ON JORDAN-HOLDER SERIES OF SOME LOCALLY ANALYTIC
REPRESENTATIONS

SASCHA ORLIK AND MATTHIAS STRAUCH

ABSTRACT. Let G be a split reductive p-adic group. This paper is about the Jordan-Holder series of
locally analytic G-representations which are induced from locally algebraic representations of a parabolic
subgroup P C G. We construct for every representation M of Lie(G) in the BGG-category O, which
is equipped with an algebraic P-action, and for every smooth P-representation V', a locally analytic
representation ]—'IC,"(M, V) of G. This gives rise to a bi-functor to the category of locally analytic repre-
sentations. We prove that it is exact and give a criterion for the topological irreducibility of ]—'}C,"(M, V)
in terms of M and V.
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Let L be a finite extension of Q, and let G = G(L) be the group of L-valued points of a split connected

reductive algebraic group G over L. This paper is about the Jordan-Hdlder series of certain classes of

locally analytic G-representations. In particular, our treatment includes those representations which are

induced from locally algebraic representations of a parabolic subgroup.

The theory of locally analytic representations was introduced by P. Schneider and J. Teitelbaum in

[32]. Such representations appear in the study of vector bundles on p-adic period domains [33] 24] and

in the p-adic Langlands program. In [31] B7] the authors pose the question of determining irreducible
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parabolically induced locally-analytic representations. More generally, one would like to know the Jordan-
Holder series of such an object. Here we give a partial answer to these questions. As an application we
consider the GLg4 1-equivariant filtration constructed in [24] on the Fréchet space H°(X, £), where L is a
homogeneous line bundle on projective space P% and X C P% is the Drinfeld half space. It is shown here
that this filtration is either a Jordan-Holder series, or that it has a simple refinement (which we describe

explicitly) that is a Jordan-Holder series.

In order to explain our main construction and results, we introduce some notation. Fix a Borel
subgroup B C G, a split maximal torus T C B, a standard parabolic subgroup P O B, and let
b = Lie(B), t = Lie(T), p = Lie(P), and g = Lie(G) be their Lie algebras. The corresponding groups
of L-valued points are denoted by B = B(L), T = T(L), and P = P(L). Furthermore, we fix once
and for all a finite extension K of L which will be our field of coeflicients. The base change of an L-
vector space (or scheme over L) to K will always be denoted by the subscript g, e.g., gx = g 1, K,
Gk = G Xgpee(r) Spec(K).

We will study locally analytic representations which are in the image of certain bi-functors

]:%‘(_7.):010

b X Rep?adm(Lp) — Rep“2(Q)

depending on the standard parabolic subgroup P C G. Here Rep>™™™™(Lp) is the category of smooth
admissible representations of the Levi subgroup Lp C P on K-vector spaces. Further Repﬁ?(G) is the
category of locally analytic representations of G on K-vector spaces. By O = O° we denote the following
category of U(g K)—modulesﬂ objects are U(gg )-modules M satisfying the following properties:

(1) M is finitely generated as U(gx )-module.
(2) M decomposes as a direct sum of one-dimensional U (tx)-modules.

(3) The action of bx on M is locally finite, i.e. for every m € M, the subspace U(bg)-m C M is

finite-dimensional over K.

For a standard parabolic subalgebra p D b we let O be the subcategory of those modules M in O on
which pg acts locally finitely. In O we consider the subcategory O of modules M which have the
additional property:

(4) All weights of tx on M lie in the image of the natural map X*(T) = Hom(T,G,,) — tj =
Homyp (¢, K).

We will show, cf. that modules M in O, on which pg acts locally finitely have the property that
the pr-action lifts uniquely to a locally finite-dimensional algebraic P g-representation, and we denote
this subcategory by Oglg, ie., Oglg = O NOP.

Given a module M in O

Al there is a finite-dimensional K-subspace W C M which is stable un-

der U(pk) and which generates M as U(gg)-module. Let 0 be the kernel of the canonical surjection
U(gr) Qupx) W — M, and let W’ be the dual representation. By what we have said above, W' lifts
uniquely to an algebraic representation of P. Then we consider the locally analytic induced representation

dG(W') = {f € C*(G,W') [Vg € G,pe P: f(gp)=p~" - f(9)},

Lthis is an adaptation of the BGG-category O to our setting in which the coefficient field is not algebraically closed
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where C*(G,W') = C¢"*(G,W') is the K-vector space of L-locally analytic W’-valued functions on G.
The action of G on Ind%(W’) is given by left translation: (g- f)(z) = f(g~'z). There is a C(G, K)-
valued pairing

(eanry s (Ugk) Qupe W) @k mdG(W') — C"(G,K)

(y@w) e f = o (0 H9) )]

where, for ¢ € g we have, by definition,
(€ £)(9) = 5 Flgexp(in))li=o.
The common kernel of all (3, '>Can(G’ K), With 3 €0, is a closed subrepresentation
FS(M) = dS(W')° = {f € IndG(W') | for all 3 €0: (3, f)een(c.u) = 0} -

More generally, for a smooth admissible L p-representation V' we define the representation

FEM, V) =IndE(W' @k V)® = {f € ndG(W' @k V) | forall 3 € (3, f)can(a,v) = 0}

similarly as before (here, the pairing (-,-)can(q,v) takes values in C**(G,V)). The representation
FS(M,V) is an admissible locally analytic representation.

Let M be an object of O. We call the parabolic subalgebra p mazimal for M, if M does not lie
in a subcategory O% with a parabolic subalgebra q properly containing p. It follows from [I3] sec. 9.4]
that for every object M of OP there is unique parabolic subalgebra q D p which is maximal for M. The
same definition applies for objects in the subcategory (’)glg in which case we also say that the parabolic
subgroup P maximal for M.

The main result of this paper is the following:
Theorem. (i) FS is functorial in both arguments: contravariant in M and covariant in V.
(i1) FS is exact in both arguments.

(ii) If @ D P is a parabolic subgroup and M is an object of (’)glg (and hence, in particular, an object of
Oglg), then

FEM, V) = FG(M,ind; 2,y (V)

for all smooth admissible Lp-representations V. Here, indii( V)= indg(V) denotes the smooth

LQﬂUP)(
induction of the representation V.

(iv) FS(M,V) is topologically irreducible if and only if the following conditions are both satisfied:

- M is simple,

Lq

- if @ D P is mazximal for M, then the smooth representation inde(LQmUp)

(V') is irreducible as an
Lqg-representation.



4 SASCHA ORLIK AND MATTHIAS STRAUCH

In (iv) we assume that the residue field characteristic p of L is odd, if the root system ® = ®(g,t) has
irreducible components of type B, C or Fy, and if ® has irreducible components of type Gy we assume
that p > 3.

Remark. The assumptions on the residue field characteristic p of L are imposed because of our method of
proof, but might not be necessary. That is, we do not know of any example where the fourth statement
fails because p < 3.

Our main result covers a particular case of the irreducibility result shown in [25]. In loc.cit. we
consider arbitrary reductive groups and arbitrary locally analytic finite-dimensional L p-representations
W, but where, on the other hand, no differential equations appear. Using as an input Jordan-Holder series
for M and V, and for possibly occurring smooth induced representations of the form indég ( LQmUP)(V)’
it is a rather formal exercise to determine a Jordan-Holder series for ]—"g(M V), cf. section@ Indeed, we
concretize the determination of the composition factors for locally analytic representations of the form
Indg(W’)a. Finally, we study for a homogenous line bundle £ on projective space IE”Z and the Drinfeld
space X C ]P’g, the space of sections HY(X, £) which is a Fréchet space equipped with a continuous action
of G = GLgy1(K). More precisely, we consider the filtration HO(X,L£) = £(X)? D> L(X)! D --- D
LX) 5 £(X)? = HO(P?, L) constructed in [24] consisting of closed G-subspaces. We show that for
i > 1, the dual space (£(X)?/L(X)**1)" is a locally analytic G-representation which lies in the image of
the functor fg(iﬂydii). Here P(;41,q—;) is the maximal standard parabolic subgroup corresponding to the

decomposition (i+1,d—1) of d+1. On the other hand, the dual of £L(X)%/L(X)! sits inside an extension
0= vf @ H(Pk, L) — (L(X)°/L(X)Y) — F§, , (M) =0

for some simple object M € OP@.a. Here Ug is the smooth Steinberg representation and H?(P%, £) is
a simple finite-dimensional algebraic G-module. By using our main result, we prove that all the locally
analytic representations above are irreducible.

Independently of our approach, O. Jones considers in [I6] the relation between the Bernstein-Gelfand-
Gelfand resolution and locally analytic principal series representations of G (and, more generally, of
subgroups of G possessing an Iwahori decomposition). In [I6, Thm. 26] he proves the existence of an
exact sequence which coincides with the exact sequence in paragraph The results about
irreducibility in section[5] can then be used to decide if this sequence is actually a composition series, and,
if not, how it can be refined to give such a series.

Notation and conventions: We denote by p a prime number and consider fields L. C K which are both
finite extensions of Q,. Let Op and Og be the rings of integers of L, resp. K, and let |- |x be the

absolute value on K such that |p|x = p~!.

The field L is our ”base field”, whereas we consider K as
our ”coefficient field”. For a locally convex K-vector space V we denote by V} its strong dual, i.e., the
K-vector space of continuous linear forms equipped with the strong topology of bounded convergence.
Sometimes, in particular when V is finite-dimensional, we simplify notation and write V' instead of V.

All finite-dimensional K-vector spaces are equipped with the unique Hausdorff locally convex topology.

We let G be a split reductive group scheme over Oy, and Ty C By C Gy a maximal split torus and a
Borel subgroup scheme, respectively. We denote by G, B, T the base change of Gg, By and Ty to L. By
Go = Gy(0Op), By =By(0p), etc., and G = G(L), B = B(L), etc., we denote the corresponding groups
of Op-valued points and L-valued points, respectively. Standard parabolic subgroups of G (resp. G) are
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those which contain B (resp. B). For each standard parabolic subgroup P (or P) we let Lp (or Lp) be
the unique Levi subgroup which contains T (resp. 7). Finally, Gothic letters g, p, etc., will denote the
Lie algebras of G, P, etc.: g = Lie(G), t = Lie(T), b = Lie(B), p = Lie(P), [p = Lie(Lp), etc.. Base
change to K is usually denoted by the subscript g, for instance, gx = g ® K.

We make the general convention that we denote by U(g), U(p), etc., the corresponding enveloping
algebras, after base change to K, i.e., what would be usually denoted by U(g) ®r K, U(p) ®r K etc.
Similarly, we use the abbreviations D(G) = D(G, K),D(P) = D(P, K) etc. for the locally L-analytic
distributions with values in K.

Acknowledgments. We thank O. Gabber, G. Henniart, V. Mazorchuk, T. Schmidt and B. Schraen for
some helpful remarks. Furthermore, we thank the referees for their comments which helped us to improve
the paper in a number of places.

2. PRELIMINARIES ON LOCALLY ANALYTIC REPRESENTATIONS AND g-MODULES

2.1. Locally analytic representations. We start with recalling some basic facts on locally analytic
representations as introduced by Schneider and Teitelbaum [32].

For a locally L-analytic group H, let C*"(H, K) be the locally convex vector space of locally L-analytic
K-valued functions. More generally, if V' is a Hausdorff locally convex K-vector space, let C*"(H, V)
be the K-vector space consisting of locally analytic functions with values in V. It has the structure
of a Hausdorfl locally convex vector space, as well. The dual space D(H) = D(H,K) = C**(H,K)’
is a K-algebra, and the multiplication (convolution) is separately continuous. It has the structure of a
Fréchet-Stein algebra when H is compact [34]. Here the (convolution) product of §1,d2 € D(H) is defined
by

(211) 51 . (52(f) = (51 ® 52)((h17h2) — f(hlhg)) .

Let V be a Hausdorff locally convex K-vector space. A homomorphism p: H — GLg (V) (or simply
V) is called a locally analytic representation of H if the topological K-vector space V is barrelled, the
action of H on V is by continuous automorphisms, and the orbit maps p, : H — V, h — p(h)(v), are
elements in C*"(H,V) for all v € V. We recall that a Hausdorff locally convex K-vector space V is
called of compact type, if it is an inductive limit of countably many Banach spaces with injective and
compact transition maps, cf. [32] sec. 1]. In this case, the strong dual V} is a nuclear Fréchet space (by
[0, 16.10, 19.9]) and a separately continuous left D(H)-module. By [32] 3.3], the duality functor gives
an anti-equivalence of categories

locally analytic H-represen- separately continuous D(H)-
tations on K-vector spaces ~ modules on nuclear Fréchet
(2.1.2) : : .
of compact type with spaces with continuous

continuous linear H-maps D(H)-module maps
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In particular, V' is topologically irreducible if V)] is a simple D(H, K)-module. We also recall that a locally
analytic H-representation V is called strongly admissible if V' is of compact type and if its strong dual
V) is a finitely generated D(Hy)-module for any (equivalently, one) compact open subgroup Hy C H, cf.
B2 sec. 3].

2.2. Induced locally analytic representations. For any closed subgroup H' of H and any locally analytic
representation V' of H', we denote by IndH/(V) the induced locally analytic representation. It is defined
by

Imd?, (V) := {f € C(H,V) | VW € H' Yhe H: f(h-1') = (k)" f(h) } .

The group H acts on this vector space by (h- f)(z) = f(h~'z). We will frequently consider the strong
dual space of Indg, (V). In this paper, V will always be of compact type and H/H’ will be compact. As
recalled above, cf. V, is then a nuclear Fréchet space.

Lemma 2.3. Assume that H and H' are compact p-adic Lie groups. If V is a finite-dimensional locally
analytic H' -representation, then (Indg/V)g is canonically isomorphic, as D(H )-module, to D(H) @ px)
V.

Proof. Consider the canonical map of D(H)-modules
(2.3.1) D(H) ®@pgy V' — (Indj5, V);, §@¢ — -,

where (6-¢)(f) = 6(g — o(f(g71))). Because H' is a compact p-adic Lie group, it is topologically finitely
generated (cf. [8) 8.34]). Because V is finite-dimensional the same arguments as in [35], before Lemma
6.1, show that 2:3.1] is an isomorphism of topological vector spaces, if we give the left side the quotient
topology of the projective tensor product topology on D(H, K) ®k V’. (We remark that the projective
and inductive tensor product topologies coincide for tensor products of Fréchet spaces, cf. [30, 17.6].)
O

We recall that in this paper G = G(L) denotes the group of L-valued points of a split reductive
algebraic group over L. We use the notation as fixed at the end of the introduction. In particular,
Go = G¢(Oy) is the subgroup of Op-valued points of a smooth model of G over Or,.

Furthermore, every rational G-representation and every smooth G(L)-representation may be consid-
ered as a locally analytic representation, cf. [29, §2]. In the latter case the underlying vector space is the
locally convex inductive limit of its finite-dimensional subspaces, and it is of compact type, if we assume
that the smooth representation is admissible (because it is then of countable dimension).

Lemma 2.4. Let P C G be a parabolic subgroup and put Py = PNGq. Let V' be a smooth representation
of the Levi subgroup Lp, and let E be a finite-dimensional algebraic P-representation. Both' V and E are
assumed to be K-vector spaces, and E’ denotes the contragredient representation.

(i) If V is an admissible smooth representation, then Ind%(E' @k V) is an admissible locally analytic
representatimﬂ

(ii) If V is of finite length, then Ind%(E' @ V) is strongly admissible.

2in the sense of [34) sec. 6]
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Proof. (i) Assume first that the P-representation E comes by inflation from an L p-representation (i.e.,
the unipotent radical Up of P acts trivially on E). If V is a smooth admissible representation, then it is
admissible as a locally analytic representation by [34, 6.6]. This implies that E' @ ¢ V' is an admissible
Lp-representation by [10, 6.1.5], and by [9 2.1.2] we can conclude that Ind%(E’ @k V) is an admissible
locally analytic representation. To treat the general case (when Up does not necessarily act trivially
on F), we note first that we can find a descending filtration ¥ = Ey D F1 D ... D E,. = 0 by P-
stable subrepresentations E; such that Up acts trivially on the associated graded vector space E =
@:01 E;/E;+1. We have already proved the assertion in the case r = 1. Arguing inductively, it suffices
to treat the case r = 2. Consider the extension 0 — E; — E — E/E; — 0, which gives 0 — (E/E;) —
E’' — E} — 0 by passing to dual spaces. As these are finite-dimensional, this sequence splits as topological
vector spaces, and the same is true for the sequence that we get by tensoring with V:

0— (E/E) @V —FE @V — E{@xgV —0.

By [19, 5.1, 5.4] this gives an exact sequence of locally analytic representations

0 — IndS((E/Ey) @k V) — Ind%(E' @k V) — Ind% (B @k V) = 0.

As we pointed out above, the representations on the left and on the right are admissible. Then the
representation in the middle is admissible as well, because the category of admissible representations is
closed under extensions, cf. [35, p. 304], [34, Remark 3.2].

(ii) Any admissible representation that is an extension of two strongly admissible representations is
strongly admissible as well. Therefore, by the same dévissage as above, we may assume that the action of
P on E comes by inflation from an action of Lp. Because V' is now assumed to be of finite length, the dual
space V' is a finitely generated D(Fy)-module, by [29, 2.2]. By [29] 3.3], this implies that also E @k V' is
a finitely generated D(Fp)-module. Therefore, E' ® ¢ V is a strongly admissible L p-representation. By
[9, 2.1.2], the induced representation Ind%(E’ @ V) is strongly admissible. O

2.5. The category O and its parabolic variants OF. Let G be a connected split reductive group over
L. We use the notation as introduced at the end of the introduction. In particular, we take care to
distinguish between vector spaces (and schemes) over our "base field” L and our ”coefficient field” K.
The subscript x denotes base change to K. However, when dealing with universal enveloping algebras,
we make the general convention to write U(g), U(b) etc. to denote the corresponding universal enveloping
algebras after base change to K, i.e., what is precisely U(gx), U(bx) and so on.

The category O in the sense of Bernstein, Gelfand, Gelfand, cf. [2], [I4], is defined for complex semi-
simple Lie algebras. Here we consider the following variant for split reductive Lie algebras over a field
of characteristic zero. Thus we let O be the full subcategory of all U(g)-modules M which satisfy the
following properties:

(1) M is finitely generated as a U(g)-module.
(2) M decomposes as a direct sum of one-dimensional tx-representations.
(3) The action of bg on M is locally finite, i.e. for every m € M, the subspace U(b) -m C M is

finite-dimensional over K.

As in the classical case one shows that O is a K-linear, abelian, noetherian, artinian category which
is closed under submodules and quotients, cf. [I4, 1.1, 1.11]. In particular, every object of O has a
Jordan-Holder series.
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In our paper we are mainly interested in a certain subcategory of . The reason will become clear
later on. Note that by property (2), we may write any object M in O as a direct sum
(2.5.3) M= M,
Aety
where My = {m € M |V € tx : r-m = A(x)m} is the A-eigenspace attached to A € t}; = Hompg (tx, K).
Let X*(T) = Hom(T, G,,) be the group of characters of the torus T which we consider via the derivative

as a subgroup of tj.

