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Abstract. Let G be a p-adic connected reductive group with Lie algebra g. For a
parabolic subgroup P ⊂ G and a finite-dimensional locally analytic representation V of a
Levi subgroup of P, we study the induced locally analytic G-representation W = IndG

P (V ).
Our result is the following criterion concerning the topological irreducibility of W : if the
Verma module U(g)⊗U(p) V ′ associated to the dual representation V ′ is irreducible, then
W is topologically irreducible as well.
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1. Introduction

One of the principal methods for constructing representations of reductive groups
is to induce representations of parabolic subgroups which come by inflation from
representations of Levi factors. This applies for example to the theory of algebraic
representations as well as to the theory of smooth representations of p-adic reduc-
tive groups. In this paper we consider parabolically induced representations in the
theory of locally analytic representations of p-adic reductive groups. A systematic
framework to study locally analytic representations of p-adic groups was developed
in the recent years mainly by P. Schneider and J. Teitelbaum, cf. [ST1], [ST2].
Algebraic representations and smooth representations, as well as tensor products of
these, provide first examples of such locally analytic representations, but there are
much more. For instance, the representations which are locally analytically induced
from representations of parabolic subgroups. Locally analytic principal series repre-
sentations for SL2(L), L a finite extension of Qp, were already defined and studied
by Y. Morita in [Mo]. They were later reconsidered for the group GL2 in [ST1] (for
L = Qp) and in [KS] (for arbitrary L).

In this paper we prove a general criterion for the irreducibility of parabolically
induced locally analytic representations. In his thesis H. Frommer [Fr] studied locally
analytic representations of G = G(Qp), where G is a split reductive group over Qp,
which are induced from finite-dimensional representations V of a parabolic subgroup
P ⊂ G. V is a K-vector space, where K is a complete discretely valued field
extension of Qp. His main theorem is a criterion for the (topological) irreducibility

of the induced representation IndG
P(V ) in terms of a canonically associated Verma

module. The crucial idea is to compare the structure of the dual space IndG
P(V )′ as a

module over the distribution algebra D(G,K), where G ⊂ G is a maximal compact
subgroup, with the structure of an associated Verma module over the universal
enveloping algebra U(g) of the Lie algebra g of G. In order to pass from D(G,K)
to U(g) one needs a technical result about their relation and Frommer only showed
this for L = Qp. This is the reason for the restriction to the base field Qp in [Fr].
Later J. Kohlhaase [K1] proved this technical result for arbitrary finite extensions
L over Qp, which we use here to generalize Frommer’s theorem to the case of a not
necessarily split reductive group over an arbitrary extension of Qp.

In order to state our main result let G be a connected reductive group over L, and
let P ⊂ G be a parabolic subgroup. We consider a locally analytic representation
V of the group P = P(L) which comes by inflation from a Levi subgroup and put
G = G(L). Here V is a vector space over a complete discretely valued extension K
which contains L and whose absolute value induces the given absolute value on L.
Then we have:
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Main result: Suppose dimK(V ) <∞. Then the induced locally analytic representa-
tion IndG

P(V ) is topologically irreducible if U(g)⊗U(p) V ′ is irreducible as a module
over the universal enveloping algebra U(g).

Our overall strategy of proof follows basically Frommer’s treatment. However, we
found that an essential argument in [Fr], stating that certain distribution algebras
are integral domains, is not obvious, as it is claimed there. We prove this in sections
3.3 and 5.

But beside the fact that it is desirable to have such a criterion for the irreducibility
in general, a motivation was provided by the concrete example of certain Qp-analytic
principal series representations of GL2(Qp2) (regarded as a group over Qp). The in-
terest in these representations comes from conjectural relations to two-dimensional
crystalline representations of Gal(Qp∣Qp2). Such induced locally analytic represen-
tations play an important role in the the p-adic Langlands program, cf. [BS].

In the last section we consider a particular example, namely the case where G comes
by restriction of scalars from a group which is split over L. This includes in particular
the above mentioned case of the group GL2(Qp2) (regarded as a group over Qp).

Acknowledgements. We would like to thank Tobias Schmidt and Jan Kohlhaase for
helpful discussions on distribution algebras. We thank the SFB 478 “Geometrische
Strukturen in der Mathematik” at Münster for financial support of travel expenses.
Finally, we thank the referee for his careful reading, in particular for pointing out
a gap in a previous version. M.S. acknowledges support by the National Science
Foundation under grant DMS-0902103.

Notation. We let p be a prime number and denote by L a finite extension of Qp.
The normalized p-adic (logarithmic) valuation is denoted by vp (i.e. vp(p) = 1). We
let K ⊂ Cp be a complete discretely valued field extension of L, whose absolute value
∣ ⋅ ∣K is normalized so that ∣p∣K = p−1. The rings of integers are denoted by oL and oK ,
respectively. For notions and notation in the context of non-archimedean functional
analysis we refer to [S].

2. Distribution algebras and locally analytic representations

2.1. Distribution algebras. In this section we recall some definitions and results
about algebras of distributions attached to locally analytic groups, cf. [ST1], [ST2].
We consider a locally L-analytic group H and denote by

Can(H,K) = Can
L (H,K)

the locally convex K-vector space of locally L-analytic functions on H as defined in
[ST1]. The strong dual
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D(H,K) =DL(H,K) ∶= (Can
L (H,K))′b

is the topological algebra of K-valued distributions on H. If furthermore H is
compact, then D(H,K) has the structure of a Fréchet algebra. The multiplication
δ1 ∗ δ2 of distributions δ1, δ2 ∈D(H,K) is defined by

δ1 ∗ δ2(f) = (δ1 ⊗ δ2)((h1, h2)↦ f(h1h2)) ,

where the distribution δ1 ⊗ δ2 ∈ D(H ×H,K) has the property that for functions
f1, f2 ∈ Can(H,K), one has

(δ1 ⊗ δ2)((h1, h2)↦ f1(h1)f2(h2)) = δ1(f1)δ2(f2) .

The universal enveloping algebra U(h) of the Lie algebra h = Lie(H) of H acts
naturally on Can(H,K). On elements x ∈ h, this action is given by

(xf)(h) = d

dt
(t↦ f(exp(−tx)h))∣t=0 .

This gives rise to an embedding of U(h)K ∶= U(h)⊗LK into D(H,K):

U(h)K ↪D(H,K) , z↦ (f ↦ (żf)(1)) .

Here z ↦ ż is the unique K-linear anti-automorphism of U(h)K which induces mul-
tiplication by −1 on h.

2.2. Norms and completions of distribution algebras.

2.2.1. p-valuations and global charts. Let H be a compact locally Qp-analytic
group. Recall that a map

ω ∶H − {1}Ð→ ( 1

p − 1
,∞) ⊂ R

is called a p-valuation (cf. [L], III.2.1.2) if the following conditions hold for all
g, h ∈H:

i) ω(gh−1) ≥ min{ω(g), ω(h)},

ii) ω(g−1h−1gh) ≥ ω(g) + ω(h),

iii) ω(gp) = ω(g) + 1.
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As usual one puts ω(1) = ∞ and interprets the above inequalities in the obvious
sense, if a term ω(1) occurs. Let ω be a p-valuation on H. The above conditions
imply that for any ν > 0 the sets

Hν = {h ∈H ∣ω(h) ≥ ν} and Hν+ = {g ∈H ∣ω(g) > ν}

are normal subgroups of H. We put

gr(H) =⊕ν>0Hν/Hν+ .

The commutator induces a Lie bracket on gr(H) which gives gr(H) the structure
of a Lie algebra over Fp. The map ε defined by

ε ∶ gr(H)→ gr(H) , ε(gHν+) = gpH(ν+1)+

is an Fp-linear map on gr(H), which gives gr(H) the structure of a graded Lie
algebra over Fp[ε], cf. [L], III.2.1.1. It is a free Fp[ε]-module, whose rank is equal
to the dimension of H as a Qp-analytic group, cf. loc. cit., III.3.1.3/7/9.

If (h1Hω(h1)+ , . . . , hdHω(hd)+) is a basis of gr(H) over Fp[ε], then the elements h1, . . . , hd
form a topological generating system of H, and the following map

Zd
p →H , (a1, . . . , ad)↦ ha1

1 ⋅ . . . ⋅ hadd
is well-defined and a homeomorphism. Moreover,

ω(ha1
1 ⋅ . . . ⋅ hadd ) = min{ω(hi) + vp(ai) ∣ i = 1, . . . , d} .

The sequence (h1, . . . , hd) is called a p-basis of H.

2.2.2. Uniform pro-p groups. We recall some definitions and results about pro-
p groups, cf. [DDMS], ch. 3, 4. In this section H will be a pro-p group which is
equipped with its topology as a pro-finite group. Then H is called powerful if p is odd
(resp. p = 2) and H/Hp (resp. H/H4 if p = 2) is abelian. Here, Hp (resp. H4) is the
closure of the subgroup generated by the p-th (resp. fourth) powers of its elements.
If H is topologically finitely generated one can show that the subgroups Hp (resp.
H4) are open and hence automatically closed. The lower p-series (Pi(H))i≥1 of an
arbitrary pro-p group H is defined inductively by

P1(H) =H , Pi+1(H) = Pi(H)p[Pi(H),H] .

If H is topologically finitely generated, then the groups Pi(H) are all open in H and
form a fundamental system of neighborhoods of 1, cf. Prop. 1.16 in loc.cit. A pro-p
group H is called uniform if it is topologically finitely generated, powerful and its
lower p-series satisfies



6 SASCHA ORLIK AND MATTHIAS STRAUCH

(H ∶ P2(H)) = (Pi(H) ∶ Pi+1(H))

for all i ≥ 1. If H is a topologically finitely generated powerful pro-p group then
Pi(H) is a uniform pro-p group for all sufficiently large i, cf. loc.cit. 4.2. Moreover,
any compact Qp-analytic group contains an open normal uniform pro-p subgroup,
cf. loc.cit. 8.34.

2.2.3. The canonical p-valuation on uniform groups. Let H be a uniform pro-p
group. It carries a distinguished p-valuation ωcan which is associated to the lower
p-series and which we call the canonical p-valuation. In order to define it, we let
εp = 2 if p = 2 and εp = 1 for odd p. For h ≠ 1, we then put

ωcan(h) = −1 + εp +max{i ≥ 1 ∣h ∈ Pi(H)} .

To verify that this gives indeed a p-valuation one makes use of the fact that
[Pi(H), Pj(H)] ⊂ Pi+j(H) for all i, j ≥ 1, cf. Prop. 1.16 in [DDMS]. Also prop-
erty (iii) follows from Prop. 2.7 in loc.cit. For p = 2 one has to use the stronger
statement that [Pi(H), Pj(H)] ⊂ Pi+j+1(H) for all i, j ≥ 1, cf. [Sch], proof of Prop.
2.1.

We remark that a uniform pro-p group H has the property that the exponential
map expH ∶ Lie(H)⇢H, which is, for a general p-adic Lie group, only defined on a
sufficienly small lattice in Lie(H), is for uniform pro-p groups defined on a unique
Zp-lattice Λ ⊂ Lie(H), which it maps bijectively onto H (cf. [DDMS], sec. 4.5 and
sec. 9.4).

Lemma 2.2.4. (i) Any compact locally L-analytic group G has a normal open sub-
group H with the following properties:

(1) H is uniform pro-p.

(2) Let Λ ⊂ Lie(H) be the Zp-lattice which the exponential map expH ∶ Lie(H)⇢
H maps bijectively onto H; then Λ is stable under multiplication by oL, i.e.,
Λ is an oL-submodule of Lie(H).

(ii) Assume H is uniform pro-p, and let Λ be as in (2) above. Then, for any Zp-basis
(x1, . . . , xN) of Λ the map

ZN
p →H , (ai)i ↦ expH(x1)a1 ⋅ . . . ⋅ expH(xN)aN

is a homeomorphism.
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Proof. (i) Let Λ′ ⊂ Lie(G) be any oL-lattice which is stable under the adjoint action
of G on Lie(G). For t ≫ 0, we have that [ptΛ′, ptΛ′] ⊂ pεpptΛ′. Hence ptΛ′ is
a uniform Lie algebra over Zp in the sense of [DDMS], sec. 9.4. For t ≫ 0 the
exponential function expG will be defined on ptΛ′, and will map ptΛ′ bijectively
onto H ∶= expG(ptΛ′). It follows that H is then a uniform pro-p group, cf. [DDMS],
Thm. 9.10. H is normal in G because Λ is invariant under the adjoint action of G.

