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Consider an Abstract Boundary Feedback System

x(t) = Amx(1), t=0
u(t) = Bu(t) + Cx(t), t=0
Lx(1) = u(D), t>0 (ABS)

where

@ x:[0,+mw) — X, X - the state space,

u:[0,4+w) — 0X, 0X - the boundary space,
@ foe X, upe oX.



Abstract framework

Suppose that the linear operators A, B, C and L are related
via the diagram:

D(Am) < X —2m,

t] le
D(B) c oX —2— ox

Am -the maximal operator, describes internal dynamics on X,
B -describes a dynamics on d.X,

L - the boundary operator,

C - the feedback operator.



Abstract framework
Definition
We say that a function x : [0, +o0) — X is a classical solution
of (ABS) if
1. x € C'(]0, +0), X),
2. x(t) e D(Am) forevery t > 0,
3. Lx e C'([0, +0),0X),

4. u(t)ye D(B) forall t > 0,

5. x satisfies (ABS).



Main assumptions

The following assumptions are crucial in the sequel:

@ The restriction Ay € Am, D(Ag) := ker L generates a
strongly continuous semigroup {To(f)}:=0 on X.

© The operator B generates a strongly continuous semigroup
{S()}t=0 On 0X.

© The boundary operator L : D(An) — 0X is surjective.

Q@ The operator (“}"): D(Am) = X — X x 0X is closed.
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Let an operator Ag in X x ¢X be defined by

Then



Abstract framework

Let an operator Ag in X x ¢X be defined by

Then



Abstract framework

Suppose now for simplicity, that the feedback operator C = 0
and consider the Abstract Cauchy Problem:

X(t) = AX(t), t=0

L 20 (ACGP)



Abstract framework

Theorem

The solution of Abstract Boundary Feedback System (ABS)
corresponds to solution of the Abstract Cauchy Problem (ACP).



Lemma
Let A € p(Ao). Then

D(Am) = D(Ao) ® ker(Al — Anm).
Moreover, the restriction
Ly = L ker(ni—Am)
is invertible and its inverse, called the Dirichlet operator,
Dy := (L ker(\i—Am))

is bounded.



Proof:
Let A € p(Ag). Take f € D(Ag) n ker(Al — Am).

Then (A — Ap)f = 0 and hence f = 0.
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Proof:
Let A € p(Ag). Take f € D(Ag) n ker(Al — Am).

Then (A — Ap)f = 0 and hence f = 0.

If X e p(Ap) then

Vfe D(Ap) 3f; € D(Ag) (M — Am)f = (M — Ao)fy.
Thus for any f € D(Amn) we have

f=t+(f—f),
where fi € D(Ag) and f — f; € ker(Al — Am).

Since D(Ag) = ker L and L - surjective, thus

Ly := Liker(ni—Ap) : kKer(Al — Am) — 0X - invertible.
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we obtain



Let f, € ker(\l — Ap) be such that f, —» fe X
and Lf, - xeodX as n— +oo.

Then , denoting
L

My bV
Vi = (Lfn) - (x)

By the closedness of V we conclude

V= <Am) : D(Am) € X = X x 0X,

we obtain

f e D(Am)

V= <ALn;f> B (Axf)

and



Lemma

Let A € p(Ao). Then

()\—A)Z(/\—Ao)<



Denote



Denote / 5
Wy = (A—AO)(O D, )
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Denote

(x)epomie (o ) () ("2 ) eoum)

i.e., ifand only if x e D(B) and (f — Dyx) € ker(L) c D(Am).
fe D(Am) and L(f — Dyx) =0i.e. Lf=x.
Thus D(A) = DOWy).



Denote | b
Wy = (A—Ao)(o _/A )

(x)epomie (o ) () ("2 ) eoum)

i.e., ifand only if x e D(B) and (f — Dyx) € ker(L) c D(Am).

fe D(Am) and L(f — Dyx) =0i.e. Lf=x.
Thus D(A) = DOWy).

