ON SOME PROPERTIES OF THE FUNCTORS F$ FROM LIE
ALGEBRA TO LOCALLY ANALYTIC REPRESENTATIONS

SASCHA ORLIK

ABSTRACT. For a split reductive group G over a finite extension L of Q,, and a parabolic
subgroup P C G we examine certain properties of the functors ]-'g introduced in [22].
We discuss the aspects of faithfulness, projective and injective objects, Ext-groups and
some kind of adjunction formula.
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This paper is a continuation of the work done in [22]. In loc.cit. we constructed locally an-

alytic representations in K-vector spaces of a p-adic reductive Lie group G by introducing

certain bi-functors F§ : (’)Zlg

1

x Rep®(Lp) — Repe™™(G). Here P C G is a parabolic
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subgroup, p = Lie(P) its Lie algebra, and (’)Elg is a subcategory of the BGG—categoryH
O". Furthermore, Repz*(Lp) is the category of smooth admissible representations of
the Levi group Lp. We proved among others that these functors are exact in both ar-
guments and gave a criterion for the irreducibility of those objects lying in the image of
F§. Using these properties one can derive a Jordan-Hélder series of any locally analytic

representation FS (M, V) from the corresponding series of M and V.

In this paper we want to concentrate on properties of these functors for a split group G.
We shall show that they behave fully faithful if the objects of the category OF are integral

(i.e., they are contained in the subcategory OF

alg Of modules such that all non-zero weight

spaces belong to integral weights) or generalized Verma modules. This aspect has been
considered by Morita in the case of G = SLy, cf. [15] [16, 17, [I8] and Féaux de Lacroix
[7]. Concretely, we shall show:

Theorem 1. For any M, M, € Oilg the canonical map
Homep (My, M) — Homea(Fp (M), F§ (M)
fo= FE)
is bijective (where FS(M) := FS(M,1) for the trivial Lp-representation 1 ).

To prove this statement we make use of the (naive) topological Jacquet functor of locally
analytic representations and more generally of an analogue of the Casselman-Jacquet
functor G§ : U +— lim, H O(uk, U’) which behaves almost like a section for F§. This topic
is a continuation of the theory started in [20 2.

By the above theorem we can characterize projective and injective objects which lie in the
loc.an.

essential image }"ﬁg of the functor F§ : OF — Repp™ (G). More precisely, it follows

alg
that M € O}, is projective (resp. injective) as an object in O if and only if Fg (M) is

injective (resp. projective) in FZ,

alg- Hence if we denote for a given integer ¢ > 0, by Ext;p

alg
the corresponding Ext-group then the natural morphism

Extey (M, Mp) = Extie (Fp(Mz), Fp (M)

is bijective. These Ext-groups are of course different from those considered more generally
in the category of locally analytic G-representations, cf. [I4]. These can be seen as an

IDeviating from the classical situation of modules over the enveloping algebra of a complex semisimple
Lie algebra, we introduced in [22] a version of this category which consists of modules over the enveloping
algebra U(g @1, K).
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analogue of relating the groups Ext;(Ml, My) and Extl, (M, Ms) for two objects My, My €
0.

For considering also smooth contributions in this context, we extend F§ to a bi-functor
FS O

alg

loc.an.

x Rep™(Lp) — Repp“™(G) where Repj ™ (Lp) denotes the category of
smooth L p-representations of countable dimension. The latter object has enough injec-
tives and projectives. We let “FP be the smallest abelian subcategory of Replféc‘a“'(G)
which contains the essential images of all bi-functors ]—"g with Q D P. It turns out that
> FP has enough injective and projective objects. More precisely, we deduce this fact
from the following statement.

Theorem 2: Let M € (’)Zlg be a projective (resp. injective) object and let V' be an injective
(resp. projective) smooth Lp-representation of countable dimension. Then FS(M,V) is

injective (resp. projective) in *FP.

As an application we are able to determine extensions of generalized Steinberg representa-
tions in the category FB. For a parabolic subgroup P C G the associated representation
is given by the quotient VS = Ind$%(1)/ > _qop Indg(l) where Ind%(1) is the locally an-
alytic induction with respect to the trivial P-representation 1. For a subset I C A of a
fixed set of simple roots, let P; be the corresponding standard parabolic subgroup. The
next result has the same structure as in the smooth setting [5], [19].

Theorem 3: Let GG be semi-simple. Let I,J C A. Then

; G G K; [ITuJ\INJ|l=i

Extezm (Ve Vi) = { (0) ; otherwise

Finally we deduce from the naive Jacquet functor applied to different Borel subgroups
lying in the same apartment an adjunction formula (in the sense of Bernstein). Let
Up be the unipotent radical of a fixed Borel subgroup B. If we denote for a given G-
representation V' by Vp, its (naive) topological Jacquet module then the map below is
defined as follows: For an element f of the LHS, the corresponding element on the RHS
is given by the composition of the inclusion ((wo 5 x)™")* < Ind%(x ')y, with the map
fUB : Ind%(X_I)UB - ‘Fgw<M)UB'

Theorem 4: Let x be a dominant algebraic character of T and let M € O°

a.

;; be a highest
weight module. Then

Home(IndZ(x ™), Fgu(M)) = Home (((wo -5 x) ™)™, Fpu(M)uv) -
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Notation and conventions. We denote by p a prime number and consider fields L C K
which are both finite extensions of ,. Let O and Ok be the rings of integers of L,
resp. K, and let | - |, be the absolute value on K such that |p|x = p~'. The field L is
our "base field”, whereas we consider K as our "coefficient field”. For a locally convex
K-vector space V we denote by V} its strong dual, i.e., the K-vector space of continuous
linear forms equipped with the strong topology of bounded convergence. Sometimes, in
particular when V' is finite-dimensional, we simplify notation and write V' instead of V}.
All finite-dimensional K-vector spaces are equipped with the unique Hausdorff locally

convex topology.

We let G be a split reductive group scheme over O and Tqg C By C Gy a maximal
split torus and a Borel subgroup scheme, respectively. We denote by G, B, T the base
change of Gy, By and Ty to L. By Gy = Go(Op), By = Bo(Op), etc., and G = G(L),
B = B(L), etc., we denote the corresponding groups of Op-valued points and L-valued
points, respectively. Standard parabolic subgroups of G (resp. () are those which contain
B (resp. B). For each standard parabolic subgroup P (or P) we let Lp (or Lp) be the
unique Levi subgroup which contains T (resp. 7)) and Up (or Up) its unipotent radical.
Finally, Gothic letters g, p, etc., will denote the Lie algebras of G, P, etc.: g = Lie(G),
t = Lie(T), b = Lie(B), p = Lie(P), [p = Lie(Lp), etc.. Base change to K is usually
denoted by the subscript g, for instance, gx = g ®, K.

We make the general convention that we denote by U(g), U(p), etc., the corresponding
enveloping algebras, after base change to K, i.e., what would be usually denoted by U(g)®y,
K, U(p) ®1 K, and so on. All distribution algebras appearing in this paper are tacitly
assumed to be distribution algebras with coefficient field K, and we write D(H) for the
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distribution algebra D(H, K). For a real number r < 1 with r € p@, and H compact we let
D,(H) be the Banach space completion in the sense of [26] so that D(H) = Hm_ D,(H).
loc.an.

Finally, Repp“®(G) denotes the category of locally analytic representations of G on
barreled locally convex Hausdorff K-vector spaces.

2. A REVIEW OF THE CATEGORIES O} AND THE FUNCTORS F§

For the convenience of the reader we recall here the definitions of the categories Ozlg, as

well the functors F§, and state some of the key results about those, cf. [22].

2.1. The categories OF and Oglg. For a parabolic subalgebra p C g we define O to be
the full subcategory of the category of all U(g)-modules consisting of objects M which
possess the following properties:

(1) M is a finitely generated U(g)-module.

(2) M decomposes as a direct sum of one-dimensional t;-modules.

(3) The action of p on M is locally finite, i.e., for every m € M the K-subspace
U(p).m C M is finite-dimensional.

We also put O = 0. Given M € ob(O) and \ € t}; we set
My={meM|Vret:rm=Agr)m}.
We call A\ € t}; algebraic if it is in the image of the canonical homomorphism
X*(T) = Homayg. gps(T, Gpor.) — 5, x — dx -

We define Oglg to be the full subcategory of OP which consists of M € ob(OP) such that

My # 0 implies that \ is algebraic.

