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Abstract

We propose to use block norms to generate nondominated solutions
of multiple criteria programs and introduce the new concept of the
oblique norm that is specially tailored to handle general problems. We
show the applicability of oblique norms to deal with discrete or convex
bicriteria programs and also discuss implications of using block norms
in multiple criteria decision making.
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1 Introduction

Compromise programming is based on the concept of identifying nondom-
inated solutions of multiple criteria programs that are the closest to some
utopia (ideal) point. Different norms have been used to measure the dis-
tance between the solutions and the utopia point. In particular, the family
of L, norms has been extensively studied by many researchers, including [Yu,
1973], [Zeleny, 1973], [Gearhart, 1979], [Wierzbicki, 1980], [Steuer and Choo,
1983], [Steuer, 1986], and many others. The /o, norm and the augmented I
norm turned out to be very useful in generating nondominated solutions of
general continuous or discrete multiple criteria programs and led to the well
known weighted (augmented) Tchebycheff scalarization and its variations.
[Kaliszewski, 1987] introduced a modified /o, norm and showed its applica-
bility in generating nondominated solutions. Compromise programming was
extended by [Szidarovszky et al., 1986] to composite programming using more
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than one value of p in the [, distance. [Ballestero and Romero, 1998] analyzed
connections between compromise programming and utility theory. [Carrizosa
et al., 1996] proposed a new class of norms that contains the family of L,
norms to generate the set of points that have minimal distance to the utopia
point with respect to at least one norm within this class of norms. Their
approach leads to solving linear programs while generating nondominated
solutions.

Not only have norms been beneficial in constructing scalarization ap-
proaches to multiple criteria programs but also become suitable tools sup-
porting decision making. The choice of the utopia point and weights usually
expresses decision maker’s preferences in the objective space while select-
ing the most preferred nondominated solution. Applications of norm-based
methods can be found in structural design [Miura and Chargin, 1996], water
resource management [Bérdossy et al., 1985], manpower planning [Silverman
et al., 1988], transportation and location [Ogryczak et al., 1988] and many
other areas.

Motivated by the success of norm-based approaches in MCDM, we pro-
pose to apply block norms to generate nondominated solutions as well as to
support the decision making process. The family of block norms, also called
polyhedral norms, includes all the norms whose unit ball is a polyhedral set,
so that the /; norm and the [, norm are members of this family. In this
paper, we introduce the concept of the oblique norm that can be viewed as a
generalization of the augmented [, norm. This new norm is designed to pre-
serve capabilities of the [, norm and the augmented [, norm while allowing
the decision maker more freedom in the choice of a distance measure.

In the next section we define the oblique norm and derive some proper-
ties useful for finding nondominated solutions. Section 3 contains the main
results of the paper. We first examine relationships between nondominated
solutions of a general multiple criteria program and optimal solutions of its
scalarization by means of a block norm and an oblique norm. In the sec-
ond part of this section we focus on bicriteria programs. In particular, we
examine relationships between (properly) nondominated solutions of (finite)
discrete problems and (polyhedral) convex problems and optimal solutions
of related scalarizations by means of an oblique norm. At the end of this
section we discuss practical implications of using block norms in MCDM and
in Section 4 we highlight future research directions.

To facilitate further discussions, the following notation is used throughout
the paper. Let u,w € R" be two vectors.

¢ We denote components of vectors by subscripts and enumerate vectors
by superscripts.

e u < w denotes u; < w; forall i = 1,...,n. u < w denotes u; < w;
foralli =1,...,n, but u # w. u < w allows equality. The symbols
>, >, 2 are used accordingly.



e Let R :={z € R": 2 2 0}. If S CR", then S; := SNRZ.
e (u,w) denotes the scalar product in R": (u,w) = Y | u;w;.
e conv(S) denotes the convex hull of a set S C R".

e int(S) denotes the interior of S C R".

We consider the following general multiple criteria program
min {2’1 = f1 (CU)}
o (1)
min {z, = fn(z)}
s.t. xz €S,
where S C R™ is the feasible set and f;(z),i = 1,...,n, are real-valued
functions. We define the set of all feasible criterion vectors Z, the set of all

nondominated criterion vectors N and the set of all efficient points E of (1)
as follows

Z={zeR":z=f(zx),z € S} = f(S)
N={z€Z:P2€Zs.t.2<z}
E={x€S: f(x)e N},

where f(z) = (fi(z)- fn(a:))T The set Z is assumed to be closed. The
point z* € R" with

is called the ideal (utopia) criterion vector, where the entries of € € R™ are
small positive numbers. Without loss of generality we assume z* = 0.

