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. matrix methods for sign(Q)

. Schulz as a Krylov subspace method

. projection on K(@Q) and Lanczos

. projection on K(Q?) and Lanczos

. partial fraction expansions and multishift CG
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Definition
Q =VJV~! Jordan canonical form
Al
J = dlag(Jﬁ)a JE — A 1
A

Assume Re(\) #= 0 for all A € spec(Q). Then
sign(Q) = Vsign(J)V ™1, sign(J) = diag(sign(Jy)),
where sign(J;) = sign(\) - I

Note: Q hermitian: V-1 =V spec(Q) C R.
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Matrix Methods

Newton’s method

Roberts, 1970: Solve

F(X)=0 where F(X)=X?-1.

We have

DF(X)H =XH+ HX

so that Newton's method

X1 = X — Ay, DF(Xp)A = F(Xy)

gives

1
Ap =5 (X = X,7),

1
X1 = 5 (X + X))
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Matrix Methods 5/24

Newton’s method

Roberts, 1970: Solve
F(X)=0 where F(X)=X?—-1.

We have
DF(X)H =XH+ HX
so that Newton’s method
Xir1 = X — Ay, DF(Xp)A = F(Xy)

gives

1 1
Ap=5 (X = X7), Xepr =5 (X + X))

Theorem. Let Xo = Q. Then limy_. X, = sign(Q) for

every @ with spec(Q)nNi:R = (). Convergence is quadratic. Back
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Schulz’ method

Solve :
F(X)=0 where F(X)=X?-1. 6/24

We have
DF(X)H = X 2?HX '+ X 'HX?
so that Newton’'s method
Xipr1 = X — Ay, DF(Xp)A = F(Xy)

gives
1

1
Ay =3 (X7 — Xk),  Xpg1= 5 Xk (3 — X7) .
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Schulz’ method

Solve :
F(X)=0 where F(X)=X?—-1. 6/24

We have
DF(X)H = X 2?HX '+ X 'HX?
so that Newton’'s method
Xipr1 = X — Ay, DF(Xp)A = F(Xy)

gives

1 1
Ay =3 (X7 — Xk), Xpp1= S X (31 — X7).
Theorem. Let Xg = Q. Then lim,_ X, = sign(Q) if
I — Q%] <1 and spec(Q) NiR = (. Convergence is qua-
dratic.

Back

BBk

Close



Partial Fraction Expansions

Pandey, Kenney and Laub (1990):

S = (Q+D* - (@Q-D)-(Q+D*+@Q-D>)"
p
= 20 (@ +a)
P
where &:%(14_(;05%),%2:%_1_

Sy is an approximation to sign(Q).
Formula may be iterated.
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Zolotarev (long ago): Assume spec(Q) C [—b, —a] U [a, b].
Then

p—1 p
Zy = §-Q[(@+cal) - [[(Q°+ c2imaD) 7!
1=1 =1

p
§-Q) wi@ + i)

=1

where

_ sn? (z’K/(Qm)? V1= (b/a)Q)
12 (z‘K/(2m); V1- (b/“)2)7

K is the complete elliptic integral.

G
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Motivation for matrix-vector type methods .
Neuberger Fermions in QCD. Solve
(I —Tssign(Q))xz = b

e () is nearest neighbor coupling on 4-dimensional grid:
(very) sparse

9/24

e () is (very) hermitian indefinite

e 12 variables per grid point

e grid is 8% to 164

e size of system is (very) large: 50 000 to 800 000.

Inner-outer iteration: inner iteration computes sign(Q)wv.
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2. Schulz as a Krylov Subspace Me- *#
thod

Schulz: Q41 = Qi (31 — Q2) = p3+1(Q)
Consequently

1
Qr+1v = 5@]{; (3’0 — Q%’U) € Kz1(Q,v).

Related issue: How to draw a fork.
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2. Schulz as a Krylov Subspace Me-
thod

Schulz: Q1 = Qi (31 — Q2) = p3+1(Q)
Consequently

1
Qr+1v = EQk (3v — Qfv) € K31 (Q, v).
Related issue: How to draw a fork.
the linear algebra person’s strategy:
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the computer scientist’s strategy:
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the computer scientist’s strategy:

N4
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the computer scientist’s strategy:

XV
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the computer scientist’s strategy:
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the computer scientist’s strategy:
A4 v

Recursive computation:

s = schulz(v, k) {
if k=1
s = %Q (31}— szu)
else
s = schulz(v,k — 1)
s = schulz(s,k—1)
s=3v—s
s =(1/2) -schulz(s,k — 1)

11/24
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the computer scientist’s strategy:
A4 v

Recursive computation:

s = schulz(v, k) { Properties:
itk=1
e schulz(v, k) = Qv
s = %Q (31} — szu)
else e schulz(v, k) € K3:(Q,v)
s = schulz(v, k — 1) sublinear convergence
s = schulz(s,k — 1) e time cost: 3 MVMs

s=3v—s
s = (1/2) - schulz(s, k — 1) e storage cost: k vectors

} o k=6 3k =729
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3. Projection on K(@) and Lanczos  */*
From now on: @ is hermitian

The Lanczos process generates an orthonormal basis
v1,V2,...,0m TOr Kpn(Q,v)

v1 =v/||v|l2, Bo=0
for. =1,2,...,k
v = Av; — Bi—1vi-1

o = ’UZH’E
V=0 — QU4
8 = |13
Vit1 = U/ 5

Notation V,, = [’Ul, V2, ... ,’Um], Ty = tridiag(ﬁm_l, Qs ﬁm)
= VIQV, =Tn
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Approximating sign(Q)v from K,,(Q,v)

sign(Q) = Q- (Q?) 7

e variant 1 [Borici 99]: projection on QK,,(Q,v)

"t =QV™. (Tﬁ,%)_l/2 : anjv = (=pm+1(Q)v)

13/24
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Approximating sign(Q)v from K,,(Q,v) .

—1/2 13/24

sign(Q) = Q- (Q?)

e variant 1 [Borici 99]: projection on QK,,(Q,v)

m m —1/2
2" = QV™ - (T2) 7 Viv = (= prps1(Q)v)
e variant 2 [van der Vorst 00]: projection on K,,(Q,v)
™ = V™. sign(Ty) - Vv =vV™.sign(VEQV,,) - Vi

(= pm(Q)v, p interpolates the Ritz values)
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Approximating sign(Q)v from K,,(Q,v)

sign(Q) = Q- (Q?) 7

e variant 1 [Borici 99]: projection on QK,,(Q,v)

m m —1/2
2= QV™- (12) 7. Vily = (= pur1(Q)v)
e variant 2 [van der Vorst 00]: projection on K,,(Q,v)
™ = V™. sign(Ty) - Vv =V™.sign(VEQV;,) - Vi

(= pm(Q)v, p interpolates the Ritz values)

e variant 3 [van den Eshof et al 02]: projection on
K, (Q,v), harmonic Ritz values

™ = QV™ . sign(T, + B2T ren) - Vv

(= pm(Q)v, p interpolates the harmonic Ritz values)

13/24
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Test

example

@ = diag(—30, —29, ..

.,—10,1,2,...,100)

optimal

(solid lower)

projection on QK,,(Q,v)
(dotted)

projection on K,,(Q,v)
(dash-dot)

projection on K,,(Q,v)
harmonic Ritz (dash)

norm of the CG residual

(solid top)
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4. Projection on QK(Q?) and Lanc-
ZOSs

Borici 00: Lanczos for QZ:
Q%V, = Vi Ty + Brr10rs1el,
Take

S Q‘/}mfygl/QVgU ( — p2m+1(Q)Ua P2m+1 Odd)

iai
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Q from QCD, 16% grid, x = 0.208 and 8 = 6.

optimal (solid lower)

Chebyshev method
(dash-dot)

projection on K,,(Q,v)
(dotted)

projection on QK,,(Q?,v)
(solid upper)

1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450
degree
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Theory

Lemma [van den Eshof et al 02]: Let

v =ovT + v~ where signQuvT =vT, signQv™ = —v".

e - GMRES residual for Qz = vt

e GMRES residual for Qxz = b~

e 0dd polynomial po,,+1(t) =t - gm(t?)

e approximation x = po,,+1(Q)v for sign(Q)wv.