2.2. The functors FS. We consider an object M of the category Ozlg. By [22 3.2],
the locally finite action of p on M lifts canonically to a locally finite algebraic action of
the algebraic group Pg. Since M is finitely generated over U(g), we can choose a P k-
subrepresentation W C M which generates M as a U(g)-module. Thus we get an exact
sequence

(2.2.1) 0—0—U(g) ®Qupy W —M — 0

Let Ind% (W) be the locally analytic induction of the dual space W’. There is a pairing
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(Vo) (D(G) @ppy W) @k IndG(W') — (G, K)

(b@w) e f = g d@ o flom)w))

which extends for any smooth admissible Lp representation, to a pairing
(22.2) (-, Voanay) : (D(G) @ppy (W @k V') @ IndG(W @ V) — C(G, K) .

Here and in the following we always equip an admissible smooth representation V' with
the finest locally convex topology (the final topology with respect to which all inclusion
maps Vi < V, where V; C V is finite-dimensional, are continuous, cf. [24, ch. I, §5,
E]). As W is finite-dimensional, the topology of the inductive tensor product W @, V'
coincides with that of the projective tensor product W @, V', and we thus write simply
W @k V' for this topological vector space (cf. [24], §17] for tensor products of topological
vector spaces and the notation used here). We set

IndS(W' @k V) = {f € IndS(W' @k V) | V3 €0: (3, fcan(gyy = 0} .

Then Indg(W’ ®p V) carries the structure of a K-vector space of compact type, and it
is easily seen that the linear maps Ind%(W' @k V) — C® (G, K) defined by the pairing
are continuous. Hence Ind$ (W’ ®g V)? is a closed subspace of IndS(W’ @ V),
and we equip it with its subspace topology. As such it is again of compact type [25, 1.2].
By [6, 2.1.2], IndG (W’ ®g V) is an admissible locally analytic representation of G, and
Ind% (W’ @ V)? is thus again an admissible locally analytic representation of G, cf. [26,
6.4].

If Wi C Wy are two finite-dimensional p-stable subspaces which generate M as a U(g)-

module, then there is a canonical continuous morphism of G-representations
(2.2.3) IndS (W) @k V)2 — IndS(W] @k V)™ |

where 0; is defined by the corresponding exact sequence m By [22, 4.5] the map [2.2.3
is actually an isomorphism of topological vector spaces. We thus see that the formation
of IndIGj(W’ ®x V)? is independent of the choice of W, and we put

(2.2.4) FS(M, V) = IndG(W' @k V).



ON SOME PROPERTIES OF THE FUNCTORS F§ 7

Denote by Rep®(Lp) the category of smooth admissible representations of Lp and by
Rep2®™(@G) the category of locally analytic representations of G' on K-vector spaces.
Then we have a bi-functor

(2.2.5) FS . 0P

he X RepX(Lp) — Repe™™ (@) .

If V =1 denotes the trivial representation, then we simply write F5 (M) for FS(M,V).

Theorem 2.2.6. [22], 4.9, 5.3]

a) The bi-functor F§ is exact in both arguments.

b) (PQ-formula) If Q D P is a parabolic subgroup, q = Lie(Q), and M an object of O9,
then

FE(M, V) = F§(M,i}° (V).

Lp(LgnUp)
where iii(LQmUP)(V) — i9(V) = ind%(V) denotes the corresponding induced representa-
tion in the category of smooth representations.

¢) Suppose M € (’)zlg is simple and that p is mazimal for M (i.e., if M € O% with q D p,
then q = p). Let V be a smooth and irreducible Lp-representation. Then FS(M,V) is

topologically irreducible as a G—representatiorﬂ.

2.3. A description of the dual space of F5(M). By [25, 3.2], M carries a canonical
structure of a module over the locally analytic distribution algebra D(P) = D(P, K). Let
D(g, P) be the subring of D(G) generated by U(g) and D(P) inside D(G). By [22, 3.6], the
U(g)-module structure on M and the D(P)-module structure on M agree on the subring
U(p), and there is a unique structure of a module over D(g, P) on M which extends these
module structures. By [22] 3.7] there is a canonical isomorphism of D(G)-modules

(2.3.1) FS(M) = D(G) @pr) M .

2Here we assume that if the root system ® = ®(g,t) has irreducible components of type B, C or Fy,
then p > 2, and if ® has irreducible components of type G, we assume that p > 3.
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3. JACQUET FUNCTORS

3.1. Jacquet module for irreducible objects F5(M, V). The first part of this section
deals with a résumé of results formulated in [20, 2], where the Jacquet functor of simple
objects FS(M,V) with M € 0%, was discussed.

Let P be a parabolic subgroup of G with Levi decomposition P = LpUp. For a locally
analytic P-representation V', let V(Up) be the subspace generated by the expressions

uv — v, with u € Up,v € V and let V(Up) be its topological closure which is a P-stable
subspace of V. Denote by

HO(UP, V) = VUp = V/V(Up)
the corresponding quotient (the naive topological Jacquet module). It is the largest
Hausdorff quotient of V' on which Up acts trivially.

Lemma 3.1.1. The space Ho(Up,V) has the canonical structure of a locally analytic

P-representation.

Proof. Since V(Up) is a closed subspace of V| the quotient is a barreled locally convex
Hausdorff vector space. Moreover the orbit maps P — Ho(Up,V) are clearly locally
analytic since these are induced by the locally analytic orbit maps P — V. O

On the other hand, if V' is of compact type then its dual V"’ is a K-Fréchet space equipped
with a continuous and locally analytic action of P. We let H°(Up, V') be the subspace of
V' consisting of vectors which are fixed by Up. This is a closed subspace so that H°(Up, V")
inherits the structure of a K-Fréchet space equipped with an action of P, as well. Since
the action of P is locally analytic we can define the subspace

H(up,V)={weV' |z -w=0,Vr €up}

and the Hausdorff quotient Ho(up, V) = V/upV, as well. Then H%(up, V") is by the conti-
nuity of the p-action a closed P-equivariant subspace of V' with H(Up, V') C H(up, V).

Lemma 3.1.2. Let V be of compact type. Under the duality pairing V x V' — K
the subspace H°(Up, V') (resp. H°(up, V")) is the topological dual of Ho(Up,V) (resp.
Ho(up, P)) as P-representations.

Let @) be another parabolic subgroup with P C @ and let @) = Lg - Ug be its Levi

decomposition. In this sequel we want to determine for certain objects M € O

alg and

smooth admissible L-representations V' the Lp-representations H(Up, F§(M,V)').
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For a compact open subgroup H C Gy, let Py = HN P and let D(Py,g) C D(H) be the
subring generated by g and Py. Moreover, let D,.(Py, g) be the Banach space completion
of D(Ppy, g) inside D,(H) and set M, := D,(Py,8) @p(py.q M.

Proposition 3.1.3. Let M be an object ofO’;lg. We have an inclusion preserving bijection

{closed U(lp)-invariant subspaces of MT} — {U([p)—mvariant subspaces of M}
S — SNM

The inverse map is induced by taking the closure.
Proof. By [20] we have such an inclusion preserving bijection

{Closed U (t)-invariant subspaces of Mr} = {U (t)-invariant subspaces of M }
S — SNM
for U(t)-submodules. But for a closed U(t)-submodule N C M, the intersection N N M

is [p-stable if and only if N is U([p)-stable. Indeed, whereas one direction is obvious the
other one follows by density arguments. The claim follows. a

Recall that if M is a Lie algebra representation of g, then H(ug, M) ={m € M |r-m =
0V € ug} denotes the subspace of vectors killed by ug.

Corollary 3.1.4. Let M be an object of Oilg. Then H°(up, M,) = H(up, M). In partic-
ular, H(up, M,.) is finite-dimensional.

Proof. We clearly have H(up, M) " M = H°(up, M). As H%(up, M,) is closed in M, by
the continuity of the action of g and as H%(up, M) is finite-dimensional (!!!!) and therefore
complete the statement follows by Proposition [3.1.3] 0

Lemma 3.1.5. Let M be an object of Oglg where P C Q) and let V' be a smooth admissible

Lg-representation. Then there is an identification
H(up, F§ (M, V)') = H(up, F§ (M) )& x V"
of Fréchet spaces with P-action (Here the action of P on V' is given by the composite
P—Q—Lg.).
Proof. The proof is the same as in [20] by replacing ug by up. O

For M e Oglg, let W C M be a finite-dimensional algebraic ()-subrepresentation such

that the map (a morphism in OF),)
M(W) :=U(g) Qug W — M
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is surjective. If M is simple so that we may assume that W comes via inflation from
an irreducible Lg-representation then H%(ug, M) = W. We set in this situation Wy, :=
H 0 (uQ, M ) .

Now we are able to state one of the building blocs of this paper which is an analogue of
a statement dealing with representations of real Lie groups and Harish-Chandra modules
[9, [8]. Its proof is already contained in [20, 2], so that this result is not really new.
Nevertheless, for later use we are going to give a proof of it.