We define the set of properly nondominated solutions according to
[Geoffrion, 1968]. A point Z € N is called properly nondominated, if there
exists M > 0 such that for each i = 1,...,n and each z € Z satisfying z; < Z;
there exists a j # ¢ with z; > Z; and

HTE gy

Zj — %
Otherwise Z € N is called improperly nondominated. The set of all properly
nondominated points is called N,,.

2 Oblique norms

In order to develop the new concept of oblique norms we first review some
basic definitions about block norms. For a detailed introduction to norms and
their properties we refer the reader to [Rockafellar, 1970], [Hiriart-Urruty
and Lemaréchal, 1993a] and [Hiriart-Urruty and Lemaréchal, 1993b]. An
overview of basic properties of block norms is also given in [Schandl, 1998].



Definition 2.1 A norm v with a polyhedral unit ball in R" is called a block
norm. The vectors defined by the extreme points of the unit ball are called
fundamental vectors and are denoted by v?. The fundamental vectors defined
by the extreme points of a facet of B span a fundamental cone.

Definition 2.2 Let u € R". The reflection set of u is defined as
R(u) :={w e R" : |w;| = |u;| Vi=1,...,n}.

Definition 2.3 [Bauer et al., 1961] A norm + is said to be absolute if for any
given u € R", all elements of R(u) have the same distance from the origin
with respect to v, i.e.

Y(w) =v(u) VYw e R(u).

Note that the unit ball of an absolute norm has the same structure in
every orthant, which is convenient as well as sufficient for multiple criteria
programs as all nondominated solutions are located in the cone z* + RY and
one does not need to search the entire space R". -

Definition 2.4 A block norm v with a unit ball B is called oblique if it has
the following properties:

(i) v is absolute.
(i) (z =RI)NRINIB = {z} Vze€ (IB);.

23 z (z—]Rg) ﬁ]Rg

Fig. 1: Example of the unit ball of an oblique norm
with R(z) = {z,2%,2%,2%}
The following corollaries immediately result from Definitions 2.3 and 2.4.

Corollary 2.5 The number of fundamental vectors of an oblique norm ~y
in By is finite.



Corollary 2.6 If v with the unit ball B is an oblique (absolute) norm, then ¥
with the unit ball @B, a > 0 is also an oblique (absolute) norm.

The following lemmas are useful in developing our main results in the
next section. Note that the condition (i) of Lemma 2.9 is identical with the
condition (ii) of Definition 2.4.

Lemma 2.7 An oblique norm « with the unit ball B has the following prop-
erty:

(z=RI)NRINI(v(2)B) = {2} VzeRS.

Proof. Since z € 0(y(z)B), the statement follows directly from Definition 2.4
and Corollary 2.6. O

Lemma 2.8 An absolute norm v with the unit ball B has the following
property:

(z=RI)NRE Cv(2)By VzeRE.
Proof. Consider first z € (0B),. It follows that y(z) = 1. Since v is ab-
solute, all points in R(z) are in B. Because of the convexity of B, we have
conv(R(z)) C B. But (2 —RZ) NIRY is a subset of conv(R(z)) and therefore

also of B».
The general case z € RS follows again from Corollary 2.6. O

Lemma 2.9 Let v be an absolute block norm with the unit ball B. Let A/
denote the set of outer normal vectors of all the facets of B. Let e/ be the j*"
unit vector, j = 1,...,n. Then the following two statements are equivalent;:

(i) (z-RZ)NRINOIB = {2z} Vze€ (9B):.
(i) (n,e?) #0 Vj=1,...,nand V¥neN.
Proof.

(i) = (ii) Let F be a facet of B with the normal vector n € A/. Assume
(n, ej> = 0 for some j. Then there exists a point z € F' with z; # 0
(otherwise F' would not be a facet). Since v is absolute, we can assume
without loss of generality that z € RY. Define a point Z as follows:

Then Z is in F' C 0B, because 7 is absolute. But we also have that
z€e(z-RI)NRINOIB,

which is a contradiction to (i).



(ii) = (i) Let z € (OB); and assume there exists Z # z with
ze(z-RI)NRI NIB. (2)

Because of Lemma 2.8 we have n > 0 for all normals of facets in RZ.
Together with <n, ej> # 0 for all j we even know that n > 0 for these
same normals. Since we assumed that both z and Z are in 0B, they are
either on the same or on two different facets.

Assume first that z and Z are on the same facet F' with the normal n.
Consequently (z — Z,n) = 0, but since z — Z > 0 and n > 0 it follows
that z = Z, a contradiction to our assumption.