Definition 2.6. We denote by O, the full subcategory of O whose objects are U(g)-modules such that
all A\ appearing in for which M) # 0, are contained in X*(T) C t},.

Thus M € O is an object of Oy, if the tg-module structure on every M) lifts to an algebraic
action of T. Again, O, is an abelian noetherian, artinian category which is closed under submodules
and quotients. The Jordan-Hélder series of a given U(g)-module lying in On is the same as the one
considered in the category O.

Example 2.7. For X € tj,, let Ky = K be the 1-dimensional tx-module where the action is given by A.
Then K extends uniquely to a bg-module. Let

MA) =U(g) QU (o) K,eO

be the corresponding Verma module. Denote by L(A) € O its simple quotient. Then M (\) resp. L(A) is
an object of O,y if and only if A € X*(T).

Let P be a standard parabolic subgroup of G with Levi decomposition P = Lp - Up where T C Lp.
We put up = Lie(Up) and [p = Lie(Lp). We define O to be the category of U(g)-modules M satisfying
the following properties:

(1) M is finitely generated as a U(g)-module.
(2) Viewed as a Ip g-module, M is the direct sum of finite-dimensional simple modules.

(3) The action of up  on M is locally finite.

This is analogous to the definition over an algebraically closed field, cf. [14} ch. 9]. Clearly, the
category OP is a full subcategory of O. Furthermore, it is K-linear, abelian and closed under submodules
and quotients, cf. [14] 9.3]. Hence the Jordan-Holder series of every U(g)-module in O C O lies in O
as well. If @ is a standard parabolic subgroup with @ D> P, then @9 C OP. Finally, consider the extreme
case p = g: the category OF consists of all finite-dimensional semi-simple gx-modules. On the other
hand, O® = O.

Similarly as before we define a subcategory Oglg of OF as follows. Let Irr(lp )™ be the set of
isomorphism classes of finite-dimensional irreducible [p g-modules. Again, any object in O has by
property (2) a decomposition into [p x-modules

(2.7.4) M= € M
ueIrr([p,K)fd

where M, C M is the a-isotypic part of the representation a. We denote by Oglg the full subcategory of
OP consisting of objects M of OP with the following property: if M, # 0 (with the notation as in [2.7.4)),
then a is the Lie algebra representation induced by a finite-dimensional algebraic Lp g-representation,
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g

where Lp x = Lp Xgpec(r) Spec(K). Again, the category Oale

is contained in O, and contains all
finite-dimensional gx-modules which are induced by algebraic G-modules. Every object in (’)glg has a
Jordan-Holder series which coincides with the Jordan-Holder series in Oaz. The following lemma will

later play a crucial role.

Lemma 2.8. Let M be an object of OP. Then M is in OF

alg if and only it is in Oag.

Proof. This follows from the discussion in section 1.20 of part II in [I5]. It is shown there that a
finite-dimensional U(Ip)-module which is equipped with an algebraic T-action, whose induced U (t)-
structure coincides with the one coming from the U(Ip)-structure, lifts (uniquely) to an algebraic Lp -
representation. Note that the algebra Dist(Lp x) used in loc.cit. is in characteristic zero canonically
isomorphic to the enveloping algebra U(lp k), cf. [I5, part I, 7.10]. Apart from the condition that the
induced U (t)-structure coincides with the one coming from the U(Ip)-structure, Jantzen requires the
following compatibility between the T-action and U(Ip)-action:

Ad(t)(x) -m=t-(x- (" -m)),

for allm € M, t € T and ¢ € [pg. In our situation this is automatic: we may assume m € M), and
¥ € go. This implies that - m € Myy,. Therefore Ad(¢)(x) -m = a(t)(x-m), and t- (r- (t71-m)) =
(@+NOAET) - (r-m) = at)(x-m). O

Remark 2.9. The preceding lemma can also be proved by using the description of irreducible algebraic
representations of Lp in terms of characters of T.

Example 2.10. Let A be the set of simple roots of G with respect to T C B. Let A € X(T)* and
set I ={a e A|(\a") € Zsp}. Let P =P; be the standard parabolic subgroup of G attached to I.
Then A is dominant with respect to the Levi subgroup Lp. Denote by V() the corresponding irreducible
finite-dimensional algebraic Lp-representation, cf. [I5, Pt. 2, 2.13]. We consider it as a P-module by
letting act Up trivially on it. The generalized parabolic Verma module (in the sense of Lepowsky [21])
attached to the weight A is given by

Mi(A) = U(g) @u(py) VI(A).

Then M;()) is an object of (’)zlg. Further, there is a surjective map

where the kernel is given by the image of @,crM (s - A) — M(N). It follows that L(X) is an object of

Oglg, as well, cf. [I4, sec. 9.4].

3. FROM Oujg TO LOCALLY ANALYTIC REPRESENTATIONS

3.1. The representation associated to an object of Oae. We fix as in the previous chapter a standard

p
alg”

By the defining properties (1)-(3) for OP, we may choose a finite-dimensional representation W C M of

parabolic subgroup P with Levi decomposition P = Lp - Up where T C Lp. Let M be an object of O
pr which generates M as U(g)-module. Thus we have a short exact sequence of U(g)-modules

(3.1.1) 0—=0—=U(g) @uey W - M — 0,
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where, by definition, 0 is the kernel of the canonical map U(g) ®y ) W — M. We denote the represen-
tation of px on W by p. It is induced by an algebraic P g-representation by the following lemma.

Lemma 3.2. In the setting above, the representation p lifts uniquely to an algebraic P i -representation

on W (which we denote again by p).

Proof. As M is an object of O, the U(p)-module W, considered as a U(l,)-module, decomposes into
a direct sum of isotypic modules W,. Each module W, lifts uniquely to an algebraic representation of
Lp.x by We denote this action of Lp x on W = @a Wq by pr. Moreover, the action of the Lie

algebra u, g integrates uniquely to give an algebraic action of Up on W as follows. Given an element

p()™

-, where

u = exp(xr) € Up(K), where K denotes an algebraic closure of K, we define p(u) := 3, -,
p(x)™ = 0 for n > 0. These two representations are compatible in the sense that pr,(h)op(u)opr(h~!) =

p(Ad(h)(u)), for h € Lp(K), v € Up(K). This shows that p lifts uniquely to an algebraic representation
of Pg on W. O

The induced locally analytic representation of P on the dual space W’ = Homg (W, K) will be denoted
by p’. We consider the locally analytic induced representation Indg(W’ ). By the canonical map of
D(G)-modules

D(G) @pey W — (mdGW)) o w e [/ = 5()(w)],

is an isomorphism of topological vector spaces. We thus have a pairing
(3.2.1) () (D(G) @ppy W) @k ndG(W') — K,

which identifies the left hand side with the topological dual of the right hand side and vice versa. We
remark that the Iwasawa decomposition G = Gy - B shows that as D(Gp)-modules, the restriction of
D(G) ®@ppy W to D(Gyp) is isomorphic to D(Go) ®p(p,) W. The pairing [3.2.1 is obtained from the
following C*"* (G, K )-valued pairing by composition with the evaluation map C*"(G,K) — K, f — f(1).

<.7 '>Can(G,K) : (D(G) Qp(P) W) K IndIG;(W’) — Can(G, K)
(3.2.2)
(Gow)ef = o= (6 GO )]

where, by definition, we have (§-- (f(-)(w)))(g) = é(z — f(g9z)(w)). The same arguments as in [25] 3.4.1]

show that the obvious map

U(g) ®U(p) W — D(G) ®D(p) w

is injective, so that we consider U(g) ®y () W as being contained in the dual space of d%(W’). We
then denote by Ind%(1W’)? the subspace of Ind%(W’) annihilated by 0 via the pairing (-, D Can(GLK):

(3.2.3) IndZ(W')° = {f € mdG(W’) | for all § €0 : (5, f)can(a,x) = Ocan(G,x)} -
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(This is exactly as in [33]; cf. the definition of the representation before Thm. 8.6. in [33].) Here
Ind%(W’)? is clearly a closed subspace, since the action of U(g) is continuous on Ind%(W’). It is G-
invariant because the pairing (-,-)cen (g i) uses the right translation of G on itself (in the argument of
f), but the G-action on the induced representation is given by left translation.

Proposition 3.3. (i) The representation IndG(W’)? is a strongly admissible locally analytic G-represen-
tation.

(ii) The annihilator of Ind%(W')® in D(G) ®ppy W, i.e., the set
{1 € D(G) @ppy W | for all f € IndG(W')®: (1, f) = 0}.

is equal to D(G)d. We therefore have a canonical isomorphism of coadmissible D(G)-modules
!
(Indg(W')D) ~ (D(G) @ppy W) / D(G)o .

Proof. (i) The representation Ind%(W’) is strongly admissible by By [32, 3.5] closed invariant
subspaces of strongly admissible representations are strongly admissible again.

(ii) By [34, 6.3], the admissible subrepresentations of Ind% (W) are in bijection with the coadmissible
quotients of D(G) ®@ppy W. By [34, 3.6] these are given by the closed submodules of D(G) ®@ppy W.
The bijection is given by associating to a closed submodule J C D(G) @ppy W the representation

{f e mdG(W') | forall ¢ € J: (1, f) = 0}.
By definition, for f € Ind%(W’) to lie in Ind§(W’)? is equivalent to satisfy

m

(i (@) (wi) =0

i=1
for all g € G and all ), v, ® w; € 9. By the definition of -, and the definition of the convolution product
in D(G) this is equivalent to

S (8- 9)(£)) (wi) =0

i=1
for all g € G and all >, p; ® w; € 0. Hence f is in Indlc_lf(VV’)D if and only if (§, -3,f) =0, forall g € G
and all 3 € 9, where (-, -) is the K-valued pairing in Because the subspace generated by the Dirac
distributions ¢, is dense in D(G), this is equivalent to saying that (4, f) = 0, for all 6 € D(G)d. As d

is again an object of (’)glg, it is finitely generated as U(g)-module. Hence D(G)0 is finitely generated as
D(G)-module and therefore closed by [34] Cor. 3.4, Lemma 3.6]. The assertion follows. ad

3.4. Another description. We proceed by giving another description of the dual space of Indg(W')a.
Let M be an object of (’)glg as above. Then M is the union of finite-dimensional px-modules. Denote
by X one of these finite-dimensional submodules. X lifts by Lemma uniquely to an algebraic P k-
representation. In particular, we can consider X as a locally analytic P-representation, and as such it has
a unique structure as a D(P)-module, where the Dirac distributions act as group elements, cf. [32, Prop.

3.2], and the sentence before Lemma 3.1 in [32]. (Note that we do not consider here the D(P)-module
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structure on the dual space X’.) It thus follows that there is a unique D(P)-module structure on M
which extends the px-module structure and such that the Dirac distributions é, act as group elements
geP.

The next step is to consider the subring D(g, P) generated by U(g) and D(P) inside D(G). It follows
from the proposition below that this ring is equal to U(g)D(P), i.e., every element of D(g, P) can be
written as a finite sum of elements of the form 3 - ¢ with 3 € U(g) and § € D(P).

Proposition 3.5. Let H C G be a closed analytic subgroup, and let 6 € D(H). Then ¢ - U(g) C
U(g) - D(H). In particular, the smallest subring of D(G) containing U(g) and D(H) consists of finite
sums »_ ;35 - 0; with 3; € U(g) and 6; € D(H).

Proof. Of course, it is enough to show that for any r € g we have §-r € g- D(H). Let f € C**(G, K). For
g € G we denote by g.f the function defined by (g.f)(z) = f(g~'z). It is easy to see that the convolution
product of two distributions A1, s € D(G) satisfies

(A= A2)(f) = Ai(g = X297 1) = Ai(g = Aa(h = f(gh)) = Ae(h = Ai(g — f(gh))).

The last equality may be called ”Fubini’s Theorem”, and this is used below in one instance. Furthermore,
the image of ¢ in D(G) is given by the formula

1
2(f) = lim = (f (exp(t)) — f(1))-
For h € H and ¢ as above write Ad(h)(x) = E?Zl ¢i(h)r;, where (x;); is some basis for g, and the ¢; are
locally analytic functions on H. Define distributions §; € D(H) by 6;(f) = 6(h + ¢;(h)f(h)). Then we
compute:

(6-0)(f) = oh=rh'f)) = d(h Ad(R)(x)(g — f(gh)))

6 (e (S (g = Fgh)) = S, 8 (b (@)g > Flgh)

= S (= ri(g = () fgh) TEY L wilg = 6(h e ci(h) f(gh)))

Siinlg = 6(h = ai(h) (g7 (W) = Xiiiwilg = 697" S)

S (i 8)()
And this shows that § - r = Z?:l ri-0;ising- D(H). O

Corollary 3.6. There is on any object M of Oglg a unique D(g, P)-module structure with the following
properties:

(i) The action of U(p), as a subring of U(g), coincides with the action of U(p) as a subring of D(P).

(i1) The Dirac distributions d, € D(P) act like group elements g € P (the latter action being given by
Lemma .

Moreover, any morphism My — Ms in Oilg is automatically a homomorphism of D(g, P)-modules.
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Proof. The first assertion about the existence and uniqueness of the D(g, P)-module structure follows
from the discussion in the beginning of section (which in turn uses [32] 3.1, 3.2]), together with the
Prop. just proved. The assertion about homomorphisms M; — M> follows from the uniqueness of
the D(g, P)-module structure. a

In the following we consider the tensor product D(G) ®@pg,py M for objects M of O';lg. Because
M is a finitely generated U(g)-module, hence a finitely generated D(g, P)-module, the tensor product
D(G) ®p(g,p) M is a finitely generated D(G)-module. Let D(g, Py) be the subring of D(Go) generated
by U(g) and D(F). Bywe have D(g, Po) = U(g) - D(Fo) and D(Go) ®@p(q,p,) M is likewise a finitely
generated D(Gp)-module. Furthermore, it follows from the Iwasawa decomposition G = GoP that the

canonical map

D(Go) @p(g,py) M — D(G) @p(g,p) M

is an isomorphism of D(Gg)-modules, cf. [35, 6.1 (i)]. The next proposition shows that D(Go) ®p(q,py) M
is a co-admissible D(Gy)-module.

Proposition 3.7. The canonical map
L M= (U(g) ®u(p) W) /o — (D(G) ®p(P) W) / D(G)o

extends to an isomorphism of D(G)-modules

D(G) @p(g,py M = (D(G) @p(py W) / D(G)

Together with we hence get an isomorphism of D(G)-modules

/
D(G) @p(g.py M = (Indg(W’P)

As the canonical map D(Go) @pg,p,y M — D(G) @p(g,p) M is an isomorphism, we also have an iso-
morphism of D(Gg)-modules

!

D(Go) ®p(g,p) M = (Indg(W’)a)

In particular, D(Go) ®p(qg,p,) M is a coadmissible D(Go)-module.

Proof. First we have to show that ¢ is D(g, P)-linear. But this follows from the D(g, P)-linearity of the
natural maps ¢ : U(g) Qupy W — M and U(g) @upy W — D(G) @p(py W together with the fact that
0 is a D(g, P)-submodule of U(g) ®y(p) W. This shows that ¢ extends to a D(G)-module homomorphism

P : D(G) ®p(g,py M — (D(G) @ppy W) / D(G)d

by setting ®(6 ® v) = d¢(v). In the other direction we define

U (D(G) @ppy W)/ D(G)o — D(G) @p(q,py M
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by ¥((d ® w) + D(G)d) = § ® (w+0). It is immediate that ¥ is well-defined and easily checked that @
and W are inverse to each other. The last statement is now an immediate consequence of (i). a

3.8. Yet another description. In this paragraph we present another approach to the representation
Ind%(W’)® which appeared already in [24] in the case of G = GL,,. Here we correct certain group actions
which were formulated in loc.cit..

Let Gg be a split reductive group model of G over Og. Let Tg C Gg be a maximal torus and fix a
Borel subgroup Bg C Gg containing To. We fix a standard parabolic subgroup Pg of Gg. We denote
by Up ¢ its unipotent radical, by Up o its opposite unipotent radical and by Lp ¢ its Levi component
containing Tyq.

Let m € Op, be a uniformizer. For any positive integer n € N, we consider the reduction map
(3.8.1) Pn: Go(Or) = Go(Or/(7"))
Set
P = p; (Po(OL/(7"))), Up =p, ' (Upo(OL/(7"))), Lt = p, ' (Lp,o(OL/(x")))
and
Up™ =ker (Up 4(O1) = Up (01 /(x"))),Up™" = ker (Up,0(O1) = Up o(Or/(7"))).

These are compact open subgroups of Gy = G(Opr). The Levi decomposition on Po(O/(7™)) induces a
decomposition

(3.8.2) P =1L Up.

Further, we have equalities

P" = Up" - Py=PFy-Up™",
(3.8.2) Up = U};’n -Upo=Upyp - U;’n,
Ly = US™-Up™-Lpo=Lpo-Up™-Up™.

We may interpret Up" C Upy as the L-valued points of an open L-affinoid polydisc, since all non-
diagonal entries  in Up’" have norm |z| < |7"|. Then the ring of K-valued rigid-analytic functions
O(Up™) is a K-Banach algebra equipped with the following norm. Let

(DU; = {/Bla s 7/87'}

be the set of roots appearing in u,. We consider the ring O(Up) of K-valued algebraic functions on Up
as the polynomial K-algebra in the indeterminates Xg,,...,Xg.. For n € N, set ¢, = |7|™. Then

E ) oyl L Y| ) ) ) . i1+ i
(383) ’ (i1,e..vin)ENE azl,...,zTXﬁl X/gr n Sup(zl,...,lr)GNg ‘a117»--72r|K€n :

defines a norm on the K-algebra O(Up) so that O(Up™") becomes the completion of it. This K-Banach
space is contained in the larger ring of bounded functions on Up™"

,,,,,

Op(Up™) = {Z(n i) it CXG e X L ai g, € K supg, ol kel T < OO}

which is a K-Banach space with the same norm, as well.
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Let W be a finite-dimensional locally analytic P-representation. For any n € N, set
V,, = {rigid-analytic maps f: P" = W' | f(gp) =p ' f(g)}.

This is a locally analytic P™-representation where P™ acts via left translation. There is a natural identi-
fication

(3.8.4) Vo, 20Up")@x W'

The action of P™ = U;’” -Lpo-Upo on the latter object translates as follows. The subgroup Lp
acts via conjugation on Up" on the first factor and on W’ by the given one. The subgroup U, acts by
translations on the first factor and trivially on W’. We omit the description of the action of Upg since
we will not use it explicitly.