Theorem 3.1.6. Let M be a simple object of Ong with Q@ maximal for M. Let V be a
smooth admissible Lg-representation. Then for P C () there are P-equivariant topological

isomorphisms

H(Up, FG(M,V)') = H(up, War) ®x Jupnrg (V)
and
Ho(Up, FG(M,V)) = Ho(up, Wy;) ®x Jupnr,(V),
where Jy,nr, 18 the usual Jacquet functor for the unipotent subgroup Up N Lo C Lg.

Proof. By the duality treated in Lemma it suffices to check the first identity. Here
we assume first that V' = 1 is the trivial representation and that P = Q). Write M = L(\)
for some algebraic character A of T.

We follow the proof of 20, Thm. 3.5]. Let Z C G be the standard Iwahori subgroup.
For w € W, let M¥ = M be the D(g,Z NwPyw™')-module with the twisted action given
by conjugation with w. Let I C A be a subset with P = P;. The Bruhat decomposition
Go = [L,ew: ZwP, induces a decomposition

D(Go) @pgry M ~ @B D) @prrwruw—) M”
weWw!

@ D(’w_lz'U)) ®D(g,w711wﬂPo) M.

weWw!

12

For each w € W!, we have
H"(up, D(I) @p(g,rrwpyw-1) M") = H(Ad(w™")(up), D(w™"Tw) @p(gu-1runpy) @M).
We can write each summand in the shape

MY = D(w_lIw) ®D(g,w*11wﬂpo) M = gn/\/l;ﬂ
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where MY = D, (w™'Zw) ®p(gw-1zwnpy) M. If we denote by M;” the topological closure
of M in M}, we get by [13, 1.4.2] finitely many elements u € Up such that

MY~ P o, ® M

and the action of r € Ad(w™1)(up) is given by

rY G @my =Y 6, ®Ad(u T (x))m,.

In [20, Thm 3.5] it is explained that for w # 1, there is a non-trivial element r € u, N
Ad(w™')(up). Since P is maximal for M and M is simple we deduce by [21, Corollary 8.6],
that elements of u, act injectively on M, and as explained in Step 1 of |21, Theorem 5.7
they act injectively on M, as well. We conclude that HY(Ad(u™")(Ad(w™1)(up)), M¥) =
0 for w # 1 since Ad(u")(x) € up. So H(Ad(w ') (up), M¥) = 0. Hence by passing to
the limit we get H°(Ad(w™!)(up), M¥) =0 for w # 1.

Now consider the case w = 1. Again we may write D(Z), = @ d,D(g, ), for a finite
number of u € Upy, so that D(Z), ®pg,py), M} = @, 0u @ M. We shall show that if
u ¢ Upy N D(g, Po)r, then HO(Ad(u™")up, M}!) = 0. Here we will use Step 2 in the proof
of [21, Theorem 4.7] where we have used that P is maximal for M. Let M be the formal
completion of M, i.e. M = IT My which is a g-module. The action of u, can be extended
to an action of U, as explained in loc.cit. If r € g and u € Uy, the action of ad(u)r on
M, is the restriction of the composite uogxou™! on M. Let M be the formal completion
of M, ie. M = H# M,, which is a g-module. The action of u, can be extended to an
action of Uy as explained in loc.cit. If ¢ € g and u € Up, the action of ad(u)r on M, is
the restriction of the composite worou~! on M. As a consequence, we get,

H(ad(u ™ Yup, M) = M!nu™'- H(up, M)
]\47«1 N U_IWM

since HO(up, M) = H(up, M) = W), (Here and in the sequel we copy the argumentation
of Breuil [2]). Let v" be a highest weight vector of M. If the term H°(ad(u " )up, M}) #
(0) does not vanish, then we have consequently u='Wy, N M} # (0). we deduce that
u Wy C M} since Wy, is irreducible. In particular u='v™ € M,. By the proof of [21]
Theorem 4.7], this gives a contradiction if u ¢ Uy N D,.(g, Py). Hence by passing to the
limit and using Corollary we obtain finally an isomorphism of Fréchet spaces

H°(up, D(T) @p(g,p) M) = H(up, M) = Wiy.
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Next we consider the general situation where also a smooth representation is involved and
where P C ). By Lemma |3.1.5 and what we proved above we get

Ho(up, FG(M,V)') = H(up, H(ug, F§ (M, V)') = H'(up, Wy) @k V',
Since H(Up, F§(M,V)') is a subspace of H%(up, F§(M,V)') the latter one is stable by
the action of Up. Thus we deduce by Lemma that
H(Up, FG(M,V)) = H°(Up,H’(up, F§(M,V)))
= H°(Up, H'(up, Wy;) @k V')
= Hup, W) @k Jupnr, (V).

The last identity follows from the fact that the action of Up on W), is induced by the one
of up. (I

3.2. An analogue of the Casselman-Jacquet functor. The next result generalizes
Theorem by considering non-necessarily simple modules M.

Proposition 3.2.1. Let M € Oslg and let V' be a smooth admissible Lp-representation.
Then there are canonical (topological) identities

Hup, FEM V)= @B WaSw(V)
WCHO(UP,M)
and
Ho(up, FE(M,V)) = W' e Sw(V)
WCHO(up,M)

of P-representations where Sy (V') is a quotient of iiW(V)|p for some standard para-
bolic subgroup Pw O P with V- C (Sw(V))p. (Here the sum is over all simple Lp-
subrepresentations W of H°(up, M) with multiplicities.)

Proof. By Lemma it is enough to prove the result for the up-invariants of the (topo-
logical) dual F§(M, V).

For simple objects M = L(\) we use Theorem [3.1.6, If here the considered parabolic
subgroups P and () are identical then the claim is trivial since

H(up, FE(M,V)') = Wy @ V.
Otherwise, we get

HO(uP7]:]C3;(M7 V)/) = H0<uP7WM> QK lQ(‘/),
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Then we apply [12, II, Prop. 2.11]. The latter reference says that for an algebraic simple
G-module M the fix space MU? is a simple Lp-module, as well. Hence the module L p-
module H(up, Wyy) = WAZP is simple and contributes to the index family of the direct
sum.

In general we fix a JH-series of M and apply induction to the number of irreducible

subquotients of M. More precisely, we consider an exact sequence
0— M — M2 M, —0

in our category OZlg where we suppose that M, is simple. Hence we get by applying our
bi-functor F§ composed with taking the dual an exact sequence

0— FS(M, V) = FS(M, V) = FS(M,, V) — 0.

Next we take up-invariants which gives together with the induction hypothesis and the
start of induction a (left) exact sequence

0= B WesSw(V) = Houp, FE(M,V)) L Wy @i3(V)

where () is maximal for M, and Wy = H°(up, M>). Next we consider the natural map
p=H(up,p): H'(up, M) — H°(up, My)

and distinguish the following two cases:

15 case: p = 0. In this case we claim that the map ¢ also vanishes. Indeed, for seeing this

we have to reenter the proof of Theorem [3.1.6] Hereﬁ we saw the identities
Hup, FS(M)) = @ H(Ad(w™ ") (up), D(w™ ' Tw) Qu(gu-11wnpy) @M)

weWl

and

HO(Ad(w™ )up, D(w ™ Tw) Qugu- runry ©M) = lim Y 6, ® HO(Ad((wu) ™) (w,), M)

where u varies in Up, depending on r. The map H®(up, F§(M)') — H'(up, F§ (M,)') is
clearly compatible (graded) with respect to the operations @, .y 1, >, and I'&HT .

IfwgQorud¢ @, then HY(Ad((wu) ") (up), D(w™ ' Zw) @ (guw-11unp,) @Ms) = 0 by the
proof of Theorem In particular, if P = ) we are done.

If we Q and u € Q, then ug = Ad((wu) ')(ug) € Ad((wu) ')(up). By assump-
tion the contribution §, ® H°(Ad((wu)™')(u,), M) vanishes under g for w = 1,u = 1.

3which holds for arbitrary modules M.
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Suppose on the other hand that for w # 1,u # 1, there is a non-trivial vector v €
H(Ad((wu) ") (up), M), v # 0. As Ad((wu)~")(up) Nu, # 0 there is a root a of up such
that the corresponding root subspace u, kills v. In particular, u, acts locally finitely on
v. The subspace N C M on which u, acts locally finitely is a U(g)-submodule, cf. [22]
Lemma 8.2] and contains v. Thus v € H(Ad((wu) ™ )up, N) € H(Ad((wu)Hup, M).
Further N C M is a proper submodule. Indeed, suppose that N = M. Since M € O§1g
there must be a simple subquotient of M for which P is maximal, cf. [11, 9.3 Prop.] and

on which u, acts locally finitely, as well. But this is not possible by [22, Cor. 8.7].
If N is simple then there are the following 2 cases:
a) Let N C M;. Then clearly g(v) = 0.

B) Let N € M;. Then N is mapped isomorphically onto M, giving rise to a splitting of
the surjection M — Ms. A contradiction to the vanishing of the map p.