Assume now that z and % are on different facets, say F' and F with
normals n and 1, respectively. Since z € B and Z € F, the definition of
the outer normal yields (z — Z,f) < 0. But since z —Z >0 and 7 > 0
it follows again that z = Z, a contradiction.

Thus Z ¢ 0B and assumption (2) was wrong. O

3 Generating the Nondominated Set

3.1 General Results

We first show that for every nondominated point there exists a block norm so
that this point is a unique minimizer of the related block-norm-scalarization.
In the proof, to show the existence of the desired block norm we use the [,
norm, and thus not an oblique norm. The result gives another interpretation
of the results on the weighted Tchebycheff approach in [Steuer, 1986] and
illustrates the idea of introducing block norms to multiple criteria program-
ming.

Theorem 3.1 Let Z € N. Then there exists a block norm 7 so that z
uniquely minimizes

mig y(z) = miny(f(z)).
Proof. Recall that we assumed without loss of generality z* = 0. Define the
unit ball B of a block norm v as B = conv(R(Z)). Assume there is a Z € Z,
Z # z with v(2) < 4(2). From the construction of v we have that Z < z.
Since Z # Z, we have Z; < z; for some ¢, which is a contradiction to Z € N.
Thus y(2) > v(2) for all z € Z. O

We now focus on oblique norms and show that any optimal solution of
the oblique-norm-scalarization of (1) is a nondominated solution of (1). The
converse of this result is not true in general since oblique norms cannot be
used to generate improperly nondominated points.



Theorem 3.2 Let v be an oblique norm and let Z be a solution of
mign y(z) = min y(f(z)).
Then z € N.

Proof. Assume zZ ¢ N. Then there exists Z € Z with 2 < Z; therefore
Ze (Z-RYNRL)\ {z} However according to Lemma 2.7, we have

{z} = ((z— ]R” )NRE)NA(y . Thus z ¢ 9(y(z) B) and from Lemma 2.8, it
follows that Z € int(y(2)B ) Therefore v(2) < (%), which is a contradiction
to the minimality of Z. O

3.2 The Bicriteria Case

In this section we concentrate on bicriteria problems and show that there
exists an oblique norm v for every z € N,, C R? so that z uniquely minimizes

min y(z) = min y(f(z))-

z

We study the cases where Z is a general discrete set, a finite discrete set,
a convex polyhedral set and a general convex set. In each case we prove
the existence of an oblique norm with the above mentioned property by con-
structing its unit ball.

Theorem 3.3 (Discrete case in R?) Let Z C R? be discrete, N, # ©
and let z € N,. Then there exists an oblique norm 7 so that z uniquely
minimizes

min y(z) = miny(f(z)). (3)

z€Z z€S

Proof. Consider the definition of properly nondominated points. For every
z € N, with 29 < 2, we have 21 —2; > —2Z; > —o00, i.e. 2; — 7 is finite. Thus
Zy — 29 < 0 cannot be arbitrarily close to zero. Therefore we can find a line
through Zz with a slope smaller than 0 (and greater than —1) so that there
does not exist a point z € N, with z; < Z; below or on that line. Take the
intersection point of this line and the zs-axis as an extreme point of the unit
ball B of v and find an extreme point on the z;-axis in an analogous way.
The set of extreme points of B is then defined as the union of the reflection
sets of the three mentioned points.

Due to the chosen slope of the boundary segments of B, the unit ball is
convex and satisfies both conditions of Definition 2.4, so the resulting norm
is an oblique norm. Since we constructed the boundary of B so that Z is the
only point in N, N B, Z minimizes (3) uniquely. O

Although we have given a general proof for the discrete case, it is interest-
ing to demonstrate a construction of an oblique norm for the finite discrete
case. The construction is described in Algorithm 3.4 while Lemma 3.5 and
Theorem 3.6 show that the constructed norm is in fact an oblique norm so
that z uniquely minimizes (3).



Algorithm 3.4 Let Z C IR? be discrete and finite, and let z € Np.

Step 1: Finding the extreme points v of B with
v, € [0, 21] and () Z Z2.
If there does not exist a point z € N, with z; < Z; below or on the
line through z and (0,2 + aZ;) where 0 < a < 1, then define v! = z,
v? = (0,22 + az;) and goto Step 2.

Otherwise set v! = z and i = 1. Consider the following problem:

min 2o
st 0< 21 <l (4)
z € Z.

Note that (4) is always feasible, because we consider it only if we have
already found a point z € N, with z; < vi. Let v'™! be the solution
of (4).

If there does exist a point z € N, with z; < vi™! below or on the line
through v* and v**!, then set i = i + 1 and consider again (4) to find
subsequent extreme points. Otherwise redefine v**! as the intersection
point of the z»-axis and the line through v’ and v*!, i.e.