Lemma 3.9. There is a canonical isomorphism
G ~ 1 G
Ind7? (W' = hﬂneN IndZ% (V,),

where Indgﬂ, denotes the ordinary induction of group representations.

Proof. Let f € Indg%(Vn) and denote by R,, C Gq a set of representatives for Go/P"™. We may consider
f as a function on Gy = | JER gP™ such that the restriction to each open subset gP™ is rigid-analytic.
Hence it gives rise to an locally analytic function on Gy which lies in Indgg (W’). This construction is
compatible with varying the integer n.

On the other hand, if f € Indgg(W’), then there is a disjoint union Go = |J; U; by Py-stable subsets
(with respect to the action from the right) such that f restricted to U; is rigid-analytic. The open
subgroups P" C G,n € N, form a cofinal system of Py-stable neighborhoods of the identity. Hence by
choosing a refinement of the covering we may assume that there is some n such that it is of the shape
Go =U,cr gP" as above. Thus we get an element in md%9 (V,,).

Hence we have constructed two maps which are clearly inverse to each other. It follows from the
definition of the space of W’-valued locally analytic functions that these maps are also topological iso-
morphisms. O

Next we consider W as a Lie algebra representation of p. Since the universal enveloping algebra of
g splits (by the PBW-theorem) into a tensor product U(g) = U(up) @k U(p), we get U(g) @up) W' =
U(up)@x W', Similarly as above, there is an action of Py on this space. On elements z@w € U(g)®y ) W',
a given p € Py acts by
p- (z®@w) =Ad(p)(z) ® pw.
Here Ad denotes the adjoint action. Under the identification U(g) @y ) W' = U(u™) ®x W’ the action
of the Levi factor Lp is again via the adjoint action on Up"" and the natural one on W’. We stress that

there is no natural action of U™ on the above space since it is not complete in a suitable sense, cf. Step
2 in the proof of Thm.

Let Lg,,...,Lg, be a basis of the vector space u,. We consider the L p-equivariant pairing
(3.9.4) OUp)xU(up) — K
(f:3) = G-NHA).
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This is a non-degenerate pairing and induces therefore a K-linear L p-equivariant injection
O(Up) — Homg (U(up), K).

given by
Xéll Xé: = (i) (i) (Ifﬁl1 ---Llﬁ’;)*.

Here {(Lj ---L§ )" | (i,...,i,) € N§} is the dual basis of {L} --- L | (i1,...,i,) € Nj}. The pairing
extends by continuity to a non-degenerate (L p)o-equivariant pairing

(3.9.5) OWUp™) xUlup) = K.
which induces a Py-equivariant pairing

(3.9.6) (,): (OWUp™ @k W) x (U(up) @k W) = K
(f®n3@¢) = o) (- )).

For € € |K*|, we consider the norm | |. on U(up) given by

(3.9.7) Do i L oLy | o= sup () (i) gy €T
(415008 ) ENG (415, )ENT

The completion of U(up) with respect to this norm yields the K-Banach space

- o— . . ? ... i’r . .
Uup)e := { Z(il,...,ir)eNg Wiy,..oip Lig, - Lg, | @iy....ir € K,

‘(7,1)' s (7'7)' . ail7___7ir|6il+m+ir — O,il + s + i,. — OO}

We abbreviate U(up), := U(up) 1. The pairing extends to

Oy (Up™) x Ulup), — K

such that Oy(Up"") becomes the topological dual of U(up),, (cf. the Example in [30} ch. I, §3]). It follows
that O,(Up™™) @k W' is the topological dual of U(up), ® x W. In particular, we get an action of Up™"
and hence of P™ on U(up), @k W.

The following statement has been proved for G = GL, in [24].

Proposition 3.10. There is an isomorphism of (Hausdorff) locally conver K -vector spaces

I
li, O™ & W (U, Ulup), W)
compatible with the action of &inn P = P.

Proof. The proof is the same as in loc.cit. and proceeds as follows. There are identifications
liy Oy(Up™) = lim O(U"™)

resp.
lim Oy (Up") @k W' =lig O(Up™) @x W’
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of locally convex K-vector spaces. As we saw above, the space O (Up"") ® gk W is the topological dual of
Uup)n, @k W. The claim follows now from [22, Thm. 3.4] respectively [30, Prop. 16.10] on the duality
of projective limits of K-Fréchet spaces and injective limits of K-Banach spaces with compact transition

maps. O

Now we consider more generally a surjective map
¢:U(g) @upy W — M
of U(g)-modules as in Let 0 = ker ¢ be its kernel. We may consider © by PBW as a submodule of
U(up) ®x W. We denote by
0, CU(up), @x W
its topological closure in U(up), ®x W. Finally, we put
OUp™") @ W) ={feOUp")@x W'| (3, f) =0V ;€0}.

Then U(up), @k W' /0, and (O(Up™)®x W')? are K-Banach spaces equipped with a natural P™-action,
as well. The following statement generalizes Proposition [3.10]

Proposition 3.11. There is an isomorphism of (Hausdorff) locally convex K -vector spaces

/
limy, (O™ @ W) = (lim UG @ W/D,)
compatible with the action of l&nn P =P.

Proof. We define similarly (O(Up™") ®x W')°, (Oy(Up™) ®x W')° and (Oy(Up™) @k W')°. By the
density of 0 in 0,, we have
OUp™) ®x W) = (O(Up™") @k W)™
resp.
(Oo(Up™) @k W')° = (Op(Up™) @k W)™ .

Now, the K-Banach space (Op(Up™") ®x W’)° is the topological dual of U(up), ®x W/, (here we use
that K is spherically complete, cf. [30, 9.4]). Then we proceed with the argumentation as in the proof of

Proposition [3.10] O
Finally we arrive at the next alternative description of Ind%(W’)?.

Corollary 3.12. There is an isomorphism of locally convexr K -vector spaces compatible with the action

Of GO N

Ind%0 (W')° = lim mdSe (OU™) @k W')? = (1@“ md$e (U(up)n @ W/an)) :

Proof. Lemma together with the identity give rise to an isomorphism Indgg(W’ )?° =
lim md$ (O(Up™) @k W')?. With the same reasoning as in the proof of the foregoing statement we
see that Ind$0 (Op(Up™) @k W)? is the topological dual of Ind52 (U (up), ®x W/0,). Passing to the
limit yields the claim. O
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4. THE FUNCTOR F$ AND ITS PROPERTIES

4.1. The functor FS. Denote by Repi(G) the category of locally analytic representations of G on
barrelled locally convex Hausdorff K-vector spaces. In the previous section we defined for any object
M e Oglg the G-representation Indg(W’)°, cf. By it is strongly admissible. In particular, its
underlying topological vector space is reflexive. Furthermore, the continuous dual space, equipped with
the strong topology, is isomorphic to D(G) ®p(g,py M, as a D(G)-module, cf. This prompts us to

consider the functor

FS 0" — Reptd(Q)

alg

defined by

FE(M) = (D(G) @p(o.r) M) .
Proposition 4.2. The functor ,7-'19 15 exact.

Proof. Let 0 — M; — Ms — M3 — 0 be an exact sequence in the category Oglg. Then there are finite-
dimensional algebraic generating P-representations W; C M;, i = 1,2, 3, such that we have an induced
exact sequence 0 — W7 — Wy — W3 — 0. Indeed, let W5 be a P-submodule which generates M>. Then
the image W3 of W5 in M3 generates M. Consider X := ker(Wy — Wjs). If it does not generate My,
then we let Y be any generating system and put W7 = X 4+Y resp. replace Wy by W+ Y. The resulting
sequence satisfies the claim.

We get a commutative diagram with exact rows:

0 0 0
0 ) )

0 — My — Mo — Ms — 0
T T T

0 = Ul@oumWr — U@ Quepy W2 — U(g)@upyWs — 0
) ) 1)

0 — 01 — 09 — 03 — 0
) ) )
0 0 0

Note, that exactness of the middle row follows from the exactness of the functor U(g) ®y() — The
exactness of the last row is a consequence of the snake resp. 3 x 3 lemma. If we apply our functor
F = fg to the above diagram we get a new diagram:
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0 0 0
1 \J \:

0 « F(M) <+ FM) <+ F(M;) <« 0
! ! !

0 « IdS(W]) « ImdS(W3) « ImdS(W4) « 0

P
<~
<

The middle row is obviously exact. The first row coincides by definition with the sequence
0 < Ind§ (W)t « IndG(W5)°2 « IndG(W4)% « 0.

The following argumentation shows that it is exact on the right. Indeed, the functor D(G) ®yq4,p (+)
is right exact and, by coadmissibility, yields strict K-linear maps. By the theorem of Hahn-Banach it
follows that our functor F§ is in particular left exact. So all we have to show by using the snake lemma
applied to the last two rows is to prove that the columns of the diagram are exact. Exemplarily, we
consider the middle column and abbreviate 0 = 05 resp. W = W,. The submodule ? is again an object
of the category Ozlg. Thus we have a short exact sequence

00— U(g) Qupy W —=0—0

for some finite-dimensional algebraic P-representation 1. Hence F(d) = Ind%(W’)°. In order to show
the surjectivity of Indg(W') — F(0), it is enough to show the injectivity of its dual map since the image
of IndG(W’) — F(d) is closed by admissibility. Applying the description in Corollary the dual map
is given by
lim TndGS (U(u), @x W/0,) = lim IndE (U (), @x W).

Now the functor lgln is left exact on projective systems of K-vector spaces. Hence it suffices to prove
that for each n € N the map g, : Uu™), ®x W/0, — U(u™), @k W, which is induced by the map
g: U )@ W/ 20— U(u") @k W by passing to completions with respect to the norm is
injective. The left hand side U(u~), ®x W /0, carries the quotient norm. The map g, is continuous
(this can been seen, e.g. by using the continuity criterion with respect to sequences). Thus its kernel is a
closed subspace. On the other hand, by the same reasoning as in [25] Lemma 3.4.4] we deduce that the
natural action of t on U(u™) is continuous with respect to the norm on U(u™),. Hence all assumptions
are satisfied for applying [11] Korollar 1.3.12]. The latter result says that the intersection of ker(g,) with
U(u™) ®x W /0 is non-trivial, if ker(g,) is non-trivial. This is a contradiction since this intersection is
nothing else but ker(g) = {0}. The claim follows. a

Corollary 4.3. If M # 0 then FS(M) # 0.

Proof. Let M — N be a simple quotient of M. By E this map induces an injective map F§(N) —
.Fg (M). We can therefore assume that M is simple, and it is therefore a highest weight module, generated
by some vector v+ with highest weight A\. Let W C M be a finite-dimensional p-module which contains
v, and hence generates M as U(g)-module. The weight space of U(g) @y (,) W with weight A is then the
one-dimensional K-vector space generated by 1® v*. Put 0 = ker(U(g) ®y(p) W — M). Then 1@ v is
not contained in 9, and all weights in ? are distinct from A. In the following we consider ? as a subspace
of U(up) @k W, which is tx-stable.
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With the notation introduced in U(up)n @k W is a Banach space completion of U(up) ®@x W.
As above, let 9,, be the closure of ? in U(up), ®x W. By the last assertion in [I1, 1.3.12], the weight
spaces of 0,, with respect to the tx-action are all contained in 0, and we conclude that 0,, does not contain
1 ®@vT, and the class of 1 @ v in (U(up)n, @k W) /0, is non-zero for all n. Therefore, the projective
limit

lim dS0 (U (up)n @x W/0,,)

is non-zero. By this projective limit is reflexive, and its continuous dual space is F$ (M), which is
thus non-zero as well. ad

4.4. FEaxtending the functor }"g. Let P C G be a standard parabolic subgroup. Let V be a K-vector
space, equipped with a smooth admissible representation of the Levi subgroup Lp C P, and regard it
via inflation as a representation of P. We recall that we always consider on V the finest locally convex
K-vector space topology, i.e., the locally convex inductive limit of its finite-dimensional subspaces. As
such V is of compact type and furnishes a locally analytic P-representation.

Let M be an object of O§1g and write it as a quotient of a generalized Verma module as in

0—=02—=U(g) @Qupy W — M —0.

As W is a finite-dimensional space, the injective tensor product W’ @k, V coincides with the projective
tensor product W’ @k » V. Therefore we simply write W/ @k V for it. It is complete and we have
W @V = th W' @k V| where H runs through all compact open subgroups of P, holds as locally
convex vector spaces. Equipped with the diagonal action of P, cf. W' @k V is a locally analytic
representation. We set

(44.1)  FE(M,W,V) =IndZ(W @k V)° = {f € mdF(W' @k V) | V3 €0: (3, f)oun(cv) = 0},

where the pairing (-, -)can(q,vy is defined as in We are going to show that F§(M,W,V) is
independent of the chosen P-representation W, in the sense of [{.5 below. Later on we will therefore
simplify notation by writing F$ (M, V) instead of F§ (M, W, V).

Proposition 4.5. Let G, P, M, and V be as above. Let Wi C Wy be two finite-dimensional U(p)-
submodules of M which generate M as a U(g)-module. Then the canonical map Ind$%(Wh @k V) —
IndG(W]@k V) of G-representations, induced by the map W4 — W1, restricts to a topological isomorphism

FS(M, Wy, V) = FS(M, W, V).

Proof. Fori=1,2,1let 0 = 0; = U(g) @u(p) Wi = M — 0 be as in It is immediate that under the
(injective) map U(g) ®up) W1 — U(g) @u(p) W2 induced by the inclusion Wi C W5 the submodule 9; is
mapped to d5. It follows that the canonical map Ind% (W} @ V) — Ind% (W] @ V) maps FS (M, Wy, V)
into F§ (M, W1, V).

We fix a locally L-analytic section s : G/P — G of the projection G — G/P and let H = s(G/P) C G
be its image, so that we have an isomorphism of locally L-analytic manifolds G ~ H x P (this isomorphism
depends on s). Using this isomorphism, we can identify the underlying topological vector space of
Ind% (W @k V) with

CiM(H)ox (W] @k V) = Ci"(H) @k W] @k V,
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the completed tensor product on the left being the projective tensor product, cf. [19] formula (56) and
Remark 5.4]. This completed tensor product is equal to the ordinary tensor product, as W/ ®@x V is

an inductive limit of finite-dimensional vector spaces. Using this isomorphism, which is natural in W/

and V, we identify f € IndG(W] @ V) with ¢y = 3, ¢, @ ¢p, @ vy, € CF"(H) @k W} @ V, where
Y € CP(H), ¢ € W/, vi, € V. Then, for f to be annihilated by 9; translates into a condition on ¥y
which is only a condition on ), ¥ ® ¢. With these identifications we find an isomorphism of K-vector
spaces, natural in W/ and V,

~ 0;
mdS(W! @ V)% =5 (C;”(H) DK Wi’) K V.

We get therefore a commutative diagram

~ 02 ~
mdS (WS @k V)22 =5 (cgn(H) DK WQ') Ok V +— IndS(WH* @k V
1 \
~ 01 ~
mdS (W] @k V) = (Ogn(H) Rk W{) ok V <+ IndS(W)* @k V

The vertical map on the right is an isomorphism because the map Ind%(W3)% — Ind%(W{)® is an
isomorphism of topological vector spaces, by The map on the left must hence be an isomorphism
too. O

4.6. Let M € O§1g and V be as above. Given two finite-dimensional U (p)-submodules Wy, Wy C M,
which both generate M as a U(g)-module, we let W5 C M be any finite-dimensional U(p)-submodule
containing both Wy and Wy (e.g., W3 = W7 + Ws). By the canonical maps

(4.6.2) FS(M, Wy, V) +— FS(M,Ws3,V) — FS(M,W1,V)

are both isomorphisms of locally analytic G-representations. We have therefore a canonical isomorphism
FS(M, Wy, V) — FS(M,W1,V) which does not depend on the choice of W3. This is the unique
isomorphism which is obtained from choosing any W3 as above and inverting the map on the left of

the resulting diagram Via these uniquely specified isomorphisms we can henceforth identify all
representations F§ (M, W, V) and write FS (M, V) for any one of them.

Proposition 4.7. FS(.,) is a bi-functor

OF, x Rep ™™ (Lp) — Repfd(G), (M, V) = FE(M,V),

which is contravariant in M and covariant in V. Here Rep;{o’adm(Lp) 18 the category of smooth admissible

representations of the Levi subgroup Lp C P on K-vector spaces.

Proof. Let a : M — N be a morphism in Oglg, and let 8 : U — V be a morphism in Rep?’adm(Lp).
Choose a finite-dimensional U(p)-submodule Wy, C M which generates M as a U(g)-module. Then
choose a finite-dimensional U(p)-submodule Wy C N which generates N as a U(g)-module and which
contains a(Wy). With the notation as in we get a commutative diagram

0 = oy — U@RupmWu — M — 0

+ i
0 — oy — U(g)@U(p)WN - N — 0

It follows that the map in the middle maps 0,7 into 0. This shows that the map
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mdG (Wi @k U) — IndG(Wh, @k V)
induced by o/ ® B: Wy @ U — Wh; @ V maps F5(N,U) into FS (M, V). O

Proposition 4.8. (i) For all M € 0§1g7 and for all smooth admissible Lp-representations V the G-

representation FS (M, V) is admissible.

(i3) If V is of finite length, then FS(M,V) is strongly admissible for all M € OF

alg”

Proof. (i) By (i), the representation Ind%(W’ @ V) is admissible. By [34, 6.4 iii.], the closed
subrepresentation F§ (M, V) = IndG (W' @k V) is admissible as well.

(i) If V is of finite length, then Ind% (W’ @ V) is strongly admissible by (ii). As a closed
subrepresentation of Inlep (W’ @k V), the representation F§ (M, V) is strongly admissible, cf. [32, 3.5].
O

Proposition 4.9. a) The bi-functor FS is exact in both arguments.

b) If Q D P is a parabolic subgroup, q = Lie(Q), and M an object of Oglg, then

.L
FEM,V) = FG(M,i,2 1 0num (V)

where iéZ(LQmUp)(V) = ig(V) denotes the corresponding induced representation in the category of smooth

representations.

Proof. a) The arguments here are similar to the ones used in the proof of We fix a locally L-analytic
section s : G/P — G of the projection G — G/P and let H = s(G/P) C G be its image. Then we obtain
(as in the proof of an isomorphism of K-vector spaces, which is natural in W’ and V,

0
mdG (W' @k V) = (cg”(ﬂ) ®K W’) QK V.
This shows that .7-"1§ is exact in the second argument. That it is exact in the first argument is Prop. 4.2

b) Let M be an object of (’)21g7 and let W C M be a finite-dimensional qx-submodule which generates

M as a U(g)-module. Consider the canonical map U(g) ®y(q) W — M, and denote by 0 its kernel. We
have the tautological exact sequence

(4.9.3) 0—0—U(g) Qugy W — M — 0.

Similarly, let 1 the trivial one-dimensional representation (of qx or px), let U(q) ®y) 1 — 1 be the
canonical map, Dg its kernel, and consider the corresponding exact sequence

(4.9.4) 00— —U(q)@yp1l—1-—0.