In general we argue on induction on the length on M to see that g(v) = 0 (Indeed we
apply the induction hypothesis to V). It follows that the map H°(Ad((wu)™!)(up), M) —
H(Ad((wu)™")(up), M) vanishes, as well. Thus g = 0.

274 case: p # 0. In this case p is automatically surjective. Hence we see that there is an

exact sequence

0— @ W®SW(V)/_>HO(L[P7‘F]§(M’ V)/) £>VV2®SWQ(V)/_>O

WCHO(up,My)

for some quotient Sy, (V) of i%(V). Since H'(up, M) is obviously always contained in
H(up, FS(M)') we see that V' C (Sw,(V))p. On the other hand, it follows from the
definition of the category OF that we have H’(up, M) = H®(up, My) @ H (up, M>) as
Lp-modules with H°(up, My) = W,. Since the action of Up is trivial on these spaces,
this identity holds even as P-representations. It follows that H°(up, FS(M,V)) C
Hup, D(G) @pg.r) H(up, M)®V"). (For simple objects this is trivial and in general
use induction together with the argument above). Since D(G) ®p(g.p) H(up, M)QV' =
(D(G) @p(g.p) H(up, M1)&V") D(D(G) @p(g.p) H(up, Ma)@V') we see that above se-
quence splits.

O

We can generalize the previous result as follows. Fix an integer k > 1. Let uf, C U(g) be
the subspace generated by all the products xy - - -z with z; € up. With the same proof
one checks:
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Proposition 3.2.2. Let M € OZlg and let V' be a smooth admissible Lp-representation.

Then there are canonical (topological) identities

Huh, FEMV))= @ WSy

WCHO(uk, M)

and
Ho(up, FE(M,V)) = P W eSw(V)

WCHO(uk, M)

of P-representations where Sy (V') is a quotient of iﬁw (V)ip for some standard parabolic
subgroup Py D P with V' C (Sw)(V)p. (Here the sum is over all mazimal indecompos-
able P-subrepresentations W of the finite-dimensional P-representation H®(uk, M) with
multiplicities.)

Proof. We start with the remark that Lemma m generalizes to these ub-invariants so
that Ho(uk, FS(M,V)) is the topological dual of H°(uk,, FS(M,V)') as P-representation.
As already mentioned the proof coincides with that of Proposition We list here the
corresponding modifications.

For the start of induction which is essentially Theorem one has to pay attention. Here
we follow the proof of loc.cit. where k = 1. If w # 1, then some elements of u¥, act injec-
tively on M, too. Hence all the contributions H°(Ad(w™")(up), D(w™'Zw) @y (gu—1 rwnry)
®M) vanish. As for w = 1 we observe that H%(ad(u~!)uk, M) # 0 implies that
H°(ad(u Yup, M}!) # 0. Hence we obtain for a simple object M for which P is max-
imal the identity

H(up, FE(M,V)') = H(up, M) @ V".

The object H(u¥,, M) is an indecomposable P-module which gives the claim in this case.
If @ D P is maximal for M we get

HO(ub, FE(M,VY) = HO(uh, HO(ub, M) @ i3 (V).

But the first factor is again indecomposable since even H°(u¥, M) is indecomposable as it

coincides with the sum K-yil -yl -vt, where v is a highest weight vector

i1t tig<k
generating H°(up, M), {a:r. + ,dad} is a root basis and Ya,,...,Ya, € Up are the usual
generators of the weight spaces.).

As for the induction step we note that p : H%(u,, M) — H°(u,, My) is surjective iff
H°(ul, M) — H°(uf, My) is surjective for all k (by considering the epimorphisms U () ®
H°(up, M) — M and U(u, ) ® H%(u,, My) — My, respectively.). O
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Remark 3.2.3. By the proof of the above propositions we deduce the following fact for
two integers | > k > 1. If W, € H°(ub, M) and W; C H(ul,, M) are two maximal
indecomposable P-subrepresentations such that Wy, C W; then Sy, (V) = Sy, (V).

For a locally analytic T-representation V' and a locally analytic character A : T — K* we
denote by
Vi={veV]to=At)oVteT}

the A-eigenspace of V. We set
‘/alg = @ V>\.

AEX*(T)

Corollary 3.2.4. Let M € O% and k > 1. Then Ho(Up, FE(M))ag = H'(up, M) and
Ho(wp, FE(M))ag = H(up, M)'.

Proof. Since the weight spaces of M are algebraic we see that (W @ Sy (1))a, = W for
all contributions W in H°(u%, M). Hence the claim follows. O

In the case of generalized Verma modules we can give a more precise statement.

Proposition 3.2.5. Let M = U(g) ®@upy W € O%, be a generalized Verma module for

some parabolic subgroup P and let V' be a smooth admissible Lp-representation. Then
Ho(Up, FS(M,V)) = H(up, M) @V and Ho(uk, FS(M,V)) = H'(uk, M) @V for all
k> 1.

Proof. We may suppose that V' is trivial. The start of the proof is the same as in Theorem
m For w # 1 one checks that the contributions H(u%, D(Z) ®u (g rnwprw-1) M™) van-
ishes well since a generalized Verma module is free over U(up) and consequently elements
of uy, act injectively on M.

Now consider the case w = 1. Here we shall show that if u € Up, \ {1}, then we
have H°(Ad(u=")(up), M) = 0. Indeed, let u # 1. Since the normalisator of up under
the adjoint action of G is the parabolic subgroup P, there is some v € up such that
wout & up. Write uvu™ = v_ + v, where v_ € up and vy € p. Let m € M,,m # 0 for
some weight x. As we have already used above the action of u} is injective on M. Hence
v_ -m # 0. But the elements v_, v, shift the weights of M in opposite directions. Any
identity (v_ + vy ) -m = 0 would imply 0 # v_m = —v,m which yields thus for weight
reasons a contradiction. In general we decompose any element m € M into its weight
components. For simplicity let m = my + my where m; € M,, and x; # X2 are weights.
Again we consider the sequence 0 # v_m = v_my +v_ms = —v,m; — vy my. Comparing
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weights and that the action of u, on M is injective we see that this is not possible. Hence
H(Ad(u)(up), M) = 0 since uvu™"! acts injectively on M. With the same proof as in
Step 1 of 21, Thm. 5.7] one checks that v_ acts injectively on M,. As the weights for
the action of v, on M, are different from those of v_, we see that uvu™! acts injectively
on M, as well. Thus H°(Ad(u')(up), M,) = 0. By repeating the arguments in Theorem
[3.1.6| we obtain an isomorphism of Fréchet spaces

H°(up, D(T) ®ug,py) M) ~ H(up, M).

The claim follows moreover for all k¥ > 1 inductively since Ad(u~1)(u%) = Ad(u=!)(up)*.
Indeed, set z = Ad(u~')(up) and suppose that there is an m € M with z*m = 0 for
all z € Ad(u')(up). Then z*~'m = 0 by what we have shown above. By induction
hypothesis it follows m = 0. a

Example 3.2.6. Let G = GL; and consider the exact sequence 0 — M(s-0) — M(0) —
1 — 0. By applying of F§ and dualizing we get an exact sequence

0 — D(G) ®p(g.p) M(s-0) = D(G) @pg.p M(0) = (i%(1)) — 0.
Taking H°(up, —)-invariants we get a left exact sequence
0= Koo = Koo @ Ko — (i%(1))
which is not exact.

Remark 3.2.7. The same statement holds true (with the same proof) for objects M €
OZlg of the shape M = U(g) ®u ) W where W is an arbitrary finite-dimensional algebraic
P-representation. In particular, it holds for objects M which are projective in the category
OP

hig since such an object it is free as a U(up)-module [11].

Next there is the following variant of the above proposition concerning the other parabolic
subgroups of type P lying in the same apartment induced by T. Let P = P; = LpUp
and set for w € W/, P* = w™'Pw, LY = w™ ' Lpw, U¥ = w™'Upw. Here for a L-module
V, we let V" be the Lp-module twisted by w, i.e. we consider the action induced by
composing the given action with the homomorphism Lp — w™'Lpw, g — w™lgw.

