topological closure in H°(X, Q) of its algebraic differential
forms

U(x) = {n € Q) [al) < d+1-j}.

Furthermore, they construct explicit isomorphisms (boundary value maps)
(Qd(X)J/Qd(X)J'Fl)/ i C’an(G7 Pl7 MJI ® Std+1—j) ;=0

of locally analytic G-representations. Here, Pj=F;a+1-j) C G is the (lower) standard-
parabolic subgroup to the decomposition (j,d 4+ 1 — j) of d + 1 and

j={0,...,5—1}.
The K-vector space M; C U(g) is given by the sum
SR

uEB

where

{ kaekeX )|mk—1fork€j,mk<0fork¢j}
Further, the symbol L, denotes a (sorted) element of U(g), cf. [ST1] p. 31. It is of
weight 1 and satisfies L, - £ = —Z,, - £, where
Xq

The unipotent radical of P] acts trivially on the tensor product M} @ Stqy1-;. The
second factor of the Levi subgroup L;4+1-5) = GL; X GLgy1—; acts on M via the

symmetric power Sym’ (K4t177). On Sty.;_; it acts via the Steinberg representation.
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The action of GL; is given by the inverse of the determinant character. In particular
the case 7 = 0 yields the Steinberg representation Stg ;.

We turn to our computation. We have
H*<]P>?(a Qd) = Hd(]P)?(a Qd) =K- 5
Consequently, all the contributions vg(dHHJ 7777 1)(H—j (P4, Q%), j = —1,...,—d, of

Theorem 2.2.10 vanish except for j = —d. In the latter case we obtain the Stein-

berg representation vg(l . 1)([( ) = Stgy1. The canonical bundle corresponds to the

homogeneous vector bundle Fy of weight A = (=d,1,...,1) € Z%¥* cf. 1.4.1. We
have
wjxA=(0,...,0,-d+j|1,...,1) forj=1...,d.
——
d—j
It follows that
pix=wj—1x A forj=1,...,d

and

Djn = {ujnt-
We deduce that I:Ig; (P%, Q%) is generated as U(g)-module by the P ;.1 q_j)-represen-
tation N; = Ny_j corresponding to the irreducible Lyq 4—j-representation with
highest weight

2t ta—ia = (L., 1]0,...,0,—j —1).
1

It follows that the P ;41 q—j-module N; is isomorphic to

det X Sym/™(K4IY.
Again, we want to realize the corresponding representation concretely.

Proposition 3.2.1. For j > 0, we have
Flg;(IP;l(,O(—d— 1)) = b K-xpxpeeXxp

Proof. The proof is similar to that of Proposition 3.1.1 O

By identifying Q7 with the twisted sheaf O(—d — 1), the element ¢ corresponds to
1

the fraction It follows that N; is the K-vector space generated by the elements

XoXq "
Xo--- X ¢
41 mq )
X Xy
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with m;1 + -+ -+ mgq = j + 1. The fractions % are exactly the elements =,
j+1 d

with g € B(j + 1), cf. [ST1], p. 65. We get for j =0,...,d — 1, isomorphisms
M1 — N;

Ly L, £=-E,-¢.

Moreover, the set of differential equations 0; and 0,4, are the same. By Theorem
2.2.10 we have a filtration W= > W= > ... > W1 > W° on H°(X, Q%) where
(W~=4/W=4+1)" is an extension

(34) 0 =g, (K)— (W /W ) — C™(G, Paay; Ny © Sta)* — 0

(Wj/WjH)/ =C"(G, Plat1+j,-3); Nc/H—j ® St—j)dd“-
Thus we see that the graded pieces of our filtration coincide with that of [ST1].
Moreover, by looking at the pole order of sections in Q¢(X) as in the case of the
structure sheaf we see that the filtrations are the same apart from the first filtration
step. The difference is just given by the extension above. In other words, we have an

extension
0 — QU /QUX) — W @4(X) () — 0,

such that its dual coincides with (3.4).