There is a canonical isomorphism U (q) @y () W — W @k (U(q) @p(p) 1) which sends 1@w to w® (1®1)
(cf. [I7, Prop. 6.5]). This isomorphism, together with shows that there is a canonical exact sequence

(4.9.5) 00— Wk — Wek (U()@upl) 2U(@) @uep W —W —0.
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Inducing from U(q) to U(g) (which is an exact functor by the PBW theorem) gives the exact
sequence

(4.9.6) 0 — U(g) ®u(q) (W @K ) — U(g) @upy W — U(g) @u@gy W — 0.

If we denote the kernel of the natural map U(g) @y ) W — M by 9, we have the exact sequence
(4.9.7) 0—0—U(g) ®uepy W — M — 0,

and from and we deduce the exact sequence

(4.9.8) 0— U(g) Quq) (W @k 0]) — 0 —0—0.

Furthermore, there is a canonical isomorphism

(4.9.9) (W @ V) ~ nd§ (Indg(w' ®xK V)) .

This follows from [19, 5.3 and 2.6]. Let (¢1,...,¢q) be a fixed basis of W’. Then, for every g € @, the
family (g7 .¢1,...,q¢ 1.¢q) is a basis of W', and given f € Ind%(W’ ®k V), we can write

(@) = (g7 01) @1(q) + ... + (¢ -¢a) @ Yalq)

with uniquely determined ;(q) € V. Tt is straightforward to check that ; € Ind%(V)7 and that

IdQ (W' @ V) = W' @ ndS(V), frs 1 @1+ ...+ ¢ @ ta
is an isomorphism of locally analytic @-representations; the inverse map sends the element ¢ ® ¢ €
W' @k Indg(V) to [g— (971.0) ®@y(g)] € Ind%(W’ ®x V). From now on we identify IndG(W’ @k V)?
2 2
with Indg (W’@Klndg(V)) . Suppose now that f : G — W@k Ind%(V) lies in Indg (W’@KIndg(V)) .
Because d contains W @ Dg (cf. , it follows that f takes values in

W @k Ind2(V)% = W' @ i%(V) .

This, together with [£.9.8] shows that
? . ? I
FE(M,V) = Indg(w’ ®x Indg(V)) — nd§ (W’ ®K zg(V)) — 7§ (M, szj(LQmUp)(V)) .
O
Remark 4.10. We remark that also the description in Cor. has a counterpart in the ’enriched’
version, i.e., including a smooth representation V. Indeed, let V' be as before a smooth admissible Lp-

representation. By letting act Up trivially on V', it has the structure of a P-representation. Then we get
a topological isomorphism

i
d$e (W' @k V) = (@n dSe (U(up)n @k W)®KV’/on)) .

Indeed, for the proof we write again W' Q@ V = hﬂH W' @k VH. Here H runs through the set of
all normal compact open subgroups of (Lp)o. Each subspace W’ @x VH is stable by the action of P.
Moreover, we have (W' @k VH) 2 W @k (VH) as VH is finite-dimensional (cf. [30, Prop. 20.13]). By
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the very definition of C**(G, W' ® V) [32] and again by the finite-dimensionality of V¥ we see by using
a variant of Prop. that

Indgy (W' ©x V)* = lim Ty, Tnd (O(Up™") @ W @5 VI)?

/
= (%Lnn @H Indgﬁ(U(u;,)n QO W QK (VH)//DTL)>
/

_ (1&" dSe (U (up)n @k W)@Kv'/an))

4.11. Locally analytic BGG-resolutions. Recall that for a character A € X*(T), we denote by M(\) =
U(g) ®u vy K the corresponding Verma module and by L(A) its simple quotient. Let A be the set of
simple roots, ® the set of roots and ®* the set of positive roots of G with respect to our data T C B.
Let

X, ={\e X*(T) [VaeA:(\a¥) >0}

be the set of dominant weights in X*(T). If A € X, then L(\) is finite-dimensional and comes from an
irreducible algebraic G-representation. In this situation, we also write V() for L()\). Finally, let W be
the Weyl group of G and denote by wy € W its longest element with respect to the Bruhat order.

Denote by - the dot action of W on X*(T) given by
w-A=wA+p)—p,

where p = %Zaeqﬁ a. For a dominant weight A € X, the BGG-resolution of the finite-dimensional
G-module V()) has the following shape

(4.11.1) 0= Mwo-A) = P Muw- A== P Muw-X)—MA = V() —=0.

we weW
£(w)y=L(wg)—1 f(w)=1

We refer to [20] for the definition of the differentials in this complex. By applying our exact functor F§,
we get a resolution

(411.2) 0« FE(M(wo-N)+ €  FEMw-N)« ...
weW
(w)=¢€(wg)—1

o @ FEM(w - N) — FEMN) « FF(V(N) 0,

wew
2(w)=1

which by Prop. [£.9] coincides with

(411.3) 0 md§((wo-N"H e P mdb((w-N)7Y) ...

wew
£(w)=£(wg)—1

o @ mdG((w- N7+ IndGATH) - V() @i (K) 0.

weWw
o(w)=1
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There is also a parabolic version of the BGG-resolution due to Lepowsky [21]. Let P=P; C G, I C A
be a standard parabolic subgroup and let W; C W be the subgroup generated by the reflections in I.
Let

X ={Ne X*(T)|Vael:()\a)>0}

be the set of L;-dominant weights. In particular X+ C X}". Let {W = W;\W which we identify with
the representatives of shortest length in W. Let Twg be the element of maximal length in TW. If X is in
X, and w € TW then w - A € X}, cf. [2I} p. 502]. The I-parabolic BGG-resolution of V/()) is given by
a sequence

0= M("wo-\) = P Mi(w- A== P Mi(w-A) = M\ = V() —0.

welw welw
(w)=(Twg)—1 2(w)=1

Again, we refer to [20] for the definition of the differentials in this complex. By applying our exact functor
}"g, we get a resolution

(4114) 0 FEM("wo- M)« P FEMi(w-N) « ...

welw
e(w)=¢(Twg)—1

e P FEMi(w-N) — FEMN) — FE(V(A) 0

L(w)=1

which coincides by Prop. with

(4115) 0+ mdE(Vi(wo-N)) « @ WmdE(Vi(w-A)) ...

welw
L(w)=£(Twgy)—1

e @D MAR(Vi(w - A)) + IndF(Vi(A)) + V(A) @ iG(K) « 0.

welw
2(w)=1

Example 4.12. Let G = SLy, T C G the diagonal split torus, and A € X*(T) the trivial character.
Thus L(A) = K is the trivial representation. Put X' =s- A =s(p) —p = —2p € X*(T), where s € W is
the non-trivial element. The BGG-resolution of the trivial representation is the short exact sequence

0— M\)— M(A\) — L(\) — 0.
By applying the functor fg to this sequence, we obtain an exact sequence
0 — i%(K) — Ind%(K) — IndG((\)™") = 0

The last map coincides with the derivative map, cf. [32] §6], [23].

5. IRREDUCIBILITY RESULTS

The results in this section are valid under the following assumption on the residue characteristic p of
L:

Assumption 5.1. If the root system ® = ®(g,t) has irreducible components of type B, C' or Fy, we
assume p > 2, and if ® has irreducible components of type G2, we assume that p > 3.
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In section |§| we prove certain results on highest weight modules under the same assumption, and these
results are used in this section, which is why this restriction is imposed here. It might be possible that a
more refined analysis in section [§] shows that one can obtain results which are actually sufficient for our
purposes here, without assuming[5.1]

Definition 5.2. Let M be an object of the category 0. We call a standard parabolic subalgebra p
mazimal for M if M € O and if M ¢ O9 for all parabolic subalgebras ¢ strictly containing p.

It follows from [I3] sec. 9.4] that for every object M of O there is unique standard parabolic subalgebra
p which is maximal for M. The same definition applies for objects in the subcategory O, in which case
we also say that the standard parabolic subgroup P corresponding to p is mazimal for M. In that case

M lies in O’;Ig, by

Theorem 5.3. Supposeﬂ holds. Let M € Oslg be simple and assume that P is mazximal for M. Then

(i) D(Go) @p(q,py) M is simple as a D(Go)-module.
(ii) FS(M) = IndS(W')? is topologically irreducible as a Go-representation.
(iii) FS(M) = IndG(W')? is topologically irreducible as a G-representation.

Proof. By the remark after part (i) implies part (ii), and part (ii) implies obviously part (iii).
Assertion (i) is a special of Theorem below if we take H = Gj. O

5.4. Generalization to open normal subgroups. It will be useful later (in the proof of, to have a
similar criterion for the irreducibility of subrepresentations of fg(M )|z, where H is an arbitrary open
normal subgroup of Gy. For each g € Gy, the subspace

{f € Indgg(W’)a | supp(f) C HgPo}

of IndIG)(?(W’ )? is closed and stable under the action of H, and we therefore have a decomposition of

H-representations

Indgg Wy = @ {f € Indgg(W')a | supp(f) C HgPO} )
geH\Go/Po

(The H-representation Indg[‘]) (W’)°| g is local in the sense that a function f, when restricted to a double
coset HgPy and extended by zero, call this function (f|m4p,):, still lies in that space. This is obviously
the case for the induced representation Indgg (W’). The condition to be annihilated by the differential
operators 3-. with in 3 € 0 is a condition on the germ of f at any element in Gy. Hence the function
(fl#gp,)r belongs to Indg;J (W) as well.)

We define the representation Indgop °(W')® as in Extending functions on H Py by zero gives an
isomorphism of H-representations

Tnd 2o (W7)? = { £ €Wmd$ (W)? | supp(f) HPO} .
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For g € Gy, we denote by IndgoPO(W’)a*g the space Indf;*ropo(T/V’)D equipped with the H-action defined by

(h-g f)(z)=flg~'h 7 ga) .

The map
mdf W — L f e mdfo (W) | supp(f) © HgPo}

—1
- . flg'z) , xze€ Hgh
0 , else

is then an isomorphism of H-representations. In the theorem below we use the following notation. For
a D(H)-module N and g € Gy, we denote by d, x N the space N, equipped with the structure of a
D(H)-module given by § -y n = (6,-1004)n, where n € N, § € D(H), and the product 6,-1d,, is an
element of D(Gy), and is an element of D(H).

Theorem 5.5. Supposeﬁ holds. Let M € Ozlg be simple and assume that p is mazimal for M. Let H
be an open normal subgroup of Gy, and let g, 91,92 € Go. Then

(i) The dual space of Indgjpo(W’)mg is isomorphic to 84 (D(HPy) @p(g,py) M) as D(H)-module.

(it) The D(H)-module 64« (D(HPy) @ p(g,py) M) is simple.

(iti) The D(H)-modules 64, x (D(HPy) ®@p(g,py) M) and 84, * (D(HPy) @p(q.py) M) are isomorphic
if and only if @ HPy = g2 HP,.

(iv) The H-representation InngPO(W')D’g is topologically irreducible.

(v) The topological H-representations Imdf;IOPO(W’)a’g1 and Indgopo (W92 are isomorphic if and only
if g1 HPy = g2 HF.

Proof. (i) The proofs of and only make use of the fact that Gy is open (hence its Lie algebra
is equal to g) and that it contains Py, and the corresponding statements carry over for any group with
these properties. This shows statement (i) for the case when g = 1. From this the general case follows

immediately.
(iv) This follows from (ii), by
(v) This follows from (iii), by

We will now start with the proofs of (ii) and (iii). The first step is to reduce to the case of a suitable
subgroup Hy C H which is normal in Gy and uniform pro-p. Having this accomplished, we rename H
to H. The second step is to pass to modules over the Banach algebra D,.(H), cf. [34] sec. 4]. The third
step cousists in studying the restriction of these modules to the subring U,.(g) = U, (g, H), which is the
completion of U(g) with respect to the norm || - ||, on D,(H).

Step 1: reduction to Hy. The standard parabolic subgroup P C G has a smooth model Py C Gy,
and the unipotent radical Up of the parabolic subgroup opposite to P has a smooth model Up o C Gg

as well.
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Let Lie(Gy), Lie(Py) and Lie(Up ) be the Lie algebras of these (smooth) group schemes. These are
O¢-lattices in g = Lie(G), p = Lie(P) and up = Lie(Uy ), respectively. Moreover, Lie(Gy), Lie(Py) and
Lie(Up o) are Z,-Lie algebras, and we have

Lie(Go) = Lie(Up ) @ Lie(Po) .

For mg > 1 (mg > 2 if p = 2) the Op-lattices p™°Lie(Gy), p"°Lie(Py) and p™°Lie(Up ) are powerful
Z,-Lie algebras, cf. [8, sec. 9.4], and hence expg; : g --+» G converges on these Op-lattices. Therefore,

(5.5.1)  Hy = expg (meLie(G0)> . Hy = expg <pm0Lie(P0)> . Hy =expg (meLie(Ugyo))

are uniform pro-p groups. The adjoint action of Gy = Go(Or) leaves Lie(Gg) invariant, and hence
p™Lie(Gy). This shows that Hy is normal in Gy, and analogous arguments show that HO+ and Hj are
normal in Py and Up , respectively. It follows from the existence of 'coordinates of the second kind’ that
Ho = Hy Hi and HyN Py = H{ and Ho N Up, = Hy, cf. [25, 2.2.4 (ii)].

Moreover, for large enough mg the group Hy is contained H, and D(H) = @hGH/HO 0nD(Hy). This
implies that, as D(Hp)-modules,

(5.5.2) Sg* (D(HPy) @p(g.py M) = @ bgn* (D(HoPo) @p(g,p) M)
he€HPy/HoPo

Let us now assume that statements (ii) and (iii) hold for Hy. Then the direct sum on the right of
consists of simple D(Hj)-modules which are pairwise non-isomorphic. As they are permuted by the action
of H, it follows that the left side is simple as D(H)-module. Furthermore, if dg, * (D(HPy) ®@p(q,py) M)
is isomorphic to &g, x (D(HPy) ®p(g,py) M) as D(H)-module, then also as D(Hp)-module. But then we
must have gy hy1 Ho Py = g2ho Hy Py for some hi,ho € H, in particular g1 HPy = goHPF,.

Thus we have shown that statements (ii) and (iii) for D(H) follow from the corresponding statements
for D(Hy).

To simplify notation, we will from now on assume that H, and its subgroups HT and H~, are defined

as in [5.5.1] and are in particular uniform pro-p groups.

Step 2: passage to D.(H). We put

(We point out that in [25], which we are going to use in the following,  is denoted by £,.) Let r always

denote a real number in (0, 1) N p@ with the property:

(5.5.3) there is m € Z>q such that s = r?" satisfies % < sand s* < p~ V-1

For the definition of the canonical p-valuation on a uniform pro-p group we refer to [25] 2.2.3]. We let
I - |l» denote the norm on D(H) associated to r and the canonical p-valuation, cf. [25] 2.2.6] (where this
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norm is denoted by ¢,.). D, (H) denotes the corresponding Banach space completion. This is a noetherian
Banach algebra, and D(H) = lim _ D,(H) (cf. [34] for more information). If H C Gy is a compact

—r<1 "
open subgroup which contains H, then
(5.5.4) D(H)= € 6,D(H)
geﬁ/H
and we let || - ||, be the maximum norm on D(H) given by
(5.5.5) [ Z gAgllr = max{||Agll- [ g € H/H} .
gefl/H

Then the completion D, (H) of D(H) with respect to || - ||, has an analogous decomposition:

DT(E’): @ 69D7‘(H)
geI;'/H

and therefore D, (}NI) = D.(H) ®p() D(ﬁ) We are going to use the preceding discussion in the case
when H = HPy. Put M = D(HPy) ®p(g,p,) M. To show that M is a simple D(H)-module it suffices,
by [34}, 3.9], to show that

M, := D.(H) @py M = D.(HPy) @p(qg,p,) M

is a simple D,.(H)-module for a sequence of 7’s converging to 1. By and

FEo(M) = D(Go) ®p(rpy M

is non-zero, and thus M = I'an ) M., is non-zero. Hence we must have M,. # 0 for r sufficiently close to
1. As the image of M in M, generates M, as D,.(H Py)-module, and because M is simple, the canonical
map M — M, must be injective when M,. # 0. From now on we assume that, in addition to[5.5.3] r is
such that M,. # 0, and we consider M as being contained in M,..

Step 3: passage to U,(g). Let U,(g) = Ur(g, H) be the topological closure of U(g) in D,(H). It is
important for our approach to have a useful description of U, (g). We will freely use the following fact,
which follows from [27] 5.6]:

(5.5.6) Ul(g) is dense in D,.(H) if r* < p~71. In this case U,(g) = D, (H).

Let (P (H))m>1 be the lower p-series of H, cf. [8, 1.15]. Note that P;(H) = H. For m > 0 put
H™ := P,,.1(H) so that H* = H. We refer to [8, sec. 4.5, sec. 9.4] for the notion of a Z,-Lie algebra
of a uniform pro-p group. It follows from [8, 3.6] that H™ is a uniform pro-p group with Z,-Lie algebra
equal to p™Liez, (H). Let s = 17" be as in Denote by || - ||§m) the norm on D(H™) associated to s
and the canonical p-valuation on H™. Then, by [27, 6.2, 6.4], the restriction of || - ||, on D(H) to D(H™)
is equivalent to || - ||§m), and D,.(H) is a finite and free Ds(H™)-module a basis of which is given by any
set of coset representatives for H/H™. By we can conclude

(5.5.7) If s = 77" is as in then U(g) is dense in Dg(H™), hence U,(g, H) = Ds(H™).
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In particular, U,.(g) N H = H™ is an open subgroup of H. Let

m, := U, (g)M

be the U, (g)-submodule of M, generated by M. Because we assume M, # 0 we also have m,. # 0, and
M is contained in m,..

Likewise, we equip D(H™") (D(H ™), resp.) with the norm || -||,- associated to the canonical p-valuation
on H* (H~, resp.), and give D(Fy) (D(Upy), resp.) the maximum norm as above (cf. and |5.5.5)).
Again, we denote by D,.(Fy) (D (Up, o), resp.) the corresponding completions. As is easy to see, these
norms on D(F) (D(Upy), resp.) are equal to the restriction of the norms on D(H ) (D(UpH), resp.)
coming from the norm || - ||, on D(H) by the recipe explained above.

Let U,.(p) be the closure of U(p) in D,.(H"). Then U, (p) is the completion of U(p) with respect to the
norm associated to the canonical p-valuation on H'. Because the canonical p-valuation of an element of
h € H (h € H', resp.) can be read off from logs(h) € p™Lie(Gg) (logs(h) € p™Lie(Py), resp.), the
canonical p-valuation on H™ is the restriction of the canonical p-valuation on H. Hence U,.(p) is also the
closure of U(p) in U,(g).