Proposition 3.2.8. With the above notation, let M € (92;; be a generalized Verma module

with respect to PV or a simple module such that P s mazximal for M. Let V' be a
smooth admissible L'S-representation. Then Ho(Up, FSu(M,V)) = (Ho(uws, M) )" @ V¥
and Ho(uk, FS. (M, V) = (Ho((u%)*, M) @ V¥ for all k > 1.
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Proof. The proof is the same as above. The difference is that this time all contributions
H(Ad(z~"up, D(27'Tx) Qu(ga-1zenpy) ®M) with = # w vanish. O

Next we consider an analogue of the Casselman-Jacquet functor [4], i.e., limits of the
above functors H°(uk, —) (vesp. Hy(uk, —) by duality) with varying k. For a locally
analytic G-representation U, the expression hglk HOu%,U') is a g x P-module as the
same reasoning as in loc.cit. applies. We denote by

GS : Repg (G)°™™ — Mody, p

the induced functor. As before let M be an object of Oalg and let V be a smooth admissible
Lp-representation. Then the object lim, HO(uk, FS(M,V)') is even a D(g, P)-module
since M is an inductive limit of finite-dimensional P-representations. In this way we get
in some sense a right adjoint to the globalisation functor F§. Moreover, it defines a

”section” of it for some objects in OF, x Rep“(Lp) (i.e. GE(FE(M,V)) =M@ V'), cf.
Proposition and Theorem [3.1.6] In general we can deduce the following statement.

Proposition 3.2.9. Let M € Oalg
Then there is a canonical (topological) identity

GE(FE (M, V) = @5 N@Sy(V)

and let V' be a smooth admissible Lp-representation.

of P-representations where Sy(V) is a quotient of ipN (V)p with V C (Sn)(V)p for the
uniquely standard parabolic subgroup Py O P which is maximal for N. (Here the sum is
over all simple constituents N of M with multiplicities.)

Proof. This follows from Proposition by taking the inductive limit. Note that
lingO(u’;,M):M. O

Proposition 3.2.10. Let U be some irreducible subquotient of some FS(M, V') with M €
(’)Zlg Then GS(U) is a simple D(g,Q)-module for some parabolic subgroup Q C G with

PcCaqQ.

Proof. Since U is simple it must coincide by the JH-theorem applied to F$ (M, V) with
some object of the shape .7-'8 (N, W) where N is a simple subquotient of M, ) is maximal
for N and W is an irreducible subquotient of i?,(V). But for these objects we deduce by
Proposition that G5(U) = N @ W’. On the other hand, we have G§(U) = G5(U)
since any element of N is killed by weight reasons by some uf,, k > 1. Hence we get the

claim. O
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As a by-product we get the following statement by applying the functor G& and Propo-
sition [3.2.2] One part of it was already given by Breuil [2, Cor. 2.5].

Corollary 3.2.11. Let U be an irreducible subobject (quotient) of some FS(M,V) with
M € O . Then U has the shape .7-"5(]\/, W) where P C @Q and N is a simple quotient of

alg*
M (submodule) and W is an irreducible subrepresentation (quotient) of i2(V').

Proof. In the proof of the foregoing proposition we saw that U has the shape ]-'g (N, W)
where N is a simple subquotient of M, () is maximal for N and W is an irreducible
subquotient of ig(V). If U is a quotient then we get by the left exactness of the functor
G$ an injection GS(U) — GS(FS(M,V)) of D(g, P)-modules. In particular, we see that
N is a submodule of M since GS(U) = N ® W’ . Further we see, e.g., by Proposition
that W’ C Sy (V) = i%(V). The claim follows.

Ifi:U — FS(M,V) is a subobject we get a morphism G (i) : GS(FS(M,V)) — G&(U).
The dual of 7 is a homomorphism ' : D(G) ®pg.p) MOV’ — D(G) Qp(g.0) N&®W’' which
gives rise by the very definition (taking lim, - of w-invariants) to the morphism G (i).
Since M @ V' = lim, HOu%, M) ® V' we see that the composite of the natural map
M@V — GS(FS(M,V)) with G§(i) is a map M @V’ — N®@W’'. The latter one induces
by taking the composite of D(G) ®p(g,p)y — with the natural map D(G) @pg,p) N QW' —
D(G) ®@p(g,0) N @ W' the map 4'. In particular the map M ® V' — N @ W' is non-trivial.
By Frobenius reciprocity we get a non-trivial homomorphism M ® i?,(V)’ — N W
of g x Q-modules. As the latter module is simple we obtain surjections M — N and
(V) — W'. The claim follows. O

4. ARE THE FUNCTORS F§ FAITHFUL?

In this section we want to address the question whether the functors F§ are faithful resp.
fully faithful. This aspect was discussed for G = SL, already in the series of papers by
Morita [15] [16, 17].

Theorem 4.1.1. Let M, M, € (’)Elg. Then the map
Homep (M, My) — Homg (F5 (Ms), FS(My))
fo= FE)

18 bijective.
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Proof. The proof is divided into several steps.

1) Let My = M(Z) be a generalized Verma module for some finite-dimensional algebraic
L-representation Z. Then F§(M;) = Ind%(Z') and U acts trivially on Z. Now we have
Ho(U, F§(M5))ag = H(u, My)' by Lemma . We consider the identities induced by
Frobenius reciprocity and the previous observations

Homg (FS (Ms), FS(M;)) = Homp

= Hom;j,

Fp(My), Z")

o(U, F§ (My)), Z')
o(U, F§ (M2))atg, Z')
H(u, M), Z")

Z, H%(u, My))

= Homp(Z, M)

= Hompg,p) (M1, Ms).

~—~

H
H

P

= HOIIlL
Homy,

Homy,

Here the third equality follows from that fact that Z is algebraic and Homg(i%, 1) = 0
for all parabolic subgroups P C G. .

2) Let M; be a quotient of some generalized Verma module, i.e., there is a surjective
homomorphism M (Z) — M, for some finite-dimensional algebraic L-representation Z.
Let 0 be its kernel. Then by definition we have F§(M;) = FS(M(Z))®*. We consider the

commutative diagram

Hompg py (M, My) — Homp p)(M(Z), Ms)

S i
Home(F5 (Mz), Fp(My)) < Home(Fp(Ms), Fg(M(Z))).

By Step 1) the right vertical map is an isomorphism. It follows that the left vertical
map is injective. To show surjectivity we consider the dual objects, i.e. the commutative
diagram

HOH’ID(g’p) (Ml, Mg) — HOHID(g’p) (M(Z), Mg)

1 {
HomD(G)(MlD(G),M;’(G)) < HomD(G)<M(Z)D(G)7M2D(G))'
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where we abbreviate M) = D(G) ®pp) M for M € OF_. Moreover the verti-

alg®
cal maps are the obvious ones, i.e. induced by base change. For the surjectivity, let
S HomD(G)(MlD(G),Mf(G)) and consider it via the injection as an element in the

set HomD(G)(M(Z)D(G),MQD(G)). Hence there is some morphism f : M(Z) — M, with
f ®id = f. We need to show that f(d) = 0. By assumption we have f(d) = 0. But we
proved in [21], (3.7.6)] that if M € Oug, M # 0 then D(G) ®pg,) M # 0. By applying
this fact to M = f(d) the claim follows.

3) Let My = U(g) ®upy W for some finite dimensional algebraic P-representation V. We
may view it as a successive extension of generalized Verma modules considered in Step
1). The proof of the statement is by dimension on dim W. Here Step 1) serves as the start
of induction. Write down an exact sequence

0— M(Z)— My — M, =0

where M| = U(g)®u ) W' is a generalized Verma module for some algebraic P-representation
W’ with dim W’ < dim W. We get an induced exact sequence

0— FS(M]) — FS(M,) = FS(M(Z)) — 0.

We consider the resulting diagram of long exact sequences

0— HomD(g)p)(M{,Mg) — HomD(gyp)(Ml,Mg) — HomD(g,p)(M(Z),Mg)
LY Lf Vfz
0— Homg(F§ (M), FE(M{)) — Homg(Fg (M), FE (M) — Home(Fg (Mz), F§ (M(Z)))

2 Ext!(M{, Ms) - Ext! (M, Ms) - Ext!(M(Z), M)

1 \
% Bt (FEOML), FE(M]) = Bxt!(FE(M2), FE(M1) = Bxt!(FE(Mz), FE(M(2)))

Here we consider the Ext groups as Yoneda-Ext groups. The maps f’ and f; are by
induction isomorphisms of finite-dimensional vector spaces. By diagram chase, it suffices
to check that §(g) # 0 if and only if 67(F5(g)) # 0. Concretely we have to show that if
§(g) # 0 then 6£(FS(g)) # 0 since the other direction follows directly by diagram chase
again. If 67(FS(g)) = 0, then the extension

0 — Fp (M) = Exg, — Fp(Mz) =0
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induced by FS(g) € Homg(FS (M), FS(M(Z)) splits. Then we apply Remark to
deduce that

Ho(u7 E}'}Cj(g)) = Ho(ua FE(M{)) ® Ho(u7 ‘FIg(M2))
= HO(U, M{) I, H0<u, Mg)

Since H%(u, E,) C H°(u, Erg(g)) we deduce that Hu, E,) = H(u, Ec(y) and that the
extension

0— My — E;, — M, —0

splits as well. Indeed suppose for simplicity that W’ is induced via inflation by a Lp-
representation. Then W' = H(u, M]) appears in E, so that we get a section of E, — Mj.