(ii) By [DDMS], Thm. 9.10, the Zp-Lie algebra LH of H, as defined in [DDMS], sec.
4.5, is uniform. Denote by ∗ the multiplication on LH as defined in [DDMS], sec.
9.4, using the Baker-Campbell-Hausdorff series (which converges and is analytic on
LH , by [DDMS], Lemma 9.12). Then (LH ,∗) is actually isomorphic to H, [DDMS],
Thm. 9.10. By [DDMS], Thm. 9.8, for any Zp-basis (xi) of LH the corresponding
elements of H will be a topological generating set. �

Remark 2.2.5. (i) Pro-p groups H which satisfy the the properties (1) and (2) of
Lemma 2.2.4 will be considered repeatedly in this paper, and, for the purpose of this
paper, we will call them L-uniform. L-uniform groups are exactly the groups that
satisfy condition (L) in [Sch], cf. before Cor. 4.4 of [Sch], which is in turn equivalent
to the conditions in Prop. 1.3.5 of [K1]. We thought about using condition (L) as
in [Sch], but found that the formulation above is slightly more natural.

(ii) Let H be a locally L-analytic uniform pro-p group. Then the Zp-Lie algebra
LH of H in the sense of [DDMS], sec. 4.5, is not necessarily an oL-module. Even
though one has an embedding LH ↪ Lie(H), and Lie(H) is an L-vector space,
the Zp-submodule LH need not be stable under multiplication by oL. For a simple
example, consider the abelian group H = Zp + poL. The Zp-Lie algebra LH of H is
H itself, but LH is not an oL-module if L ≠ Qp.

2.2.6. Norms induced by p-valuations. In this section we let H be a compact L-
analytic group. The distribution algebra D(H,K) is then a Fréchet-Stein algebra
in the sense of [ST2], sec. 3. This means in particular that there exists a family of
norms ∥ ∥r, 1

p < r < 1, on D(H,K) such that, if Dr(H,K) denotes the completion

of D(H,K) with respect to ∥ ∥r, the convolution product ∗ on D(H,K) extends by
continuity to a product on Dr(H,K). We recall briefly the construction of such a
family of norms. This is done in three steps, cf. [ST2] (proof of Thm. 5.1).

Step 1. We denote by RL
QpH the group H when considered as a locally Qp-analytic

group, and we put d = dim(RL
QpH). Let H0 ⊂ RL

QpH be an open normal subgroup

which is equipped with a p-valuation ω. For instance, by [DDMS], 8.34, we may
choose H0 to be an open normal uniform pro-p subgroup, and we may take for ω the
canonical valuation associated to its lower p-series (cf. 2.2.3). Then we consider the
graded group gr(H0) (which depends on ω). A choice of a basis of gr(H0) gives rise
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to a homeomorphism ψ ∶ Zd
p → H0, cf. 2.2.1, which in turn induces an isomorphism

of locally convex K-vector spaces

ψ∗ ∶ Can(H0,K) ≃Ð→ Can(Zd
p,K)

as well as an isomorphism of K-Banach spaces of continuous functions

ψ∗ ∶ C(H0,K) ≃Ð→ C(Zd
p,K) .

Using Mahler expansions ([L], III.1.2.4) we can express elements of C(Zd
p,K) as

series

f(x) = ∑
n∈Nd0

cn(
x

n
) ,

where cn ∈K and

(x
n
) ∶= (x1

n1

) ⋅ . . . ⋅ (xd
nd

)

for the multi-indices x = (x1, . . . , xd) and n = (n1, . . . , nd) ∈ Nd
0. Further, we have

∣cn∣ → 0 as ∣n∣ = n1 + . . . + nd → ∞. A continuous function f ∈ C(Zd
p,K) is locally

analytic if and only if ∣cn∣r∣n∣ → 0 for some r > 1. Consider the group algebra K[H0]
of H0. By identifying elements of H0 with Dirac distributions, we get an embedding

K[H0]↪D(H0,K) .

Put bi ∶= hi − 1 ∈K[H0] and set for n ∈ Nd
0,

bn = bn1
1 ⋯bndd .

Then we have bn(f) = cn for any continuous function f ∈ C(H0,K), where the cn
are the Mahler coefficients of ψ∗(f) ∈ C(Zd

p,K). It follows that every distribution
λ ∈D(H0,K) has the shape

λ =∑n∈Nd0
dnb

n

where {dnr∣n∣ ∣n ∈ Nd
0} is a bounded set for all 0 < r < 1. The norm ∥ ⋅∥r on D(H0,K)

is then defined by

∥∑n∈Nd0
dnb

n∥r = sup{∣dn∣rτ(n) ∣n ∈ Nd
0} .

Here, τ(n) is given by τ(n) = ∑i niω(hi). The Banach algebra Dr(H0,K) is defined
to be the completion of D(H0,K) with respect to ∥ ⋅ ∥r. Thus we obtain
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Dr(H0,K) = {∑n∈Nd0
dnb

n ∈K[[b1, . . . , bd]] ∣ lim
∣n∣→∞

∣dn∣rτ(n) = 0} .

Furthermore, for 1
p < r < 1, the norm ∥ ⋅ ∥r is multiplicative, cf. [ST2] Thm. 4.5 and

does not depend on the chosen basis (loc. cit., before Thm. 4.11). We obtain a
projective system of noetherian Banach algebras such that

D(H0,K) = lim←Ðr
Dr(H0,K) .

Moreover, the transition maps

Dr′(H0,K)→Dr(H0,K)

are flat for 1
p < r ≤ r′ < 1.

Step 2. We extend the norm ∥ ⋅ ∥r on D(H0,K) to a norm on D(RL
QpH,K) as

follows. Let η1, . . . , ηs be a system of coset representatives of H/H0. Then the
Dirac distributions δη1 , . . . , δηs form a basis of D(RL

QpH,K) over D(H0,K). Writing

µ ∈D(RL
QpH,K) as µ = λ1δη1 + . . . + λsδηs , we put

qr(µ) = max{∥λi∥r ∣1 ≤ i ≤ s} .

Again, we obtain a system of sub-multiplicative norms qr,
1
p < r < 1, and a projective

system Dr(RL
QpH,K) of K-Banach algebras fulfilling the conditions above, and we

have D(RL
QpH,K) = lim←ÐDr(RL

QpH,K). The norms qr do not depend on the chosen

representatives. It is worth to remark at this point that the norms qr are in general
not multiplicative, because H may contain non-trivial elements of finite order which
causes the group ring, as well as the rings of distributions, to have non-trivial zero
divisors1.

Step 3. Locally L-analytic functions on H are obviously locally Qp-analytic functions
on RL

QpH, and hence there is a canonical map

Can
L (H,K)↪ Can

Qp(R
L
QpH,K)

which is a closed embedding (cf. the proof of Thm. 5.1 in [ST2]). This map induces
by duality a continuous surjection

DQp(RL
QpH,K)→DL(H,K)

1In [Fr] it is mistakenly stated that these norms were multiplicative so that the corresponding
completions would be integral domains. As a consequence, some completed distribution algebras
were claimed to be obviously integral domains.



10 SASCHA ORLIK AND MATTHIAS STRAUCH

on the distribution algebras. We denote the induced residue norm on DL(H,K)
respectively on the completion Dr(H,K) by q̄r. Once again, we have DL(H,K) =
lim←ÐDr(H,K).
Although we will mostly consider the case where the parameter r lies strictly between
1
p and 1, we point out that the norms q̄r are defined, as norms of K-vector spaces,

for any r ∈ (0,1). This is used later in the proof of Prop. 3.4.10, cf. Lemma 3.4.9.

Remark 2.2.7. We keep the notation from the preceding paragraph. In the recipe
for the norm q̄r on DL(H,K) given above, we could have carried out steps two

and three in reverse order with the same resulting norm. To be precise, let ∥ ⋅ ∥r
be the quotient norm on DL(H0,K) induced by the surjection DQp(RL

QpH0,K) ↠
DL(H0,K). We have again

DL(H,K) =
s

⊕
i=1

DL(H0,K) ∗ δηi

and can hence consider the maximum norm q̂r on DL(H,K) induced from this

decomposition and the norm ∥ ⋅ ∥r on DL(H0,K). Then it is not difficult to check
that q̂r coincides with the norm q̄r defined above, cf. [Sch], Lemma 4.4.

2.3. The closure of the enveloping algebra.

2.3.1. Definition of Ur(h,H0). Let H be a compact locally L-analytic group and
let H0 ⊂ H be an open normal subgroup, which is equipped with a p-valuation ω.
Associated to ω there is a norm q̄r on D(H,K) as defined in 2.2.6. We write

Ur(h,H0) ⊂Dr(H0,K)

for the topological closure of U(h) ⊗L K in Dr(H0,K). The following theorem by
Kohlhaase generalizes a result of Frommer who considered the case of Qp-analytic
groups. It is this basic technical result which we use to generalize Frommer’s irre-
ducibility criterion.

Theorem 2.3.2. ([K1], 1.4.2.) Let H be a compact locally L-analytic group of
dimension d with Lie algebra h = Lie(H) and r ∈ pQ with 1

p < r < 1.

(i) Let H0 ⊂ H be a normal open subgroup which is L-uniform (cf. Remark 2.2.5).
Then, if we equip RL

QpH0 with its canonical valuation (2.2.3), Dr(H0,K) is a free,

finitely generated module over the noetherian subalgebra Ur(h,H0).

(ii) Let the normal L-uniform subgroup H0 = expH(Λ) ⊂ H be as above, and let
X = (X1, . . . ,Xd) be an oL-basis of Λ. Then there is a norm νr on Ur(h,H0) which
is equivalent to q̄r, such that Ur(h,H0) consists of exactly those series
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∑n∈Nd0
dnX

n

for which

lim
∣n∣→∞

∣dn∣νr(Xn) = 0 ,

and νr(∑n dnX
n) = supn ∣dn∣νr(Xn).

Remark 2.3.3. In [K1], 1.4.2, the conditions imposed on H0 are those of [K1], 1.3.5.
However, a group H0 which is L-uniform automatically satisfies the conditions of
[K1], 1.3.5.2

Corollary 2.3.4. Let H be a compact locally L-analytic group, and let H0 ⊂H be an
open normal subgroup as in Thm. 2.3.2 (i). Suppose that Dr(H,K) is an integral
domain. Then any non-zero left ideal I of Dr(H,K) has non-zero intersection with
Ur(h,H0).

Proof. Compare [Fr], Corollary 5. Since H is compact, Dr(H,K) is a finite
Dr(H0,K)-module, and so Dr(H,K) is finite over Ur(h,H0). Therefore, there exists
for any F ∈ Dr(H,K), a polynomial P = ∑N

i=0 aiX
i, ai ∈ Ur(h,H0) with P (F ) = 0.

Because we assumed Dr(H,K) to be an integral domain, we may find a polynomial
with a0 ≠ 0. So, if F ∈ I then

0 ≠ a0 = −
N

∑
i=1

aiF
i ∈ I ∩Ur(h,H0) .

◻

2.4. Locally analytic representations. We conclude this section by recalling
some facts of locally analytic representations. Let H be a locally L-analytic group, V
a Hausdorff locally convex K-vector space, and ρ ∶H → GLK(V ) a homomorphism.
Then ρ (or the pair (V, ρ)) is called a locally analytic representation of H if the topo-
logical K-vector space V is barrelled, each h ∈ H acts K-linearly and continuously
on V , and the orbit maps ρv ∶ H → V, h ↦ ρ(h)(v), are locally analytic maps for
all v ∈ V , cf. [ST1], sec. 3. If V is of compact type, i.e., a compact inductive limit
of Banach spaces, the strong dual V ′

b is a nuclear Fréchet space and a separately
continuous left D(H,K)-module. The module structure is given as follows:

D(H,K)⊗K V ′
b → V ′

b , δ ⊗ ϕ↦ (v ↦ δ(g ↦ ϕ(ρ(g−1)v))) .
2On the other hand, one can show that a group satisfying the conditions of [K1], 1.3.5, is actually

L-uniform. We will not need this fact in this paper.
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This functor gives an equivalence of categories

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

locally analytic H-represen-
tations on K-vector spaces

of compact type with
continuous linear H-maps

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

Ð→

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

separately continuous D(H,K)-
modules on nuclear Fréchet spa-
ces with continuous D(H,K)-

module maps

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

In particular, V is topologically irreducible if V ′
b is a simple D(H,K)-module.