It follows from m (applied to H™ and p = Lieg, (H™)) that D,(F) is generated as a module
over U,(p) by finitely many Dirac distributions dg,,...,dq,, with g; € Py. Because F, acts on M, the
U, (g)-module m, is actually a module over the subring

k

(5.5.8) D (g, Po) = Up(8)Dr(Po) = > Ur(g) -
=1

generated by U,(g) and D,(Fp) inside D, (Gp). Moreover, m, is a finitely generated U,(g)-module (in
fact, generated by a single vector of highest weight), hence carries a canonical U,.(g)-module topology, as
U, (g) is a noetherian Banach algebra (cf. [I8], 1.4.2] which applies here because we assume r € (%, 1NpQ).

The module M is clearly dense in m, with respect to this topology. It follows from [11] 1.3.12] or [25]
3.4.8] that m,. is a simple U, (g)-module, and in particular a simple D,.(g, Py)-module.

Sublemma 5.6. Let r and s be as in m Put Py, = HPyN D, (g, Py). Then
(i) Py, = H™Py = H-"Py, where H=™ = P,,(H").
(i1) D, (HPy) = @gGHPO/POYT 64Dy (g, Po).

Proof. By (and the line following) we have U,(g) N H = H™, and thus Py, D H™P,. On the other
hand, we have

(5.6.1) D.(HP)) = @5 6,D.(H)
gEHPy/H

and

(5:6.2) D.(H)= P &U:(9).

heH/H™
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and taken together give

(5.6.3) D,(HP)= P &U.0)= P B 6w Ue) -

gEHP,/H™ heH—-/H—m™ gePy/H+m

and taken together give

(5.6.4) Di(g.Po)= B  5,Un(0) -

gePy/H+™

If now h € H is such that é, € D,-(g, Po), thenandtogether show that §, = §,0 with g € PyNH
and 0 € U,(g). Therefore 6 = d,-1,, € HNU,(g) = H™, and so h € H™Py. This shows (i). Because the
inclusion H~ C H induces a bijection H~/H ™ — (HPy)/(H™Fy), assertion (ii) now follows from (i)
and 5.6.3] and £.6.41 O

By (ii) we have m, = D,.(g, Po) ®p(q,py) M C Dr(HPy) @p(g,p,) M = M,.. Using (ii) we can
conclude

(5.6.5) M, = D.(HPy) ®p(g,py) M = Dr(HPy) ®p, (g.py Mmr = ) gm,.
gEHPy /Py r

Note that, as U,(g)-modules, the submodule d,m, on the right hand side is the same as J, * m,., where
we use the notation as introduced before (for U,(g) instead of D(H)). By Theorem below the
modules J4 x m, are all simple, and there is no isomorphism of U, (g)-modules 0g, * My = 0y, x m, if
g1P,» # g2 Py, This shows that M, is a simple D, (H)-module.

Now assume that d,, « M and 64, x M are isomorphic as D(H)-modules. Then, after tensoring
with D, (H) we find that d,, * M, and &4, * M, are isomorphic as D,(H)-modules, hence as U,(g)-
modules. Then together With implies that g1h1 Py = g2ho P, for some hy, hy € H, and hence
G HPy = g2HPF,.

We have therefore reduced statements (ii) and (iii) of [5.5|to the assertions of the theorem below. O

Theorem 5.7. Assumeﬂ holds. Let M € O';lg be as in . Let H = expe (p™°Lie(Gyo)) be uniform
pro-p. Assume that r € (%, 1)Np? and s are as in , Assume that

m,. = D,.(g, Py) ®p(g,py) M #0 .

(This will be the case if r is close enough to 1.) Then, for every g € Go the U,(g)-module d,+m,. is simple.
For any g1, g2 € Go with 1Py r # g2FPo , the U,(g)-modules 64, x m, and 64, x m, are not isomorphic.

Proof. We continue to use the notation introduced in the proof of We have already seen that m,. is
simple as U,(g)-module, and this implies that J, x m, is simple as well.

It is trivial to check that for z,y € Go one has §, x (6, * m;) = §zyy * m,, and if x € Py ,, then
0z x M, — M., 0+ §, - n, is an isomorphism of U,.(g)-modules.

Now let ¢ : 8y, *m, —> §y, m, be an isomorphism of U,.(g)-modules. A straightforward calculation

shows that ¢ is also a U,(g)-module isomorphism 5g;1g1 *m, —> m,, so that we may assume go = 1.
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Let Iy C G be the Iwahori subgroup whose image in G(Or /(7)) is B(OL/(TFL))E' Using the Bruhat
decomposition

GO = H IowPO
weW/Wp

we may write g = g1 = h™'wp; with h € Iy, w € W and p; € Py. By the Iwahori decomposition

Io=(IoNUpp) - (Io N Py)

we can write h = upy with p; € IyN Py and u € I NUp,. The same reasoning as before then shows that

an isomorphism d4 % m, — m, induces an isomorphism of U, (g)-modules which we again denote by ¢:

¢:6w*mri>6u*mr.

Step 1. We show first that this can only happen if w € Wp. Let A € X(T)* be the highest weight of M,
ie. M =L(\),and I ={a € A|(\a") € Z>o}, cf. Example

Then by Cor. and the maximality condition with respect to p, the parabolic subalgebra p is
pr, where the root system of the Levi subalgebra of p; has I as a basis of simple roots. Suppose w is
not contained in W; = Wp. Then there is a positive root 8 € & \ <I>}r such that w™!3 < 0, hence
w1 (=B) > 0, cf. [5, 2.3]. Consider a non-zero element element y € g_g, and let v+ € M be a weight
vector of weight A (uniquely determined up to a non-zero scalar). Then we have the following identity in
Oy * My,

y-u vt = Ad(w ) (y) vt =0

as Ad(w™')(y) € g_, 15 annihilates v*. We have ¢(v") = v for some nonzero v € m,. And therefore

0=y w U+) =Y-u ¢(U+) =Y ul= Ad(uil)(y) v

On the other hand, y’ := Ad(u~')(y) is an element of uy and as such acts injectively on M, cf. Cor.
We show that 3’ actually acts injectively on m,., too. Indeed, let v € m, with ¢ - v = 0. Write
v as a convergent sum v = . () Va—p Where A(v) is a (non-empty) subset of Zxoon & ... & Zxoa
and va_, € My_, \ {0} is a vector of weight A — p (cf. the fourth assertion in [I1} 1.3.12]). Here
A = {a1,...,ae} is the set of simple roots. Write y' = > _py,, where B is a non-empty subset of
®* \ & and y, is a non-zero element of g_, C up. Then we have

O:yl'U: Z Z Yy - Un—p ;

VEL>oa1D...BL>oar \pEA(v),yEB,v=p+vy

where

Z Yy  Ux—p

HEA(v),YEBv=p+vy

lies in M) _,. Because of the uniqueness of the expansions of elements of m,. as convergent series of weight

vectors, cf. [I1l 1.3.12], we can conclude that > Y~ * Ur—p vanishes.

HEA(v),YEB  v=p+vy

3We denote the Iwahori subgroup by Iy because we use I for the subset of simple roots corresponding to p.
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Define on Qay & ... ® Qay the lexicographic ordering as in the proof of Prop. Choose v+ € B
and p™ € A(v), both minimal with respect to this ordering. With v =% + u* we then have

0= E Yoy " Uhepp = Yoyt " Unput -
HEA(v),yEB,vt=p+y

This contradicts Cor. and we can thus conclude that w must be an element of Wp.

From now on we may even assume that w =1 since Wp C Py C Py .

Step 2. Now let u € Up, and let ¢ : m, —5 6, +m, be an isomorphism of U, (g)-modules. We suppose
that u is not contained in Py, and are seeking to derive a contradiction. Let vt € M) \ {0} be a vector
of highest weight as above. Put ¢(v") = v with some non-zero v € m,. Then we have for any x € t, the

following identity in d, x m,.:
Az)o = ¢(z-v") =2 p(v") = Ad(u™")(2) - v .

We have thus for all = € t, the following identity in m,.
(5.7.1) Mz)v = Ad(u ) (z)-v .

Note that this equation only involves the action of elements of up & t, because Ad(u=1)(x) is in up @ t.
Next we embed m, into the ”formal completion” of M, i.e.,

M=T1]M,
w

by mapping the weight spaces M,, C m, to the corresponding space M, C M (cf. the fourth assertion in

[1T, 1.3.12]). Then M is in an obvious way a module for U(up @ t). This module structure extends to

a representation of Up as follows. Since Up is a unipotent group, the exponential exp;- : up --» Up
P

is actually defined on the whole Lie algebra, so that we have a bijective map eXpy- up — Up. Let

1ogU; : Up — up be the inverse map. Then we can define for u € U, and v = Zu vy € M:

6u-vzzz%log[];(u)”~vu.

# nz0

Note that this sum is well-defined in M, because logU; (u) is in up, and there are hence only finitely
many terms of given weight in this sum. (We continue to write the action of an element v € Uy on M

by d,.) Moreover, it gives an action of Uy on M because
expllogy, (u)) - exp(logy,(uz)) = exp (H(logy,_(u1),logy,_ (u2))

= exp(logU; (uruz)),

where H(X,Y) = log(exp(X)exp(Y)) is the Baker-Campbell-Hausdorft series (which converges on up,
as up is nilpotent). It is then immediate that this action is compatible with the action of U(up &t). The
identity implies then the following identity in M
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Syt - (x-(0y -v)) = Ad(u™ 1) (z) - v = Az)v ,
for all x € t, and thus, multiplying both sides of the previous equation with 4,
- (0y - v) = Ma)by v .

Hence 6, -v € M is a weight vector of weight A and must therefore be equal to a non-zero scalar multiple
of vT. After scaling v appropriately we have 6, - v =v" or v = §,-1 - v with

1
(5.7.2) Syt vt =Y (= logy_ (u))" - vt =% .
n>0

Our goal is to show that the series X, which is an element of M , does in fact not lie in the image of m,
in M, if u ¢ Py, thus achieving a contradiction.

Step 3. Let gz be a Z-form of g, i.e. gz®zL = g. We fix a Chevalley basis (2., Y, ha | ¥ € P+, a € A)
of [gz, 9z]. We have = € g, Yy € g—, and ho = [Ta, Yol € t, for o € A. Then

Liez, (H™) = p™Lie(Up o) = P Oryy’ .
BeEDH\@]

where yg)) = p"°yg. Moreover, the Z,-Lie algebra of H ™ is

Liez, (H—™) =p™Lie(H™) = @ Owyy",
BedH\oF

where y(m) = p™ot™mys. We assume that r and s are as in Then shows that U,(up) =
Up(up, H") = Ds(H—™). Elements in U, (up) thus have a description as power series in (yém))ﬁ€¢+\¢+:
I

Ur(up) = Z dn(y(m))n | ‘nllii?oo |dn‘sn|n\ =0
n=(ng)

where (y(™)" is the product of the (yl(am))”ﬁ over all 3 € &+ \ @], taken in some fixed order. Let

I Hgm) be the norm on Ds(H ™) induced by the canonical p-valuation on H ™. Then we have for any

generator y\™

(5.7.3) [

as follows from [27], 5.3, 5.8]. We recall that by we have Py, = H™"™PF,. Write

logy—(u) = 3 2,

BEB(u)

with a non-empty set B(u) C ®* \ ®] and non-zero elements z5 € g_s. Put
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B*(u)={B€B(u)|z ¢ Oy} .

This is a non-empty subset of B(u) since u ¢ Py .. Put B'(u) = B(u) \ BT (u),

2t = Z zg and 2 = Z zgzlogU;(u)—z+.
BeBt(u) BEB’(u)
Then 2’ € Liez, (H~™), and thus exp(z’) € H~™. The element u; = uexp(z’)~! = wexp(—2’) does not
lie in H—™, and §, x m, & §,, *m,. We may hence replace u by u; = uwexp(—z’). Then we compute
logy— (u1) = logy- (uexp(—z')) by means of the Baker-Campbell-Hausdorff formula. Because of the

commutators appearing in this formula we have
(5.7.4) log;—(u1) € 27 + Z (iterated commutators of g_ g+ () With g_pr(w))

where g_p+(,) = @BGEH g_p and analogous for g_p/(,). Recall that the height ht(3) of the root
B =2 aca Nac is defined to be the sum » A nq. Put ht'(u) = min{ht(3) | B € B'(u)}. It follows from
the preceding formula that if the right summand does not vanish we have ht'(u1) > ht'(u).

The process of passing from u to u; can be repeated finitely many times, but will finally produce an
element ux € Up, \ H~™ which has the property that B'(uy) = 0 (and hence uy41 = uy). We will
denote this element again by w.

Next we chose an extremal element ST among the 8 € B(u) = Bt (u), i.e. one of the minimal
generators of the cone } 5. p(,,) R>08 inside P, Ra. Then we have

RooBTN Y Ryep = 0.
BEB(u),B#BT

This means in particular that no positive multiple of 3% can be written as a linear combination
ZBEB(U) BB+ cgf with non-negative integers cg € Z>¢. It follows that if n is a positive integer and

nBT =~ + ...+ ¥m with not necessarily distinct ~; € B(u)
(5.7.5)
= [m=n and v =...=7,=038"].

After these intermediate considerations we return to the series

X = Z ] IOgU u))"™ - vt = Z n! (ZBJF +2p, + ..+ 28.)" vt
n>0 n>0

where B(u) = {8%, Ba, ..., Bk} It follows from and Cor. that if we write ¥ as a (formal) sum of
weight vectors, there is for any n € Z> a unique non-zero weight vector in this series which is of weight

A —nB7t, and this element is (7711!)71 25y - vt
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Step 4. The last part of the proof is to show that the formal sum of weight vectors

(5.7.6) > (_1)nzg+ ot

n!
n>0

cannot be the corresponding sum of weight components of an element of m,, when considered as an

element of M and written as a sum of weight vectors.

Write ®+ = {f1,...,3:} such that fI)}" = {Br+1,...,0:}. (Note: the roots S; are not necessarily the
same as in Step 3.) Choose finitely many weight vectors v; € M of weight A—p;, j = 1,..., k, generating
M as U(up)-module. We can and will assume that v; is of the form (H;:TH yg;") coT.

Put y; = ys, and y( m) ygn) fori=1,...,7. To show that does not converge to an element in

m,, we write

(5.7.7) y6+. Z Z cyjy1 R T

1<j<kveL, ;

where Z,, ; C ZT, consists of those v = (v1,...,v,) such that u; + 1181 + ... + v, = npt. It follows
from the Prop. that there is at least one index (v, j) = (v1,...,v,,j) with the property that

¢
1
(5.7.8) |cf/n])|K2‘n" and v1+...4+v,+ Z Vik > 1.
K k=141
We will use this inequality to estimate the || - ||, - norm of any lift of %zgﬁr.v“‘ to

P U.(up) @k Kv; .

1<j<k
Here the || - || - norm on this free U, (up)-module is the supremum norm of the || - ||, - norms on each
summand, defined by
16 @ vl := 6]l

for 6 € U.(up). Because B'(u) = 0 (cf. Step 3), we have zg+ = p_“ygf) for some a > 0. We then get
from [5.7.7]
Zg+ + —na (y/gf)) Z Z —na+(m0+m)(n—1/1—..4—u )( (m)\uy (m)\v
St = . g e T
n D C vi) (y")""v;
1<j<kveL, ;

It follows from [27, 6.2, 6.4] that the restriction of the norm || - ||, on D(H, K) to D(H™, K) is equivalent
to the norm || - ||§m) on D(H™,K) (cf. also [27, 7.4], where it is stated that the induced topologies are

equivalent). Therefore, we are now going to estimate the || - ||§m) - norm of the term
o pnetmotmi oy My (g
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where (v, 7) is such that holds. By the || - Hgm)—norm of this term is greater or equal to

|i| na+(mo+m)(vit+..4vr—n) gr1t...+vr
n! Kp

’ % ‘K pna—n—i-(mo—i-m—l)(ul +...4vp—n) (ps)yl +... 4, )
Note that implies that n — (1 + ... + 1) is bounded from above by some constant C;. Hence we
get

p’naf’nJr(moJr’lTL*1)(U1+...+V7~7’n) > pn(afl) .pf(m(ﬁ»mfl)Cl

is bounded away from 0 (recall that @ € Zso). And because s > % we have ps > 1, and the term

(ps)1t--T¥r is unbounded as n — 0o (v1 +...+v, > n—Cy). Altogether we get that any lift of %z%,v‘?
to @ <<, Ur(u™) ®x Kv; has an [ - [, - norm which exceeds Ca(ps)™, where C> > 0 is some constant

&

(cf. the relation between the norms || - ||, and || - | mentioned above).

The sum ) -, %z’ﬁq.v‘*‘, which is an element of M is therefore not contained in the image of m,
(under the injection m, < M). And as we have seen before, this in turn proves that D >0 %.v* =

8,-1.vt € M is not in the image of m,.. O

Theorem 5.8. Assume that Assumption holds. Let M € Q. be simple and assume that p is
maximal for M (cf. . Let V' be a smooth and irreducible Lp-representation. Then FS(M,V) =
IndG (W’ @5 V)? is topologically irreducible as a G-representation.

Proof. We start by giving an outline of the proof. Put X = (FS(M,V),n). Then, to any G-
subrepresentation U C X there is a smooth representation U, and a natural G-morphism Indg(W’ )’ ®K
Usm — U. Here U, is a subrepresentation of X,,,, and we will show that X, is isomorphic to the
smoothly induced representation indg(V). We will prove that if U is closed and non-zero, then Us, is

non-zero as well, and the composite map

mdS(W')® @k Usn — mdEG(W')? @k inda(V) — X

is surjective. As this map factors through U we necessarily have U = X.

Step 1: the smooth representation Us,,. For a G-subrepresentation U C X, we put

Usm:h_)
H

Hom g (IndS (W' |5, Ulx)

where the limit is taken over all compact open subgroups H of G, and the homomorphisms are continuous
homomorphisms of topological vector spaces. Of course, it suffices to take the limit over a set of compact
open subgroups which is a neighborhood basis of 1 € . There is an action of G defined on Ug,, as
follows: for ¢ € Ugp, g € G put

(90)(f) = m(g)(e(7' (g~ ")(f)))

where 7 is the representation on Ind%(W’)?. Note that Us,, is by construction a smooth representation.
Taking for U the whole space X gives us a smooth G-representation Xg,,. Note that there is always a

continuous map of G-representations
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Oy : dS(W')° @k Ugn — U, f@ ¢+ o(f)-

In order to analyze U,,, we will need to understand the restriction of Indg(W’ )° to compact-open

subgroups H.