4) Let M; be arbitrary. Then there is a surjective homomorphism M (Z) — M for some
finite dimensional algebraic P-representation Z. Then we proceed as in Step 2).
O

Next we consider the situation where also smooth admissible representations are involved.

Proposition 4.1.2. Let M, M, € (’)zlg and let V1, V5 be smooth admissible Lp-represen-
tations. Assume that Z C My is a finite-dimensional algebraic P-representation which

generates My as a U(g)-module. Then the natural map
Homgp, (My, M) ® Homy,(V, Vi) — Homg (FS (Ms, Vo), FS(My, V1))
induced by the functor FS is injective and extends to a bijection

@  Homg (M, Me)w®Homp(Sw(Va)p, Vi) — Home(F§ (M, Vo), F§ (M, V1))

WCHO(quD,MQ)

where W ranges over all mazimal indecomposable P-modules of H®(u%, My) such that there

is a non-trivial homomorphism Z — W and Homep (My, Ma)w C Homer (My, Ma) is
alg alg

just the subspace consisting of those maps which are induced by this homomorphism.

Proof. Indeed we consider Steps 1) and 3) in the modified situation. Then we argue as
in Steps 2) and 4) for the general case. As for Steps 1) and 3) we choose this time a
slightly different approach by way of variation. So, let M; = U(g) @y Z for some finite-
dimensional P-module Z. Let k > 1 be an integer such that H°(u%, Z) = Z. Then we
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apply Proposition to deduce that

Homg (FS(My, V), FS(My, V1)) = Homp(FS(My, Va), Z' @ V1)
— Homp(n(Z @V, FE(Ma, Va))
= Hompp)(Z ® Vi, HO(uf, F§ (M, Va)))
=~ Hompp)(Z @ VY, @ W @ Sw(Va)p)

WCHO(qu;.,MQ)

= & Homgp (M1, Ma)w ® Homp(Sz(Va)p, V1).
WCHO (uk, Ms)
(I

Remark 4.1.3. The statement above is also true (with the same proof) if we consider
additionally a parabolic subgroup Q D P such that M; € Oglg, Vo € Rep™(Lg) i.e. we
have a bijection

@  Homy (M, Ma)w®Homp(Sz(Va)p, Vi) — Home (FG (Ma; Vo), FE (M, V1)).
WCHO(uk, Ms)

b

alg> the first map in

The following example shows that in the general case of objects in O
Proposition need not to be surjective.

Example 4.1.4. Let G = SL,, B C G the Borel subgroup of upper triangular matrices
and let T = {diag(a,a™) | a € L*} be the diagonal torus. We consider the smooth
character y of T' given by

x(diag(a,a™t) = |a|(—1)ve=@

where 7 is our fixed uniformizer of Oy, and v is the normalized valuation, i.e. v(m) = 1.
Let M be the one-dimensional trivial Lie(G)-representation. Then the object F§ (M, x)

is just the smooth representation i (). But the character y is chosen in such a way that

i%(x) decomposes as a direct sum of two irreducible representations [3, Cor. 9.4.6 (b)].
Hence Homg (F§ (M), F§(M)) is two-dimensional whereas Home,, (M, M) ® Homy(x, X)

is one-dimensional.

Recall the definitions before Proposition [3.2.8, For w € W, we denote by P" the conju-
gated parabolic subgroup w~!Pw. If Z is a finite-dimensional locally analytic representa-

tion of L we let M,,(Z) be the corresponding generalized Verma module with respect to
Pw, i.e. Mw(Z) = U(g) ®U(pw) Z.
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Proposition 4.1.5. Let Z be a finite-dimensional algebraic Lp-representation and let
w € W. Then for any finite-dimensional algebraic L'-representation Y there is an identity

Homg (Ind%., (Y'), Ind$(Z")) = Homepe (M, (Z° ), My (Y)).

Proof. We argue as in Step 1) in the proof of Theorem and use additionally Propo-
sition B.2.8
Homg (Indgw (Y, Ind]Gg(Z')) = Homp (Indgw Y'), Z')
— Homy(H. (UP,Indgw (Y"), Z")
= HOHIL(H (upy( w( )l)w>7 /)
& HOHIL(Z, HO(uP,Mw(Y)w)
= HOIHL(Zw I,Ho(utjgyMw(Y)))

1

= Hompuw(Z"Y , M,(Y))

= Homgps (My(Z° "), My(Y)).

5. APPLICATIONS

In the remaining paper we discuss some applications of the material collected in the
previous sections.

5.1. The category .Fgg. We begin to recall a definition of [21]. Let A\, u : T"— K* be
two algebraic characters with derivatives d\, du, respectively. We write p 75 A if and
only if du Ty dX in the sense of [I1]. Then one has

L pTe A
(5.1.0) dimg Homoglg(M(,u), M\) =

0 otherwise

For the remainder, we denote for an element w € W and an algebraic character by w - A
the usual “dot”-operation with respect to B. If A\ is B-dominant, then w-g A T A for all
weW.

On the other hand, we let \* := w(\) be the character given by the ordinary action of
Ww.
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Corollary 5.1.1. Let P = B and let A\, : T'— K* be algebraic characters. Then

L putp A
0 otherwise

dimg Home (F5 (M (X)), Fg (M(n))) = {

Proof. This follows from Theorem together with identity (5.1.0)). O

For a standard parabolic subgroup P C G, we let Fa}fg be the full subcategory of Rep'e®™™ (G)
consisting of locally analytic representations which lie in the essential image of the functor
FS§: 0P — Repp®™(G).

alg

Corollary 5.1.2. i) The category ]—"ﬂg 1s abelian and has enough injective and projec-
tive objects. For a morphism f : N — M we have F§(coker(f)) = ker(FS(f)) and
FE(ker(f)) = coker(FE(f)).

ii) Let M be a projective (resp. injective) object in OF,_. Then FS(M) is injective (resp.

alg”
projective) in the category ]:ﬁg.

Proof. The category (’)slg is abelian and has enough projective and injective objects. This
follows for O from [11]. But the proof shows that for an object M € (’)zlg the construction
of a projective cover N of M, that N is again in the subcategory Oglg. hence the claim
is true for the category ]—",jg. Since the functor FS induces an equivalence of categories

between OF

ag and falfg we get the first part of i) and ii). The remaining statements follow

directly be the exactness of F§. O

We define a dual object for objects lying in the functor. In light of Theorem it is
well-defined.

Definition 5.1.3. Let M € O}, and let MY € (’)zlg be its dual object. Set

FEM)" = FE(MY).

p

alg the locally analytic G-

It follows from the previous corollary that for an object M € O
representation FS (M) is projective (resp. injective) object in Fh, if and only if FS(M)Y

is injective (resp. projective) object in FJ,.

Definition 5.1.4. Let V1, V5 € .Fgg be two locally analytic representations. We denote
by Ext;ﬁ (V4, V3) the corresponding Ext-group in degree 1.
alg

These Ext-groups are of course different from those considered more generally in the

category of locally analytic G-representations, cf. [I4]. This can be seen as an analogue
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of relating the groups Exté(l\/[l, M,) and Ext’b(Ml,Mz) for two objects My, My € O as
the next statement confirms.

Corollary 5.1.5. Let My, M, € Ofﬂg. The natural map

Extep (My, M) — Extir (Fp (M), Fi (My))

alg

15 bijective. a

At this point one can derive many consequences on the above defined Ext-groups. Here
we exemplary mention only the following:

Corollary 5.1.6. Let A be a dominant algebraic character and let w,w’ € W.
a) Unless w' - AT w - \ we have for all n > 0,

Extiy (F§(M(w - ), FG(M (' - X)) = 0 = Bxtly (FG(L(w - \)), FS(M(w' - V)

alg

b) If w' - X <w- A\, then for all n > {(w') — {(w)

Bxts (FE(M(w - X)), FE(M(w' - X)) = 0 = Extls (F§(Lw - \)), FE(M(w' - N))

alg

Proof. This is a consequence of [11, Proposition 6.11]. O

5.2. The category ~FF

alg*
guments in the functor F§. So let V be a smooth G-representation. We supply V with

Next we consider additionally smooth representations as ar-

the finest locally convex topology. This approach is compatible with the one of Schneider
and Teitelbaum for admissible smooth representations. [23], Section 2|. Equivalently, if we
write V =, V& for a system of compact open subgroups G,, C G and supply each V&=
with the finest locally convex topology, then the topology on V' coincides with the induced
locally convex limit topology. It is Hausdorff [24, Prop. 5.5 ii)] and barreled [24], Cor.
6.16, Examples iii)] (see also the construction in [6 7.1]). Moreover, for any v € V' the
orbit map G — V' is locally constant and gives rise to an element of C**(G; V). Hence we
may and will consider V' with the structure of a locally analytic G-representation. Then

F§ extends with the same definition as in (2.2.4) to a bi-functor

F§ . 0P

alg X Rep?{o(LP) — Repll(;c.an.(G)'

where Rep% (Lp) is the category of smooth Lp-representations.