For any closed subgroup H ′ of H and any locally analytic representation V of H ′,
we denote by IndHH′(V ) the induced locally analytic representation. We recall the
definition:

IndHH′(V ) ∶= {f ∈ Can(H,V ) ∣ f(h′ ⋅ h) = h′ ⋅ f(h) ∀h′ ∈H ′,∀h ∈H}.

The group H acts on this vector space by (h ⋅ f)(x) = f(xh). We have a Frobenius
reciprocity in the category of locally analytic representations (see [Fe] Theorem
4.2.6):

Homcont
H (W, IndHH′ V ) ≅ Homcont

H′ (ResHH′W,V ) .

Here, ResHH′(W ) denotes as usual the restriction, viewing W via the embedding
H ′ ↪H as a H ′-representation. Consider the canonical map of D(H,K)-modules

(2.4.1) D(H,K)⊗D(H′,K) V
′ → (IndHH′ V )′b , δ ⊗ ϕ↦ δ ⋅ ϕ ,

with (δ ⋅ϕ)(f) = δ(g ↦ ϕ(f(g−1))). Suppose H = C ⋅H ′ with a compact subgroup C ⊂
H, such that C∩H ′ is topologically finitely generated, and suppose, moreover, that V
is finite-dimensional. Then the same arguments as in [ST3], before Lemma 6.1, show
that (2.4.1) is an isomorphism of topological vector spaces, if we give the left side
the quotient topology of the projective tensor product topology on D(H,K)⊗K V ′.3

We will only consider induced representations where these conditions are met. (For
more general situations cf. [K2], Prop. 5.3 and Remark 5.4.)

3We remark that the projective and inductive tensor product topologies coincide for tensor
products of Fréchet spaces, cf. [S], Prop. 17.6.
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3. Representations induced from a parabolic subgroup

3.1. The setting and statement of the main result.

3.1.1. We consider a connected reductive algebraic group G over the finite extension
L of Qp. Let S ⊂ G be a maximal split torus over L. Fix a minimal parabolic
subgroup P0 of G which contains S and denote by U0 its unipotent radical. The
choice of P0 determines subsets Φ+ ⊃ ∆ of positive and simple roots, respectively, in
the root system Φ of G with respect to S. Let P be a parabolic subgroup containing
P0 with unipotent radical U. Let M be the Levi subgroup of P containing S. Let
W be the Weyl group of G with respect to S, and let WP ⊂W be the Weyl group
of the Levi subgroup M. Finally, we denote by Φred the set of reduced roots of Φ.

We denote the corresponding groups of L-valued points by bold letters:

G = G(L) , P = P(L) , S = S(L) , etc.

which we consider as locally L-analytic groups. The Lie algebras will be denoted by
gothic letters, i.e.,

g = Lie(G) , p = Lie(P) , s = Lie(S) , etc.

3.1.2. We let

ρ ∶ PÐ→MÐ→ GL(V )

be a representation of P which comes by inflation from a locally L-analytic repre-
sentation of M on a finite-dimensional K-vector space V . We are interested in the
locally analytic induced representation

IndG
P(ρ)

and our main result gives a criterion for the topological irreducibility of this locally
L-analytic representation of G in terms of the generalized Verma module

m(ρ) ∶= U(g)⊗U(p) ρ′ .

Here ρ′ is the derived representation of p on the dual space V ′ = HomK(V,K). Our
main result then is

Theorem 3.1.3. If m(ρ) is a simple U(g)-module, then IndG
P(ρ) is a topologically

irreducible representation.
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3.2. The structure of the proof.

3.2.1. Reduction to groups of the type (torus) × (simply connected). The first step
is to reduce to the case where G is a product of a torus and a semi-simple simply
connected algebraic group.4 To this end let G̃der be the simply connected cover of
the derived group Gder of G. Let Z be the connected component of the center of
G. Put G̃ = Z × G̃der. There is a canonical morphism ι ∶ G̃ → G which induces an
isomorphism between the corresponding Lie algebras. Put P̃ = ι−1(P), which is a

parabolic subgroup of G̃. The morphism ι indices an isomorphism of flag varieties

G̃/P̃ ≃Ð→ G/P, from which we deduce an isomorphism of representations of G̃

IndG
P(ρ) ≃Ð→ IndG̃

P̃
(ρ̃) .

Here ρ̃ is the representation of P̃ given by the composition of the induced map
P̃→ P and ρ. The action of G̃ on the right comes from the homomorphism G̃→G.

It follows that IndG
P(ρ) is a (topologically) irreducible G-representation if IndG̃

P̃
(ρ̃)

is a (topologically) irreducible G̃-representation. The same argument applies to the
Verma modules. Therefore, we will assume from now on that G is the product of a
central torus and a semi-simple and simply connected group.

3.2.2. Passage to representations of compact groups. The second step is to reduce
the analysis of the induced representation to a question about representations of
compact groups. To this end we fix a special maximal compact subgroup G ⊂ G.
From the Iwasawa decomposition G = G ⋅ P (cf. [Ca], sec. 3.5), we deduce an
isomorphism of G-representations

IndG
P(ρ)∣G

≃Ð→ IndGG∩P(ρ) .

We let I ⊂ G be an Iwahori subgroup, and put P + = G ∩ P. We note that every
element of the Weyl group W of G with respect to S has a representative in G
(cf. [BT1], 4.2.3, [Ca], p. 140 (b)), and hence we identify W with (NG(S) ∩
G)/(ZG(S) ∩ G). The same remark applies to the Weyl group WP. From the
Bruhat-Tits decomposition (cf. [Ca] 3.5) we deduce that

G = ∐
w∈W /WP

IwP .

It follows that

G = ∐
w∈W /WP

IwP + .

4This is needed to ensure that the Iwahori subgroup I, to be defined below, possesses Iwahori
decompositions w.r.t. all parabolic subgroups wPw−1, cf. 3.3.1.



IRREDUCIBILITY OF LOCALLY ANALYTIC PRINCIPAL SERIES REPRESENTATIONS 15

This in turn shows that, as representations of I, we have

IndGG∩P(ρ)∣I ≅ ⊕
w∈W /WP

IndIP+w(ρ
w) ,

where P +
w = I ∩wP +w−1. Here, we fix once and for all representatives for elements in

W /WP as follows: first we take from each coset wWP its Kostant representatives, ẇ
say, and then we fix a representative of ẇ in G (that is possible, cf. above). When
we write w ∈ W /WP, then w denotes this specifically chosen representative in G.
We let Mw(ρ) be the D(P,K)-module dual to IndIP+w(ρ

w), i.e.,

Mw(ρ) = (IndIP+w(ρ
w))′

b
=D(I,K)⊗D(P+w,K) V

′
w ,

where Vw denotes the vector space V equipped with the action ρw of P +
w given by

ρw(h) = ρ(w−1hw), cf. (2.4.1). We get

(IndGG∩P(ρ))′
b
= ⊕
w∈W /WP

Mw(ρ) .

Assuming that all D(I,K)-modules Mw(ρ) are simple we show in Prop. 3.5.1 that
they are pairwise non-isomorphic. This implies that the left hand side is a simple
D(G,K)-module, which in turn shows that IndGG∩P(ρ) is a topologically irreducible
G-representation.

3.2.3. From D(I,K)-modules to Dr(I,K)-modules. Because the representation V
is finite-dimensional, the canonical map V ′

w → Dr(P +
w ,K)⊗D(P+w,K) V ′

w is an isomor-
phism for r < 1 sufficiently close to 1, cf. Prop. 3.4.2. Hence

Mw
r (ρ) ∶=Dr(I,K) ⊗D(I,K)Mw(ρ) =Dr(I,K) ⊗D(P+w,K) V ′

w

=Dr(I,K)⊗Dr(P+w,K) (Dr(P +
w ,K)⊗D(P+w,K) V ′

w)

=Dr(I,K)⊗Dr(P+w,K) V ′
w .

By [ST2], Lemma 3.9, Mw(ρ) is a simple D(I,K)-module if Mw
r (ρ) is a simple

Dr(I,K)-module for a sequence of r’s tending to 1, so that we are done if we show
that all Mw

r (ρ) are simple Dr(I,K)-modules, assuming the simplicity of m(ρ) as
an U(g)-module.

In order to study the modules Mw
r (ρ) we use the Iwahori product decomposition,

cf. Lemma 3.3.2,
I = U−

w ⋅ P +
w ,

where U−
w = I ∩wU−w−1 and U− is the unipotent radical of the parabolic subgroup

opposite to P. We choose an open uniform normal subgroup I0 ⊂ I such that
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I0 = U−
w,0 ⋅ P +

w,0 where U−
w,0 = U−

w ∩ I0 and P +
w,0 = P +

w ∩ I0 .

We will show that it is possible to choose I0 in such a way that P +
w,0 is uniform

and U−
w,0 is L-uniform (cf. Remark 2.2.5). The completed distribution algebras of

I (U−
w and P +

w , resp.) are defined by means of the canonical p-valuation on I0 (U−
w,0

and P +
w,0, resp.), cf. 2.2.6. For r < 1 sufficiently close to 1, we have a canonical

isomorphism of Banach spaces

Dr(U−
w,K)⊗̂KDr(P +

w ,K) ≃Ð→Dr(I,K) ,

which in turn gives rise to a canonical isomorphism of Dr(U−
w,K)-modules

Dr(U−
w,K)⊗K V ′

w

≃Ð→Mw
r (ρ) ,

cf. Prop. 3.4.2. Using the integrality of the distribution algebra Dr(U−
w,K), cf.

Prop. 3.3.5, together with Corollary 2.3.4, we prove that any non-zero Dr(I,K)-
submodule N of Mw

r (ρ) has non-zero intersection with

mw
r (ρ) ∶= Ur(u−w, U−

w,0)⊗K V ′
w ,

cf. Prop. 3.4.10. Using general results about orthogonal bases we can even infer
that N has non-zero intersection with

mw(ρ) = U(u−w)⊗K V ′
w ≃ U(g)⊗U(p+w) V

′
w .

But it is not difficult to see that if m(ρ) ∶= m1(ρ) = U(g) ⊗p V ′ is a simple U(g)-
module, then mw(ρ) is a simple U(g)-module for all w, and this implies that Mw

r (ρ)
is a simple Dr(I,K)-module for all w and all r sufficiently close to 1. Hence, by our
previous remark, Mw(ρ) is a simple D(I,K)-module for all w. From what we have
said at the end of 3.2.2 it then follows that IndGG∩P(ρ) is a topologically irreducible
G-representation.

3.3. Parahoric subgroups and their distribution algebras.

3.3.1. For the following compare [Ca], sec. 3.5. The torus S determines an
apartment A in the Bruhat-Tits building of G over L. We fix a special vertex x0

in the apartment A. Then there is a unique conical chamber C in A having x0 as
apex and satisfying the following property: for every u in the unipotent radical U0

of P0 the intersection C ∩ uC contains a translate of C. Moreover, there is a unique
chamber C0 in C having x0 as one of its vertices. We let G ⊂ G be the stabilizer of
x0 and I ⊂ G the pointwise stabilizer of C0. Let U− be the unipotent radical of the
parabolic subgroup of G opposite to P. For w ∈W /WP, we put
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P +
w = I ∩wPw−1 , U+

w = I ∩wUw−1 , U−
w = I ∩wU−w−1 .

Lemma 3.3.2. The multiplication map

P +
w ×U−

w Ð→ I

is an isomorphism of locally L-analytic manifolds. In particular, there are decom-
positions

I = P +
w ⋅U−

w = U−
w ⋅ P +

w .