Step 2: restricting Indl.G;(VV’)D to compact open subgroups. Let H C Gy be an open normal subgroup. We
have

(5.8.9) mdFG(W)? g = nd°(W)ly = €  Indjjn,p, - (W))°.
YE€Go/H Py

The notation on the right hand side has the following meaning. The underlying K-vector spaces of
(W) and W’ are the same. Further, if (p’, W’) is the given representation of then ((p")7, (W’)7) is the
representation of H N~y Pyy~! defined by

(0")7(h) = p' (" h) -
It is now straightforward to check that, as H-representations, with the notation introduced before [5.5]
Indjf . pyy 1 (W)7)° = 6y Indg o (W) .

By (ii, iii), all H-representations on the right hand side of are topologically irreducible, and

. H H .
between any two such representations Indy Powl_l(W) and Indy PMZ)_l(W) with vy HPy # v H Py,

there is no non-zero continuous H-equivariant morphism. Similarly, for the representation Indg(W’ Rk
V)? we have

dg(W' ©x V)°ly = Indg (W @x V)°ln = @ Idjjnyp.— (W) 0k V7)°.
Y€Go/HPy

Denote by V™% c V the subspace on which H N Py acts trivially. Then
Iy (W) 5 (VEOFo)1)R
is an H-subrepresentation of Indgmpov_l (W)Y @k V7). And
Id 7y pyy - (W) @5 (VIT0)7)0
is canonically isomorphic to
(g (W) 5 VIR,
Let
¢ IndFe(W')° |y — IndZ (W' @k V)°|u

be a continuous homomorphism of H-representations. For each v, let f, be a non-zero vector in

Indgﬁ'yPo'y*1 ((W/)’Y)a .
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Because of the irreducibility of the representations Indgm,ypofl((W' )7)?, the map ¢ is uniquely de-
termined by the images ¢(f,) € Imd}ciéJ (W' ®k V)°. By the very definition of the representation
Indgg(W’ ®k V)?, the function ¢(f,) : Go — W' ®x V is rigid-analytic on the components of some
covering of Gg by ’polydiscs’ A;, and takes values in a BH-subspace of W/ ®f V. But any such BH-
subspace is finite-dimensional, hence contained in a subspace of the form W’ @ VH "0 for some (small
enough) open subgroup H’ C H which is normal in Gy. Shrinking H’ we may further suppose that each
A; is H'-stable (by multiplication from the left), and that each ¢(f,) takes values in W' ® g VH'OPo | For
any h € H, we have

8(h.£,)(9) = [h6(£)](9) = S(£,)(h"g) € W' s, VIO

Because the subspace of Indgmporl((W’)AY)a generated by the functions h.f,, h € H, is dense in
Indgmpofl((W’)V)a7 we have ¢(f)(g) € W' @x VI'OP for all f ¢ Indgmpg,yfl((W’)W)D. It follows
that ¢ induces a continuous map of H’-representations

¢ : IndS (W) | — Ind G0 (W' @ VIR0 |, = [Indgg(wf)ﬂ | @ VNP

By (ii, iii), the irreducible H’-representation Indg:ﬁ,ypwfl((W’)“’)a contained in the left hand side
is mapped by ¢ to the corresponding summand Indgjmporl ((W’)"’)a} @ VH'OFo on the right hand
side. The map ¢, restricted to this summand, is thus of the form f — f ® v for some v € VH "Po_ This
shows that any element in Xg,, is "locally” (i.e. on the subrepresentations Indgjm Poy-1 (W7)?) given
by vectors in V' ‘NP (for sufficiently small subgroups H’). It is now an easy matter to verify that the

G-action on X, identifies X, with the smoothly induced representation indIG; (V). Thus we have shown
the

Sublemma 5.9. The canonical map ndS(V) = Xom, ¢ = [f = (9 = f(9)®@¢(9))], is an isomorphism.
Step 8: Usgp, is non-zero for non-zero U. Let U C X be a non-zero closed G-invariant subspace. Let

f € U be anon-zero element. Then, as we have seen before, f takes values in a vector space W' ® g VHMFo
for a sufficiently small compact open subgroup H. Therefore, f is contained in

0
P Wi pys (W) @k (VAP = @ Indfin,py,-1 (W) @k VO
Y€Go/HPy Y€Go/HPo

It follows from this that U contains a non-zero H-invariant subspace of

0
@ Indgﬂ'yPov_l ((WI>’Y) K VHnPO .
vE€Go/HPy
Because the representations Indgm pyy—1(W7) are irreducible, and because there is no non-zero con-
tinuous intertwiner between any two such (with Hvy, Py # H~2P), any such subspace is isomorphic
to

@ Indgﬁ’ypo'y_l ((W/)’Y)D QK V’Y 5
’YGGQ/HPO
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with a subspace V, of VHOP - Thus, any non-zero vector in some V., gives rise to a non-zero H-equivariant
homomorphism from Indgg(W’)ﬂH to U. Therefore, Us, # {0}.

Step 4: Indg(I/V')a QK Usm, surjects onto X. Let ¢g € Us,, be a non-zero element which we identify with
an element of the smoothly induced representation indg(V). Without loss of generality we may assume
¢0(1) # 0. Consider the P-morphism II : Ug,,, — V given by ¢ — ¢(1). As ¢o(1) # 0 we deduce that the
image of II is a non-zero subrepresentation of V, and is hence equal to V' (because V' was supposed to be
irreducible). Therefore, for any v € V there is some ¢ € Us,, with ¢(1) = v. As Us,, is a G-representation
we find that for any g € G and any v € V there is some ¢ € U, with ¢(g) = v. Then, on a neighborhood
N of g, the map ¢ is constant with value v on this neighborhood. Let S C Gy be a compact locally
analytic subset such that G = S - P and hence Gy = S - Py. (That is, every g € G is the product s - p
with uniquely determined s € S and p € P). Then there is a compact open subset S’ C S and a compact
open neighborhood of the identity P’ C Py such that S’ - P’ C N. Let f : Gg — W' be a function whose
support is contained in S”- Py. Then the function S — W/ @k V, s — f(s)@¢(s), is equal to the function
S—>WekV,s— f(s)®wv.

Let f € IndS (W’ @k V)? be any element. Then f is uniquely determined by its restriction to S.
As we have seen above, the set f(Gp) is contained in a finite-dimensional vector space W’ Q@ Vy with
Vo C V. Let vq,...,v, be a basis of Vy. Write f(s) = fi(s) ® v1 + ... + fr(s) ® v, with locally analytic
W'-valued functions f; on S. Extend each function f; to G by fi(s-p) = p'(p~1)(fi(s)), where p’ is the
representation of P on W’. Then f; € Ind% (W) for all i. In fact, examining the action of the differential
operators in ? shows that f; € Indg(W’)a for all i. For any s € S choose some ¢; ¢ € Us,, such that
¢is(x) = v; for all  in a compact open neighborhood N; ; C S of s. As S is compact, finitely many
of the N; ; will cover S. We can then choose a (finite) disjoint refinement (V; ;); of the finite covering.
Then we restrict f; to each of these N; ; - P, and extend it by 0 to (S \ N, ;) - P. Denote the function
thus obtained by f; ;. Again, all f; ; lie in Indg(W’)®, and @ > f; j(2) @ b1 53 ) () = fi;(x) @ v;, for a
suitably chosen s(i,7) € S. Obviously, we have: f = Zi,j fi,j ® @i s(5,5)- Indeed, by construction, both
f|s and the restriction of the sum to S coincide. And both are functions in Ind% (W’ @ V)?; therefore,
they are equal. This shows that f can be written as a sum of simple tensors of functions in Ind%(W”)?
and functions in U,,, hence, the map Ind%(W')° @ Usmn — dG (W’ @k V)® = X is surjective. O

Example 5.10. a) Let M be a finite-dimensional irreducible algebraic G-module, so that in the above
theorem we may choose P = G. Then we deduce that F5(M,V) = M @ V is topologically irreducible
for any smooth irreducible representation V of G. This result was already proved by D. Prasad [29], app.],
and our proof is modeled after his approach.

b) Let M = U(g) ®up) W € O§1g be an irreducible generalized Verma module for some irreducible
Lp-representation W. Then by Cor. the parabolic subalgebra p is maximal in the above sense.
It follows that FS (M) = Ind$(W’) is topologically irreducible. This result was proved in [25] for an
arbitrary irreducible finite-dimensional locally analytic Lp-representation W.

6. COMPOSITION SERIES

6.1. Before we formulate our main result in this section, we recall the definition of (smooth) generalized
Steinberg representations, cf. [3], [6]. Let P be a standard parabolic subgroup of G and denote by
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i% = ind%(1) = C~(G/P, K) the smooth induced representation of locally constant functions on G//P.
The generalized Steinberg representation to P is the quotient

vg =i/ Y g,

PCQCG

This is an irreducible G-representation and all irreducible subquotients of iIGD are of the form vg with
P C Q. Each such representation occurs with multiplicity one, cf. loc.cit.

6.2. How to obtain a composition series for fg (M, V). We are going to describe a method for finding
a composition series of the representation .7-'1?(M7 V). Let M be an object of (’)Slg and V an object of
Repy“(Lp) of finite length. Let (0) = Vo € Vi € ... € V., = V be a composition series of smooth
Lp-representations for V. By the exactness of }"g in the second argument, cf. Prop. m we get a chain
of inclusions

(0) = FE(M, Vo) C FE(M, V1) ... C FE(M,V,) = FE(M, V).

Further the quotient F§(M,V;y1)/FS(M,V;) is isomorphic to F§ (M, Viy1/V;). We may hence assume
that V is irreducible.

Let M be an object of the category Oglg. Then it has a Jordan-Holder series
M=M2M 2M* 2.2 M" 2 M™ = (0)

in the same category. Thus we may apply our functor F§ to the pair (M, V). We get a sequence of
surjections

FEM, V) =FEM°, V) 2 FE(M', V) 25 FE(M2, V) 22 B2 FE(MT, V) 25 (0).
For any integer ¢ with 0 < ¢ < r, we put
q; *=Pi©Pi—10-:-0P1OPp -
and
Fi o= ker(g;)
which is a closed subrepresentation of F§ (M, V). We obtain a filtration
(6.2.1) Fl=0cFc--.cFtcF =FSMV)
by closed subspaces with
FYF TR FE(M /ML V).

Let Q; = L; - U; O P be the standard parabolic subgroup which is maximal for M?/M®*1. Then

FEM /M V) = FG (MM iy (V).

Then we can choose a Jordan-Holder series for zﬁ’P r.np(V) and we obtain a Jordan-Hélder series for
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Fo (MM ip 1 p(V)).

By refining the filtration we get thus a Jordan-Holder series of F§ (M).

In the case where V is actually the trivial representation the irreducible subquotients of the smooth rep-

i

resentation %, . = i are the generalized Steinberg representations 09 with Q; O Q D P, recalled
Lp-L;nP — 'p Q

above. Thus the irreducible subquotients of F (M, 1) = F§ (M) are of the form F§ (M*/M"*1, US"), i=
1,...,r, and where @; D Q@ D P.

Remark 6.3. Independently of our work, B. Schraen [36] determined the Jordan-Holder series for certain
subquotients of parabolically induced locally analytic representations for the group GL3(Q,), including
the locally analytic Steinberg representation.

7. APPLICATIONS TO EQUIVARIANT VECTOR BUNDLES ON DRINFELD’S HALF SPACE

Let X be Drinfeld’s half space of dimension d > 1 over K. This is a rigid-analytic variety over K
given by the complement of all K-rational hyperplanes in projective space P4, i.e.,

x =P \(J P(H),

where H runs over the set of K-rational hyperplanes in K%t1.

C gd+1
HiKJr

There is natural action of G = GLg41(K) on X induced by the algebraic action m : G x P4 — P4 of
G = GLg41/k defined by

g-lgo::qa:==mlg,lqo: - :qa)) ==lqo: - :qag "

It is known that X is a Stein space [28] §1, Prop. 4]. Moreover, for every homogeneous vector bundle £
on P% the space of sections £(X) = H?(X, ) has the structure of a K-Fréchet space equipped with a
continuous G-action. Its topological dual £(X)’ is a locally analytic G-representation, cf. [33] [24].

In [24] one of us studied the structure of £(X) for homogeneous vector bundles £ on P%.. The theorem
below generalizes the result of Schneider and Teitelbaum [33] for the canonical bundle £ = Q¢ resp.
Pohlkamp [26] for the structure sheaf £ = O.

Theorem 7.1. Let € be a homogeneous vector bundle on P%.. There is a G-equivariant filtration by closed
K -subspaces of E(X)

(7.1.2) EX)=EX)° &) - DT D X)) = HO(PY, E),

such that for j =0,...,d — 1, there are extensions of locally analytic G-representations

(7.1.3) 0— v (HT 9 (P, £)') = (E(X)/EXYHY = Indf | (U)Y 0.

PGt11,..1) P41,a-5)\"J

Here, for a decomposition (n1,...,ns) of d+1, the symbol P, ., ) denotes the corresponding lower
- (H¥9(P4,E)) is a generalized Steinberg

representation with coefficients in the finite-dimensional algebraic G-module H¢~7 (P4, £)".

standard parabolic subgroup of G. The module vg(ﬁl )
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The P, 14— -representation U’ is a tensor product N! ®p vGLd’ﬂf of an algebraic representation
(3+1,d—j) J J GL4_;NB

N]’- and the Steinberg representation Ugij:ij of the factor GLg4—; of the Levi subgroup L 1,45 C

P(j+1,d—5)- The first one is characterized by the property that it generates the kernel ﬁ];lj; (P, €) of the

natural homomorphism

d—i .
HP%](PCIl(vg) — Hd ](]P)Cli(vg)

as a module with respect to U(g). Here P4 = V(Xj11,..., Xq4) is the linear subvariety of P4 defined by

the vanishing of the coordinates X;;1, ..., X4. The module ?; is just the kernel of the induced surjection
i g

U(8) ®U(pir.ap) Nj = HP;(PKaf)'

In the case where & arises from an irreducible representation of the Levi subgroup L; 4y, we could
make our result more precise, i.e., concerning the structure of N;. Rather than recalling this result in full
generality, we restrict our attention from now on to homogeneous line bundles on P4, where we will get
even a more precise formula, cf. Prop. [7.5)

Let s € Z and denote by ' = (s,...,s) € Z¢ the constant integral weight of GLg. Let r = \g € Z
and set

A= (r,s,...,s) € Z41.

We denote by £ the homogeneous line bundle on P4 such that its fibre in the base point is the irreducible
algebraic L; 4)-representation corresponding to A. Then we obtain

(7.1.4) Ly=0(r—s)

where the G-linearization is given by the tensor product of the natural one on O(r — s) with the character
det®.

Put w; := s;---s1, where s; € W is the (standard) simple reflection in the Weyl group W = Sy4q of
G. Recall that - denotes the dot action of W on X*(T)g. If x = (xo,---,Xxd) € Z¢H! we get

wi-x=Mh1—Lx2—1,....xi — Lixo + % Xit1,- - Xd) -

Hence for x = A = (r,s,...,s), we compute
’wo-)\ = A
wr-A = (s=1,r+1,s,...,9)
wi-A = (s—1,s—1,....,s—1L,r+i,s,...,8)
wg-A = (s—1,s—1,...,s—1,r+d).

In particular, there is at most one integer 0 < ip < d, such that w;, - A is dominant with respect
to the Borel subgroup BT of upper triangular matrices. In fact, this integer is characterized by the
non-vanishing of H%(P%, £y) (cf. 4 Thm. IV’] resp. [12, Thm. II1.5.1]), which is 79 = 0 for r > s resp.
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i9p = d for s > r +d + 1. Otherwise, there is a unique integer iy < d with w;, - A = w;,4+1 - A. This is the
case for 0 <ijp=s—r—1<d+ 1. We get

(7.1.5) Wi+ A= Wig1 + A

for all ¢ > ig (resp. @ > ig if w;, - A = wiy41 - A), and

(7.1.6) Wi+ A < Wig1 - A

for all ¢ < ig, with respect to the dominance order > on X*(T)g. We put

wi—1 A 1 <1
MM\::{ it ,_.0 },i:l,...,d.
Wy + A 11>

This is a L; q—j+1)-dominant weight (with respect to the Borel subgroup L; q—jt+1) N B*). Let V; \ be

the finite-dimensional irreducible L; q_j;1)-module with highest weight p; x. Let P?E d—it1) be the upper

+
(1,d—i+1)
+
(i,d—i+1)

triangular parabolic subgroup to the decomposition (i,d + 1 — i) and denote by U

+
(i,d—i+1)

its unipotent

radical. By considering the trivial action of U on V; », we may view it as a P -module.

In the following we identify the linear subvarieties P;l(_i, 0 < ¢ < d, with the closed subschemes

V(Xo,...,Xi_1) C P} defined by the vanishing of the first i coordinate functions. Note that the

+

stabilizer of this subvariety in G is just P(i7d+17i

) E| In loc.cit. we saw that we can realize V; ) as a
submodule of H?, . (P4, L)).
PK
In fact, ﬁ];?{,i (P4, £,) is naturally a module for Pg’del) xU(g). This symbolic notation signifies that

+
(i,d—i+1)

compatible in the sense that h.(x.(h~1.v)) = Ad(h)(x).v for all h € P$7d7i+1), reg,ve ﬁ];iﬂ (P4, L).

it is both a U(g)-module and an algebraic representation of P and that these two structures are

The operation of g is induced by the homogeneous line bundle. The second one is induced by functo-
riality since it is the stabilizer of IP‘I{(_i.

Proposition 7.2. For1 <i<d, the P?E d-itn) X U(g)-module fl];d,i(P%,EA) coincides with the module
? K
Do k<o K- XgOXF o Xk v 5
Kogyeneskg>0
ko4 +kg=0
Proof. This was proved in loc.cit. Prop. 1.4.2. O

From this latter statement we deduce immediately the following corollary.

- +
Corollary 7.3. For 1 < i <d, the U(g)-module H;d,i(P?{,L)\) lies in the category Ozl(gdf"“).
K

Remark 7.4. It is well-known that the above objects lie in O, although, mostly the case of the full flag

variety is considered, cf. e.g. [20], [1]. Indeed this can be seen by using the Grothendieck-Cousin complex

which was used in loc.cit. to compute ﬁéd_i(P}i(, L). Here all contributions of this complex are objects
K

in O. Hence the cohomology of this complex which computes ﬁ;}d,i(P%, L) lies in O, as well.
K

Recall that we denote for a character p € X*(T) by L(u) the irreducible highest weight U (g)-module
of weight u.
4We note that for formulating Thm. H we have used in loc.cit. the identification of IF’?{”L with V(Xg—it1,...,Xd)-

Therefore the standard parabolic subgroups used there are lower (block) triangular. Afterwards we used the conjugacy of
V(Xo,...,Xi—1) and V(Xg4_;11,...,Xq) within P4 via the action of G on P%.
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Proposition 7.5. For 1 <i<d, the PzLi,dfiJrl) x U(g)-module ﬁ[;;l{,,-(P%, Ly) is isomorphic to L(p; ).

Proof. In order to show the statement it suffices to check the following conditions.