Lemma 5.2.1. Let V be of countable dimension. Then FS(M,V) is of compact type.
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Proof. We have the following inclusions of closed subspaces
FS(M, V) cIndG(W' @ V) = C™(H,W @V).

Here H C G is a locally analytic section of the projection G — G/P, i.e. H — G/P
and W is as usual a finite-dimensional algebraic P-module which generates M. Since a
closed subspace of a space of compact type is again of compact type. it suffices to show
that this property holds true for C**(G, ‘W’ @ V). Now we may write V = %ﬂn V,, as
a locally convex limit with finite-dimensional vector spaces. Hence C*"(H,W' @ V) =
lim C(H, W' ®V,,). But each subspace C*"(H, W' ® V,,) is of compact type. But the
inductive limit of compact type spaces with injective transition maps is of compact type
again. O

Remark 5.2.2. We stress that apart possible from Proposition [3.2.10| and Corollary
3.2.11| (since the proofs do not apply) all results of the previous sections are also valid for
objects lying in the image of this enhanced functor.

We denote by Repy™™(G) the full subcategory of Rep (G) whose objects are of countable
dimension. This is clearly an abelian subcategory of Rep% (G) which is closed under
(smooth) duals.

Lemma 5.2.3. The category Rep™(G) has enough injective and projective objects.

Proof. Let V be an object of Rep™™°(G). Since the smooth dual of an injective object is
projective and vice versa, it suffices to check that V has an embedding into an injective
object of countable dimension. For this we consider the injective object Ind (V|{e})
in the larger category Rep% (G) together with the embedding V' — Ind (V|{e}) v
[g — gv]. As G is a second countable group and V" has a countable ba81s We deduce that
Indf{t}G(V]{e}) is of countable dimension, hence the claim. 0

We define *F P to be the full subcategory of Rep'e™®™(G) consisting of locally analytic
representations Wthh lie in the essential image of the functor

.FG OP

hg X Rep™(Lp) — Repe™™(@).
The category *°F% ; s not abelian as we saw for instance in Exampled.1.4, Concerning the
latter aspect, we con81der the smallest abelian subcategoryl o FB alg Containing all categories

Oo}"alg where () D P is a parabolic subgroup.

4which can be seen as a kind of Satake compactification of *F. ﬁg
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Lemma 5.2.4. Let My, My, M € O§1g and V1, V5,V € Rep%(Lp) such that My, My are
quotients of M and Vi, Vs are subrepresentations of V. Then

F5(My, Vi) N FG (M, Vo) = Fg (My G Mz, ViNVa)
Proof. We have

:Fg(Ml Sy My, ViN V)

O

Lemma 5.2.5. Let M € Oglg be a simple object such that p is maximal for M and let V' be
a smooth Lp-representation. Then any subquotient of FS (M, V) has the shape FS (M, W)

for some smooth subquotient W of V.

Proof. By the exactness of F§ it suffices to prove this statement for subobjects. Let
U C FS(M,V) be a subobject. We recall a construction of [22) Thm. 5.8] which uses
the simplicity of M. Set Us, = lim, Homp (FS(M)|g,Ulg) where the limit is over
all compact open subgroups H of G. It is proved that U, is a subrepresentation of
FS(M,V)sn and that the latter object identifies with the smooth induction iG(V) =
ind%(V) (for V irreducible, but this holds also true in this general setting). Moreover,
the natural map F$(M) ® ind%(V) — FS(M,V) is surjective giving rise by the very
definition of this map to a surjection ¢ : F$(M) @ U, — U. Considering U,,, as a
subrepresentation of i¢(V) as above we set W := {f(1) | f € Uyy,}. This is a smooth
Lp-representation and the map ¢ factorizes over FS (M, W). It follows that the image of
the map ¢ coincides with FS(M,W). Hence U = FS(M, W). O

The next statement is clear by the Jordan-Holder principle for representation of the shape
FS(M,V) where V is admissible smooth.

Proposition 5.2.6. Every object U in °°.7-"£g is a successive extension of objects of the
shape FG(N,W) with P C Q.

Proof. As the direct sum of two objects of the kind fgi(Mi, Vi), i = 1,2, is contained
in such an object we may suppose that U is some subquotient of FS(M,V). Indeed
F§ (M;, Vi) € FE(M,(V;)p) so that it suffices to treat the case Q1 = Q; = P. But then
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The proof is by induction on the length on M. If M is simple (where we may assume that
P is maximal for M by the PQ-formula) then the statement follows from the above lemma.
Otherwise, let M; C M be some proper submodule and consider the exact sequence

0— FS(M/M, V) — FS(M, V)L FS(M, V) — 0.

So let U = U; /U, be some subquotient of FS (M, V). We consider the induced exact
sequence

0— FS(M/M,V)YNU/FS(M/M, V)N Uy = Uy /Uy — p(Uy)/p(Us) — 0.

If FS(M/M, V)N U/ FS(M/M,, V)N Uy, € {(0),U;/Us} we may apply induction hy-
pothesis to prove the claim. But also in the other case the inductive hypothesis applies.
O

Proposition 5.2.7. Let U € Wﬁg and suppose that there exist M € Oglg and V €
Repy™(Lp) such that U C FS(M,V). Suppose further that M is minimal, i.e. there is
no proper quotient N of M such that U C FS(N,V). Then we have GS(U) = @, Lo W,
as P-representations where L goes through all simple constituents of M and Wy is a

quotient of ip" (V') for some parabolic subgroup @ depending on L.

Proof. The proof is by induction on the length of M. If M is simple then we use Lemma
and the claim follows from Proposition In general let M; C M be a proper
submodule such that M /M; is simple. We consider as above the induced exact sequence

0— FS(M/M,V) = FS(M, V)5 FS(M, V) = 0.

If p(U) = 0 we get a contradiction to the minimality of M. If UNFS(M/M;,V) = 0, then
U= pU) C FS(My,V). By the induction hypothesis we see that M, appears in G&(U)
as described above. By considering the composition U — FS(M,V) — FS(M;,V) we
get by applying of G& a splitting of the inclusion M; < M and thus a surjection M — M,
giving rise to a contradiction by the minimality of M.

Hence we obtain a non-trivial exact sequence
0— FS(M/M,VYNU = U — p(U) = 0.

Thus the claim follows by induction once we have proved that F5(M;, V) satisfies again
the minimality condition with respect to p(U). But if Ny C M; is a proper submodule
with p(U) C FS(M;/Ny,V) then it would follow that U C FS(M/Ny, V). This is again
a contradiction to the minimality of M. a



30 SASCHA ORLIK

Proposition 5.2.8. Let M € (’)glg be projective (resp. injective) and let V € Repj' ™ (Lp)
be an injective (resp. projective) object. Then FS(M,V) is injective (resp. projective) in

the category ©FL,.

Proof. We consider here the case of injective objects. The case of projective objects is

treated in a dual way. We consider thus a monomorphism Z; < Z, in our category Oo]:aﬁ’g
together with a morphism Z; — FS(M, V). Since any object in Wﬁg is a subquotient of
an object lying in the image of a functor fg with P C ) we may suppose by enlarging Z,
that is has for simplicity the shape F§ (N, W). Indeed if Z is a submodule of F§(N, W)
this is clear. If on the other hand, Z, is a quotient of ]—"g (N, W) then we consider the
preimage Z; < Z, of Zy < Z, in F§(N,W). We get an induced map f : Zy — FS(M,V)
and if this extends to Z, then also to Zs since ker(Z; — Z1) = ker(Zy — Z5) is mapped
to zero under f. By the PQ-formula we see that F§(N,W) — F§(N, (W |Lp)) =
FS(N,W|Lp). Hence we may even suppose that P = Q. Thus we arrived at the situation
where we assume that Z, = Fg5(Ng, Wa) for N, € Of, and W, € Rep™(G).

On the other hand, we may also suppose that Z; has also the shape ]-"g (N, W). Indeed,
by dividing out the kernel of the morphism Z; — F&(M,V) (from the very beginning)
we may assume that it is injective as well. By using Lemma we see that there
are N € Of, and W € Repy'™(Lq) such that FG(N,W) C F§(Ny, W) is a minimal
object containing Z;. By Proposition we deduce that N and W appear in QS (Zy).
Hence the morphism Z; — Ff(M, V) extends automatically to a morphism F§ (N, W) —
FS(M,V).

