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Abstract

Convergence, consistency, stability and pathwise positivity of balanced Milstein methods for numerical
integration of ordinary stochastic differential equations (SDEs) are discussed. This family of numerical
methods represents a class of highly efficient linear-implicit schemes which generate mean square converging
numerical approximations with qualitative improvements and global rate 1.0 of mean square convergence,
compared to commonly known numerical methods for SDEs.

1 Introduction

This paper deals with numerical methods for systems of ordinary stochastic differential equations (SDEs)

(1) dX, = a(t, X;)dt + YV (t, Xy)dW/
j=1

with Wiener processes W7 = (Wt] Jo<t<7. The stochastic integration is interpreted in the It6 sense. Furthermore,
we assume that a € C%0([0,T] x D,D) and & € C%! ([0,T] x D,D) where D C R? is a nonrandom set such
that, for all 0 <t < T, we have

(2) P({X, eD}) = L.

In various areas we are confronted with the problem of invariance-preserving of certain subsets D of R%. A
first approach to tackle this problem is the class of balanced implicit methods (BIMs) as introduced by Milstein,
Platen and Schurz [14], studied by Kahl [8] and Schurz [17, 18, 22]. In the following we use the notation of
multi-indices to describe the It6 integrals we have to use. Therefore we have

(0) (t—s),

I = (W) = W) e N(0,t — ),

t u
s,t _ 7 g
e, = / / AWidW.

One integration step of the BIMs is given by

Is,t

(3) Yorr = Yo+ 3 07 (b, V) IS ™ 4> & (b, Ya) [T (Yo = Yoga)
j=0 j=0

where 0(t,,,Y,,) = a(t,, Y,) and suitable weight functions ¢/ € C%°([0,7T] x D, D) along the discretization
(4) 0<to<t1<...<tn<...tn, <T.
We assume the stepsizes to be variable and the maximum stepsize is given by

(5) DAow = max 1|tn+1 —tnl.

n=0,...,np7—



We already know that the BIMs have a strong and mean square order of convergence ry = 0.5. Improving the
order of convergence requires more information about the underlying Wiener path. Using a stochastic Taylor
expansion leads to the forward Milstein method with order 7, = 1.0 of mean square convergence. Unfortunately
this scheme is neither very stable nor positive-preserving (hence not dynamically consistent). For details on
these facts, see [18]. For improving the stability, we can derive the balanced Milstein methods (BMMs) based
on the (explicit) Milstein method governed by

(6) Yo=Y, + Em:bj (b, Yo ) I Em: LY (t, Yo ) I (7
j=0 i,j=1
+ |, YT + Zd (tns Y I | (Yo = Yogr)
with
(7) Li:kzm:_lb;;(tn,yn);; for ze€D,0<t<T.

Here the functions ¢/ € C°°([0,T] x D, D) play the same role as the weights ¢/ in case of the BIMs (3) and will
be specified later on (see section 5.2 and 5.3). The BMM (6) possesses also a one-step representation

(8) Yoo lt) = y+ ij (s,9) I )+ ZIL V(s,y Iét])
i,
where
(9) Myy(®) = Lo+ d(sp)I+ 3 (s )L
Jj=1

The paper is organized as follows. In Section 2 we state the basic concepts of consistency and main as-
sumptions, and analyse the BMM with respect to conditional mean and mean-square consistency. Section 3
investigates the stability behavior in view of uniform boundedness of its moments. In Section 4 we shall prove
that the BMM has a global strong and mean square order of convergence r, = 1.0 which is the same as the
underlying Milstein method. Finally, Section 5 discusses the almost sure positivity of BMM with diagonal noise
and reports on numerical experiments related to some stochastic volatility models relevant to mathematical
finance. Apart from our theoretical results, these experiments will support the obvious evidence of applicability
and superiority of appropriately chosen BMMs compared to commonly used numerical methods.

2 Conditional mean and mean square consistency

Consider the following definitions. Throughout the paper, fix the time interval [0, 7] with finite and nonrandom
terminal time 7. Let ||.||q be the Euclidean vector norm on R¢ and M, ([s,t]) the Banach space of (F,,)s<u<t-
adapted, continuous, R%-valued stochastic processes X with finite norm || X ||rq, = (sup,<,<; E || X (s)|[5)'/? <
+o00 where p > 1, M([0, s]) the space of F,-measurable stochastic processes and B(S) the o-algebra of Borel
sets of inscribed set S.

Definition 2.1. A numerical method Y with one-step representation Y; ,(¢) is said to be mean consistent
with rate ro on [0, 7] if 3 Borel-measurable function V : D — R1 and 3 real constants K§ > 0,0y > 0 such
that V(Fs, B(D))-measurable random variables Z(s) with Z € Ms([0,s]) and Vs,t: 0 <t — s < dy

(10) |E [Xs 206 (t) = Ys 2o O Flla - < K§/V(Z(s)) (t—s)

Remark. It is well-known from Milstein [13] and Kloeden and Platen [11] that the standard Milstein method
is mean consistent with worst case rate ro > 2.0 and moment control function V(z) = 1 + ||z||? for SDEs (1)
with global Lipschitz-continuous and linear growth-bounded coefficients ' € F c C12([0,T] x D).

Definition 2.2. A numerical method Y with one-step representation Y; ,(t) is said to be mean square
consistent with rate 7, on [0,7] if 3 Borel-measurable function V : D — R! and 3 real constants K§ >
0,60 > 0 such that V(F,, B(D))-measurable random variables Z(s) with Z € M»([0, s]) and Vs,t: 0 <t—s < §

(11) (ENX. 200~ Yoz @IEFD) < KS JTEZE) (¢ - o



Remark. It is well-known from Milstein [13] and Kloeden and Platen [11] that the standard Milstein method
is mean square consistent with worst case rate ro > 1.5 and moment control function V (z) = 1+ ||z||3 for SDEs
(1) with global Lipschitz-continuous and linear growth-bounded coefficients b € F ¢ C*2([0,T] x D).

2.1 The main assumptions

Let ||.||gxa denote a matrix norm on R?*¢ which is compatible to the Euclidian vector norm ||.|| on R?, and
(., .)a the Euclidean scalar product on R?. Furthermore we have to assume that the coefficients a and b’ are
Caratheodory functions such that a strong, unique solution X = (X;)o<i<r exists. Recall that D C RY is
supposed to be a nonrandom set. To guarantee the convergence of the BMM the following conditions have to
be satisfied:

(A0) Vs,t €[0,T] : s <t = P({X,; € D|X, € D}) =P({Y;,(t) € Dly € D}) = 1.
(A1) 3 constants Kp = Kp(T), Kp = Kp(T), Kv = Ky (T) > 0 such that

(12) Vte[0,TIVaeD: > [|B(ta)|f < (Kp)’V(z)
j=0
(13) Ve [0,T] Ve eD: Em: L (t,2)|2 < (Kp)*V(x)
i,j=1
(14) sup EV(X;) < Ky EV(Xy) < +oo
0<t<T

with appropriate Borel-measurable function V : D — R}F

(A2) The forward Milstein method Y™ applied to It6 SDE (1) is assumed to be mean consistent with
rate 7)1 > 2.0 and mean square consistent with rate r3? = 1.5 with respect to V with real constants
Ké\4’Ké\/[70<60§1.