. . 'Ui+1 — ,Ui .
v <0,U;+1 -2 2 ?vi“) .
i+l
U1 Uy

Step 2: Finding the extreme points v of B with
U1 Z zZ1 and v € [0, 22].
Get these extreme points in a similar way as in Step 1 by considering
the following problem:

min 2z
s.t. 0< 2z <wj (5)
z € Z.

Step 3: Finding the complete set of extreme points of B.
The entire set of extreme points of the unit ball B of v is the union of
the reflection sets of all the extreme points found in Steps 1 and 2.

Note that the procedure is finite, since Z and therefore IV, are both finite.

Lemma 3.5 The block norm constructed in Algorithm 3.4 is an oblique
norm.

Proof. We first give two remarks:

(a) Each line segment between two consecutive extreme points v**! and v’
constructed in Step 1 has a negative slope, otherwise a point z € N,, with
z1 < vi and 29 < v} would exist, which contradicts the construction of v’
using a nondominated point. An analogous result is valid for the points
found in Step 2.



(b) The slope of the line segments between v*! and v? constructed in Step 1
is always between 0 and —1 and increases with i. Since a slope change at
v**! occurs only if there is a point z € N, with z; < vi™" below the line
through v? and v**!, the slope can never decrease with i. An analogous

result is valid for the points found in Step 2.

Because of remark (b), B is convex. Due to Step 3 of the algorithm, «y is an
absolute norm. Due to remark (a) and Lemma 2.9, part (ii) of Definition 2.4
is satisfied, and by construction, part (i) of Definition 2.4 is satisfied as well.

(I

Theorem 3.6 (Finite discrete case in ]Rz) Let Z C R? be discrete and
finite, let Z € N,. The point z € N, minimizes

min y(z) = miny(f(z))
uniquely, where ~ is the oblique norm constructed in Algorithm 3.4.

Proof. Follows directly from the construction of v and Lemma, 3.5. O

Theorem 3.7 (Convex polyhedral case in R?) Let Z C R? be convex
and polyhedral and let Z € N. Then there exists an oblique norm v so that
Z uniquely minimizes

min y(z) = miny(f(z)). (6)
Proof. Due to [Geoffrion, 1968], there exists a supporting line of Z at Z
with the normal vector w > 0. Define the two vectors w! = (aw;,ws) and
w? = (wy,aws) where a > 1. Denote the line defined by the normal w!
through z as 1 and the line defined by the normal w? through Z as 5.

Take the intersection point of /; and the z;-axis, the intersection point of
Iy and the z5-axis, and the point Z as extreme points of B in ]R2Z and get the
entire set of extreme points of B by taking the union of the reflection sets of
the three mentioned points.

Conditions (i) of Definition 2.4 is satisfied by construction. Since w' > 0
and w? > 0 and because of Lemma 2.9, B is convex and condition (ii) of
Definition 2.4 is satisfied, so v is oblique.

The point Z minimizes (6) uniquely, because a > 1 and therefore no other
point of N can be in B. O

Theorem 3.8 (Convex case in R?) Let Z C R? be convex and let
Z € Np. Then there exists an oblique norm <y so that z uniquely minimizes

min v(z) = gleigv(f (z))- (7)

Proof. Since Z is convex and Z is properly nondominated, there exists a
supporting line of Z at Z with a normal vector w > 0. We then proceed as
in the proof of Theorem 3.7. a



3.3 Practical Implications

Having established theoretical foundations for applying block norms in bi-
criteria optimization we should turn our attention to the issue of enhancing
the decision making process. Block norms can be viewed as a mathematical
tool but also as a decision tool introducing a piecewise linear utility func-
tion in the objective space which minimized over the outcome set yields a
most preferred nondominated solution. Piecewise linearity avoids compu-
tational difficulties when the utility function is nonlinear but on the other
hand applies different utility to different regions of the objective space. As
the number of the fundamental directions of a block norm and their length
can be easily changed, the resulting utility function can be easily modified
before the decision process starts or in the course of the process. This flexi-
bility allows decision makers to change their preferences while searching for
a most preferred solution.

Furthermore, block norms are dense in the set of all norms in R", see
[Ward and Wendell, 1985], so that any norm in R"™ can be approximated
arbitrarily close by a block norm, a feature again helpful in representing or
approximating complex decision maker’s preferences.

Last but not least, block norms can be helpful in exploring the objective
space in several directions simultaneously, which can be beneficial in MCDM
with multiple decision makers or in designing parallel algorithms for MCDM.