()= 028 ) (70

(575 -0-a(1)



Lemma

If X € p(Ao), then
A€ p(A) < )\ e p(B)



Claim: X\ € p(A) < X € p(B)

Proof.

| —-D
Recall A — A = (A — A) (o /A) = (A — Ag)R



Claim: \ € p(A) < X\ e p(B)
Proof.
I —D, _
Recall A\ — A = ()\ - .Ao) 0 | =: ()\ — ./40)7?,)\

@ R, invertible
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Claim: X\ € p(A) < X € p(B)

Proof.

mex—Az(xﬁ%)G _%):%A—AQRA

@ R, invertible
@ )\ — Aisinvertible < )\ — A is invertible

A=Ay O
°A_A°:( 0 A—B)

@ A\ — Aq is invertible < X\ — Bis invertible

O



In this case, from

A—A=(\— AR,



In this case, from

A—A=(\— AR,

R\, A) = RTR(\, Ao)



In this case, from

A—A=(A— AR\

R\ A) = RYTR(A, Ao) = (R(Ac’)AO) (A(A ?)>



Theorem (wellposedness)
If0 € p(Ao), then the following are equivalent

e A generates Cy — (7 (1))

@ (i) Q(t)=—Aof; To(t—s)DoS(s)ds € L(2X, X)

(ii) limsup;_ [|QD)] < o
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Claim: A generator <= Q(t) € L(0X, X) and limsup;_, |Q(t)| < «©

Proof.
Consider (7 (1))~ defined as

(Tt Q)
T“’;(Oo S(r))

Is (7 (t)) a Co-semigroup?
T(t)e LX) <> Q(t) e L(0X, X)

T(H)T(s) = T(t + 8) « To()Q(s) + Q(H)S(s) = Q(t + s)

t — T (t)strongly cont. < t — Q(f)strongly cont. in 0
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Recall: Q(f) = —A f To(t — 5)DpS(s)ds
0

@ Integration by parts yields
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@ Q(t) strongly continuous on D(B)



t
Recall: Q(f) = —A f To(t — 5)DpS(s)ds
0
@ Integration by parts yields
t
Q(t) = DyS(t) — To(t)Dy — J To(t — 5)DyS(s)B on D(B)
0

@ Q(t) strongly continuous on D(B)

@ Since, limsup;_, |Q(1)| < w, Q(t) strongly continuous on
0X by uniform boundedness principle
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So (7 (t)) is a semigroup

Is (7 (t)) semigroup corresponding to .A?



So (7 (t)) is a semigroup

Is (7 (t)) semigroup corresponding to .A?

Yes, because

L(T(-))(N) =R(\ A) forbig A



Corollary

If Ay, B generate analytic semigroups, then A
generates analytic semigroup.
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The operators

X = [2(Q), 0X = [2(2Q).

Am = AQa
D(Am) = D(Aq) c L3(9).

B = Ao — ul(+),
D(B) c [2(0Q)  u(z) >e>0.



The Cauchy-problem

Is the Cauchy-problem well-posed?

- (X|XQ> - (AOQ Aaﬂgu(')> (X);Q) =AY
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Proof well-posedness

1.
Aq on D(Ap) generates a analytic semigroup (To(t))¢=0?
What is Ag? L: D(Aq) — L2(69)

D(Ap) = ker(L) = {x € D(Aq)| x,, = 0},

Ao = AQ|D(A0)'
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Proof well-posedness

2.
Asq — p(-) on D(B) generates an analytic semigroup

(S(1)t=07

v



Proof well-posedness

3.
L: xw— x|, surjective?

P X — (AQx,x‘m)
L2(0Q) Isomorphism.




Proof well-posedness

3.
L: xw— x|, surjective?

D~ = {x e D(P)|Ax = 0}

P X - (AQX,X‘m)
Isomorphism.




Proof well-posedness

3.
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Proof well-posedness

3.
L: xw— x|, surjective?

Lpw v x = X
Isomorphism.




Proof well-posedness

3.
L: xw— x|, surjective?

D~ < DA =

Lipag,) X = X

surjective.

N
D(A,)




Proof well-posedness

(ALQ) : D(Ag) — L2(Q) x L2(09) closed?

For
Xn — X inL2(Q)
Aqxn, — ginL[3(Q)
and
Xig — in L2(0Q)



Proof well-posedness

(ALQ) : D(Ag) — L2(Q) x L2(09) closed?

For
Xp, — X in LQ(Q)
Aqxn, — ginL[3(Q)
and
Xig — in L2(0Q)
must hold that

X e D(AQ)j AQX = 97 X‘DQ — ()0.

J



Analytic semigroups

Zhandong:
Ao TS (To(f))emo analytic
and
B 919%  (S(1)o analytic

4 :(AQ Ou@) PSS (T(1)i=0 analytic.



The Cauchy-problem

Now the Cauchy-problem is well-posed.