(A3) dreal constants Ky = Ky (T) > 0, and Kop = Kop(T) such that, for the chosen weight matrices
&’ € R™*4 of BMMs (6), we have

(15) Vs,t:0<t—s<dp,VreD M;;(t) exists

with — ||M; (t)llaxa < Ku
<$7M;;(t)b0(57x)>d < KopV(x)

(A4) 3 real constants K = K (T) >0 and K;; = K;;(T) > 0 such that, for the chosen weight matrices
&’ € R¥*? of BMMs (6), we have

(16) Vte[0,T|VzeD : ||d°tx)b°(t,z)||3 < KiV(x)
(17) Vte[0,TIVeeD = Y || (t,x) L7V (t,x)||F < Ki;V(x)
j=1

(A5) d real constants K[[[ = K[[[(T) 2 0, K]V = K[\/(T) 2 0, KV = Kv(T) 2 0 and Kv[ = KV[(T) Z
0 such that, for the chosen weight matrices @’ € R¥*? of BMMs (6), we have



(18) vte[0,T]VeeD : Y ||dt )b (t2)llf < KirV(e)

=0

(19) Vt e [0,T] Ve e D St 2) LY (¢ 2) )] < KiyV(z)
ij=1

(20) VEe[0,TIVaeD = Y > |ld(ta)V (tx)|] < KiV(x)
=1 j=0

(21) Vte[0,TIVeeD = Y > |ld(tz) LV ()] < Ky Vi(x)

14,j=1

Remark 2.1. The assumption (A1) guarantees the existence of unique and continuous solutions for the system
(1) with boundedness of moments along the function V. (A2) is neccessary to prove the mean and mean square
consistency of the BMM while comparing it with the forward Milstein method. Assumption (A3) ensures that
the BMM (6) is well defined and a first proposal for the parameters choice is given in Theorem 2.2 below.
To prove the mean consistency of the BMM we have to restrict the weight functions by the conditions given
in (A4) and (A5) is needed to guarantee the mean square consistency and, above all, to prevent any possible
local explosions and to guarantee uniform boundedness of its increments and moments (i.e. these methods are
indeed well-defined). If both the exact solution X and numerical approzimation Y leave the metric space D C R?
invariant with probability one as required by (A0), then the conditions (A1)-(A5) can be relazed to x € D instead
of whole-space requirement x € R%. Note, the constant Kop of one-sided boundedness can be estimated from
above by the positive constant Kop < (1+ K3, K%)/2 if V(z) > ||z||3. However, for the later purpose of more
efficient results on stability, by (A3) we allow it to be negative as well.

Theorem 2.2. The assumption (A3) under (A0) with ||z||3 < p?V (z) and constant p?> > 0 for all x € D can
be fulfilled by weight functions d? satisfying

(A6) Yt € [0,T|Vz € D: d°(t,z) — %ZTzl d’(t,z) is positive semi-definite and
(A7) Vj=1,2,...mVt €[0,T| Vo € D: d’(t,x) is positive semi-definite.

Proof. Set A =t —s. We can easily verify that M, ,(t) is positive definite

1< . ,
Ms,a:(t) = Id+d0(t7$)A+ §Zd](t,$) ((AWJ)Q —A)
j=1
1o 1 & L
= I+ | dta) - ) dita) | A+s D d(ta) (AW).
2 = 2 = —
>0
positive semi-definite positive semi-definite

Therefore, IK s < 1 such that ||Mg}()]laxa < Ka <1 for all A = (£ —s) > 0. Moreover, one finds that

_ 1 1
@, MO (s) < 5 (el + K10 (s. 0)[13) < 50+ K KBV (@)
since 2ab < a? + b2, i.e. IKop < (p? + K2,K%)/2. Thus, the proof is complete. O
I P M B I p p

Remark 2.3. Conditions of Theorem 2.2 imply that the constant Ky; involved in (A8) can be estimated by
Ky < 1. Of course, a uniform estimation of Ky under (AG)-(A7) for allt > s > 0 leads to the computation of
Ky =1 since A =t — s can be chosen arbitrarily small. However, for fized partitions of [0,T], we can observe
that the better the estimate on Ky is the greater the stabilizing effects on numerical dynamics of BMM (6)
along the underlying partition (cf. also its use in later estimates with respect to consistency and stability). Note
that the choice of Ky is strongly related to the estimation of constant Kop resulting from (A3), which can be
negative too.



2.2 Mean consistency of BMMs (6)

Using the mean consistency of forward Milstein methods, we are able to prove the mean consistency of the
BMM.

Theorem 2.4. Assuming that the conditions (A0)-(A5) hold with a worst case rate )’ > 2.0, control functional
V and consistency constants K} and 6o. Then the BMM (6) is also mean consistent with worst case rate
ro > 2.0, control functional V' with §yg and consistency constant

1
(22) K§ < KM + Ky (K7 + §KH\/%)

Before we can prove this theorem we have to recall some facts about the expectation of multiple It6 integrals.
This is done by the following Lemma. Let d; ; denote the Kronecker symbol.

Lemma 2.5. The following properties of multiple Ito integrals hold:

Vji=0,..,m E [Igoﬁlaﬂ = 8ot —5)%,
Vi,j=1,..m [I(SO’;I”} — 0,
Vi,j=1,...,m [I(Sjl)f]“ } — 0,

Vij=1.om  E[GYI] = %5l,i5i,j(t—s)2.

Proof. Set AW3 = W} — Wi and A =t — s for each t > s. Consider the following conclusions. First, for all
j=0,1,...,m, we have

s,t rs,t s,t . 9
E {I(O)Im} = IpE {I )} =(t—-s)E /de = o (t — s)
since W0 = u and E[W/ — W] =0 for j > 1. Next, for i,j = 1,...,m, we arrive at

t u
s,t 18, t _ s,t s, t _ _ i il
since I(; ;) is a martingale starting at 0. Furthermore, for all 4,j = 1,...,m, we may conclude that

B[] = 0-s0m [ & (1] + sgE [aw (@ - a)
1

05z B

SE [(AW)F - a@awd))| =0

while using the fact E[¢]* = 3 - 0% whenever ¢ € N(0,02) is Gaussian with variance 02 = t — 5. Finally, we
exploit orthogonality of It integrals as known from Lemma 5.7.2 of [11] (see page 191 and page 223). Thus,
for all ,4,5 =1, ...,m, we have

s,t rs,t 1
E [I(z l)I(Zj):| = 01,40, E[(I}, « z)) | = §5z,i5i,j(t —s)?

since independence of Wiener processes and Ito integrals holds for independent factors of them and, more
precisely, one obtains

cfon)] - 2[oy=2]-

= i(t—s)2[3—2+1]:

E [(AWH)* — 2A(AW)? + A?]