Hence we may think that our embedding Z; < Z, is of the shape }"g(Nl,Wl) —
FS(Ny, Wy). Tt follows by Proposition the bi-exactness of FS and the exactness of
the induction functor for smooth representations that it is induced by a surjection Ny —
Ny and a monomorphism (W;)p < W,. For this note that .Fg(Nl, wy) = ]-"g(Nl)éi)Wl
and F§(Na, Wa) = FG(No)@Ws .

So for proving that F§ (M, V) is injective let F§ (N1, W1) — F§ (M, V) be any morphism.
Again it corresponds to a tuple of morphisms M — N; and (W;)p — V. Since V is
injective we see that there is an extension Wy — V. Further as M is projective we have a
liftt M — Ny. The claim follows easily. a

Corollary 5.2.9. The category Oo]:ﬁg has enough injective and projective objects.

Proof. As above we consider here only the case of injectives. Let U € mfa’fg. Suppose first
that it has the shape F5(M, V). We choose a projective cover N of M and an embedding

V <— W into a smooth injective Lp-representation W. Then we have a topological
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embedding FS(M,V) < FS(N,W) and by the result above the object FS(N,W) is
injective.

In general we know by Proposition that it is a successive extension of such objects.
As such it has an injective envelope, as well (Indeed, suppose that 0 — A; - U — A; — 0
is exact and that A; — I;,7 = 1,2 are monomorphism into injective objects. Then we get
an exact sequence 0 — I} — I &4, U — A — 0 and the middle term is isomorphic to
I; ® A, by injectivity of I;. But I; & As embeds into the injective object I @ I5. Therefore
U embeds into [; & I, as well.). O

5.3. Extensions of generalized locally analytic Steinberg representations. For
a parabolic subgroup P C G, we abbreviate I§ := Ind%(1) and denote by i§ the sub-
space of smooth vectors. The attached Steinberg representation is given by the quotient
VS =Ind$%(1)/ > qop Indg(l). We shall determine the Ext-groups of these objects in our
compactified categories.

We recall a result from [19]. Here we denote by *“Ext* the corresponding Ext-groups in
the category of smooth representations.

Proposition 5.3.1. Let [ C A. Then we have
“Exty, (1,1) = A*(X™(Ly)).

The next statement is contained in [0, Thm. 9.8].

Lemma 5.3.2. For a parabolic subgroup Q of G, let M = Mg(0) = U(g) Qu(q) K be the
generalized Verma module with respect to the trivial QQ-module. Then M s projective in
@) O

alg*

Proposition 5.3.3. Let G be semi-simple and let I, J C A. Then we have

(I6,15) ={ AM(X*(Ly) = ifJcClI

0 : otherwise
Proof. We set P = Py and Q = Pj.
1. Case. Suppose that J ¢ I. Let I*® be an injective resolution of the trivial L¢-
representation in the category Repy ™ (Lg). Then by Lemma and Proposition[5.2.8|
F§(Mg(0),1°) is an injective resolution of I§. Let J* be an injective resolution of the

Eaxt”
Oo]:aBlg

trivial T-representation in the category Repz > (T). Then i%(J *) is an injective resolu-

tion of ig (in the category of smooth representations) since the induction functor is exact
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and has with the Jacquet functor an exact left adjoint. Hence the embedding 19 — ig

extends to a morphism of complexes [°* — ig(J *). Here we may suppose by standard
arguments that the maps in each degree are injective. We consider the induced (injective)
maps F§ (Mq(0),I*) — F§(Mq(0), i2(J*) = FS(Mq(0), J*). We shall see that any map
IS — F§(Mg(0),J"),i > 0, vanishes which is enough for our claim. Indeed by Remark
it is induced on the Lie algebra part by a map Mg(0) — Mp(0). Any such map
vanishes if Q ¢ P.

2. Case. Suppose that J C I. Then by applying Frobenius reciprocity any map 1§ —
F§(Mg(0),1") = Indg(I) is given by a map (I§)y, = H°(Uq,I§) — I'. The left
hand side coincides by Proposition with H%(ug, Mp(0))" which is a sum of algebraic
representations and which contains the trivial representation. Since any map between
an algebraic representation different from the trivial one and a smooth representation
vanishes we see that any map ([g)UQ — I' corresponds to a map 1 — I’. Hence the
series of maps determines *Exty (1, 1) which coincides with A*(X*(L;)) by Proposition
b.31l O

Theorem 5.3.4. Let G be semi-simple. Let I,J C A. Then

K [TuJ\INJ| =i

Ext! (VS VE) =
X oo]-‘B( o Vi) { (0) otherwise

Proof. In [20] we proved that the following complex is an acyclic resolution of Vlg by
locally analytic G-representations,

(534) 0-I—- @B 5.~ P 5.~ = P 15 — 15 - VS —0.
ICKCA ICKCA ICKCA
|[A\K|=1 |[A\K|=2 |K\I|=1
The smooth version of this complex was used in [19] together with the smooth version of
Proposition to get by formal arguments the smooth version of our theorem. Hence

the rest of the proof is the same as in loc.cit. O

If G is not necessarily semi-simple, then we have as in the smooth case a contribution of
the center Z(G). By using a Hochschild-Serre argument (cf. loc.cit.) we conclude:

Corollary 5.3.5. Let G be reductive with center Z(G) of rank d. Let I,J C A. Then we
have
K = |TuJ—|InJ|+j, j=0,....d

0 : otherwise

Eatl (V5 V) = {
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5.4. Adjunction. As a last application we want to discuss some adjunction formulas.
For this we need some preparations.

Lemma 5.4.1. Let x,w € W and let x : T — K* be an algebraic character. Then
(x5 X)" = Ad(w)() - gu-1 X"

Proof. We compute

(z(x + pB) — pB)

= Ad(w)(@)(w(x + pp) — wps)

— Ad@)(@) (¢ + put) = pipus)

= Ad(w)(x) -gu-1 xX* .

g

(z-BX)" =

O

Let M = Mg(x) € Oglg be a Verma module with respect to the opposite Borel subgroup

B. Then F§(M) = Indj(x ") and Ho(Up, F§(M)) = (H(ug, M))" by Lemma m
Hence there is a natural homomorphism (x™')** — Ho(Up, F&(M)). If further y is B-
dominant, then we have moreover a natural homomorphism

((wo 5 x)71)"™ = Ho(Up, F5(M)).

These maps lead by composing with the functor V ~— Vi, = Ho(Up, V) to the following

statements.

Theorem 5.4.2. Let x be a B-dominant algebraic character. Then for any w € W and
any highest weight module M € O, one has the identity

Home(IndZ(x ™), Fgu (M) = Homz (((wo -5 x) ™)™, F5u(M)uv,)

Proof. i) First let M = Mpgw(A) be a Verma module for some algebraic character A of 7.
We start with the observation that both sides are at most one-dimensional. Indeed as for
the LHS this follows from Proposition [4.1.5] As for the RHS we can identify it (see below)
with the anti-dominant eigenspace in H°(ugw, M). This eigenspace is one-dimensional,
as well.

Now we check, that the LHS does not vanish iff the RHS does. Since y is B-dominant
we see that X”“"A“’O is B¥-dominant. The LHS does not vanish by Proposition if and
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only if A 15 x. This is equivalent to A 1w ¥ "0 by Lemma . Since y¥ ™0 ig
B¥-dominant and w™twow is the longest Weyl group element in W with respect to BY,
we see that the latter condition is equivalent to (w™'wow) -gw (x* ) 15w A.

On the other hand, the Jacquet module Ind%,, (A™Hy coincides by Proposition with
(H(ugw, M)')*. Its weights are given by the characters (p=')* with u 1w A. Moreover,
(wo -5 X)™ = ww 'wo(wo -5 X) = ww wew -gw x* " *°) by Lemma m Thus the RHS
does not vanish iff the LHS does not vanish. To see that the natural map between these
one-dimensional spaces is an isomorphism follows in principal from Theorem |4.1.1}.

ii) Now let M be a quotient of Mpuw()). Then FS, (M) C Ind%. (A~") so that both vector
spaces in the above stated formula are at most one-dimensional. Moreover, we have a
commutative diagram

Homg(Ind%(Xfl),Inde()\*l)) = HomT(((wo-§X)*1)w°,1nde()\*1)UB)

T T
Home(Indg(x ™), Fiu(M)) — Homr(((wo 5 x)™)", Fhu(M)uy)

The upper line is an isomorphism by the first case. The LHS is an injection. In particular
the lower line is an injection, as well. Since the spaces in question are at most one-
dimensional the statement follows easily in this case. Note that if M is a proper quotient
of Mpw(A), then the objects in the lower line vanishes and the claim is trivial.

O

Remark 5.4.3. In [2] and [I] are presented adjunction formulas which use on the RHS
Emerton Jacquet functor and which have a different style.
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