3.3. F= Qéd . This chapter provides another example for our computation. It treats
K
the cotangent bundle 7 = Q' = QL, on PY.
K

We have
H*(P4, QY = HY (P4, QY = K.
Therefore, all the contributions vg(dﬂﬂ’l_j)(]-] “J(P4, Q%) in Theorem 2.2.10 vanish
except for 7 = —1. In the latter case we obtain the generalized Steinberg representa-
tion vg(d” (K). The cotangent bundle corresponds to the homogeneous vector bundle
Fy given by the weight A = (—1,1,0,...,0) € Z%¥!. By Theorem 2.2.10 we have a
filtration W4 > W= 5 ... 5 W1 5 W on H°(X, Q') where (W~1/W°)' is an

extension
0— vf,, (K) — (W HWO) — C(G, Py Ny ®Sty)%-

and
(W7 /WY 2 C(G, Pigyij—jy; Ny @ St_j)des
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for j # —1. A computation shows that

A g=1
P2 0,1, =11 -1,0...,0) :j> 1
i—1
o
Further, for j > 1
j—1
Oin={mat U J{0 -1, =1, —-1—=1—k|j—1,k0...,0) |1 =0,-1}
k=1
resp.
j—1
Uin={z" U J{G - Lk0...,0[1, =1, 1, —-1—1—k)|1=0,-1}.
k=1

In the case j = 1, we compute

Oy ={ma(—2]1,1,0...,0)}
resp.
Uyy={z" iy (1,1,0...,0 | =2)}
We will see that for n > 1 the weights with £ < 1 yield a generating system of
ﬁfgj: (P, Q).

We deduce that H sj; 7 (P4, Q') contains the irreducible algebraic Lj 1 4_j)-representation
V,, with highest weight

(1,0,...,0] —1) cj=d—1

-1
= Z L. ) =
H d—j Hd—j,x (d_]_1,0’0|0’—1”—1) j<d—1
d—j—1
—j—

It follows that V-1~ is isomorphic to
d—j Hd—j,X

Sym™ (KT R (K" @ det ") for j < d — 1.

Let V; be the finite-dimensional K-vector space generated by the elements

P X2 X

Tk (EY, ke o, e li+1,...,d),
Yo ) kel ahiel )
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where P is a homogeneous polynomial of degree d — 7 — 2 in the indeterminates
Xo,...,Xj. In the case j = d — 1, let V41 be generated by the elements d(%),
k€ {0,...,d—1}. Consider the K-linear map

SymdfjfZ(Kj—i-l) ® Kj+1 ® Kd—j N VY]
P X2
Xj+1 e Xd

PRe®e — d(%}lg .
This map is clearly a surjective linear map of K-vector spaces. Consider the following
action of Lj;1,4-j on the LHS. On K7*! the action of L(j + 1) is the standard
representation. On Sym?7™?(K7*1) it acts via the (d — j + 2)-th symmetric power.
On K77 the operation of L(j + 1) is the trivial one. The action of L(d — j) on K977
is the standard representation. On the other factor it operates via the inverse of the

determinant character. From the identity

P-X?
X1+ Xa

X
Xk

P-X?
Xjv1-- Xa

X
d=E), kefo,... e {j+1,....,d},

d( X,

)= -
it follows that Vj is a finite-dimensional Lj, q—j) -module and that the map above is
a surjection of Lj;1 a—j-representations. Inside the representation Sym* (Kt ®
K7+! we have the irreducible L(j + 1)-subrepresentation Sym®~7~*(K7*!), which cor-
responds to the highest weight (d —j —1,0,...,0) of L(j + 1). A computation shows

that the above map restricts to an isomorphism

Sym? I H KT R (K9 @ det 7)) = V.