Proof. Let Z be the centralizer of S in G and denote by Zc the kernel of the natural
homomorphism Z(L) → X∗(S)R. For a (reduced) root α ∈ Φred, let Uα be its root
subgroup in G. Let Xα = Uα(L) ∩ I. By our assumption on G, the condition in
[Ti], first sentence in 3.1.1, is met (cf. the sentence preceding sec. 3.1.1 in [Ti]).
Therefore, by the last sentence in [Ti], sec. 3.1.1, we have a product decomposition

I = Zc ⋅ ∏
α∈Φred

Xα ,

where the product is taken with respect to any ordering on the roots. The claim
follows immediately. �

3.3.3. Defining norms on D(I,K). We start with the construction of the subgroup

I0 ⊂ I mentioned in 3.2.3. It follows from [S-S], Prop. I.2.7, that the subgroups U
(e)
x0

of G constructed there (we take for the facet F in [S-S] the special vertex x0 of 3.3.1)
possess an Iwahori decomposition with respect to the parabolic subgroup P:

U
(e)
x0 = (U (e)x0 ∩U−) ⋅ (U (e)x0 ∩P) .

But as the groups U
(e)
x0 are normal in G ([S-S], three lines before Prop. I.2.7), they

possess an Iwahori decomposition with respect to any parabolic subgroup of the
form wPw−1:

U
(e)
x0 = w(U (e)x0 ∩U−)w−1 ⋅w(U (e)x0 ∩P)w−1 = (U (e)x0 ∩wU−w−1) ⋅ (U (e)x0 ∩wPw−1) .

The groups U
(e)
x0 form a fundamental system of compact open neighborhoods of 1 in

G ([S-S], Cor. I.2.9). Fix an L-uniform subgroup H ⊂ I (cf. Remark 2.2.5). Then

there is e > 0 such that U
(e)
x0 ⊂H. Let Λ ⊂ Lie(H) = g be the oL lattice from Lemma

2.2.4, i.e., expH maps Λ homeomorphically onto H. Define:
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Λ0 ∶= exp−1
H (U (e)x0 )

Λ1 ∶= exp−1
H (U (e)x0 ∩wU−w−1)

Λ2 ∶= exp−1
H (U (e)x0 ∩wPw−1)

Each Λi, i = 0,1,2, is a Zp-lattice in Λ. For t≫ 0 we then have that ptΛi is a uniform
Zp-Lie algebra in the sense of [DDMS], sec. 9.4. Fix such a t and define

U−
w,0 ∶= expH(ptΛ1) ⊂ U

(e)
x0 ∩wU−w−1 ⊂ U−

w ,

P +
w,0 ∶= expH(ptΛ2) ⊂ U

(e)
x0 ∩wPw−1 ⊂ P +

w ,

I0 ∶= expH(ptΛ0) ⊂ U
(e)
x0 ⊂ I .

The subgroup U−
w,0 (P +

w,0, I0, resp.) consists of the pt-th powers of elements of

U
(e)
x0 ∩wU−w−1 (U

(e)
x0 ∩wPw−1, U

(e)
x0 , resp.), and is thus a characteristic subgroup of

U
(e)
x0 ∩wU−w−1 (U

(e)
x0 ∩wPw−1, U

(e)
x0 , resp.). As U

(e)
x0 is normal in G, it follows that

the group U
(e)
x0 ∩wU−w−1 (U

(e)
x0 ∩wPw−1, U

(e)
x0 , resp.) is normal in U−

w (P +
w , I, resp.).

And this implies that U−
w,0 (P +

w,0, I0, resp.) is normal in U−
w (P +

w , I, resp.). Each
group U−

w,0, P +
w,0, and I0, is uniform pro-p.

We now show that U−
w,0 is actually L-uniform. Because of the root decomposition

of U
(e)
x0 in [S-S], Prop. I.2.7, it suffices to consider U−

w,0 ∩ Uα for some α ∈ (Φ− ∖
ΦP) ∩Φred. Here, ΦP is the root system of the Levi subgroup of P which contains
S, and Uα is the generalized root group with Lie algebra gα ⊕ g2α.5 It follows from

[BT2], last sentence in sec. 5.2.2, that U
(e)
x0 ∩Uα is equal to U(oL), where U is a

group scheme over oL which is, as a scheme, isomorphic to Spec (SymoL
(N)) with

a free oL-module N of finite rank. Hence we see that U−
w,0 ∩ Uα = Ut(oL), where

Ut = Spec (SymoL
(Nt)) with Nt = p−tN . The group of oL-valued points Ut(oL) is

identified with the oL-algebra homomorphisms SymoL
(Nt)→ oL, which are uniquely

determined by restriction to Nt ⊂ SymoL
(Nt). We may assume that the zero section

of Ut corresponds to the map which sends Nt to zero. Let (Nt) ⊂ SymoL
(Nt) be the

ideal generated by Nt. Then the Lie algebra of the group scheme Ut can be identified
with the relative tangent space HomoL((Nt)/(Nt)2,oL). It is easy to see that the
exponential map

expUt(oL) ∶ Lie(Ut)⊗oL L⇢ Ut(oL) ,

5Here g2α = 0 if 2α is not a root.
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when restricted to a sufficiently small submodule of Lie(Ut), corresponds then to
the restriction (to that submodule) of the composed map

Lie(Ut) = HomoL((Nt)/(Nt)2,oL) Ð→ HomoL(Nt,oL)

Ð→ HomoL−algebras(SymoL
(Nt),oL) = Ut(oL) .

The first map is defined by restricting a map (Nt)/(Nt)2 → oL to Nt ⊂ (Nt)/(Nt)2.
The maps in this sequence are all bijections. Because Ut(oL) is uniform pro-p,
the exponential map maps a lattice in Lie(Ut) bijectively onto Ut(oL), and this
lattice must therefore be Lie(Ut), which is an oL-module. Hence we conclude that
U−
w,0 ∩Uα = Ut(oL) is L-uniform, and it follows that U−

w,0 is L-uniform too.

We have I0 = U−
w,0 ⋅ P +

w,0, and for the canonical p-valuation on I0 it follows from the
identity Pi+1(I0) = exp(pi ⋅ ptΛ0), together with [DDMS], Lemma 4.14 (iv), that for
x ∈ ptΛ1 and y ∈ ptΛ2 we have

ωcan(exp(x) exp(y)) = εp +min{a, b} = min{ωcan(exp(x)), ωcan(exp(y))} ,

where a, b are such that x ∈ pa⋅(ptΛ1)∖pa+1⋅(ptΛ1) and y ∈ pb⋅(ptΛ2)∖pb+1⋅(ptΛ2) (with
a (resp. b) being ∞ if x = 0 (resp. y = 0)). In order to define the norms qr on the rings
D(U−

w,K), D(P +
w ,K) and D(I,K), we work with the uniform normal subgroups

U−
w,0, P +

w,0 and I0, and the canonical p-valuations on these groups, following the
recipe explained in 2.2.6.

In the following Proposition, all completed tensor products are meant to be the
completions of the ordinary tensor products with respect to the projective tensor
product topology, cf. [S], sec. 17. We remark that for Fréchet spaces the projective
and the inductive tensor product topology coincide, cf. [S], Prop. 17.6.

Proposition 3.3.4. (i) The decompositions I = U−
w ⋅ P +

w , I0 = U−
w,0 ⋅ P +

w,0 induce
isomorphisms of topological K-vector spaces

Can
Qp(U

−
w,K)⊗̂KCan

Qp(P
+
w ,K) ≃Ð→ Can

Qp(I,K)

Can
Qp(U

−
w,0,K)⊗̂KCan

Qp(P
+
w,0,K) ≃Ð→ Can

Qp(I0,K)

Can
L (U−

w,K)⊗̂KCan
L (P +

w ,K) ≃Ð→ Can
L (I,K)

Can
L (U−

w,0,K)⊗̂KCan
L (P +

w,0,K) ≃Ð→ Can
L (I0,K) .

(ii) We equip the rings DQp(I0,K), DQp(U−
w,0,K) and DQp(P +

w,0,K) with the norm

∥ ⋅ ∥r, 1
p < r < 1, associated to the canonical p-valuation. The rings DQp(I,K),
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DQp(U−
w,K) and DQp(P +

w ,K) carry the maximum norms qr, and DL(I,K),
DL(U−

w,K), DL(P +
w ,K) as well as DL(I0,K), DL(U−

w,0,K) and DL(P +
w,0,K) are

equipped with the quotient norms q̄r. On the tensor products of these spaces we
put the usual induced norm. Then the isomorphisms in (i) induce isometries of
topological K-vector spaces

DQp(I,K) ≃Ð→DQp(U−
w,K)⊗̂KDQp(P +

w ,K)

DQp(I0,K) ≃Ð→DQp(U−
w,0,K)⊗̂KDQp(P +

w,0,K)

DL(I,K) ≃Ð→DL(U−
w,K)⊗̂KDL(P +

w ,K)

DL(I0,K) ≃Ð→DL(U−
w,0,K)⊗̂KDL(P +

w,0,K) .

(iii) The isometries in (ii) furnish isometries of the completions

Dr(I,K) ≃Ð→Dr(U−
w,K)⊗̂KDr(P +

w ,K)

Dr(I0,K) ≃Ð→Dr(U−
w,0,K)⊗̂KDr(P +

w,0,K) .

Proof. (i) This follows from [ST3], Lemma A.1 and Prop. A.2.
(ii) Let h1, . . . , hd′ be a p-basis of U−

w,0 and hd′+1, . . . , hd be a p-basis of P +
w,0. For

u ∈ U−
w,0, p ∈ P +

w,0, we have by the discussion in 3.3.3

ωcan(up) = min{ωcan(u), ωcan(p)} ,

so that h1, . . . , hd′ , hd′+1, . . . , hd is a p-basis of I0. Elements of DQp(I0,K) have a
unique expansion as series of the form

∑n∈Nd0
dnb

n ,

with bn = (h1 − 1)n1 ⋅ . . . ⋅ (hd − 1)nd . From this we deduce immediately that the
canonical map

DQp(I0,K) ≃Ð→DQp(U−
w,0,K)⊗̂KDQp(P +

w,0,K)

is an isometry when equipped with the norm ∥ ⋅∥r on the left hand side and with the
induced norm on the tensor product. Consider the canonical commutative diagram

DQp(I0,K) ≃Ð→ DQp(U−
w,0,K)⊗̂KDQp(P +

w,0,K)
↓ ↓

DL(I0,K) ≃Ð→ DL(U−
w,0,K)⊗̂KDL(P +

w,0,K)
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Let q̄r denote the quotient norm on DL(U−
w,0,K) as well as on DL(P +

w,0,K), and let
q̄r⊗ q̄r be the induced norm on the tensor product. On the other hand, let ∥ ⋅∥r⊗∥ ⋅∥r
be the norm on DQp(U−

w,0,K)⊗̂KDQp(P +
w,0,K), and denote by ∥ ⋅ ∥r ⊗ ∥ ⋅ ∥r the norm

on DL(U−
w,0,K)⊗̂KDL(P +

w,0,K) induced by the surjection

DQp(U−
w,0,K)⊗̂KDQp(P +

w,0,K)↠DL(U−
w,0,K)⊗̂KDL(P +

w,0,K) .

By [BGR], Ch. 2.1, Prop. 6, we know that

q̄r ⊗ q̄r = ∥ ⋅ ∥r ⊗ ∥ ⋅ ∥r ,

which in turn shows that

DL(I0,K) ≃Ð→DL(U−
w,0,K)⊗̂KDL(P +

w,0,K)

is an isometry. Finally, using Remark 2.2.7 we can conclude that

DL(I,K) ≃Ð→DL(U−
w,K)⊗̂KDL(P +

w ,K)

is an isometry too.
(iii) This statement follows from (ii). �

Proposition 3.3.5. (i) Let H be a connected reductive group over L, P ⊂ H a par-
abolic subgroup (defined over L), and let N be the unipotent radical of P. Consider
a compact open subgroup H ⊂ N(L). Choose an L-uniform subgroup H0 ⊂ H (cf.
Remark 2.2.5), and define the norm q̄r on D(H,K) as explained in 2.2.6 (using
the canonical p-valuation on H0). Then there is a sequence (rm)m≥1 of numbers in
(1
p ,1)∩pQ, and converging to 1, such that the ring Drm(H,K) is an integral domain

for all m.