M|~ B

(t —s)2.
This completes the proof of Lemma 2.5. O

Remark 2.6. A more general discussion on relations between Ito-integrals can be found in [11].



Proof of Theorem 2.4. Let Z(s) € M([0,s]) (i.e. Z(s) is at least Fs-measurable). Then, Vs,t:0 <t — s < dp,
we get

1E [Xs,2(5)(t) = Yo 205 (DI Fs] lla

< ||E |:XS7Z(S)( ) =Yt )If} lla+ || E [ YM 0 - )/S,Z(s)(t”fs} P
< KY\VV(Z(s)(t—s)?
! j st
< KY\VV(Z(s)(t—s)?
B [ Yo o W AT + 3 e DL AT
j=0 i,j=1
! s, t 1 z s,t t
—|—sz (s,2)b (5,2 Izz)I(‘SJ) —I—Z Z d'(s,2)L'V (s,2)1})) isw)} z=Z(s)Hd
1=1j=0 1=114,j=1
< KYWV(Z(s))(t - s)
K[ E [do(s’ 2 (s, )Ly gy + D_ A (s, Z)ijj(saz)l(éa,ta)[isjfa)} z:z(s>|ld

j=1
1/2

IN

K V(Z(9)(t = 5) + K (|1d°(s, Z(5))6" (s, Z(s))][3)

1/2

g Earvim | Sl s, ZN DV (s, 2G| (- s
j=1

IN

(K& + Kaa (K + 5 Kar/im) | VVZ@) )

where we have used the discrete Holder inequality and Lemma 2.5. Thus, the verification of local rate 2.0 of
mean consistency with related consistency constant KOC along the control function V is complete. O

2.3 Mean square consistency of BMMs (6)
In a similar way we can prove the worst case rate of mean square consistency of BMMs.

Theorem 2.7. Assuming that the conditions (A0)-(A5) hold with a worst case rate 31 > 1.5, control functional
V and consistency constants K and 5o < 1. Then the BMM (6) is also mean consistent with worst case rate
ro > 1.5 control functional V' with 69 < 1 and consistency constant

(23) KQC < (Kéw —|-2KM(\/m+ 1K[[[\/I?§+ijvy/Ké
+mym + 1Ky KL + m?’/QKV“/Kg))

where KI <1, Kf <1/2,Kf <5/2 and K{ < /1350.

Before we can prove this theorem we have to recall some further facts about the moments of multiple 1t6
integrals. This is done in the following Lemma. Recall that ¢; ; denotes the Kronecker symbol.

Lemma 2.8. Assume that 0 < t—s < 1. The following properties of multiple It6 integrals hold: 3 real constants
Ki, K!, KI and K such that

27
Vi=0,..,m [(I(Soglj’) = KIt—s) < (t—s)3 (equalifj=1,..,m)
.. s,t rs, 2] 1
VZ,j :1,...,m |:(I(0t]'(ztj)) = Ké(t—s)s = i(t_8)4’
- sitpsit 2] 5 1 , 5 ,
Vij=1,...m {(1(51(1’;)) = KNt-3)° = (5j,l§+(175j7l)§)(tfs)3 < S(t—s)
Vi, i, 5 =1 et Y] = ki 1 < V1350 to k=1
dj=1m B (1 (m) = Ki(t-s)' < VIBS0(t—s) (K= if 1=i=).



Proof. The proof of this Lemma relies on elementary relationships between Ito integrals, the fact E[¢]*" =
(2n — 1! - 02" whenever Gaussian £ € N(0,0?) with 02 =t — s, the binomial theorem, Cauchy-Bunjakowskii-
Schwarz inequality and above all the isometry property of It6 integrals. In details: Set AW? = W/ — W7 and
A =t—s <1 for each t > s. Recall that [ (Sltj) represents a square-integrable martingale. Let < M >' denote
the quadratic variation of inscribed martingale M on [s,t]. Note, by isometry of It6 integrals, that

(t—s)? t
s t—s s, i i
Bl< 1) > = Y50 = I P = ELf 0 - WhPdu

S

for 4,5 > 1. Now, consider the following conclusions. First, for all j =0,1,...,m, we have
2 . N
E {(1;(;;13;) } = o (t—s)* +(1—80,)(t — 5)2E [(Wg —Wg) }
< (t—s)>

Next, for all j = 1,...,m, we may elementarily calculate that

s,t rs,t 2 (AWJ)Q - A 2
E [(Qoﬂ(m) ] (z

(t—s)’E

_ (t*5)2 j \2 91 1
= 1 E[(AW )4—2A(AW) +A]—§(t—s)4

by binomial theorem and the fact E[(AW7)%] = 3A2% = 3(t — s)2. More general, for all i,j = 1,...,m, we arrive
at

t u 2
E (Is’tls’t )2 = (t—s)’E AW W7
(0)*(4,) - s R
_ 2 st t] (t_3)4
= (t-9)°E [< I3 >t = .

S?

by applying the isometry property of It6 integrals to the martingale I ()" Furthermore, for all I,j = 1,...,m,

t
\J
we can show that

E {(I(Sjtilfl’fl)f] = iIE [(AWj ((anh? - A)ﬂ

_ %E [(AWj((AWj)Q - A)ﬂ + 1_T6“E [(AW/)?] E [(@WI)Q - A)T

1_75“@ —s)E [(AWH)* —2A(AW!)? + A?]

[«

= “ZLE [(AWT)S — 2A(AWI)t + A2(AWY)?] +

1-6;
#(t—s)gE[i’;—Zl—l—l]

(o)
NN

= Z2lt—gB3[5-3-2-3+1]+

e

(62 + (=805 )t —5)° < S(t—5)°

since _
E[(AW)?"] = (2n - 1DNA" =(2n—1)-(2n —3)-...-3-1-(t — s)"
for all n € N. Finally, for all [,4,5 = 1,...,m with [ =i = j or [ # i, j, we find that

E {(Qi’,i)@fj))? = 01,101 {(@3))4] + (1 =06,)(1=6d;)E [(I(s[,tz))z} B [(Ié’fj)ﬂ

1 _ 4 1 2
61,0157 B {((AWJ)Z - A) ] + (L= 6 (1= b) 7 E [((AWZ)Q _ A) ] 'E [< I >g}
- 5l,i5i,j% E [(AW7)® — AA(AWT)S + 6A2(AW)* — AAP(AWT)? + AY]
1 14 \2 (t—s)°
75-3-4-5:316-3-4-1+1 1 t—5)
= 00 T i (tfs)4+(1751,,;)(17517j)1(t75)2[372+1]-( 25)
15 t—s)t 15
= a9+ (-a00-a) T < Beogy



by using the isometry-relation for Ito6 integrals and the binomial theorem. It remains to check the case for all
l,i,j=1,....,m with [ =14 # j or | = j # i. Due to symmetry of its analysis, it remains to verify only one of
those two cases. For example, for [ =i # j, consider