Then
: 2 2 - 2
[signQu — x5 > ||T;_m—|—1”2 + 7241 ll2:

Note: Lower bound goes like /x(Q).
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Projection on QK (Q?) via Lanczos for Q2:

Theorem [van den Eshof et al. 02]:
rm residual of CG for Q%z = v, z° =
Then

Isign(Q)v — QVi T Y?Vivll2 < [|7m2.

Note: Upper bound goes like x(Q).
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Proof: Roberts’ integral representation gives

sign(Q)v — QVpT- Y2V,
= 2/Q(tQI + Q) — QVp (I + T,) TV Hy dt
i
2 2 2\—1 t?
= —/Q(tl+@) r,. dt.
T
0

Here r’’ = v— (Q24t21)V, (T}, +t2I) te; is the CG residual
for (Q? + t?°I)x = v.

19/24
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Proof: Roberts’ integral representation gives

sign(Q)v — QVp T Y2V,

_ 2 / Q2T + Q%) ™Yo — QVpn (1?1 + T,,) 1V Hy dt
A
0

= 2/Q(t%+@2)1ri dt.
T
0

Here r’ = v— (Q24t21)V,(T},+t21) te; is the CG residual
for (Q% 4+ t°I)z = v.

Use & = ¢t - 70, |¢l'| < 1 to get

sign(Q)v — QV T Y Vv = Xy

T'm

where X = g/Q(t?I + Q%) 1ol dt.
7T
0
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Proof: Roberts’ integral representation gives .
sign(Q)v — Q\A/mﬁgl/z\/}mv

19/24

- g/Q(tQI + Q%) — QVp (2T + T) VY dt
" 0
2 2 2\—1 t2
- —/Q(t I+ Q>) Lt at.
" 0
Here r”’ = v— (Q24t21)V,(T},+t2I) le; is the CG residual

for (Q? + t?°1)x = v.
Use & = ¢l -r0 . |¢l'| < 1 to get

> [ 2
where X = —/Q(tQI + Q%) ot dt.
7T
0

But spec(X) C [—1,1]. Back

Close

BBk



PFEs and Multishift CG Y

p
sign(Q)v ~ Y wiQ (Q2+=I) ' w.

1=1

(T@' > O).
Solve all p systems (Q? + 7,1) z; = v in one stroke
(‘multishift CG"), since

I<h1(6222 b) — }<h1(622 —F'73]} b)7 1= ]wjza" -5 T,
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Computational aspects:

1.

error is controlled through CG residuals and approxi-
mation error of rational approximation
(approx. error needs a,b s.t. spec(Q) C [-b, —a] U [a, b])

. implementation: perform CG on seed system, update

quantities for other systems

. stability: use CGLS-like algorithm for seed (F., Maass

99)

. update quantities for other systems using the (diffe-

rential form of the stationary) qd algorithm (van den
Eshof, Sleijpen 03)

. efficiency: remove converged systems

21/24
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Comparison of PFEs

e Pandey, Kenney, Laub (PKL)
e Zolotarev

e Edwards, Heller, Narayanan 99 (EHN):
t-w(t?), w(t) best approximation from R,,,, to t~1/?
on [a?,b”] (via the Remez algorithm)
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No of poles for accuracy 10°°

b/a |PKL EHN Zolotarev
200 |19 4 5
1000 | 42 12 §)
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Numerical experiments .

QCD, 16% lattice, 16 processors on ALICE.
Conf. |1 2 3 4 5

23/24

Lanczos/PFE
2281 1969 1953 1853 1769
150 131 129 124 118

MV's
time/s

PFE/CG Zolotarev without removal
MV's 1141 985 977 927 885
time/s| 154 125 125 116 102

PFE/CG Zolotarev with removal

MVs
time/s

1205 1033 1033 971

122 93

97

927

87 79

Note:
LLanczos vectors)

Lanzcos methods need two sweeps (or store all
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Conclusions

e Lanczos based projection techniques are often close to
optimal
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Conclusions

e Lanczos based projection techniques are often close to
optimal

e restriction to odd polynomials smoothes convergence
curves, but may (in theory, sometimes) be a severe
restriction

e PFEs and projection on QK,,(Q?) yield error bounds
e schulz(v, k) is a nice idea

e inner-outer schemes are important in QCD

e Zolotarev is now standard in QCD

e QCD people include deflation techniques
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