(ii) There is a sequence (rm)m≥1 of numbers in (1
p ,1)∩pQ, and converging to 1, such

that the ring Drm(U−
w,K) is an integral domain.

Proof. (i) Let q̄r be the norm on Dr(H,K) defined by means of the uniform subgroup
H0 (using the canonical p-valuation on H0) as explained in 2.2.6. The key idea of
the proof is to embed Dr(H,K) in another distribution ring of the form Dr′(H ′,K)
which is an integral domain. First we note that for any given compact open subgroup
H ′ ⊂ N(L) there is an element s in a (maximal) torus S(L) (which is chosen to
normalize N(L)) such that sHs−1 is contained in H ′. We choose a compact open
subgroup H ′ ⊂ N(L) which is L-uniform (cf. Remark 2.2.5). H and sHs−1 being
isomorphic locally L-analytic groups, it suffices to show the assertion for sHs−1, i.e.,
we may assume without loss of generality that H is already contained in a compact
open subgroup H ′ which is L-uniform. The embedding H ↪ H ′ gives rise to a
continuous embedding of Fréchet spaces
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D(H,K)↪D(H ′,K) .

Denote by q̄H
′

r the norms on D(H ′,K) defined by means of the canonical p-valuation
on H ′ (H ′ is uniform pro-p). The topology of the Fréchet spaces D(H,K) and
D(H ′,K), is defined by the family of norms (q̄r)r and (q̄H′

r )r, respectively. There-
fore, for any r′, there is an inequality of norms on D(H,K)

(3.3.6) q̄H
′

r′ ≤ cq̄r

for r sufficiently close to 1. Next we consider the decomposition

D(H ′,K) = ⊕
h∈H′/H

δh ⋅D(H,K) ,

and denote by µr the maximum norm on D(H ′,K) induced by the norm q̄r:

µr
⎛
⎝ ∑
h∈H′/H

δh ⋅ λh
⎞
⎠
= max{q̄r(λh) ∣h ∈H ′/H} .

The norms µr may not be algebra norms in general, but they define the Fréchet
topology on D(H ′,K), as well. Hence for a given r0, there is an inequality

(3.3.7) µr0 ≤ c′q̄H
′

r′

for r′ sufficiently close to 1. Choose any r0 ∈ (p−
1

εp(p−1) ,1). Then, by Prop. 5.2.1,
there is r′ ∈ (1

p ,1)∩pQ such that (3.3.7) holds, and such that Dr′(H ′,K) is an integral
domain. This shows that there is a continuous map

Dr′(H ′,K)Ð→ (D(H ′,K), µr0)∧ ,

where the right hand side is the completion of D(H,K) with respect to µr0 . Next,
choose r ∈ (r0,1) ∩ pQ such that (3.3.6) holds, and that, in addition, there is m ∈ N
such that s = rpm satisfies s > 1

p and p−1/(p−1)−1/eqem ≤ sεp < p−1/(p−1). Here, e is the
ramification index of L over Qp, and q is the cardinality of the residue field of L.
Note that we have s < r0 < r and hence a commutative diagram of continuous maps
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Dr(H,K) //

��

Dr′(H ′,K)

��
Dr0(H,K) //

��

(D(H ′,K), µr0)∧

Ds(H,K)

The map Dr0(H,K)→ (D(H ′,K), µr0)∧ is clearly injective, because

(D(H ′,K), µr0)∧ = ⊕
h∈H′/H

δh ⋅Dr0(H,K) .

Moreover, by definition of the norms q̄r we have

Dr(H,K) = ⊕
h∈H/H0

δh ⋅Dr(H0,K) .

Because r and s are as in Prop. 5.1.1, the map Dr(H0,K)→Ds(H0,K) is injective
(cf. Prop. 5.2.1). Therefore, it follows from the remark just made that the map
Dr(H,K) → Ds(H,K) is injective as well. This implies that the map Dr(H,K) →
Dr0(H,K) must be injective too. Hence the composite map (cf. the diagram above)

Dr(H,K)Ð→Dr0(H,K)Ð→ (D(H ′,K), µr0)∧

is injective. Hence we see that the map Dr(H,K)Ð→Dr′(H ′,K) must be injective
as well. We have chosen r′ such that Dr′(H ′,K) is an integral domain. All maps
under consideration are ring homomorphisms, and soDr(H,K) is an integral domain
as well.

(ii) We remark that in 3.3.3 we have defined U−
w,0 in such a way that it is L-uniform.

Hence the assertion follows immediately from (i). �

Corollary 3.3.8. There is a sequence (rm)m of numbers in (1
p ,1) ∩ pQ, and con-

verging to 1, such that the following holds for any m: any non-zero left ideal I of
Drm(U−

w,K) has non-zero intersection with Urm(u−w, U−
w,0).

Proof. In 3.3.3 the lattice ptΛ1 ⊂ u−w has been defined so as to assure that U−
w,0 =

exp(ptΛ1) is L-uniform (cf. Remark 2.2.5). Using Prop. 3.3.5 we can apply Corollary
2.3.4 whose assertion is exactly the claim made above. �
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3.4. Modules for the completed distribution algebras.

3.4.1. The modules Mw(ρ) and mw(ρ). Let

ρ ∶ PÐ→MÐ→ GL(V )

be the fixed locally analytic representation of P on V (equipped with the unique
Hausdorff locally convex topology) from 3.1.2. The representation of P +

w which we
get by restriction and conjugation will be denoted by (ρw, Vw), cf. 3.2.3. Consider its
(strong) dual V ′

w ∶= (Vw)′b, which is a D(P +
w ,K)-module. We recall our convention to

denote Lie algebras of locally analytic groups by their corresponding gothic letters:

p+w = Lie(P +
w) = wLie(P +)w−1 , u−w = Lie(U−

w) = wLie(U−)w−1 , s = Lie(S) .

Via the embedding U(p+w) ↪ D(P +
w ,K) we view V ′

w as a Lie algebra representation
of p+w. We put

mw(ρ) ∶= U(g)⊗U(p+w) V
′
w ≅ U(u−w)K ⊗K V ′

w .

Next, consider the induced locally analytic representation IndIP+w(ρ
w) and let

Mw(ρ) = (IndIP+w(ρ
w))′b =D(I,K)⊗D(P+w,K) V

′
w

be the corresponding D(I,K)-module. By Prop. 3.3.4, there is a canonical isomor-
phism of D(U−,K)-modules

Mw(ρ) =D(I,K)⊗D(P+w,K) V
′
w ≃ D(U−

w,K)⊗K V ′
w .

Thus we see that the natural map mw(ρ)→Mw(ρ) is injective.

Proposition 3.4.2. (i) For r ∈ (1
p ,1) sufficiently close to 1 the canonical map

V ′
w Ð→Dr(P +

w ,K)⊗D(P+w,K) V
′
w , v ↦ 1⊗ v ,

is an isomorphism of K-vector spaces. Consequently, via this isomorphism, we can
extend the continuous operation of D(P +

w ,K) on V ′
w to a continuous operation of

Dr(P +
w ,K) on V ′

w.

(ii) When the finitely generated Dr(I,K)-module Dr(I,K)⊗Dr(P+w,K) V ′
w is equipped

with its natural topology, the canonical map

Dr(U−
w,K)⊗K V ′

w Ð→Dr(I,K)⊗Dr(P+w,K) V
′
w

is a topological isomorphism.
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Proof. (i) The K-vector space V ′
w is finite-dimensional and hence finitely generated

as D(P +
w ,K)-module. Thus Vw is a strongly admissible representation of P +

w in the
sense of [ST1], §3. This implies that V ′

w is a co-admissible D(P +
w ,K)-module in the

sense of [ST2], §3 (cf. [ST2], paragraph following Prop. 6.4). Hence

φ ∶ V ′
w Ð→ lim

←Ð

r<1

(Dr(P +
w ,K)⊗D(P+w,K) V

′
w)

is an isomorphism of K-vector spaces. By [ST2], Theorem A, p. 152, for every
r ∈ (1

p ,1), the canonical map

φr ∶ V ′
w Ð→Dr(P +

w ,K)⊗D(P+w,K) V
′
w

has dense image, and is therefore surjective. For r1 < r2 < 1 the map φr1 factors
through φr2 . This implies that the family ker(φr) is decreasing with increasing r.
The intersection of all ker(φr) is the zero space because φ is injective. As V ′

w is
finite-dimensional, there must be some r ∈ (1

p ,1) such that ker(φr) is zero. Hence,

there is necessarily some r ∈ (1
p ,1) such that the map V ′

w Ð→Dr(P +
w ,K)⊗D(P+w,K)V ′

w

is bijective.

(ii) By Prop. 3.3.4 it follows that the map in (ii) is a bijection. If we give the right
hand side its natural Dr(I,K)-module topology, i.e., the quotient topology induced
by an arbitrary surjection of Dr(I,K)-modules

Dr(I,K)m →Dr(I,K)⊗Dr(P+w,K) V
′
w ,

then the map in (ii) is a continuous bijective map, and hence, by the open mapping
theorem, a homeomorphism. �

3.4.3. The modules Mw
r (ρ) and mw

r (ρ). For the rest of this section, r < 1 denotes
a real number sufficiently close to 1 such that the assertions of 3.4.2 and 3.3.8 do
hold. We put

Mw
r (ρ) ∶=Dr(I,K)⊗D(I,K)Mw(ρ) ,

which we consider as a module over the Banach algebra Dr(I,K). By the foregoing
proposition, we have

Dr(I,K) ⊗D(I,K)Mw(ρ) =Dr(I,K) ⊗D(P+w,K) V ′
w

=Dr(I,K)⊗Dr(P+w,K) (Dr(P +
w ,K)⊗D(P+w,K) V ′

w)

=Dr(I,K)⊗Dr(P+w,K) V ′
w .
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Using this and Prop. 3.3.4 we see that the map

Dr(U−
w,K)⊗K V ′

w Ð→Mw
r (ρ)

is an isomorphism of Dr(U−
w,K)-modules. Therefore, the natural map

Mw(ρ)Ð→Mw
r (ρ)

is an embedding. We denote the topological closure of mw(ρ) in Mw
r (ρ) by mw

r (ρ).
Because Ur(u−w, U−

w,0) is the topological closure of U(u−w)K in Dr(U−
w,K) we have

mw
r (ρ) = Ur(u−w, U−

w,0)⊗K V ′
w .

Since the maximal split torus S is contained in P, we have a natural diagonal action
of U(s) on mw(ρ).

Lemma 3.4.4. (i) For any x ∈ s the action of x on mw(ρ) is continuous with respect
to the topology on mw

r (ρ), and hence extends continuously to mw
r (ρ).

(ii) The U(s)-module structure on mw(ρ) extends to a U(s)-module structure on
mw
r (ρ).

(iii) For any λ ∈ s∗ the weight space mw
r (ρ)λ is finite-dimensional.

Proof. We begin by considering again the way we have defined the subgroup U−
w,0

in 3.3.3. Recall that we started with an L-uniform (normal) subgroup H of G, and
a lattice Λ ⊂ Lie(H) on which expH is defined and maps Λ bijectively to H. Then

we have chosen e large enough such that U
(e)
x0 is contained in H. Then we have put

Λ1 ∶= exp−1
H (U (e)x0 ∩wU−w−1) = Ad(w) (exp−1

H (U (e)x0 ∩U−))

and U−
w,0 = expH(ptΛ1) for t≫ 0.

Our aim is to show that Λ1 has an oL-basis consisting of root elements.

By [S-S], Prop. I.2.7, we have

U
(e)
x0 ∩U− = ∏

α∈(Φ−∖ΦP)∩Φred

(Uf∗x0+e ∩Uα)

where ΦP is the root system of the Levi subgroup of P which contains the torus S,
and where

(3.4.5) Uf∗x0+e ∩Uα = Uα,f∗x0(α)+e . U2α,2f∗x0(α)+e
.
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We refer to [S-S] (and [BT2]) for the definitions of the various groups appearing
here. We want to show that

(3.4.6)

exp−1
H (Uf∗x0+e ∩Uα)

= (exp−1
H (Uf∗x0+e ∩Uα) ∩ gα)⊕ (exp−1

H (Uf∗x0+e ∩Uα) ∩ g2α) .