1) H, ,(P%,Ly) is a highest weight module of weight ;.

d—1i
]PK

2) Hi, ,(P%, L)) is irreducible.

Pt
Because of identity it suffices to check the conditions in the case where s = 0. Then £ = O(r) is the
r-th Serre twist with its natural G-linearization. All cohomology groups are K-subspaces of @ ko kyez I

Xpoxp -~-X§d. Here the action of g is given as follows. For a root a = a; j = €; —€; € ®, let
Lo = Lij) € 8a

be the standard generator of the weight space g, in g. Then the action of g is determined by

X
(7.5.1) Liijy - Xgo X7 Xt =k - 5o CXFOXF - Xk

J

and

toXEoxp . xhe = (24 kit;) - XE X[ XEe for t = (tg,...,tq) € L.
3

We prove statements 1) and 2) case by case.
a) Case r > 0. Then p; » = w; - A and
VYZ",\: @ KXalelX;llXZkngd

iy kg>0
kyj4ethkg=rti

Further v; y = Xo_le_l . oXi__llXiH'i is a maximal vector in ﬁéd,i(P?{, L) of weight p; .
K

It is easy to see by formula|7.5.1 that v; » generates ﬁéd_i(ﬂ”?{, L) as a U(g)-module, so condition 1)
. K
is satisfied. As for condition 2), let N C Héd,i(]P’?(,ﬁ)\) be a submodule, N # (0). Then N lies in the
K

category O as a submodule, hence t acts semi-simply. Let X(])“OX{€1 e Xf;d € N, where kg,...ki—1 <0,
ki ..., kqg >0 and Zj:o kj = r. Then by repeated multiplication with L ;) with 0 <k <i¢—1and [ > 1,
we can achieve that - up to scalar - kg = - -+ = k;_1 = —1. By further multiplying with L ;) where k =
and { > i+ 1,...,d, we see that v; y € N. Thus N = ﬁé?{,i(P}@,ﬁ)\).

b) Case r < —d — 1. Then p; x = w;—1 - A and
V- @ Koxxbxb
kQy-eerkj_1<0

ko+-+ki_1=r

Further )(0_1)(1_1 . -XiilQXiij_l is a maximal vector in f{ﬂid_i(P‘}(,E,\) of weight p1; .
K

It is easy to see by formula|7.5.1{that v; » generates fI[; (P4, L)) as a U(g)-module, so condition 1) is

d—1i
K

satisfied. As for condition 2), let N C ﬁé’?{,i(P‘}(, L) be a submodule, N # (0). Let XX} .. ~X§d €N,

where ko,... ki1 <0, k; ..., kg > 0 and Z?:o k; = r. Then by repeated multiplication with L ;) with
0 <k<i—1and! >1, we can achieve that - up to scalar - k; = --- = kg = 0. By further multiplying
with L) where k <i—1and [ =i — 1, we see that v; x € N. Thus N = f]éd,i(l[”f}(,ﬁ,\).

K
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¢) Case 0 > 7 > —d— 1. Then for i < iy = —r — 1, we have p; » = w;—1 - A and

k‘i_

Vis= ED K- XFoxt. o xhor
kg, k;_1<0
ko+-tki_1=r

Further X, ' X, X, L X771 is a maximal vector in H;d_i
K

(P4, L)) of weight p; x.
For i > ig = —r — 1, we have y; » = w; - A and
Vi @ Koxixboxi
kQ,-- ki1 <0
ko+-tkj_1=r

Further X, ' X, X, 7L X771 is a highest weight vector in ﬁéd,i(P‘;@ L) of weight p; x.
K

Here the reasoning is a mixture of the previous cases. O

Now we use the above result for the computation of ﬁﬂid_i(P}l{, &) where Pﬁl(_i is identified with the
K

closed subscheme V; = V(X4_i41,...,X4) of }P’?(. Consider the block matrix

0 I;
Z; = S G,
Igy1-5 0O

where I; € GL;(K) denotes the j x j-identity matrix. Then V(Xy,...X;—1) is transformed into
V(X4—it1,--.,Xq) under the action of z; on P%. We have

-1
(7.5.1) zi  Pa—iz1y -2 = P(+i,d+17i)

and on the Levi subgroups the conjugacy map is given by

A 0 B 0
Lig—ir1p 2 — € Lia_i .
(d—i+1,i) < 0 B) < 0 A) (i,d—i+1)

Hence the P(g_j;1,4) X U(g)-module }NI"/i (P4, ), is given by ﬁ;’d,i(]}”?{, &) twisted with the action of z;.
K

In particular, we can choose V; x - equipped with its action of P(gq_j41 ) via the isomorphism - to

be the representation Ng_; of Thm. |7.1{ Tts highest weight is zi_l “ -

Corollary 7.6. If £ = Ly is a line bundle, then the contributions Indg(j+1_d7j)(UJ'~)°f z'n are topo-
logically irreducible, 7 =0,...,d — 1.

Prooé. By definition of our functor F§ there is for j = 0,...,d — 1, the identity Indg(ﬁl’d_j)(UJ'-)Dj
- }—P(Hl,d—j)
occuring standard parabolic subgroups are (proper) maximal and the simple modules L(z; L. i) do

(L(zj_1 - t5.2)). By Thm. all these contributions are topologically irreducible since the

not lie in 09 (since they are not finite-dimensional). O

Now we consider the remaining ingredients of the filtration[7.1.2] For the line bundle £y, we compute
using [12, Thm. II1.5.1]

H*(PY,Ly) = H™(Pk, L)

Sym”~* (K1) @ det® forr—s>0andig=0
= Sym 41 (KLY @ det®™!  forr—s < —d—1 and i = d

(0) otherwise
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Hence we see that the filtration step £ (X)? vanishes or it is irreducible. Further we conclude that
the contribution v§ '_431)(Hd_j (P4, €)' in vanishes for j # 0. In the case j = 0 this object

Py,
coincides with v§(K) @ (Sym ™41~ (K4+1) @ det'~*) which is irreducible by [29, app.] resp. Thm.
Consequently, the filtration is essentially a Jordan-Holder series of HO(X, L)), i.e., by refining
the filtration in the case r — s < d — 1 in the naive way we get a real Jordan-Holder series.

8. APPENDIX: SOME PROPERTIES OF HIGHEST WEIGHT MODULES IN O

This section is about relations in a simple U(g)-module M € Ozlg of the form

n + _ v v +
yy vt = E cyyﬁim..-yﬁjm ,
veL,

where
-0t ={p1,..., B},
- T, consists of all t-tuples (v4,...,14) € tho satisfying v1 61 + ... + v 8y = ny,
- the elements y, € g_-, ¥, € g—p, are part of a Chevalley basis,
- v is a highest weight vector for M,
- the standard parabolic subalgebra p = p; is maximal for M,
-y e®t\of,

- the coefficients ¢, are in K.

Our aim (cf. [8.13) is to show that there is at least one v with |¢,| > 1 and vy +... + 14 > n.

In particular, this result implies that y, acts injectively on M (take ¢, = 0 for all v). In fact, we
prove first this statement about the injectivity of the action of y, (in and later use it to prove the
more general result about the absolute value of (at least one) ¢, .

That y, acts injectively on M (assuming v ¢ ®;) is also contained in a paper by I. Dimitrov, O.
Mathieu and I. Penkov, as was kindly pointed out to us by V. Mazorchuk, cf. [7, 3.6]. Our proof is
completely different from the proof given in loc.cit.

We begin with a standard commutator relation valid in any associative unital algebra A. For x € A
we let ad(z) : A — A be defined by ad(z)(z) = [z,2] = 2z — zz. In the following we also write [z(*), 2]
for ad(z)?(z), the value on z of the i-th iteration of ad(z).

Lemma 8.1. Let x,21,...,2, € A. For all k € Z>( one has

xk C 2122 .. 2n = Z (l >[x("1)’ Zl] e [‘CE(’Ln)7 Zn}l'ln+1
1

i14...Finp1=k ntl

(il . .éinH) ~ (i) - k' (ips1))

where, as usual,

Similarly,
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k , .
(k) _ ) 1. lin)
[ 2120 .. 2] | Z (len>[m‘ yz1) e [V 2]
i1+...+i,=k
Proof. This is straightforwardly proved by induction on k. m|

Lemma 8.2. Let z € g, let M be a U(g)-module and v € M.

(i) If = acts locally finitely on v (i.e., the K-vector space generated by (z'.v);>0 is finite-dimensional),
then z acts locally finitely on U(g).v.

(i) If x.v =0 and [z, [z,y]] = 0 for some y € g, then

2"y v =nllz,y]" v .

Proof. (i) It suffices to show that = acts locally finitely on any element of the form z; ... z,.v (for arbitrary
n and arbitrary elements z1,...,%, € g). Any element of U(g) of the form [z, 2] -... - [z0") 2,] is
contained in g-...-g (n factors), and g-...-g is a finite-dimensional K-subspace of U(g). As the elements
z'.v, i > 0, are all contained in a finite-dimensional vector space, it follows from the formula in Lemma
that all elements 2° - 21 ... z,.v are contained in a finite-dimensional K-vector space.

(ii) In the formula of Lemma we let z; =y, 1 <1 < n, and get that the term
(2, g] .- 2l ylaiest
vanishes as soon as i,41 > 0 or some ¢; > 1 for 1 < j < n. Therefore, the only non-zero term corresponds

to (il,...,in+1):(17...,170). O

As before, we let ® = (g, t) be the root system and

®t ={B1,...,6:} and A={ai,...,aqn} C @
be a set of positive roots and a corresponding basis.
Lemma 8.3. Assume v € ®1 is not simple and write v = o+ 8 with o € A and 8 € ®+. Suppose that

i — ja is in ®T for some i,j € L.

(i) Then (i —jo) —vy = (i—1)B— (j + 1)« is either a positive root or not in ®U{0}. Therefore: either
[9i8—jas 80—~ s equal to a root space g, with x =i'f—j'a € ® for somei’,j" € Lo or [gig—ja, §—~] = 0.

(ii) Moreover, (i — jo) —a =i — (j+ 1)« is either a positive root or not in ®U{0}. Therefore: either
[9i5—jas §—a] 1S equal to a root space g, with x =1i'B—j'a € ®T for some ', € Z=¢ or [gip—ja,d—a] = 0.

(i1i) Let M be a U(g)-module and v € M be annihilated by the radical u of b. Let x € gg and y € g—_,.
Then, for any sequence of non-negative integers iy, ..., i, we have

[y - 2yl =0
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if there is at least one i; > 1.

Proof. Assertions (i) and (ii) follow from the fact that 8 is not a multiple of o (the root system ® is

reduced), and 8 must then contain a simple root o’ # «, i.e. f—a’ € > Z>oT.

TEA

(iii) We may clearly assume that 41 > 1 and that all i; € {0,1} for j > 1. We will show by induction
on n that [z y]-...- [z0) y] is contained in

> U(9)8is—ja
i>0,7>0
i —jaedt

To begin with, notice that [x(“), y] is in @i, 5 = 9(i,—1)8—a, and as i3 — 1 > 0 this space is either zero
or a root space g, with x € ®*. The assertion is hence true for n = 1. Now let n > 1, i,, € {0,1}, and
fix an element z € g;5_j, With i >0, j > 0, and i — ja € ®T. Consider the product z[z("), y].

(a) If i, = 0 then [#("), y] = y € g_, and 2[z0") y] = 2y = [2,y]+yz. fif—ja—y = (i—1)B—(j+1)a
is a positive root, we are done, because then [z, y] is in girq—j/p with i’a — 5’8 € ®*. Otherwise, by (i),
i — ja — 7y is not in ® U {0}, and then [z,y] = 0.

(b) If i, = 1 then [20n) y] = [x,y] € g_o and z[z(") y] = 2[z,y] = [2, [z, y]] + [z, 9]2. IfiB—ja—a =
il — (j + 1)a is a positive root, we are done, because then [z, [z,y]] is in gia—jp with i'a — j'8 € @T.
Otherwise, by (ii), i5 — jo — a is not in ® U {0}, and then [z, [z, y]] = 0. O

8.4. In the remainder of this section we will use the following lexicographic ordering on
Zoi @ ...0 2oy :

¢ ¢
Zniai>2n§ai <~ Fk>1:n;=n)for 1 <i<k-—1andng >nj.
i=1 i=1

Proposition 8.5. Let p = py for some I C A. Suppose M € OF is a highest weight module with highest
weight X\ and

I={aeA|{\aY)€Zso}.

Then no non-zero element of u, acts locally finitely on M.

Proof. Let v be a weight vector with weight A. Let y € u, be a non-zero element which acts locally
finitely on M. Write y = Zveqﬁ\qﬁr y, with elements y, € g_,. Put B = {y € ®*\ &} | y, # 0}
(this set is non-empty) and choose ™ € B to be maximal among the elements in B for the lexicographic
ordering [8:4] Write

1<it,yeeyin <7
where &+ \ ® = {y1,...,7,}. Using the total ordering it is easily seen that among the elements

Yni, o+ Yrys, 0T omly y;ﬁ.v* can have weight A — nyt. But as all y*.vt, i > 0, are contained in a
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finite-dimensional subspace, we must have yfyb, 2w+ =0 for some n € Z~q. It follows from Lemma@tha‘c
Y+ acts then locally finitely on M.

We can therefore assume that y = y, € g_, \ {0} is contained in a root space, where v € ®* \ @;.
Write v = > ca Ca (With non-negative integers c, ). We show by induction on the height of vy, ht(y) =
> aca Cas that g, can not act locally finitely. By Lemma this is equivalent to the statement that
yf;.v"‘ # 0 for all positive integers n. (Note that the vectors Yy vT, if non-zero, have pairwise distinct
weights A — n -y, hence are linearly independent.) y2.v*. If ht(y) = 1, then  is an element of A\ I.
Rescaling y, we can choose z € g, such that [z.,y,] = hy and [hy,z,] = 22, and [hy,y,] = —2y,. A
well-known formula (which is easy to prove by in duction) gives

(8.5.2) ahyl ot = n! 1:[ (A(hy) — i)t =nl 1:[ (Y)Y —i)ot.
i=0 i=0

AsT={aeA|(\aY) € Z>p}, it follows that (A\,7Y) ¢ Z>( and the term on the right of[8.5.2| does not
vanish. In particular, y2.v™ # 0 for all n > 0.

Now suppose ht(y) > 1. Then we can write v = o + 3 with « € A and 8 € ®*. Clearly, not both «
and [ can be contained in ®;. We distinguish two cases.

(a) Suppose S —a is not in ®. As 3 # « (the root system @ is reduced) we have [go, 9-8] = [§—a, 858] =
{0}. Then, if @ ¢ I, we let x5 be a non-zero element of gz and have by Lemma

:L’gy,’;.v+ =nllzg,y, )"0t

But as [z3,y,] is a non-zero element of g_, we can conclude by induction that [zg,y,]™.v" # 0 for all
n > 0. And thus yl}.v* #0 for all n > 0.

If, on the other hand, o € I, then 3 ¢ ®;. Let z, be a non-zero element of g,. Then we have by
Lemma 8.2}

+ +

Tyl v nl[za, yy]" v
And as [zq,y~] is a non-zero element of g_g we can again conclude by induction.

(b) Suppose 3 — « is in ®. Then it must be in ®*, and we have 7 — ka € & for 0 < k < ko (with
ko <3, cf. [14, 0.2]), and v — ka ¢ ® U {0} for k > k¢. This implies [a:gf), Y] = 0 for i > ko. By Lemma
Bl we have

nko, n nko i i ing1
makoy’Yl"U—i_ = Z (il )[wz(xl)vy’y] et [xfxn)’yv}xaw— 't

i1+...Finr1=nko

and as z, annihilates v1 this reduces to

nk i i
DR R [ L S FR A
21 -..1n

i1+...+in=nko

By what we have just observed, the corresponding term vanishes if there is one i; > k. Therefore, only
the term with all 7; = kg contributes, and this sum is hence equal to
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nk() (nk())'
(kO o ]{0) [mgzk(])a y'Y]n'v+ = (kol)n [xg%)a y'Y]n'v+

If v — kg is not in @7 we are done, because [x((lko), Y] is a non-zero element of g_(,_,qa). Otherwise we

necessarily have o ¢ I. In this case, if we choose some zg € gg \ {0}, we have by Lemma and Lemma
£ i)

ot = nlfes )"t

and [x3,y,] is a non-zero element of g_,. And, as we are now in the case of height one, we can thus
conclude again. O

Corollary 8.6. Let p = pr for some I C A. Suppose M € OF is a simple module of highest weight A
and

I:{OZEA|<>\,04\/>EZZ()}.

Then the action of any non-zero element of u, on M is injective.

Proof. By Lemma 8.2 (i), the set N of elements v € M on which a fixed element ¢ € u, \ {0} acts locally
finitely is a U(g)-submodule. Clearly N contains ker(M L M). Because M is assumed to be simple,
and as ¢ is not acting locally finitely on M by Prop. this submodule must be the zero module. O

Corollary 8.7. Let M € O be a highest weight module. Then the set of elements in g which act locally
finitely on M is a standard parabolic Lie subalgebra of g. If M has highest weight X\, then this standard
parabolic subalgebra is p; where

I={aeA|{\aY)€Zso}.

pr is mazimal for M in the sense of[5.3
Proof. Let vt be a weight vector of weight A and define I as above. Then A is in

Af ={pet |Vael: (ua")eZso}

(cf. [14, sec. 9.2] for the notation) and M is in OP with p = p;, cf. [14, Thm. in sec. 9.4]. Suppose
z € g\ p acts locally finitely on M. Then there is n € Z~o and ¢y, ..., ¢, € K such that

(8.7.3) 2wt 4o ot ezt e, 0T =0.

Write 2 =2+ cpr\a, Yy With elements y, € g and x € p. As z ¢ p there is at least one v € T\ @,
with y, # 0. Put B={y € &\ ®; | y, # 0} (this set is non-empty) and choose 3 € B to be maximal
among the elements in B for the lexicographic ordering[8:4] By expanding 2™ as a sum of products of z’s
and y,’s it is then easily seen that only yg.v"r can have weight A — nfS. From equation we deduce
that yﬁ.v*‘ = 0. This however contradicts Prop. 8.5 O

On certain relations in highest weight modules. For the rest of this section we fix a Chevalley basis
(xg,ys, ha | B € PT,a € A) of ¢ = [g,g], cf. I3, Thm. in sec. 25.2]. Here we have 23 € gz and
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ys € g—p. We then let g/, be the Z-span of these basis elements. g7, is a Lie algebra over Z. For later use
we quote from [I3], sec. 25] the following facts.

Proposition 8.8. Let 8, 8’ be linearly independent roots. Let zz be xg, if B is positive, and let z3 be
y—g, if B is negative. Define zg: and zg4p in the same manner, if 8+ ' is a root. Let ' —rB, 8 — (r —
DB,....8 +4qB (r >0, q>0) be the B-string through B'. Then:

(1) r—q=(B,(8)").
(1) (28, 2p:) = £(r + 1)zp4p if B+ B is a root.