For j < d— 2, the representation V; = Vzdllj’ N is a quotient of some representa-
tion containing the representation Sym?~7~2(K7/+!). We have realized the latter one
as a subrepresentation of K[Xj,...,X;]. Thus K[Xo,...,X;] - (Sym* 7 (K" ®
Kitl @ K47) C K[Xy,...,X;]- (K7™ @ K%7). By the discussion in 1.4 it suffices to
consider in Lemma, 1.4.6 the representations K7*'®@ K%/ instead of Sym* 7/ ?(K/*1)®
K7t @ K973, Since the highest weight of K/*! ® K97 is (1,0...,0]0,—1,...,—1)
we deduce that the weights in z;fj<1>d_j7 A with £ <1 yield a generating system.

As for the other irreducible subrepresentations, we note that in the case j =d —1
the irreducible P (4)-representation corresponding to the weight (1,1,0,...,0 | —2)
is generated by the expressions

X; X X X

Rige iy A g2y
Xy (Xd> Xy (Xd)
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For j < d — 1, we write down a highest weight vector for the remaining weights. In

the case of (d —7—1,1,0...,0| —1,—1,...,—1,—1) it is given by
x4t X, - XX, i X
XioXa " Xjp" Xjpo--Xg Xjp'
In the case of (d—j —1,1,0...,0]0,—1,...,—1,—2) it is given by

Xo

d—j—
XX X XX
Xj+

Xin - Xg \Xg Xjn!  Xa

d

))-
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4. APPENDIX

In this final part of our paper we present another approach for the main computa-
tion. We replace the acyclic complex of Theorem 2.1.1 by a similar complex avoiding
adic spaces. It is based purely on rigid analytic varieties. The construction is similar
to that of [SS] in the case of constant coefficients. In that case, the main difference
is essentially that in loc.cit. the authors regard intersections of hyperplanes, whereas
we deal with arbitrary subspaces directly. Our approach follows the construction of
[O3]. For this purpose, we have further to investigate the neighborhoods of the closed
subvarieties Yy = P(U) C P%, where U C K%t is a linear subspace.

Let

d
A:EBOK.ei
=0

be the Og-lattice of V' generated by our fixed basis {eg,...,eq}. Let O be the ring
of integers in C,. For n € N, we put

O = Ok /7" Ok, O™ = 0/7"0, A" := A/x"A.
Consider for n € N, the mod-n reduction map
red, : P4(C,) — P(A)(O™).
If L, € C4* is a line representing a point = € P%(C,), then
red, () = (L, N (A ®0, 0)) @ O™.

Let Iy C K[Ty,...,T,] be the vanishing ideal of the linear subvariety Y. The
schematic closure of Yy in IP’dOK is defined by the the ideal

INU = [UQOK[To,...,Td].

Consider the €,-neighborhood Yy (€,) for a given non-trivial K-subspace U C V. Let
f € Iy be a polynomial, such that at least one coefficient is a unit. Then we have for
z € P4(C,) (take any unimodular representative of z),

S YU(€n>((Cp) & |f(7)] <en
& 7| f(x)
< f(z) =0 (mod 7").
So Yy (e,) is nothing else but

Yir(en) = {x e (PL) | red, (z) € Y/U(OW)},
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where Yy is the closed subscheme of ]P’%K defined by I;. Moreover, we see that
(41) YU(€n) = YU’(€n>
if UNA=U"NA mod 7", compare also Lemma 2, ch. 1 in [SS].

Let
U= (00 CU CU, G- C U, CAM)
be a filtration of free Og)-modules. Choose a lift of U, to a K-filtration

of K-subspaces of V. We set
Yu, =Yg, (€n).