Here gα, g2α denote, as usual, the root subspaces.6 By identity (3.4.5) it follows that
(3.4.6) holds if we have

(3.4.7) exp−1
H (Uα,f∗x0(α)+e) = (exp−1

H (Uα,f∗x0(α)+e) ∩ gα)⊕ (exp−1
H (Uα,f∗x0(α)+e) ∩ g2α) .

To show that (3.4.7) holds is a non-trivial problem only if 2α is a root, which we
assume from now on. At this point we have to consider the actual definition of the
groups involved, and this means to trace through the œuvre of Bruhat and Tits. We
will give the reader only some guidelines where to look in [BT2]. By [BT2], 5.1.16,
one can easily reduce the problem to the case when G is quasi-split. By [BT2],
4.3.5, one has Uα,k = Uα,k(oL), and this group has an explicit description in terms of
a group denoted H(L,L2) in [BT2], cf. [BT2], 4.1.9, 4.1.15.7 But the description of
H(L,L2) given in [BT2], 4.1.15, shows that (3.4.7) does indeed hold.

Hence we see that exp−1
H (U (e)x0 ∩U−) has an oL-basis consisting of weight vectors, and

the same is therefore true for the lattice Λ1 and for ptΛ1. Thus, let (X1, . . . ,Xd) be
an oL-basis of ptΛ1 = exp−1

H (U−
w,0) which consists of weight vectors Xi ∈ gαi .

(i) Because U−
w,0 is L-uniform, we can apply part (ii) of Kohlhaase’s theorem 2.3.2

to the basis (X1, . . . ,Xd): the closure Ur(u−w, U−
w,0) of U(u−w) ⊗L K in Dr(U−

w,0,K),
cf. 2.3.1, consists exactly of those series

∑n∈Nd0
dnX

n

for which

lim∣n∣→∞ ∣dn∣νr(Xn) = 0 .

Here, νr is a norm on Ur(u−w, U−
w,0) which is equivalent to q̄r and νr(∑n dnX

n) =
supn ∣dn∣νr(Xn). Let v1, . . . , vk be a basis of V ′

w which consists of weight vectors:
x ⋅ vj = γj(x)vj for all x ∈ s, 1 ≤ j ≤ k. Then we have for any x ∈ s:

6Note that, according to the conventions used in [S-S] and [BT2], one has Lie(Uα) = gα ⊕ g2α.
7The field denoted L in [BT2], ch. 4, is not the same as our field L; our field L is the field K in

[BT2], ch. 4.
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x ⋅ (Xn ⊗ vj) = (γj +∑1≤i≤k niαi) (x) ⋅ (X
n ⊗ vj) .

It is obvious that there is C > 0 (depending on x) such that for all j ∈ {1, . . . , k} and
all n ∈ Nd

0 one has

∣ (γj +∑1≤i≤k niαi) (x)∣K
≤ C .

This shows that the action of x on mw(ρ) extends to a continuous endomorphism of
mw
r (ρ).

(ii) Is an immediate consequence of (i).

(iii) In (i) we have seen that the elements Xn⊗vj ∈mw
r (ρ) are weight vectors for the

action of s. If

µ =∑n∈Nd0,1≤j≤k
dn,jX

n ⊗ vj ∈ mw
r (ρ) = Ur(U−

0 ,K)⊗K V ′
w

is an element of mw
r (ρ)λ, then

λ = γj +∑1≤i≤k niαi

if dn,j ≠ 0. This is an immediate consequence of the fact that the monomials {Xn}n∈Nd0
are an orthogonal basis of Ur′(U−

0 ,K) with respect to the norm νr, cf. Thm. 2.3.2.
Because the characters αi do all occur in the Lie algebra u−w, there can only be finitely
many possibilities to write λ as a sum as above. Therefore, the weight spaces mw

r (ρ)
are all finite-dimensional. �

From mw
r (ρ) back to mw(ρ). From the result above we can deduce that closed

U(s)-invariant subspaces of mw
r (ρ) are in bijection with U(s)-invariant subspaces of

mw(ρ).

Proposition 3.4.8. (i) We have an inclusion preserving bijection

{ closed U(s)-invariant
subspaces of mw

r (ρ)
} ∼Ð→ {U(s)-invariant subspaces of mw(ρ)}

W z→ W ∩mw(ρ)

Any U(s)-invariant subspace W of mw
r (ρ) is the direct sum of its weight components:

W = ⊕Wλ.

(ii) Let N ⊂mw
r (ρ) be a closed U(s)-invariant subspace, N ≠ 0. Then N∩mw(ρ) ≠ 0.

In particular, any weight vector for the action of s lies already in mw(ρ).
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Proof. (i) This statement follows from Lemma 3.4.4 and [Fe] 1.3.12.
(ii) This is an immediate consequence of (i). �

Lemma 3.4.9. There is r′ ∈ (0,1) such that U(u−w)⊗LK is dense in Dr′(U−
w,0,K).

Proof. Let (xi)i be a basis of the Zp-Lie algebra ptΛ1 of U−
w,0, with the notation as

introduced in sec. 3.3.3. Then the elements (exp(xi))i, for an arbitrary but fixed
ordering, form a p-basis of U−

w,0. Put bi = exp(xi) − 1 ∈ D(RL
QpU

−
w,0,K), so that the

monomials bn in the bi form an orthogonal basis of Dr(RL
QpU

−
w,0,K), as in sec. 2.2.6.

For 0 < r′ < 1 sufficiently close to 0 the right hand side of the identity bi = exp(xi)−1
can be expanded as a convergent series

∑ν≥1

xνi
ν!

in Dr(RL
QpU

−
w,0,K). This shows that we can approximate bi by elements in U(u−w)K .

Hence U(u−w)⊗LK is dense in Dr′(U−
w,0,K). �

Proposition 3.4.10. Every non-trivial U(s)-invariant Dr(U−
w,K)-submodule of

Mw
r (ρ) has a non-trivial intersection with mw

r (ρ).

Proof. (See also Proposition 11 of [Fr].) Fix a basis v1, . . . , vk of weight vectors in
V ′
w with respect to the action of U(s). We obtain Dr(U−

w,K)-submodules

Dr(U−
w,K)⊗Kvi ⊂Mw

r (ρ)

which are U(s)-invariant. Consider the projections

pri ∶Mw
r (ρ) =Dr(U−

w,K)⊗K V ′
w →Dr(U−

w,K)⊗K Kvi
and let N ⊂Mw

r (ρ) be a Dr(U−
w,K) submodule which is U(s)-invariant. By defining

N (i) = ⋂
1≤j<i

ker(prj) ∩N ,

we obtain a descending filtration of Dr(U−
w,K) ×U(s)-modules

0 = N (k+1) ⊂ N (k) ⊂ . . . ⊂ N (2) ⊂ N (1) = N .

Let 1 ≤ i ≤ k be the unique index with

0 = N (i+1) ⊂ N (i) ≠ 0 .

Identifying Dr(U−
w,K) ⊗K Kvi with Dr(U−

w,K) as Dr(U−
w,K)-modules we see by

Corollary 3.3.8 that
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pri(N (i)) ∩ (Ur(u−w, U−
w,0)⊗K Kvi) ≠ 0.

By applying Prop. 3.4.8 we can infer that

pri(N (i)) ∩ (U(u−w)⊗LKvi) ≠ 0 .

Therefore, there is an element F ∈ N (i) such that pri(F ) ∈ U(u−w)⊗LKvi is a weight
vector (again by Prop. 3.4.8). In order to prove the statement of our proposition,
it suffices to show that prj(F ) ∈ Ur(u−w, U−

w,0)⊗K Kvj, j = i + 1, . . . , k. Suppose that
there is an index i < j ≤ k such that prj(F ) /∈ Ur(u−w, U−

w,0)⊗K Kvj.
We want to show that prj(F ) can not be a weight vector for the action of U(s).
To this end, choose r′ ∈ (0, r) sufficiently small such that U(u−w) ⊗L K is dense in
Dr′(U−

w,0,K), cf. Lemma 3.4.9. Then we have a commutative diagram of embeddings

Ur′(u−w, U−
w,0)⊗K Kvj

=Ð→ Dr′(U−
w,0,K)⊗K Kvj

∪ ∪
Ur(u−w, U−

w,0)⊗K Kvj ↪ Dr(U−
w,0,K)⊗K Kvj

Therefore, we can consider prj(F ) as an element of Ur′(u−w, U−
w,0)⊗KKvj. If prj(F )

was a weight vector, it would then automatically be an element of U(u−w) ⊗L Kvj,
by Prop. 3.4.8 (ii). Hence, a fortiori, prj(F ) would be in Ur(u−w, U−

w,0)⊗K Kvj.
Thus we have shown that prj(F ) is not a weight vector. Hence we may choose
λ ∈ U(s) such that λ ⋅ prj(F ) is not a scalar multiple of prj(F ). Let Cλ ∈ K be the
scalar with

λ ⋅ pri(F ) = Cλ ⋅ pri(F ) .

Then the non-zero element (λ−Cλ) ⋅F is contained in N (i+1) = 0, which is a contra-
diction. �

Corollary 3.4.11. If m(ρ) = U(g)⊗U(p+) V ′ is a simple U(g)-module then:

(i) mw(ρ) = U(g)⊗U(p+w) V ′
w is a simple U(g)-module for every w.

(ii) Mw
r (ρ) is a simple Dr(I,K)-module for every w.

Proof. (i) Note that the map

U(g)⊗U(p+) V ′ Ð→ U(g)⊗U(p+w) V
′
w , z⊗ v ↦ ad(w)(z)⊗ v ,

is an isomorphism of the underlying vector spaces. It sends U(g)-submodules to
U(g)-submodules. The left hand side is therefore a simple U(g)-module if and only
if the right hand side is a simple U(g)-module.
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(ii) Let N ⊂ Mw
r (ρ) be a Dr(I,K)-submodule. It is automatically closed because

Dr(I,K) is noetherian and Mw
r (ρ) is a finitely generated Dr(I,K)-module. By

the previous proposition, we see that N ∩ mw
r (ρ) ≠ 0. By Prop. 3.4.8 we get that

N ∩ mw(ρ) ≠ 0. Since mw(ρ) is a simple U(g)-module, we obtain an inclusion
mw(ρ) ⊂ N . Thus we conclude that 1 ⊗ V ′

w is contained in N and therefore N =
Mw

r (ρ). �

Theorem 3.4.12. If m(ρ) = U(g)⊗U(p+) V ′ is a simple U(g)-module then

Mw(ρ) = (IndIP+w(ρ
w))′

b

is a simple D(I,K)-module for every w.

Proof. It follows from the definition of Mw(ρ) that this is a finitely generated
D(I,K)-module (using that V is finite-dimensional over K). Therefore, IndIP+w(ρ

w)
is a strongly admissible representation of I in the sense of [ST1], §3. This implies
that V ′

w is a co-admissible D(P +
w ,K)-module in the sense of [ST2], §3 (cf. [ST2],

paragraph following Prop. 6.4). Now we can use [ST2], Lemma 3.9. and Cor. 3.4.11
to conclude that Mw(ρ) is a simple D(I,K)-module. �

3.5. The main result. The last essential step, to show the topological irreducibility
of the induced representation

IndG
P(ρ) ≅ IndGP+(ρ)

is to prove that the various D(I,K)-modules Mw(ρ) are pairwise non-isomorphic.

Proposition 3.5.1. Every homomorphism Mw′(ρ) → Mw(ρ) of D(I,K)-modules
for w ≠ w′ is zero.

Proof. Our proof is a slight generalization of [Fr], Proposition 12. A homomorphism
Mw′(ρ)→Mw(ρ) corresponds by duality, cf. 2.4, to a homomorphism

IndIP+w(ρ
w)Ð→ IndIP+

w′
(ρw′)

of locally analytic I-representations. By Frobenius reciprocity this corresponds to a
continuous P +

w′-homomorphism

IndIP+w(ρ
w)→ Vw′ = V .