E [(Iigz’,tnffi,tj)ﬂ : (E [(Ifl’»t”ﬂ)l/z <E [(Iay’tj)ﬂ)m

N 172
< @(t—s)2 E /(W;—W;)dwg
< \/Tlg(t_s)z(KBDG(4))l/2(]E[(< Iflt) >3) ])1/2 < \/Tﬁ(t—s)‘l(KBDG(‘l))l/z < V1350(t — s)*

by applying Burkholder-Davis-Gundy inequality (see [16]) and Cauchy-Bunjakowskii-Schwarz inequality twice.
Notice also that
¢

Bl(< 1t >0% = B |(fovi-whan)
< (t—s)/E[(WfL—WSZ)‘l] du = 3(t—s)/(u—s)2du = (t—s)h

Thus, all constants K ; for p = 5, ..., 8 can be estimated as claimed by Lemma 2.8, hence its proof is complete. [

Remark 2.9. The universal constant Kgpg resulting from the Burkholder-Davis-Gundy inequality is governed

b
y onet= (23] (5"

p—1
hence we may estimate Kppa(4) < 360 or Kppa(2) < 4. In fact, some of our estimates are essentially better
than those stated in [11] (e.g. as in Lemma 5.7.5 at page 197 for the case l =1 =j).

Proof of Theorem 2.7. Let Z(s) € M([0,s]) (i.e. Z(s) is at least Fy-measurable). Then, Vs,t:0 <t —s < dp,

we arrive at

1/2
(E H|XS,Z(S) (t) - YYS,Z(S) (t)||3|]:s])
9 1/2 ) 1/2
< (B2 = Y2 OIEED) "+ (BN 0 — Yaze OIEIF])
< KNVV(Z(s)(t - 9)Y?
1/2
| Bl o 01 Zb 90+ 3 LW 1 |,
i
< KTVV(Z(s)(t - 9)*?
O s,t rs,t 0 1 s,t rs,t
+KM( {||Zd s, 2)b (s z)I(O I+ Zld s5,2) L'V (s, z)I(O)I(m.)
irj
e s,t s,t 1 z s,t st 1/2
+ZZ (s, 2 I(z l)I +Z Z d'(s,z) L'V (s z)I(l l)I Hd” :Z(S))
=1 j=0 1=11,j=1

IN

KYNVZEN - )7 + 2K (E [I|Zd0 5,20 (s, 2) G I 1] | e

FE (1Y ds, )L (s, ) I 1 |13 H e

”z:z@)

. m m o 1/2
+E ||Z Z dl(s,z)leJ(s,z)ISt Iéz I ”Z:Z(s)> :

1=11i,j=1

+E ||ZZdl(s,z)b](s ,Z)ISlt IS




Using the discrete Holder inequality and moment properties of products of iterated stochastic integrals leads to

(EIIXs 205 () = Ya 20 (DIBIF]) 2
< T " (om0 32 e
7=0
m 2
m? 3;1 E [||d0 5, 2) L (s, z)||d(I §I(jj)) } e
mm+1)3 Y E [Ildl 5, 2)b (s, z)Hd(Ia’})I(SJD ”Z:Z(S)

=1 j=0

m m 2
m’y Z (1 (s, 229 (5, 2) 3 (15, ) |
1=114,j=1
< (K§[+2KM(\/W+1K[[[\/K75I+TRK[V KGI
+vmvm + lKv\/I?% + mS/QKV,\/KT{)) V(Z(s))(t — s)*/?

where the constants K, ZI originating from the moment estimates of Lemma 2.8 are as defined in the statement
of Theorem 2.7. Thus, the proof of its claim is complete. O

)1/2
z=Z(s)

3 Stability (uniform boundedness) of 2nd moments

Consider the following definition as originally introduced in [22].
Definition 3.1. A numerical method Y with one-step representation Y ,(t) is said to be weakly V-stable
with real constant Kg = Kg(T) on [0,7] if V : D — R} is Borel-measurable and 3 real constant §, > 0 such

that V(Fs, B(D))-measurable random variables Z(s) and Vs,t: 0 <t—s <4y <1
(24) E[V(Ys 2z @)Fs] < exp(Ks(t—s))V(Z(s)).

Theorem 3.1. Assume that (A0)-(A5) with V(z) = p? + ||z]|3 (p € R' some real constant) hold. Then the
BMMs (6) with Apar < 0o <min(1,T) are weakly V-stable with stability constant

(25) KY < 2Kogp+(m+1+m-m)(K}+ Kp)K3,

and they satisfy global weak V -stability estimates

(26) EV(Yoy, () < exp(KET)EV(Yy),

) swp EV(y() < ep(KYLT)EV(Y)
<t<

where [+ denotes the positive part of the inscribed expression.
Proof. Recall that

U5 el = B 07 - wira

s,t t1
El< Iy >l=

for 4,5 > 1. Now, let y € D be nonrandom. Calculate
2
m .
E(Vepolll = E |5+ Mok [ S0+ Y vy,
=0 i,5=1 d

2

m
= I3+ 2E <y, Mo OV (s,9) >dl(t — ) + E | [ M 3(0) Zbﬂ<syfg§+zv (s, )5,

i,j=1 d
< lyllz +2KosV (y)(t = s) + Kip(m + 1+ m-m)(Kj + K3)V(y)(t — 5)°
< |yl + 2Kop + Ki((Kj + Kp)(m + 1+ m-m)]V(y)(t — s)
<

exp (KY (t =) V()



using (A1), (A3), 0 <t — s < 1, well-known martingale properties and Hélder inequality. Now, add p? to the
derived inequality. Suppose that V(y) = p? + ||y||3. For nonrandom y € D and 0 < ¢ — s < §y, conclude that

EV(Yiy®)] < exp (K (t—5))V()

where
KY <2Kop+ K3/(KE + K})(m+1+m-m)

by using the elementary inequality 1+ 2 < exp(z) for all z € R!. It remains to apply the fairly general Theorem
3.1 from [22] with constant KY = 2Kop + K2,;(K% + K%)(m + 1 4+ m - m) along V(y) (which is gained by
exploiting the tower property of conditional expectations). This confirms the assertion of Theorem 3.1. O

4 Global mean square convergence

The concept of global mean square convergence is understood as follows.