4 Conclusions

In this paper we introduced block norms into multiple criteria programming.
We also defined oblique norms, a new class of block norms specially designed
to generate properly nondominated solutions. These norms are absolute and
have a unit ball whose boundary is determined by hyperplanes with nor-
mal vectors never parallel nor perpendicular to the coordinate axes of the
objective space. This property makes the norms suitable to represent finite
nonzero trade-offs between nondominated solutions.

We showed a general relationship between nondominated solutions and
solutions of the scalarization by means of an oblique norm. Specific results are
presented for bicriteria problems. We also briefly discussed the application
of block norms in MCDM.

We will generalize the results of this paper for the multiple criteria case
and will also study continuous nonconvex problems. In the future, we plan
to develop block-norm-based approaches to MCDM which make use of these
norms’ flexibility and versatility.



References

Ballestero, Enrique; Romero, Carlos (1998). Multiple Criteria Decision Mak-
ing and its Applications to Economic Problems. Kluwer Academic Pub-
lishers, Boston.

Bardossy, Andras; Bogardi, Istvan; Duckstein, Lucien (1985). Composite
Programming as an Extension of Compromise Programming. In Math-
ematics of Multiobjective Optimization (edited by P. Serafini), pages
375-408. Springer-Verlag, New York.

Bauer, F. L.; Stoer, J.; Witzgall, C. (1961). Absolute and monotonic norms.
Numerische Mathematik, 3:257-264.

Carrizosa, E.; Conce, E.; Pascual, A.; Romero-Morales, D. (1996). Closest
Solutions in Ideal-Point Methods. In Advances in Multiple Objective and
Goal Programming (edited by R. Caballero; F. Ruiz; R. E. Steuer), pages
274-281. Springer-Verlag, Berlin.

Gearhart, W. B. (1979). Compromise Solutions and Estimation of the Non-
inferior Set. Journal of Optimization Theory and Applications, 28:29-47.

Geoffrion, A. M. (1968). Proper Efficiency and the Theory of Vector Maxi-
mization. Journal of Mathematical Analysis and Applications, 22(3):618—
630.

Hiriart-Urruty, Jean-Baptiste; Lemaréchal, Claude (1993a). Convex Analysis
and Minimization Algorithms I. Springer-Verlag, Berlin.

Hiriart-Urruty, Jean-Baptiste; Lemaréchal, Claude (1993b). Convezr Analysis
and Minimization Algorithms II. Springer-Verlag, Berlin.

Kaliszewski, Ignacy (1987). A Modified Weighted Tchebycheff Metric for
Multiple Objective Programming. Computers and Operations Research,
14:315-323.

Miura, H.; Chargin, M. K. (1996). A flexible formulation for multi-objective
design problems. ATAA Journal, 34:1187-1192.

Ogryczak, W.; Studzinski, K.; Zorychta, K. (1988). Dynamic Interactive
Network System — DINAS version 2.1. User’s Manual. ITASA Working
Paper WP-88-114, Laxenburg, Austria.

Rockafellar, R. Tyrrell (1970). Convex Analysis. Princeton University Press,
Princeton, NJ.

Schandl, Bernd (1998). On Some Properties of Gauges. Tech. Rep. 662,
Department of Mathematical Sciences, Clemson University, Clemson,
SC.



Silverman, J.; Steuer, R. E.; Whisman, A. W. (1988). A multi-period, multi-
ple criteria optimization system for manpower planning. Furopean Jour-
nal of Operational Research, 34:160-170.

Steuer, Ralph E. (1986). Multiple Criteria Optimization: Theory, Computa-
tion, and Application. Wiley, New York.

Steuer, Ralph E.; Choo, E. U. (1983). An Interactive Weighted Tchebycheff
Procedure for Multiple Objective Programming. Mathematical Program-
ming, 26:326-344.

Szidarovszky, Ferenc; Gershon, Mark E.; Duckstein, Lucien (1986). Tech-
niques for Multiobjective Decision Making in Systems Management. El-
sevier Science Publishing, New York.

Ward, J. E.; Wendell, R. E. (1985). Using Block Norms for Location Model-
ing. Operations Research, 33:1074-1090.

Wierzbicki, Andrzej P. (1980). The Use of Reference Objectives in Multi-
objective Optimization. Lecture Notes in Economics and Mathematical
Systems, 177:468-486.

Yu, P. L. (1973). A Class of Solutions for Group Decision Problems. Man-
agement Science, 19:936-946.

Zeleny, M. (1973). Compromise Programming. In Multiple Criteria Decision
Making (edited by J.L. Cochrane; M. Zeleny), pages 262-301. University
of South Carolina, Columbia, SC.