From the decomposition I = U−
w ⋅ P +

w we deduce an isomorphism

IndIP+w(ρ
w) ≃Ð→ Can

L (U−
w, V )
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of representations of U−
w ∩ P +

w′ . Since w ≠ w′ the intersection w′U(w′)−1 ∩ wU−w−1

contains a root group. Here, U is the unipotent radical of P. Therefore,

U ∶= w′U(w′)−1 ∩U−
w ∩ P +

w′

is a non-trivial L-analytic group of positive dimension. The group w′U(w′)−1 acts
trivially on Vw′ , by assumption. Thus U acts trivially on Vw′ . A homomorphism

IndIP+w(ρ
w)Ð→ IndIP+

w′
(ρw′)

gives therefore rise to a continuous map

φ ∶ Can
L (U−

w, V )Ð→ V

which is U -equivariant, with U acting trivially on V . The canonical projection
U−
w → U/U−

w has a locally L-analytic section, so that we can find an isomorphism
of locally L-analytic manifolds U−

w ≃ U ×U ′ with some compact L-analytic manifold
U ′. This isomorphism we may assume to be compatible with the action of U by left
translation (acting trivially on U ′). This in turn gives rise to an isomorphism

Can
L (U−

w, V ) ≃Ð→ Can
L (U,K)⊗̂K,πCan

L (U ′, V ) ,

cf. [ST3], Lemma A.1 and Prop. A.2. Let λ ∶ V → K be a linear form and fix
g ∈ Can

L (U ′, V ). The map

φλ,g ∶ Can
L (U,K)→K , f ↦ φλ,g(f) = λ(φ(fg)) ,

then has the property that for all u ∈ U :

φλ,g(x↦ f(ux)) = φλ,g(f) .

Because U does not have a p-adic Haar measure, there is no non-zero U -invariant
continuous linear form on Can

L (U,K). Hence, we find that φλ,g = 0. The functions of
the form f ⋅ g, f ∈ Can

L (U,K), g ∈ Can
L (U ′, V ), span a dense subspace of Can

L (U−
w, V ).

Hence we deduce that λ ○ φ = 0 for all linear forms λ on V . This shows that φ is
necessarily zero. ◻

Theorem 3.5.2. Suppose m(ρ) is simple as a U(g)-module. Then

(i) M(ρ) = (IndGP+(ρ))
′
b

is simple as a D(G,K)-module. A fortiori, the representa-

tion IndGP+(ρ) is topologically irreducible.

(ii) IndG
P(ρ) is a topologically irreducible representation of G = G(L).
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Proof. Consider the decomposition

(IndGP+(ρ))
′
b
= ⊕
W /WP

Mw(ρ) .

Each term Mw(ρ) is by Theorem 3.4.12 a simple D(I,K)-module. Furthermore, the
summands are not pairwise isomorphic by the previous proposition. Since the Weyl
group permutes the summands transitively, M(ρ) is a simple D(G,K)-module. By
the relation between D(G,K)-modules and representations of G, we conclude that
IndGP+(ρ) is a topologically irreducible representation of G, cf. 2.4. The second
assertion follows immediately from (i). �

4. Examples

4.1. Irreducibility of Verma modules. Theorem 3.5.2 is of course only useful if
one can determine whether the generalized Verma module m(ρ) = U(g) ⊗U(p) ρ′ is

irreducible or not. To simplify this problem, one may pass to a finite extension K̃
of K such that the Lie algebra

gK̃ = g⊗L K̃

is split over K̃. Clearly, if m(ρ)⊗KK̃ is irreducible as module over U(gK̃), then m(ρ)
is simple as U(g)-module. If one can reduce the problem to a question about classical
Verma modules, i.e. those which are induced from one-dimensional representations
of a Borel subalgebra, one is in a particular simple situation. In the next paragraph
we recall the set-up from [D], Ch.7.

Suppose g is a split reductive Lie algebra over K. Let h be Cartan subalgebra of g,
b be a Borel subalgebra containing h, Φ the root system of g with respect to h, and
Φ+ ⊃ ∆ the set of positive and simple roots, respectively. Denote by δ = 1

2 ∑α∈Φ+ α
the sum of positive roots, as usual. Let {Xβ, β ∈ Φ;Hα, α ∈ ∆} be a Chevalley basis
of gder = [g,g]. For a character λ ∈ HomK(h,K), let Kλ be the one-dimensional
representation of h on K defined by λ and extend this to a representation of b by
letting the nilpotent radical act trivially.

Theorem 4.1.1. (Bernstein, Gelfand, Gelfand) The Verma module U(g)⊗U(b)Kλ

is a simple U(g)-module if and only if (λ + δ)(Hα) ∉ Z>0 for all α ∈ ∆.

We refer to [D], Thm. 7.6.24. Note that Dixmier uses the normalized induction, i.e.
his λ is our λ + δ.
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Example 4.1.2. Let G = GL2,L be the group GL2 over L, P the Borel subgroup of
upper triangular matrices, S ⊂ P the diagonal torus and

χ ∶ S = S(L)→K∗ , ( t1 0
0 t2

)↦ χ1(t1)χ2(t2) ,

where the characters χi ∶ L∗ → K∗, i = 1,2, are locally L-analytic. We lift χ to a
character of P = P(L), and denote by Kχ the corresponding representation on K.

Consider the locally L-analytic representation IndG
P(Kχ). For t ∈ L∗ close to 1, one

has χi(t) = tci with ci = d
dtχi(1) ∈ K, i = 1,2. The representation of p on the dual

space (Kχ)′ ≃K is given by the linear form

( t1 ∗
0 t2

)↦ −(c1t1 + c2t2) .

By Thm. 4.1.1 and Thm. 3.5.2 we conclude that IndG
P(Kχ) is topologically irre-

ducible if −(c1 − c2) ∉ Z≥0. This was shown also in [KS], cf. Thm. 3.1.6.

4.2. Restriction of Scalars. Let L̃ be a finite extension of L and denote by Γ
the set of L-embeddings of L̃ into K. Suppose that the cardinality of Γ is equal
to [L̃ ∶ L]. Let G̃ be a connected split reductive group over L̃, S̃ a maximal split

torus and P̃ a Borel subgroup containing S̃. Then we consider the reductive group

G = ResL̃L G̃ over L. Put P = ResL̃L P̃, T = ResL̃L S̃, and

G = G(L) = G̃(L̃) , P = P(L) = P̃(L̃) , T = T(L) = S̃(L̃) .

Consider a locally L-analytic character χ ∶ P→K∗ which factors through T, and let
dχ ∈ HomL(t,K) be the derivative of χ. Because t = s⊗L L̃ and by our assumption
on K we have a canonical K-linear isomorphism

HomL(t,K) = HomL(s,K)⊗K HomL(L̃,K) .

The set Γ is a basis for the set of L-vector space homomorphism HomL(L̃,K), and
so we can write

dχ =∑
σ∈Γ

dχσ ⊗ σ ,

with uniquely determined L-linear maps dχσ ∶ s→K.

The proof of the following assertion is an easy exercise:
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Proposition 4.2.1. (i) The map

L̃⊗LK Ð→∏
σ∈Γ

K , ξ ⊗ ζ ↦ (σ(ξ)ζ)σ ,

induces an isomorphism U(g)⊗LK ≃∏σ∈ΓU(g̃K) such that the U(g)⊗LK-module
U(gK)⊗U(pK)K−dχ becomes isomorphic to the direct sum of the modules

U(g̃K)⊗U(p̃K)K−dχσ .

(ii) The U(g)⊗LK-module U(gK)⊗U(pK)K−dχ is irreducible if and only if for every
σ ∈ Γ the U(g̃)-module U(g̃) ⊗U(p̃) K−dχσ is irreducible. If the latter condition is

fulfilled, then IndG
P(Kχ) is a topologically irreducible representation.

Example 4.2.2. With the notation introduced above we let g̃ = Lie(GL2,L̃) and

hence we consider G = GL2(L̃) as a locally L-analytic group. Let χ be a locally
L-analytic character of

T = {( t1 0
0 t2

) ∣ t1, t2 ∈ L̃∗} .

For t1, t2 ∈ L̃∗ sufficiently close to 1 we can write

χ( t1 0
0 t2

) =∏
σ∈Γ

σ(t1)c1,σσ(t2)c2,σ .

Then the representation IndG
P(Kχ) is topologically irreducible if for all σ ∈ Γ:

−(c1,σ − c2,σ) ∉ Z≥0 .

5. Appendix: completed distributions rings which are integral
domains

In this section we consider L-uniform groups H as defined in Remark 2.2.5, and
we show that there is a sequence rm ∈ (1

p ,1) ∩ pQ, which tends to 1, such that the

completed distribution rings Drm(H,K) are integral domains.
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5.1. The case H = oL. We begin by considering the case when H = oL. We denote
by q the cardinality of the residue field of L, and by e the ramification index of L over
Qp. Fix a basis Zp-basis v1 = 1, . . . , vn of oL. Denote by hi = δvi the corresponding
delta distribution in D(oL,K). For given m ∈ Z≥0 we denote by Fm(oL,Cp) the
space of all maps oL → Cp which are L-rigid-analytic on the cosets of pmoL.

Proposition 5.1.1. (i) Suppose s ∈ (1
p ,1) ∩ pQp has the property that p−1/(p−1)−1/e ≤

sεp < p−1/(p−1). Then there is a unique continuous K-linear map

φs ∶Ds(oL,K)Ð→ F0(oL,Cp)′b = Homcont
K (F0(oL,Cp),Cp)b

which makes the diagram

Ds(oL,K) φsÐ→ F0(oL,Cp)′b
1 1

D(oL,K) Ð→ Can(oL,Cp)′b
commutative. The vertical maps being the canonical ones. Moreover, φs is injective.

(ii) Suppose r ∈ (1
p ,1) ∩ pQ is such that, for some m ∈ N0, the number s = rpm has

the property that s > 1
p and p−1/(p−1)−1/eqem ≤ sεp < p−1/(p−1). Then there is a unique

continuous K-linear map

φr ∶Dr(oL,K)Ð→ Fm(oL,Cp)′b = Homcont
K (Fm(oL,Cp),Cp)b

which makes the diagram

Ds(oL,K) φsÐ→ F0(oL,Cp)′b
↑ 1

Dr(oL,K) φrÐ→ Fm(oL,Cp)′b
commutative. The vertical maps being the canonical ones. Moreover, φr is injective.
In particular, the canonical map Dr(oL,K) → Ds(oL,K) on the left of the diagram
is injective.

Proof. Step 1. Before proving (i) and (ii) we will carry out some preliminary
considerations related to functions in Fm(oL,Cp). To do this we will heavily rely
on the paper [ST4], especially sections 3 and 4. By [ST4], Prop. 4.5, any function
f ∈ Fm(oL,Cp) has a generalized Mahler expansion of the form

f(z) =∑
β≥0

cβPβ(zΩ)



IRREDUCIBILITY OF LOCALLY ANALYTIC PRINCIPAL SERIES REPRESENTATIONS 37

with ∣cβ ∣pβ/eq
em−1(q−1) → 0. The polynomials Pβ(Y ) are those defined in [ST4], Def.

4.1. Ω = Ωt′0
is the period of the Lubin-Tate group G in [ST4]. Consider a distribution

of the form

bγ(m) ∶= (hp
m

1 − 1)γ .

By [ST4], Lemma 4.6 (2), we have

bγ(m)(Pβ(zΩ)) = {(Fpmt′0)
γ, Pβ(− ⋅Ω)}

and by (9) of that Lemma

{(Fpmt′0)
k, P`(− ⋅Ω)} = 1

`!

d`(Fpmt′0)k

dZ`
(0) ,

where the power series Fat′0(Z) ∈ oCp[[Z]] is defined in section 3 of [ST4]. It follows
from the formula before Prop. 3.1 in [ST4] that

Fpmt′0(Z) = Ft′0([p
m]G(Z)) .