Definition 4.1. A numerical method Y with one-step representation Y; ,(¢) is said to be (globally) mean
square convergent with rate r, on [0,7] if 3 Borel-measurable function V' : D — R! and 3 real constants
K, =Ky T)>0,KY = K¥(V),0 < Apyar < 6o < 1 such that V(Fp, B(D))-measurable random variables Z(0)
with E[||Z(0)||?] < +oo and VE: 0 <t < T

(28) (E [[1X0,2(0)(t) = Y0,2(0) (t)‘|3|~7:0])1/2 < Kgexp (th) V(Z(0)) Ariax

along any nonrandom partitions 0 =ty <t; < ... <t,, =T.
Using the results of the previous section, the following theorem is rather obvious in conjunction with standard
L2-convergence theorems following stochastic Lax-Richtmeyer principles as presented and proven in [19, 20, 21].

Theorem 4.1. Assume that the conditions (A0)-(A5) hold with a worst case rate 21 > 1.5, control functional
V(z) = p*+||z||3 with p € R, mean K} and mean square consistency constants K!, and 6o < 1. Furthermore,
let X be conditionally mean square contractive, i.e. 3 real constant Kg such that, for all 0 <t —s < §g <
min(1,7) and all (Fs, B(RY))-measurable random variables Y (s), Z(s) with Y, Z € Mx([0, s]), we have

(29) (ElXe )~ Xz @IEF) " < exp(KE(E = )Y () - Z()]a

Assume that the coefficients b (5 = 1,2,...,m) are uniform Lipschitz-continuous with Lipschitz constant K,
such that

(30) Vi€ [0,T) Yo,y e RT Y|V (t,2) = b (1,97 < Kl lle —yll3.

j=1

Then the BMMs (6) are also mean square converging with global worst case rate ry > 1.0 along the control
functional V' with mazimum stepsize Apar < 6 < max(1,T) and

1/2
Ky < ((K§)? + (K + (Kon)?)) " exp ((KX]- + [KX] ) A

where K§ and K§' are the constants as estimated by Theorems 2.4 and 2.7, respectively, Kg is the mean square
contractivity constant of X and K¥ the mean square stability constant of BMM (6) as estimated by (25).

Proof. We may take ryg = 2.0 from Theorem 2.4 and ry = 1.5 from Theorem 2.7. Furthermore, Theorem
3.1 guarantees us moment stability along V(z) = p? + |lz[|3. It remains to apply Theorem 1.1 from Milstein
[13] in the case D = R? and V(z) = 1 + ||z||2 and / or Theorem 2.1 from Schurz [20, 21] with D C R¢ and
V(z) = 1+ ||z||3. For example, a little more detailed, recall the local rates of mean ro > 2.0 established by
Theorem 2.4 and ro > 1.5 established by Theorem 2.7. The solutions of the underlying diffusion equations have
Holder-continuous paths with mean square Holder-constant rg,, = 0.5. Therefore, Theorem 2.1 of [20] as well
as the axiomatic approach described in [21] yield the global rate ry = rg + rem — 1.0 > 1.0 of mean square
convergence on the finite time-interval [0, T'|. Furthermore, the error constant K, can be estimated by

Ky < (U5 + (ET1 4+ (o)) e ((UE )+ (K210 A )

using Theorem 2.1 from [20]. So the proof is complete. O



5 Global almost sure positivity of BMMs with diagonal noise

The problem of positive invariance of BIMs (3) has already been studied by Kahl [8] and Schurz [17, 18]. In
this paper, we illustrate that the class of BMMs provides an efficient alternative to generate positive-invariant
numerical approximations.

Consider the following mean-reverting process

(31) dX, = k(0 — X,)dt + o XPdW,

with 6,k,0 > 0 which is of great importance in financial mathematics as well as in other areas of applied
science. Focusing on the financial meaning of this equations we obtain the well known Cox-Ingersoll-Ross model
[5] with exponent p = 0.5, describing the short-rate in the interest rate market. Furthermore this SDE can be
used to model stochastic volatility as it is demonstrated in Andersen and Piterbarg [3]. In such a situation the
mean-reverting process is only one part of a two-dimensional system of SDEs

dS; = M) F(S)V/XedWy(t)
dXt = K(Q—Xt)dt-i-UXg)de(t)

with suitable functions A and f and correlated Brownian motions dW7(t)dWa(t) = pdt. Apart from the cor-
relation of the Brownian motions the volatility is independent from the underlying S; so that we can focus on
the process X; itself. This way of coupling is quite common in the modelling of financial markets, e.g. An-
dersen and Brotherton-Ratcliffe [2] used this mean-reverting process to simulate the stochastic volatility in the
Libor market model. Nonetheless as the process X satisfies the positive-invariance property (2) with respect
to the metric space D = (0, 400) combined with nonexploding higher moments it is a great task for numerical
integration itself.

So this raises up the question whether BMMs (6) with appropriate weights d’ possess such a property?
The classical BIMs (3) can preserve positivity almost surely too, however their global rate of mean square
convergence is r, = 0.5 (see relaxation of conditions by [22]) and their weights ¢/ must be chosen very carefully,
e.g.

A(z) = a,ct(x) = |of|zP7L.

For more general SDEs (1), only a local e-positivity can be verified for BIMs under the preservation of conver-
gence properties as known from standard Euler-type methods on the whole axis R, see [17, 18]. So it would be
advantageous to construct a BMM with positive invariance of D and global rate 1.0 of mean square convergence
to improve the numerical approximation qualitatively farther.

The standard explicit and the drift-implicit Milstein methods as discussed by Kahl [8] and Kahl, Giinther
and Rofiberg [9] in the context of applications to interest rate modeling provide a possibility of preserving
positivity too. However, certain stepsize restrictions apart from other conditions occur there. In a very natural
way BMMs may inherit this invariance property for all stepsizes and they have the additional feature to control
the stability of numerical integration by using the weight functions d°,d", ... in an appropriate manner.

5.1 Positivity preserving property of BMMs with diagonal noise

To simplify the notation we relate our discussion to stochastic differential equations driven exclusively by
diagonal noise. Recall that L'b7(t,x) = 0 for all i # j where 4,j = 1,...,m. In this case the BMMSs (6) with
diagonal noise follow the scheme

7 tn,tn 1.7 tn,tn
(32) Yopr=Yn + ,Zobj(tn’Y")IU) o Zleb](t”’Y”)I(j,j) .
Jj= =

tn,ln j tnytn
|, Y I Y (b, Ya) I | (Yo = Yaga)
j=1

Recall the following definition going back to [17, 18] to classify numerical methods with respect to the
preservation of natural boundary conditions. Let the relation z > ¢ on R? be defined by z; > ¢; for all
i =1,2,...,d in a componentwise manner.

Definition 5.1. Let X = (X;);>0 be the underlying real-valued stochastic process satisfying

VE>s>0: PH{X: >Xs>c})=1



with a fixed threshold ¢ € R%. Then, a numerical integration scheme ¥ = (Y3 nen is said to have eternal life
time with respect to the threshold ¢ with |¢| < 400 if

(33) VneN : P({Yoy1 >V >c}) =1,

otherwise finite life time.
In particular, in another words, we are interested on the preservation of the natural boundary ¢ = 0 by
numerical approximations. Set D = (0, 400) for the remaining part of this paper.