- (X|XQ> - (AOQ Aaﬂgu(')> (X);Q) =AY






Proposition
If X € p(Ao), then

A e p(A) < \e p(B+ CD))



R\, A)

Fl’()\, Ao) + D)\R()\, B+ CDA)CFI’()\, Ao) D/\Fl’()\, B+ CD)\)
R(\, B+ CDy)CR(), Ao) R(\, B + CDy)



*
R(\, B + CD,)

)



(Ao) <0= S(

5

<0



o

s(Ay) < 0 == s(A) < 02?7



Theorem

IfC,D, >0 fora\ > s(Ay), then
S(A) <0 < s(Ay) <0



Theorem

IfC,D, >0 fora\ > s(Ay), then

s(A) < 0 < s(Ay) <0 &s(B+ CDy) <



*
R(\, B + CD,)

)



Proposition

If X € p(Ao), then
Ae p(A) < X e p(B+ CD))
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Let te [0, T],



Second example

Let t e [0, T],

x(t) = Dox(t),

X (1) = DoaX|.o(1) — 1(2)X (1) + L k(y,-)x(t,y)dy,

Lx(t) = X|FQ(t)a



The operators
X = [%(Q), 0X = L?(69Q).

Am = AQv
D(Anm) = D(Aq) c L2(Q).

B = Asa — p(+),
D(B) c L2(0Q)  u(z) =e>0.



The operators
X = [%(Q), 0X = L?(69Q).

Am = AQv
D(Anm) = D(Aq) c L2(Q).

B = Djq — ul(+),
D(B) c [2(0Q)  u(z) =e>0.

(Cg)(2) = L K(y.2) g(y)dy. gel2(Q), ze Q.
=0

C:L3(Q) — L2(o9).



The Cauchy-problem

A generates (7 (1)) =0



Question

Question:

If the semigroup (To(f))t=0 generated by Ay is exp. stable,
for which boundary feedback operators

C: [3(Q) — L?(éQ) does the semigroup (7 (1))e=0

remain exp. stable?



Theorem
If
Q [2(Q), L?(09) are Banach lattices,

@ Ay and B generate positive semigroups ( To(t)) =0,
(S(1) =0,
©Q C:[2(Q) — L?(09Q) is bounded,
©Q C=>0andD, = 0forall X € R large enough,
then

[s(A)) <0 and s(B+CDy) <0] < s(A) <O.

)

(T (1))1=0 is exp. stable



Theorem

If
Q [2(Q), L?(09) are Banach lattices,



Theorem

If
Q [2(Q), L?(09) are Banach lattices,

@ Ay and B generate positive semigroups ( To(t))s=0,
(S(1) =0,

Time t = 0.01x 107
1 T T T T T

08f 1

08 T

07 b

06 1

asf 1

x(ty)

04 b

0.3 1

0ef q

01

0

1} 01 0.z 0 1

053, 04 05 06 07
Ia x(t,y)dy = 0.4173






Theorem
If
Q [2(Q), L?(09) are Banach lattices,

@ Ay and B generate positive semigroups ( To(t)) =0,

(S(1) =0,
©Q C: [2(Q) — L?(09Q) is bounded,

C: L[3(Q) - L2(09)

f K(y, 2)a(y)dy < [k 2)ll 200 19 20,
Q —_——

<0



Theorem

If
Q [2(Q), L?(09) are Banach lattices,

@ Ay and B generate positive semigroups ( To(t)) =0,

(S(t)) =0,
©Q C:[2(Q) — L?(09Q) is bounded,
©Q C=>0and D, > 0forall A € R large enough,

fky, ( )dy>=0 vg=0

>

=

Dy > 0 Hopf maximum principle.



Theorem
If
Q [2(Q), L?(09) are Banach lattices,

@ Ay and B generate positive semigroups ( To(t)) =0,
(S(1) =0,
©Q C:[2(Q) — L?(09Q) is bounded,
©Q C=>0andD, = 0forall X € R large enough,
then

S(AO) <0

b

(To(1))=0 is exp. stable



Theorem
If
Q [2(Q), L?(09) are Banach lattices,

@ Ay and B generate positive semigroups ( To(t)) =0,
(S(1) =0,
©Q C:[2(Q) — L?(09Q) is bounded,
©Q C=>0andD, = 0forall X € R large enough,
then

[s(A)) <0 and s(B+ CDy) <0] <« s(A) <O.

)
(7 (1))¢=0 is exp. stable



Lets look at
s(B + CDy).



Lets look at
s(B + CDy).

Do = (Lker a,) " : L2(0Q) — ker Ap.
= DoX € ker Ag = AQ(D()X) =0

= Dyx is a harmonic function!



Our message

For our system is

stability independent of diffusion.
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