Put ρm = p−1/eqem(q−1). By [ST4], Lemma 3.2, the map [pm]G maps B(ρm) to B(ρ0).
Here, B(ρ) denotes the affinoid disk of radius ρ. As ρ0 = p−1/e(q−1) we deduce
from [ST4], Lemma 3.4 (c), and the proof given there, that Ft′0 maps B(ρ0) into

B(ρ0∣Ωt′0
∣) = B(p−1/(p−1)). This implies that

(5.1.2) ∣Z ∣ ≤ ρm ⇒ ∣Fpmt′0(Z)∣ ≤ p−1/(p−1) .

Next we write

Fpmt′0(Z) = λ1Z + λ2Z
2 + λ3Z

3 + . . . ∈ oCp[[Z]] .

It follows from (5.1.2) that ∣λ`∣ρ`m ≤ p−1/(p−1) for all ` ≥ 1, i.e.,

(5.1.3) ∣λ`∣ ≤ p−
1
p−1

+ `
eqem(q−1) .

Write

Fpmt′0(Z)k =∑
`≥k

( ∑
`1 + . . . + `k = `

`i ≥ 1

λ`1 ⋅ . . . ⋅ λ`k)Z` =∑
`≥0

λk,`Z
` .
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Note that λk,` vanishes for k > `. Using (5.1.3) this shows that

(5.1.4) ∣{(Fpmt′0)
k, P`(− ⋅Ω)}∣ = ∣λk,`∣ ≤ p−

k
p−1

+ `
eqem(q−1) .

Next we consider a (formal) sum of distributions

µ =∑
γ≥0

dγb
γ
(m)

with ∣dγ ∣sεpγ → 0 as γ →∞. Applying µ to a function

f =∑
β≥0

cβPβ(zΩ) ∈ Fm(oL,Cp)

gives the formal sum

(5.1.5) µ(f) = ∑
β≥0,γ≥0

dγcβ{(Fpmt′0)
γ, Pβ(− ⋅Ω)}

As we have seen above, the term

(5.1.6) dγcβ{(Fpmt′0)
γ, Pβ(− ⋅Ω)}

vanishes if γ > β. In particular, we only need to consider the case when γ ≤ β. It
follows from (5.1.4) that the absolute value of (5.1.6) can be bounded from above
as follows

(5.1.7)

∣dγcβ{(Fpmt′0)
γ, Pβ(− ⋅Ω)}∣

≤ ∣dγ ∣∣cβ ∣p−
γ
p−1

+ β
eqem(q−1)

= (∣dγ ∣sεpγ) ⋅ (∣cβ ∣p
βq

eqem(q−1) ) ⋅ (p
−1/(p−1)

sεp )
γ
⋅ p−

β
eqem

≤ (∣dγ ∣sεpγ) ⋅ (∣cβ ∣p
βq

eqem(q−1) ) ⋅ (p
−1/(p−1)

sεp )
β
⋅ p−

β
eqem

= (∣dγ ∣sεpγ) ⋅ (∣cβ ∣p
βq

eqem(q−1) ) ⋅ (p
−1/(p−1)−1/eqem

sεp )
β
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By our assumptions on dγ, cβ, and because p−1/(p−1)−1/eqem ≤ sεp , we see that the sum
(5.1.5) converges.

Step 2: proof of (i). We apply [Sch], Prop. 5.9, to the ring Ds(oL,K). Hence we
know that any µ ∈Ds(oL,K) has a unique expansion

µ =∑
γ≥0

dγb
γ ,

where

bγ = (h1 − 1)γ ,

with ∣dγ ∣sεpγ → 0, and the norm ∥µ∥s can be calculated as

∥µ∥s = sup
γ

∣dγ ∣sεpγ .

From step 1 (with m = 0) we know that any such µ defines a linear form φs(µ) on
F0(oL,Cp) which is obviously continuous. Because

(5.1.8) bγ ((z
β
)) = { 1 , γ = δ

0 , γ ≠ δ ,

the map Ds(oL,K) → F0(oL,Cp)′ is injective. We deduce from (5.1.5) and (5.1.7)
that ∣φs(µ)(f)∣ ≤ ∥µ∥s∥f∥. This proves that φs is continuous. Further φs is uniquely
determined by the commutativity of the diagram, because the image of D(oL,K)
in Ds(oL,K) is dense. That the diagram is commutative follows from the fact that
the group algebra K[oL] is dense in D(oL,K), and because any element hi − 1 has
a convergent expansion in Ds(oL,K):

hi − 1 = ′′((h1 − 1) + 1)vi − 1′′ =
∞
∑
ν=1

(vi
ν
)(h1 − 1)ν .

For a function f which is a polynomial of the form (z
β
), it follows from (5.1.8) that

φs (hi − 1) (f) = φs (
∞
∑
ν=1

(vi
ν
)(h1 − 1)ν)(f) = f(vi) − f(0)

Approximating any L-rigid-analytic function f on oL by polynomials, this holds true
for all elements of F0(oL,Cp). This proves the first assertion.

Step 3: proof of (ii). The subgroup pmoL ⊂ oL is uniform pro-p, and we can thus
consider the canonical p-valuation on this subgroup, and the associated norm ∥ ⋅ ∥s
which we denote for clarity by ∥ ⋅ ∥(m)s . By [Sch], Lemma 7.4, the norm ∥ ⋅ ∥r on
D(oL,K), when restricted to D(pmoL,K) ⊂ D(oL,K) induces the same topology
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on D(pmoL,K) as the norm ∥ ⋅ ∥(m)s . Furthermore, Dr(oL,K) is a finite and free
(left or right) module over the subring Ds(pmoL,K), on a basis any set R of coset
representatives for oL/pmoL:

Dr(oL,K) =⊕
a∈R

(δa)rDs(pmoL,K) .

Here, (δa)r denotes the image of the delta distribution δa ∈D(oL,K) in Dr(oL,K).
Because of our assumptions on s we can apply [Sch], Prop. 5.9, which tells us that
any element µ ∈Ds(pmoL,K) has a unique expansion

µ =∑
γ≥0

dγb
γ
(m) ,

where

bγ(m) = (hp
m

1 − 1)γ ,

and the norm ∥µ∥(m)s can be calculated as

∥µ∥(m)s = sup
γ

∣dγ ∣sεpγ .

As we have seen in step 1, any µ ∈ Ds(pmoL,K) induces a continuous linear form
φr(µ) on Fm(oL,Cp). By step 2 we have φ(δa)(f) = f(a) for any a ∈ pmoL and f ∈
Fm(oL,Cp). In particular, φ(µ) vanishes on all functions f which vanish identically
on pmoL, because the group ring K[pmoL] is dense in Ds(pmoL,K). For a product
(δa)rµ with a ∈R and µ ∈Ds(pmoL,K) ⊂Dr(oL,K), and f ∈ Fm(oL,Cp) define

((δa)rµ) (f) = µ [oL → Cp , z ↦ f(a + z)]

Of course, for any a ∈ oL and any f ∈ Fm(oL,Cp), the function z ↦ f(a+ z) is again
in Fm(oL,Cp). Thus we have a well-defined map

φr ∶Dr(oL,K) =⊕
a∈R

(δa)rDs(pmoL,K)Ð→ Fm(oL,Cp)′b

That this map is continuous is easily seen. To see that it is injective, fix a0 ∈ R,
and consider the subspace of those f ∈ Fm(oL,Cp) which vanish outside a0 + pmoL.
Then, if an element

λ = ∑
a∈R

(δa)rµa ∈Dr(oL,K) ,

with all µa ∈ Ds(pmoL,K), is such that φr(λ) = 0, then, for f in the subspace just
mentioned,



IRREDUCIBILITY OF LOCALLY ANALYTIC PRINCIPAL SERIES REPRESENTATIONS 41

0 = ∑
a∈R

µa [z ↦ f(a + z)] = µa0 [z ↦ f(a0 + z)]

But this means that µa0 vanishes on all L-rigid-analytic functions supported on pmoL.
Because φs for pmoL is injective (by step 2), this means that µa0 = 0. Therefore, φr
is injective as well. �

5.2. Reduction to the case H = oL.

Proposition 5.2.1. Let H be a locally L-analytic group which is L-uniform (cf.
Remark 2.2.5). We define the norms q̄r using the canonical p-valuation on H (cf.
2.2.6).

(i) Let r ∈ (1
p) ∩ pQ and s = rp

m
be as in 5.1.1 (ii). Then the canonical map

Dr(H,K)→Ds(H,K) is injective.

(ii) There is a sequence of numbers rm ∈ (1
p ,1) ∩ pQ, which tends to 1, such that the

completed distribution rings Drm(H,K) are integral domains.

Proof. (i) Let Λ be as in Lemma 2.2.4. By [DDMS], 9.10, we see that Λ is a uniform
Zp-Lie algebra: [Λ,Λ] ⊂ pεpΛ . By [DDMS], 9.8, the Baker-Campbell-Hausdorff
series Φ(X,Y ) = exp−1

H (expH(X) expH(Y )) converges on Λ×Λ and maps Λ×Λ into
Λ. In fact, we can identify H = expH(Λ) with Λ, the group multiplication being
given by Φ(⋅, ⋅). The members of the lower p-series are then expH(pkΛ), k ≥ 0.
Let (v1, . . . , vn) be a Zp-basis of oL, and let (xj)dj=1 be an oL-basis of Λ. Then

(vixj)1≤i≤n,1≤j≤d is a Zp-basis for Λ. The map ψ ∶ odL
∼Ð→H defined by sending

(zj)dj=1 = (a1,jv1 + . . . + an,jvn)dj=1 ∈ odL

to

expH(v1x1)a1,1 ⋅ . . . ⋅ expH(vnx1)an,1 ⋅ . . . ⋅ expH(v1xd)a1,d ⋅ . . . ⋅ expH(vnxd)an,d

= expH(z1x1) ⋅ . . . ⋅ expH(zdxd)

is then a homeomorphism, cf. Lemma 2.2.4 (3). It is shown in [ST3], Prop. A.3,
that

D(odL,K) =D(oL,K)⊗̂K,π . . . ⊗̂K,πD(oL,K)

(With d factors on the right.) Here, the completed topological tensor product is
the completion of the ordinary tensor product with respect to the projective tensor
product topology (indicated by π). In [ST3], Prop. A.3, it is the inductive tensor
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product topology that is used. However, by [S], 17.6, the inductive and the projec-
tive tensor product topologies coincide in this case, as the distribution algebras are
Fréchet spaces. Using the homeomorphism ψ we get an isomorphism of topological
vector spaces

ψ∗ ∶ Can
L (H,K) ≃Ð→ Can

L (odL,K)

which gives, after dualizing, an isomorphism of topological vector spaces

(ψ∗)′ ∶D(oL,K)⊗̂K,π . . . ⊗̂K,πD(oL,K) =D(odL,K) ≃Ð→D(H,K)

Tracing through the definition of the norms q̄r on D(H,K) as constructed in 2.2.6
shows that q̄r corresponds to the norm q̄oL

r ⊗ . . .⊗ q̄oL
r on

D(oL,K)⊗̂K,π . . . ⊗̂K,πD(oL,K)

induced by the norms q̄oL
r on each factor D(oL,K). Here again, the norms q̄oL

r are
defined as in 2.2.6, using the canonical p-valuation on the uniform group oL. The
completion of

D(oL,K)⊗̂K,π . . . ⊗̂K,πD(oL,K)

with respect to the induced norm q̄oL
r ⊗ . . .⊗ q̄oL

r is then

Dr(oL,K)⊗̂K,π . . . ⊗̂K,πDr(oL,K)

It follows from [Em], 1.1.27, that if the map Dr(oL,K) → Ds(oL,K) is injective,
then so is the (iterated) tensor product of this map with itself. By Prop. 5.1.1 we
know that this map is injective if r and s are in relation as stated in Prop. 5.1.1.
Therefore we have proved that the canonical map Dr(H,K)→Ds(H,K) is injective
(for r and s as in Prop. 5.1.1).

(ii) It follows from [Sch], Prop. 5.6, that if s > 1
p and sεp < p−1/(p−1), then Ds(H,K) is

an integral domain. Hence Dr(H,K) is an integral domain. It is easily seen, that one
can find an increasing sequence of numbers rm ∈ (1

p ,1)∩pQ which tends to 1, and such

that sm = rp
m

m has the property that sm > 1
p and p−1/(p−1)−1/eqem ≤ sεpm < p−1/(p−1). �
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