Theorem 5.1. The one-dimensional BMM (32) satisfying (A6)-(A7) along partitions
to <ty < ...<tlp <tlpy1<..

has an eternal life time with respect to the threshold ¢ = 0 if the following additional conditions hold:

(A8) ¥j=1,...,mVt, €0,T] and Vx € D

(34) V (ty, ) 9

J J
8xb (tn,z) + d& (tn,x)z > 0,

(A9) Vt, € [0,T] and Yz € D

(35) z - i : (b (b, 2))* >0
o2 (tn, @) 2bi (tn, x) + 2d7 (t,, )2

(A10) If

m m

D(ty,z) = a(tp,z) — %ij(tmx)a%bj(tmx) +d°(tp, )T — %Zdj(tn,x)x <0

j=1 j=1
for a value x € D at time-instant t, € [0,T] then the current stepsize A, is chosen such that

Vt, € [0,T], Ve € D

x + N(tn,x)

(36) A, D7)

where

Newr = -5 (5 (1 7))
" 269 (ty, ) 2 b3 (b, @) + 2d0 (t, )T

Remark 5.2. The first restriction (A8) guarantees that the BMM inherits the positivity preserving structure
of the underlying Milstein method. Condition (A9) is more technical, but in many applications this is valid
without the use of the weight function d*. (A10) is only neccessary if D(t,,x) < 0, otherwise we can drop
this restriction for positivity. So, we obtain a first idea to apply BMMs as advanced Milstein-type methods to
preserve positivity by choosing d° and d* in such a way that D(t,,x) is greater than zero and we do not have
to restrict the stepsize through (36) in this case. Furthermore, for the application of our results on mean and
mean-square consistency to guarantee global mean square convergence with worst case rate 1.0 and positivity
at the same time, we need to require that D(t,z) > 0. Note that the adapted, but random stepsize selection
depending on current random outcomes Yy, by condition (A10) in the case of D(t,x) < 0 would contradict to
the exclusive use of nonrandom stepsizes as exploited in our major convergence proof-steps in previous sections.
Moreover, a restricted step size selection as given by (A10) throws out the problem of proving that any terminal
time T can be reached in a finite time with probability one. So it is advantageous to require D(t,z) > 0 for all
x>0 and 0 <t <T for meaningful and practically relevant approximations.



Proof of Theorem 5.1. Set x =Y,,. Using the one-step representation of the BMM (8) we obtain

1o~ ,
L d (@) + 5 D & (b, ) (AW = A) | Yo

j=1

(ac +a(tn,x)A, + Z W (ty, ) AW + 3 Zb](tmﬂc)2

1 1\ 2
‘ ‘ 6xbj (tn,x) ((AW,{) — An)
=1 j=1
1< . )
+ s )0+ 3 3 () (AW? = ) )
i=

= R(tn,Y,).

The expression (...) infront of Y41 at the left hand side of this equation is positive due to (A6) and (A7).
Rewriting the right hand side leads to
(37)
1 m )
R(tp,x) =ax+ | a(ty,x) — Zb” t”,x (tn,x)—i-do(tn,x)x— §Zdj(tn,x)x A, + g(AWE . AW

j=1
with

m

(38) GAW,, o, AW = b (b, 1) AW + = Z( tn,x)aib’(tmx)+dj(tn,a:)a:> (AWI)2.

Jj=1 Jj=1

The function g : R™ — R! possesses a global minimum due to (A8). More precisely, an obvious calculation
shows that

- W (ty,z))?
(39) min g(z) 8( ( ) , .
zER™ o2 (b9 (tn, ) 2207 (ty, T) + I (tn, )T)
This enables us to estimate R from below by replacing the value of g(AW,}!, ..., AW™) by its minimum. So we
arrive at

1 m 6 1 m )
> _Z _Z j
R(tn,xz) > = + (a(tn,x) Q;b (tn,m)a W (tp, ) +d°(tn, z)x 2;d (tn,x)x | Ap
- (V (tn, z))?
_ = N(t,, D(tn, z)A,
;2(bj(tn,x)a%bj(tn,x)+dj(tn,x)m) @+ N(tn, @) + Dltn, )

We can clearly see that (A9)-(A10) under (A8) are needed to get positive values Y;,+1 > 0 whenever Y,, > 0 for
all n € N. More precisely, if

D(tn,z) = | a(tn,z) — = Z (s 7) 5 (tn,x)er(tn,xxfdeJtmx) >0
: ] 1

then R(tn,x) > 0 and we do not need any restriction of the stepsize A, by (A10) at all. If D(t,,x) < 0 then
z + N(tn,z) + D(tn,z)A, > 0 guarantees that R(t,,x) > 0, hence condition (A10) is needed in this case.
Therefore, assumptions (A8)-(A10) imply the property of eternal life time of related BMMs with respect to the
threshold ¢ = 0. 0

Remark 5.3. The proof of Theorem 5.1 shows that the condition (A9) can be relazed to

m (b (tn, x))?
(40) T Z 209 (tn, ) b9 (b, @) + 20 (t, )

if D(tn,x) > 0.

Moreover, in some cases it is more efficient to verify the following conditions instead of restrictions (A9) and
(A10) known from Theorem 5.1.



Corollary 5.4. The one-dimensional BMM (32) satisfying (AG)-(A7) along partitions
o <ty < -+ <tlp <lpy1 <---

has an eternal life time with respect to the threshold ¢ = 0 if condition (A8) is fulfilled and

(A11) Vj=1,..,mVt, € [0,T] and Yz € D

(41) z+ N(ty,z) + D(tn, z)A, > 0.

Where the functions N and D are defined in Theorem 5.1.

5.2 First applications of Theorem 5.1

To demonstrate the practial use of this result we present some examples with analytical positivity where the class
of BMMs (6) proves to have preferrable positive-invariant integration schemes with higher order of accuracy.

Example 5.5. Consider the one-dimensional geometric Brownian motion

m
(42) dXy = o; X, dW/},  Xo=m0>0

j=1
without any drift which is a standard example for stability analysis for numerical integration schemes for sto-
chastic differential equations (e.g. see [14], [18], [22]) where the standard numerical methods possess serious

stepsize restrictions or even fail to preserve stability and positivity. Kahl [8] showed that the Milstein scheme
has an eternal life time if m =1 and

(43) A, <

m
P (tp,z) > 5 > a3,
j=1
Vi=1,..,m d'(ty,z) = (m—1)o}
can solve this problem with higher order of accuracy very easy since
1q- o 0 m—1x~ »
D(tn,z) = —§Zij+d (tn,x)x—T oz
j=1 j=1
m
> ——ZU T+ — Za T = and
m o222 .
N(tn, = il = -=<0
( n $) ; 20’ x + 2(m 1)0’?1’ 2

for x € D = (0,+00). Hence, the restriction (A10) on the stepsize A, is not relevant here. However, notice
that a restriction of the form D(t,,x) > —K = constant is important for the finiteness of the related numerical
algorithm (i.e. in particular in order to reach any desired terminal time T > 0 with probability one). Moreover,
all assumptions (A0)-(A9) are satisfied. Consequently, the related BMMs provide positive-invariant, consistent,
stable and mean square converging numerical approrimations to test SDE (42) with eternal life-time on D =
(0, +00).