This definition depends by (4.1) only on the Og)—module U. Hence, the set Yy, is
a well-defined rigid analytic open subvariety of (P4)™. Thus we have associated

to each filtration U, of A™ by free Og)—submodules a quasi-compact rigid analytic
subset Yy, C (P%)"9. For 0 < i < d, let

A =P O -e; c A

j=0

be the free Og)—submodule generated by our first ¢ + 1 basis vectors. For any subset
I={a;,...,q;,} TA, we put

AP = ((0) c A c AW ¢ AP c A,

Then we get Y, ) = Yi(e,). Thus, analogously to (2.3), we can construct for every
I

étale (resp. Zariski) sheaf G on ), the following complex of étale (resp. Zariski)

sheaves on V,:

42 0-6-P P @) 6-P B (@r)(dp)G—

IVl INVIEP R
—= D B GGG~ D @)oo,
‘A\II‘C:Ad_l QGGO/PI” QGGO/PQ;L

where ¢} ; denotes the open embedding Yg A < Yp of rigid analytic varieties. In
’ I

contrast to (2.3), this complex is not acyclic as the following example shows. This

was pointed out to me by P. Schneider some years ago.
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Example 4.1.1. Let d = 2. Then the above complex is nothing else but
0—G— @ (¢Z7{al})*(¢g,{a1})*g D @ (¢Z,{a2})*(¢g,{a2})*g

gGGO/P{"al} gEGQ/P{"a2}

— P (4r0)-(6p0)°G — 0.

9€Go/Fy

We have
Yy (@)(Cy) = {x € PL(Cy) | reda(x) = AT @00 O™}

Vi) (6)(Cy) = {z € PL(C,) | red,(z) C ALY Do O™}

Yp(€)(Cp) = Yiap(&)(Cp).

Let 2 € P%(C,) be a point such that the corresponding line L, C C} has the shape
L, =C, (7" teg + aey), a € O, with [a] € (OM™)*\ (Og))x. Consider the planes
E=0% (eg+me)) @O0 eyand B =00 gm0 - ¢y

in A™. Then
redn(x) cF ®O(n) O(n) NnE ®O(n) O(n),
K K

but red,(z) # L @, O™ for all L € P(A)(Og)). So, localizing the above complex
K
in z yields a sequence

0—G,—G, —0
with 7 = #{E c A™ | E is free with rk(E) = 2, red,(z) C E ® o o} > 2.
K

Hence, the complex (4.2) cannot be acyclic in general. U

The above example suggests to fill the gaps in (4.2). Let U be a O%)—Submodule
of A™ | not necessarily free. We define

Yy = {:U c (PE) | red,(z) € U ® o(m) O(")}.
K
If U is a free Og?)—module then this definition coincides with the previous one. Put
rk(U) = dimoy /ro, (U + 7A®™ /7 A®),

This is just the rank of the torsion free submodule of U. We also have the ordinary

rank

tk'(U) := min{n € N | there are my,...,m, € U which generate U}.
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We have tk(U) < rk’(U) where the equality holds if and only if U is free (< torsion

free).
Proposition 4.1.2. The set Yy is a quasi-compact rigid analytic open subset of

(Pe)™.

Proof. Compare also Lemma 5 in [SS]. Without loss of generality, we may suppose
that U is generated by

€0, €15, T ey, ..., Te;
for certain integers 0 < ny <n, k =14+ 1,...,7. Then Yy is just the quasi-compact
subset
{x —lwo: e xg € (PR | ag] < |7 k=1, .4, |z < |7, k = H—l,...,j}
of (P4)"9. O

Let Us = ((0) S Uy S Us € --- € Uy, € AM) be a filtration of AM™ by O-
submodules. As in the case of filtrations consisting of free O;?)—submodules, we put

Yu, = Yu,.

Note that Yy, = () is the empty set unless rk(U) > 1. With these newly-created rigid
analytic subsets of (P%)" we modify the complex (4.2) as follows:

0 - G- D @)~ D (05,)+(00,)°G —

Ue=(0) CU CA(™) Ue=(0) (U1 (U2 (A(™)
rk/ (U)<d rk/ (Ug)<d
rk(U)>1 rk(Uqp)>1
(4.3)
7 7\ * n n o\ *
- P @) —...—~ B (90,)«(00,)°G — 0,
Ue=(0) (U1 C... CUp CA(™) Ue=(0) (U1 C... QU (g—1) CA™)
k! (Up)<d rk! (U, (q—1))<d
rk(U7)>1 ()21

where ¢f;, denotes the open embedding Yy, < ). Why we impose on U the condition
tk'(U) < d will become clear later on, cf. Prop. 4.1.5. It simply means that U is
contained in a proper free submodule of A™.