Proof. This is contained in [I3} Prop. in sec. 25.1, Thm. in sec. 25.2]. m]

b

8.9. Let M be a simple highest weight module in the category Oalg,

and assume that p = p; is maximal
for M. Denote by vt a vector of highest weight A\. We will be studying relations

yf}.er = Z cuygi e yg’z.v+ ,
veL,
where Z,, consists of all tuples v = (vq,...,14) € tho satisfying 1181 + ... + 18y = nv, and ¢, are
coefficients in K. As before, ®T = {1,...,3;}. Our aim is to show that there is at least one v € Z,,

having both of the following properties:

. nt...+r>n,

We start by showing the existence of some v € Z,, with the second property.

Lemma 8.10. Let M € (’)glg and p = p; be as above . Suppose the residue characteristic of K does
not divide any of the non-zero numbers among (B,aV), a, 8 € ®, a # +B. Let v € T\ <I>}'. Denote by
I, the set of all v € ZL such that v1f1 + ... + v B, = ny. Then, for any n € Z>¢ and any expression

(8.10.1) yf;.er = Z oyt eyt
vel,

(where y; = ygp,, i =1,...,t) there is at least one index v € I,, such that |c,|x > 1.

Proof. We start by recalling that for any 4 > 0 and 8 € ®* the endomorphism of g:
1. 4 1 ,
Sl ] = Gad(es)’

preserves the Z-form g7, of ¢, cf. [I3| Prop. in sec. 25.5]. Denote by U(g},) the enveloping algebra of
g7, i.e., the quotient of the tensor algebra T7(g/,) by the two-sided ideal generated by all elements of the
form zy — yx — [z,y] with z,y € g7,. (We point out that U(g},) is, of course, not the Kostant Z-form of
the enveloping algebra, as in [13, sec. 26.4].) It follows from [8.1| that Fad(zg)" also preserves U(g,).

The proof proceeds by induction on ht(y). Suppose ht(y) = 1 and let 3; = . Then the set Z,, consists
of a single element v which is the ¢-tuple that has the entry n in the " place and zeros elsewhere. The
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right hand side of [8.10.1f is thus c,,y,’yl.vf By Cor. the element y, acts injectively on M, and we
therefore get ¢, = 1.

Now we assume that ht(y) > 1. Write v = a + 8 with a simple root & € A and a positive root .
Clearly, not both a and 8 can be contained in ®;. We distinguish two cases.

(a) Suppose 8 —a is not in ®. As 3 # « (the root system @ is reduced) we have [ga, 9-8] = [§—a, 85] =
{0}. Then, if @ ¢ I, we consider z3, the element of the Chevalley basis which generates gg. We have by
Lemma B2}

zpyl ot = nllzg,y, " 0"

Consider the S-string through —y: —y —r8,..., —y+¢B. Then —a — (r+1)B,...,—a+ (¢ —1)8 is the
B-string through —«, and because we assume here that —a + 8 ¢ ®, we deduce that ¢ = 1. By we
then conclude r +1 = (=, 8Y) and [z, y,] = £(, 8Y)yn. Hence

ot = nl(E{a, BY)) "yl

s {a,8Y) = —(r+1) # 0 and because of our assumption on the residue characteristic of K, the integer
(e, V) is invertible in Ok.

On the other hand, equation [8.10.1] gives

rpyl ot = Z ey .yt = Z cyad(zg)™(yyt ..yt
veL, veL,
But as ad(zg)"(y* - ... y/*) is in nlU(g}), and because h,.v™ = (A, 7)ot € ZvT (for all 7 € A), we

find that 27.y2.v* is of the form
n! Z ,yl R VARIA
v'el],

where 7/, consists of all v/ € tho such that v181 + ... 4+ v, 8t = na = n(y — B), and the numbers ¢/, are
linear combinations of the ¢, with integral coefficients. We therefore get

Yot = Zc,yl ...~yt.+.
( DGI/

The induction hypothesis shows that at least one of the coefficients ¢/, must be of absolute value at least
1, and this implies that at least one of the coefficients ¢, is of absolute value at least 1.

Now suppose o € I. Then 8 ¢ ®; and we consider z,, the member of the Chevalley basis which
generates g,. By Lemma [82}

apyt ot =nllzg, y," 0t
The same arguments as above give [z, yy] = £(3,a")yg, and (3,a") is a unit in Ok. As before, we

then multiply the right hand side of [8.10.1| with = and find that

+_ Vi ot
Yg-v c ,y R TR
’ ( ﬂ av u;’ 1
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where the numbers ¢/, are linear combinations of the ¢, with integral coefficients. And we conclude again

by induction.

(b) Suppose 8 — « is in ®. Then it must be in ®*, and we have v — ka € ®F for 0 < k < ko (with
ko <3, cf. [14, 0.2]), and v — ka ¢ ® U {0} for k > ko. This implies [zg), Y] = 0 for i > k¢. By Lemma
B we have

zgkoyz.ﬁ = Z ( 1o ) [x&“),yv] e [ng"),y,y}xg"+1.v+
i14...Fint1=nko
and as = annihilates vt this reduces to
nko ) )
> ( .)[xg“),yy]-...~[zﬁzn%m.v*
. - 11...1pn
i1+...+in=nko

By what we have just observed, the corresponding term vanishes if there is one i; > k. Therefore, only
the term with all 7; = kg contributes, and this sum is hence equal to

nko ’I’Lko !
(kO o ko) [mt(xk(])a y'Y]n'v+ = Ekol)?n [xgk0)7 y'Y]n'v+

Sublemma 8.11. [m&k°)7y,y] = kol ¢ Yy—koa With an integer c which is a unit in Of.

Proof. Suppose kg = 2. Let v — 2a,...,7 + qa be the a-string through . As such a string consists of
at most four roots (cf. [14], 0.2]) we have ¢ < 1. The a-string through —v then begins with —y — ga.
Assume first that ¢ = 0. By we have [zo,¥,] = £Yy—q and then [z,,yy—a] = £2yy_24, so indeed
[x,(f), Yy) = £2! - yy_2q. If ¢ = 1 then there is a string of length four, and ® must contain an irreducible
component of type G3. By we then assume that 3 is invertible in Og. Moreover, we have [z4,y,] =
+2y,_q and then [zq, Yy—a] = £3Yy—2q, so that indeed [x((f),yv] = 32! 3 yy_2q with 3 € O
Suppose kg = 3. Then y—3a, v—2a, v—a, 7 is the a-string through + and —vy, —y+a, —y+2a, —y+3a

is the a-string through —~. Using we compute [J;S'), Y] = £3ly,_34. O

We conclude that

(8.11.2) x"’“oyfy’.fuJr = (nko)! - ¢ (Yy—koa)" v with c€ O} .

[e3

If v — kg is not in ®; we are done, by the same reasoning as in part (a). Otherwise we necessarily have
a ¢ I. In this case we have by Lemma and Lemma [8.3] (iii)
xgyfyl.iﬁ =nllzg,y, )"0t
Let —y —7r03,...,—v + ¢B be the S-string through —y. We have ¢ > 2 and thus r < 1. If » = 0 then
[©8,Yy] = £yo. If r =1 then [zg,y,] = +2y,. But in this case the S-string through —~ consists of four
roots, and ® must have an irreducible component of type G5. By [5.1] we have p > 3, and thus 2 € O%.
Therefore, we always have [zg,y,] = cyo with ¢ € Of,. With the same arguments as in part (a) we can
thus deduce the claim. a
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Lemma 8.12. Suppose that none of the irreducible components of ® is of type Go. Let v € ®+. Consider

a relation
(8.12.1) ny=wv11+... +vf
with non-negative integers n, vy, ..., vy € Lxo. Thenn < vy + ...+ v;.

Proof. We may assume that & is irreducible and that n is positive (there is nothing to show when n = 0).
It is known that for irreducible reduced roots systems other than G5 the square of the ratio between the
lengths of any two roots (3,7 is among {%, 1,2}. Root systems of type A, D, E (so-called simply laced
root systems) have the property that its roots are all of equal length, whereas for root systems of type
B, C, and F} the ratio can also be % or 2. The relations

o B:1) _ I8l
(v 7 ||7||

(B,7) = os(0) and  (B,7)(v,B) = 4cos(h)?

show that if || S {3.1,2} then (8,7) <2, ie., (8,7) < (v,7), cf. [13, 9.4]. Taking the scalar product
of both sides of [8.12.1] with v and dividing by (’y ~v) we get

(5137)+ +V(5t’7)<yl+...+w-

) R G R

And this is what we asserted. O

n=1uv

Now we generalize the preceding lemma so as to assure the existence of some v € 7,, satisfying both
conditions 4. and 4. of

Proposition 8.13. Let M € Oalg and p = pr be as in , Suppose the residue characteristic of K does
not divide any of the non-zero numbers among (3,a"), o, € ®, a # +3. Let v € T\ <I>}r. Denote by
I, the set of all v € tho such that v1 81 + ... + 1By = ny. Then, for any n € Z>¢ and any expression

(8.13.1) yrat =" eyttt

veL,

(where y; = yg,, 1 =1,...,t) there is at least one index v € T,, such that v1 +...+ v, > n and |c, |k > 1.

Proof. If ® does not have an irreducible component of type G then and [8:12] prove the assertion of
Therefore we assume in the following that @ is irreducible of type Gs.

The basic idea of the proof is as follows. There is nothing to show if ht(y) = 1. Now suppose that
ht(v) > 1. Then there is ' € ®*+ and kg € Z~( such that v — koy’ € &+ \ & and

G ,y'y] v + =cC- (y’y—ko’y/)n'er y

T

L onke omo+ L (ko)
k™ T G

with ¢ € O}, cf. Considering the right hand side of 8.I3.1} we aim to show that for any v € Z,
with v1 + ...+ 14 < n the term

(8.13.2) 2yttt
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in

]- n v vy 1 n v 143
(8.13.3) (nko)!x’ylko : (Z Yyt .fu*) = Z cy - (nko)!x”*/ko Yyt eyttt

vEL, veEL,

vanishes. This means that the sum on the right hand side of [8.13.3|is equal to

1 n v vt
(8.13.4) Z cy (ks )'xﬂ//’co-yll eyt
veETn 0/

where J,, C Z,, consists only of those v € Z,, for which v 4+ ...+ v; > n. We can then rewrite [8.13.4] as

’ ’
E / Y1 Ve ot
cl/,.yl HIRIRIR ' P

Ve,

where Z), consists of all v/ € Z%, such that v{5 + ... + vjy{ = n(y — koy'), and the numbers ¢, are
linear combinations with integral coefficients of the numbers ¢,, with v € 7,,. (Recall that the operator
mad(x,yl)"ko preserves g7,.) Applying Lemma we find that there is v/ € Z/, such that |c],|x > 1.
Hence there is at least one v € 7, such that |c,|x > 1. Thus proving our assertion.

We need to show that the term [8.13.2] actually vanishes if v1 + ...+ vy < n.

Recall that @ is of type Ga here. Let A = {«, 8} with a being the short and S being the long root.
We put

Br=a, Po=p, Bs=a+f, Bs=2a+pF, Bs=3a+p8, Bs=3a+23.

Consider the equation ny = v1 81 + ... + g5, i.e.,

(8.13.5) ny =na+vaff +vs(a+ B) +va(2a+ B) + vs(3a + B) + vs(3a + 20)

We consider all possible cases for v and I.

Case when v = « or v = 3. There is nothing to show in this case, as we can write a multiple of a

simple root in one and only one way as a sum of positive roots.

Case when v = 85 or v = B¢. Comparing the coefficients of «, the equation [8.13.5|implies in this case

3n:u1+u3+21/4+31/5+3uﬁ.

On the other hand, assuming v1 + ...+ vg < n we get that 3vy +...+3vg < vy +v3 4+ 2v4 + 3v5 + 3vg
which implies 2v1 + 3v5 4+ 2v3 + 14 < 0 which is impossible. It remains to discuss the cases when v = a+ (3
or v =2a+p.

Case when v = a + (3. In this case equation [§.13.5] implies

n=v1+v3+2v4+3v5+3s and n=rvo+v3+vy+vs5+ 204
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Subtracting the equation on the right from the equation on the left and adding v5 on both sides gives

Vo =11 + vy + 205 + 1.

(a) Suppose I =0 or I = {«}. Then we let v/ = . Consider

eyt ygtot = [x&n)7y1 coygslT
D vt Aig=n (il.ﬁ.iﬁ)[xgl)’yllll] RERRNC (ZG)’% Jut
Moreover,
1 i (k)
(8.13.6) 2,y = > (kljk _)[xff”,yj}-... [za ™", 5] -

k1+.,.+k‘yj :ij

Therefore, if §; — a is not in ® U {0}, the termvanishes if i; > 0. Hence iz = i = 0. Moreover,
if i; > v;, then there must be at least one k, > 2 in the formula However, if 8; — 2« is not in
® U {0}, the term vanishes then. And because [xg), Yot8) € 8—p1a = 0, we get i3 < v3. Similarly
we see that 73 < 2vy. Now suppose n > v; + ... + 15 and consider the inequality

n:i1+...+i6>I/1+...+I/6:2I/1+I/3+2V4+31/5+21/6.
Here we have used that vo = v + 14 + 205 + 5. As iy =i =0, i3 < v3 and i1 < 217 we get

i4—|-i5 > (21/1 —i1)+ (1/3 —ig)+21/4+31/5—|-2ll6 > 2V4—|—3l/5.

[z (14)

This shows that either iy > 2v4 or i5 > 3v5. But in each of these cases the corresponding term U]

or [z Sf’), yz°] vanishes. This proves our assertion in this case.

(b) Suppose I = {8}. Then we let v/ = 3. Consider

l'gyfl .,..~yg6,1}+ — [x(ﬁ")’yl .""ygﬁ].’U+
Liiittio=n (ilﬁie)[ (“)’yl R [x,(alﬁ)vyg6}.v+
Moreover,
j vj i . . ) |
(8.13.7) [-Tg.),yj |= Z (k J ) >[ ( 1),%] s lmg 7yl
k1+...+kyj =i 1---Ry;

Therefore, if ; — 3 is not in @U{0}, the termvanishes ifi; > 0. Hence i; =44 = i5 = 0. Moreover,
if 9; > v}, then there must be at least one k; > 2 in the formula However, if 8; — 203 is not in
® U {0}, the term vanishes then. So we get i3 < v3 and ig < vg. Similarly we see that i < 2uvs.
Assuming n > vy + ...+ vg we get

n=t+...+>v1+...+1s,

and hence
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’L.Q>V1+V2+(V3—i3)+y4+V5+(V6—i6)21/2.

The left hand side of [8.13.7] for j = 2, is of weight (is — 12)f, and [m(ﬁi"’),ygz]w* is therefore 0 or of

weight A + (i3 — v2) 83, which shows that it must vanish. Assuming, as we may, that we had ordered the
+

Ve

positive roots such that 3 comes last (i.e., 3 = B¢ instead of 3 = (), we see that 75 - yy" - ... yg®.v

vanishes.

Case when v = 2« + . In this case equation [8.13.5 implies

(8.13.8) 2n = vy + v3 + 24 + 3us + 31

(8.13.9) n=uvy+uv3+uvs+uvs+ 24

We assume that n > v1 4+ vo + v3 + vy + v5 + vg. By [8.13.9] this implies

Vo4 v3+vs+uvs+206 >1v1 +10+r3+ s+ U5+ g,

and therefore vg > v1. In particular,

(81310) vg > 0.

Subtracting [8.13.9| from [8.13.8| we get n = 11 — vo + vy + 2v5 + 14, and using again our assumption that
n > v+ vs +vs+ vy + vs + vg we find

V| — Vs Us+2U5s+1vg >+ +r3+ s+ Us + g,

or, equivalently, v5 > 2v5 + v3. In particular

(8.13.11) vs > 0.

We distinguish two cases.

(a) Suppose I = @ or I = {a}. Then we let 7/ = a. We arrange the positive roots in this order:

Be, B1, B2, B3, B4, P5, and write elements of U(u, ) as sums of monomials of the form y¢® - yi* - ... - ys°.
Consider

T2yt oyttt
(8.13.12) = [y gyt

2lint . tig=2n (112..7.26)[%86),1/6”6] : [w&‘”»y?] Tt [ng)vygs}'”Jr

Moreover,
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i) v i .
(8.13.13) [l'gJ),yj- ] = E (k J ) )bg{ﬁ)’yj] e [l'a ; 7yj} .
kl"l‘...-‘,—k}yj =i 1---Ry;

Since [x4,ys] = 0, it follows from[8.13.13|that we only need to consider tuples (i1, ..., %) for which ig = 0.
For those tuples we have 2n = iy + ig + i3 + i4 + i5. On the other hand, [8.13.8| implies

(8.13.14) vy +v3 4 2v4 4+ 3vs = 2n — 3 < 2n,

because vg > 0 (cf. [8.13.10). Now consider the term

@,y .- [0, gt
in the third line of [8.13.12] It has weight

(i1 +ig + i3+ ia+i5)a — 111 — vafla — v3fB3 — vafls — vsf5 + A

= 2n—wr+vs+2u+3uvs)a+2n—vatrvs+uvs+us)B+ A
By [8.13.14] this weight is not of the form A — (sum of positive roots), and must therefore vanish. Hence

2n 17 v vs 4+
8 el Yy eyt =0

for all v with n > vy + vo + v3 + 14 + V5 + 1.

(b) Suppose I = {8}. Then we let ¥ = a + . In this case we order the positive roots as follows:

Bs, B1, B2, B3, Ba, Bs, and write elements of U (u, ) as sums of monomials of the form yz® - yi" - ... yy* - yg°.
Consider

R R R R RPN /AR Kiag
(8.13.15)

= Tirviemn (e e v o] v [ w0t

Moreover,

(i) vit i (k1) (k)
(8.13.16) EXNTIEE " E T IO FNC AN I I

vj

kit +ky; =ij

Since [Xa48,ys] = 0, it follows from [8.13.16| that we only need to consider tuples (i1, ...,%s) for which
i5 = 0. For those tuples we have n = i1 4+ is + i3 + i4 + ig. On the other hand, [8.13.9 implies

(8.13.17) vot+uvstus+2ug=n—vs<n,

because v5 > 0 (cf. [8.13.11). Now consider the term
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(0] [ [,y

in the last line of [8.13.15] It has weight

(i +ig + i3 +ia +ig) (0 + B) — 11 — vafla — 33 — vafs — VS + A

= (n—wvm4vs+2us+3vs)a+(n—rva+rvs+vs+206)8+ A

By [8.13.17} this weight is not of the form A — (sum of positive roots), and must therefore vanish. Hence

gy Yy Yty ot =0
for all v with n > v1 + vy + 3 + v4 + v5 + 6. This completes the proof. O
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