Remark 5.6. A simple choice to simulate SDE (42) on D = (0,400) is given by BMMs (6) with weight

functions d°(t,x) = 2 EJ 1 0'] and d’(t,z) = 0 for all j = 1,2,...,m. To verify its positivity, one may apply
2

Corollary 5.4 under the basic assumption that Z 107 > 0. Also, note that the latter ezample can be even

generalized to SDFEs with diagonal noise on D = (O +00)? where all weights d? in related diagonal BMMs are
positive diagonal matrices, just by componentwise treatment.



Next we want to focus our discussion on the mean-reverting process (31) and we will see that appropriately
chosen BMMs possess an eternal life time with a suitable choice of the weight functions d° and d'. According to
the different behaviour of the mean-reverting process with respect to the parameter p we split up this discussion
into several subclasses.

Corollary 5.7. The one-dimensional BMM (32) satisfying (A6)-(A7) with 0% > 0 along partitions
tg <ty < <ty <tppp <---

has an eternal life time with respect to the boundary ¢ = 0 for the mean-reverting process (31) with diffusion
exponent p = 0.5 with the following choice of weight functions

(44) d(z) = &, d'(z) = 0.

Proof. We just have to check the requirements (A8)-(A10) of Theorem 5.1 with a(z) = k(0 —z) and b(z) = o\/z
on D = (0, 4+00) since the conditions (A6)-(A7) are trivially valid with nonnegative weights d° and d'. (A8) is
satisfied while o2 > 0 since

VeeD : b(x) (z)+d'(z) = po*a?®t = — >0
with p = 1/2. Next step is to calculate
1, L,
(45) D(ty,z) = k(0 —x) — 1° +kr = KO — 1° >0

which is due to the requirement k6 > %0'2 needed to guarantee strict positivity of exact solution. Hence we do
not have to restrict the stepsize and (A10) is fulfilled too. The last step is to verify (A9)

(46) x+ N(tp,z) = z—— =0 > 0.

Hence, in view of Remark 5.3, the proof is completed. O

Remark 5.8. The BMM with the forementioned choice of weight functions d’ coincides with the implicit
Milstein method as discussed by Kahl [8] who has already proved the eternal life time of the implicit Milstein
method in this case.

Theorem 5.9. The one-dimensional BMM (32) satisfying (A6)-(A7) with 0® > 0 along partitions
o <ty <+ <ty <lpg1 <---

has an eternal life time with respect to the boundary ¢ = 0 for the mean-reverting process (31) with diffusion
exponent p € (0.5, 1] with the following choice of the weight functions

1
(47) d°(z) = ok + 5an\x|<2p*2>, d'(z) = 0.

with relazation parameter a € [0,1] such that

2p —1

) " pn(i—a)

Remark 5.10. The relaxation parameter « is similiar to the implicitness paramter 6 in the class of stochastic
0 methods and gives more space to adjust the BMM to the specific problem. The fully implicit case a = 1 is
a safe choice as we do not have to restrict the stepsize in that case. On the other hand numerical tests show
that a reduced level of implicitness leads to better approximation results (see picture 2-4 and 5-7). Therefore
we would recommend to use o = 0.5 whenever the parameter configuration allows this choice, also supported by
results from [18].

Proof. With a(z) = k(0 — z) and b(z) = oxP on D = (0, +00) it is easy to see that (A8) is satisfied. Hence it is
enough to check restriction (A11) of Corollary 5.4. Calculating

1 1
(49)  D(tn,xz) > k(0 —2x)— 502])37(2”_1) + (aﬁ + 202p|ac|(2p_2)> x =kl —k(l—a)z > —k(1l —a)x



as well as

o24(2p) 1
leads to
1
(51) x4+ N(tn,z) + D(tn,2)A, > x (1 5 A, (k(1— a))) .
P
Eventually, the requirement « + N (¢, z) + D (¢, x)A, > 0 verifies the restriction (48) for A,. O

Remark 5.11. The choice of weights &7 has to be done with care in order to not to destroy the convergence
rates as predicted in previous sections. This problem is strongly connected with the verification of the existence of
control function V (x) as met in (A1)-(A5) to guarantee the global rate 1.0 of strong and mean square convergence.
In the case p= 0.5 or p =1 one may take the standard function V(x) = 1+ |z|? to verify both convergence and
positivity through applying our previous theorems. However, the case p € (0.5,1) is more complicated.

Remark 5.12. The Cox-Ingersoll-Ross model
dXt = H(a - Xt)dt + o/ Xtth

with 0,k,0 > 0 is also treated in the paper of Alfonsi [1]. There one can find an alternative approach to
numerical approzimations of this model and further references on previous works. The main difficulty in this
type of SDE results from the fact that the diffusion (volatility) coefficient is not Lipschitz. Our assumptions
(A0), (A1), (A8) - (A9) for a detailed qualitative analysis of BMMs are clearly fulfilled. However, Theorem
4.1 works only under the assumption (A2) of mean and mean square consistency of related standard Milstein
methods. To the best of our knowledge, mean square consistency for Milstein methods under assumptions other
than of Lipschitz-type ones has not been proven in the literature so far (whereas the mean consistency can be
established due to the Lipschitz-continuous drift coefficient a(x) = k(0 —x)). Thus, the question of mean square
consistency and mean square convergence remains unsolved (it is left to future research due its complexity). The
same observation applies to models with o X¥ coefficients with p € (0.5,1). An alternative numerical method is
given by splitting techniques as introduced by Moro and Schurz [15] recently. There a proof of convergence of
their split-step algorithm under Holder-continuity assumptions of related dynamics can be found (which covers
the case of more general model (31) with p € [0.5,1) too).

5.3 Numerical tests

Finally we want to present some numerical results which underlines the necessity of construction of invariance-
preserving numerical methods for the extended Cox-Ingersoll-Ross model. We compare the numerical approxi-
mations of standard Euler and Milstein methods versus the balanced methods BIM and BMM. In the following
we consider the test equation

(52) dX; = (1— X;)dt + LAXPAW,,  X(0) =1,

with three different values of p (p = 0.5, p = 3/4 or p = 1.0). This parameter configuration guarantees strict
analytical positivity even for p = 0.5 as 1-1 > % = 0.98. To get a first impression of this kind of mean-
reverting processes Figure 1 illustrates the simulation of one path generated by the mentioned methods. For
the plotting of the exact solution, we have used an essentially smaller step size dt = 0.00125 to generate the
underlying path of Wiener process, whereas the stepsize A,, of numerical approximations is labeled by dT.