As for the following theorem, we refer to [JP] for the notion of an overconvergent
sheaf on a rigid analytic variety. The crucial property of such a sheaf is that it
vanishes if and only if all its stalks vanish.

Theorem 4.1.3. Let G be an overconvergent étale sheaf on Y,. Then the complex
(4.3) is acyclic.
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The proof of this theorem is similar to Satz 5.3 in [O1]. The main difference is
that we are now dealing with modules instead of vector spaces. For proving Theorem

4.1.3, we have to introduce some more notation.

Let X = (X, <) be a partially ordered set (poset). We associate to X a simplicial

xe=Jx

neN

complex

where a n-simplex 7 € X" is given by a n + 1-tuple
T:($0-<$1-<"“<$n>

with elements z; € X, i = 0,...,n. In particular, for the O-simplices X° of X* we
have X° = X.

A morphism f : X — Y of posets is a map which preserves the order. Such a

morphism induces a simplicial map
f‘ . X. SN Y.

of simplicial complexes. Thus we obtain a functor from the category of posets to the

category of simplicial complexes.
Example 4.1.4. a) Let R = O%L),OK, K resp. M =A™ A, V. Put
Tr(M) = {R—submodules of M | rk(U) > 1 and 1k'(U) < d}.

We supply this set with the structure of a poset by considering the canonical order
given by inclusion. Thus a n-simplex 7 € Tr(M)" is a flag

T=(0)CUhCUhc - CU, M)
of submodules with rk(Up) > 1 and rk'(U,,) < d.

b) In the situation above, let T#(M) be the subposet consisting of all non-trivial
R-modules such that M/U is free. We get a morphism of posets T4(M) < Tr(M).

c) Let R = K. Then Tk (V) is nothing else but the Tits complex of GL(V'), com-
pare also [Q]. O

Proposition 4.1.5. The morphism of posets
v Tr(V) — To.(A)
W +— WnNA
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duces a homotopy equivalence

TOK (A). ~ TK(V).

Proof. Using Proposition 1.6 of [Q] it is enough to show that for every proper sub-
module U € Ty, (A) the subposet {W € Tx(V) | U C W N A} is contractible. Note
that these subsets are non-empty since rk’(U) < d. The contractibility follows easily

from the next proposition. 0

Proposition 4.1.6. ([Q], 1.5) Let X be a poset and let xy € X be a fized element.
Further, let f : X — X be an endomorphism of posets with

x = f(z) 2z , forallxz e X.
Then X°® is contractible.

Remark 4.1.7. It is easily seen that we may identify Ty (V') with 7, (];K (A). Under this
identification the morphism ¢ corresponds to the inclusion 7, (J;K(V) — To.(A). O

We continue with the proof of Theorem 4.1.3.

Proof of Theorem 4.1.3: Since G is overconvergent and all the morphisms ¢, are
quasi-compact, we conclude (cf. [JP] 3.5) that all the appearing étale sheaves in the
complex are overconvergent, as well. Thus it is enough to show the acyclicity of the
localized complex with respect to any étale point of ), cf. loc.cit. 3.4. So let e be
an étale point of ),,. By definition this is just a separable closure H, of some valued
field F, depending on an analytic point a lying below e. Let F, be the completion of
H.. The étale point e corresponds to a general morphism

Spm(F,) — Y,
of rigid analytic varieties, that is, to a morphism
Spm(Fe) — yn®KFe

of rigid analytic varieties, hence to a line L. € P%(F.). Localizing the complex (4.3)
in e yields a chain complex with values in F,. The pull back of the complex (4.3)
to P4 x i Spm(F,) is just the complex, where all the appearing objects of (4.3) are
defined with respect to the base field F,. Localizing of this complex in e would give the
same chain complex. Hence we can assume without loss of generality that I, = C,,.
The chain complex is induced by a subcomplex C* of Tég) (A™), which is generated
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by its O-dimensional simplices C°, a subposet of T o (AM). Tts simplices are given
K
by
cr:&negwmwﬂm%@gem}.
K
By the next lemma, we will see that C'* is contractible. Theorem 4.1.3 follows, since

the étale point was arbitrary. O

Lemma 4.1.8. The simplicial complex C* is contractible

Proof. Put T, ) (A™) = Ty (A™)U{0, A™} and supply this set with the canonical
K K

order. Thus we have realized TO(n)(A(”)) as a subposet of T O(n)(A(")). Let Uy €
K K

THm (A™) be a fixed element. Consider the map
K

f:0° — ot (A) .
U — UsnNU
This map is a morphism of posets with

U= f(U)=U, forall UeC".

By Proposition 4.1.6, it suffices to show that the image of f is contained in C°. But
this follows from the inclusion

Yo N Yy, C Yunu,,

which itsself follows from the flatness of Og) — O, O

Let F be our fixed homogeneous vector bundle on P%. Consider the projective
limit of posets lim Tof,?) (A™) which identifies with Ty, (A). Let

(U2 nen € lim Ty (A)

be any element which corresponds to U® € Ty, (A). By (the proof in) Proposition
4.1.2, we have inclusions Yyn+1 C Ypyp and therefore homomorphisms

H;UTHJ (P;l(7 f) - H;U:L (]P)?(7 f)

for all n € N. In particular, we get a projective system (Hy, , (P4, F))pen of K-vector
spaces. As in Lemma 1.3.2 one verifies that this system consists of K-Fréchet spaces

and the transition maps are dense. Let U/ the largest subobject in U® such that
Ul €T, (A) =Tg(V).
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Proposition 4.1.9. There is a topological isomorphism of K-Fréchet spaces

@H;U?(P(}l(vf) HY (]P)?(JF)

f
neN Us OK

Proof. This follows from the description of the analytic varieties Yy, given in the
proof of Proposition 4.1.2 together with Proposition 1.3.3 0

We consider the acyclic complex of Theorem 4.1.3 in the case G = 7Z. Then the
resulting complex induces for each n € N, a spectral sequence

EM = (D H%U,(P%,ﬂ:»H;f*q(P%,f)-
Us€T(A(™)

This spectral sequence has a similar shape as the one in section 2.2. Its rows are

given by
.7j7n . j d ] d
gt P W, PP - D (P F)
UeeT(A(P)y1+] UeeT(A(P)yn-j—1
rk(Uy)=d—j rk(Up)=d—j

— @ H{,U. PLF)—...— @ H{,U. (P4, F)

Ue €T (A(M)yn:5—2 UeeT(A(M))1
rk(Uq)=d—j rk(Uq)=d—j

Passing to the limit and applying Proposition 4.1.9 resp. Proposition 1.3.3 to it yields
a spectral sequence

B = HPYY(PY, F).

Its rows are given by

EYY :lim P Hﬂ (P, F) —lim @ H , (P%.F)
U,

TLGN Ue €T (A)™"J ®K neN UeeT(A)—1 * 0K
rk(Uq)=d—j rk(Up)=d—j
—lm P B (P F) oo lin (D H’ P, F).
®

nEN U.ET(A)”J 2 ’VLEN U.ET(A)l
tk(Uy)=d—j rk(Uy)=d—j

Now we apply Proposition 4.1.5. We see that the spectral sequence (2.7) of section
2.2 is homotopy equivalent to E7*°. Thus from now on, we may carry on with the
computation there. 0
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