Due to the theoretical results, BIMs as well as BMMs are able to preserve the analytical positivity of this
stochastic differential equation. Furthermore this parameter configuration forces the trajectories of Euler and
Milstein schemes to become negative with positive probability.

To obtain a better feeling about the problems arising with negative paths we present in Table 1 the percentage
of negative paths simulating the mean-reverting process (52). As one would expect, an increasing of the
integration interval increases the percentage of negative paths in case of the Euler and Milstein methods.
Vice versa, a decreasing of the integration stepsize dt leads to a decreasing number of negative paths. Both
balanced methods BIM and BMM are not affected from this problem as we obtain positivity for all stepsizes
dT independent of the length of integration interval [0, 7.

Next, an important aspect is the convergence speed of different methods where the most interesting aspect
is a comparison of the two balanced methods BIM and BMM. The plots of the strong error of numerical
approximations versus its equidistant stepsize A = dT are depicted in Figure 2-4. There we can clearly see that
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Figure 1: Left figure: p = 0.5, right figure: p = 1.0, time-interval: [0,4], stepsize of exact solution: dt = 0.00125, stepsize of
numerical approximations: dT = 0.5, k = = 1, o = 1.4, weight functions of BIM: ?(z) = 1,c' (z) = o|z|P~1, weight functions of
BMM: for (p = 0.5) - d°(z) = &, d*(z) = 0 for (p = 1.0) - d°(z) = K + 0.502

’ Time \ Stepsize \ Euler \ Milstein \ BIM \ BMM ‘

dl =1 | 26.84% | 22.68% | 0% | 0%
T=1|dl=7% |2638% | 7.92% | 0% | 0%
dT = § | 21.88% | 0.7% | 0% | 0%
dT = 3 | 69.50% | 53.50% | 0% | 0%
T=4 | dl'=1% | 66.42% | 19.90% | 0% | 0%
dl =% | 627% | 1.92% | 0% | 0%
dl =% | 99.08% | 93.22% | 0% | 0%
T=16| dI' =1 | 98.58% | 56.62% | 0% | 0%
dT = § | 98.28% | 8.24% | 0% | 0%

Table 1: Test results for dX; = (1 — X¢)dt + 1.4/ XdWs; time-interval: [0, T], stepsize of numerical approximations: dT, weight
functions of BIM: ®(z) = 1,c!(z) = o/+/x, weight functions of BMM: d°(x) = x, d*(x) = 0, number of simulated paths: 10000.

the balanced Milstein method is the best approximation method for relatively large stepsizes A = dT" which is
due to the positivity preserving behaviour. Hence we obtain the appearance that a small initial error of the
numerical approximation does not result into an essentially larger becoming error at later integration times -
a kind of fact which exhibits a stabilization effect on commonly known numerical dynamics and which is very
important for simulation in computational finance where we are interested in longterm numerical approximations
with large stepsizes. Nonetheless the better convergence property of the BMM would be useless if one integration
step needs much more time than the Milstein method. Figure 5-7 shows that this is not the case and the BMM
is indeed a superior scheme for large stepsizes.

Remark 5.13. The comparison of the efficiency requires a slight modification of the Milstein method to prevent
its trajectories from becoming negative as this would result in complex numbers. A simple modification is the
absorbing Milstein method which sets negative values to zero in an additional step

m m
(53) Yopr = maxc | Yo+ D8 (b, V) I 4 D7 L (b, Ya) I 50
=0 4,j=1

Furthermore Theorem 4.1 shows that the BMM is globally mean square convergent with order r, = 1.0 and
this numerical test indeed verifies all previously proven properties of BMMSs by a practically oriented application.
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100000, number generator: Sobol, L2-Error (E [(Xo0,2(0)(T) = Yo,z(0) (T))2|.7:0]) / versus stepsize dT', k = 6 = 1, o = 1.4, weight
functions of BIM: ®(z) = 1/2,c!(x) = o/+/z, weight functions of BMM: d°(z) = &, d'(z) =0
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Figure 3: dX; = (1 — X3)dt + 1.4Xt3/4dW,g7 time-interval: [0, 1], stepsize of exact solution: dt = 2719 number of simulated

1/2
paths: 100000, number generator: Sobol, L2-Error (IE [(Xo,z(0)(T) — YO,Z(())(T))Q\]-'O]) versus stepsize dT', k =0 =1, 0 = 1.4,
weight functions of BIM: ¢ (z) = 1/2,c!(z) = o|z|~1/4, weight functions of BMM: d°(z) = 0.5k + 0.502p//z, d*(z) = 0

So a significant qualitative superiority of BMMs compared to commonly known numerical methods has been
established by this paper.
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Figure 4: dX; = (1 — X¢)dt + 1.4X;dW4, time-interval: [0, 1], stepsize of exact solution: dt = 2710 number of simulated paths:

1/2
100000, number generator: Sobol, L?-Error (E [(Xo,2(0)(T) — Yo,z (0 (T))2|.7-'0]) versus stepsize dT', k = 0 = 1, o = 1.4, weight
functions of BIM: ¢ (z) = 1/2,c!(x) = o, weight functions of BMM: d°(z) = 0.5k + 0.502, d'(z) = 0
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Figure 5: dX; = (1 — X¢)dt + 1.4/ XdW4, time-interval: [0, 1], stepsize of exact solution: dt = 2710, number of simulated paths:

1/2
100000, number generator: Sobol, L2-Error (]E [(Xo0,2(0)(T) —Yoyz(o)(T))Q\]-'o]) versus elapsed time, k = 6 = 1, o = 1.4, weight
functions of BIM: ®(z) = 1/2,c!(z) = o/+/z, weight functions of BMM: d°(z) = &, d!(x) =0,
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Figure 6: dX; = (1 — Xy)dt + 1.4X,53/4th7 time-interval: [0, 1], stepsize of exact solution: dt = 2710 number of simulated

1/2
paths: 100000, number generator: Sobol, L2-Error (]E [(Xo0,z(0)(T) = Y0, z(0) (T))2|]-'0}) / versus elapsed time, Kk =0 = 1, 0 = 1.4,
weight functions of BIM: c(z) = 1/2,c!(z) = o|z|~ /%, weight functions of BMM: d°(z) = 0.5k + 0.50%p//z. d*(z) = 0
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Figure T dXi = (1 — X¢dt) + 1.4XdWy, time-interval: [0, 1], stepsize of exact solution: dt = 2710 number of simulated paths:
1/2

100000, number generator: Sobol, L2-Error (]E [(Xo0,2(0)(T) = Yo, z(0) (T))Q\_’Fo]) versus elapsed time, Kk = 0 = 1, o = 1.4, weight

functions of BIM: ¢®(x) = 1/2,c!(x) = o, weight functions of BMM: d°(z) = 0.5k + 0.502, d!(z) =0
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