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Lxptq � uptq, t ¥ 0
xp0q � f0, up0q � u0,
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where
x : r0,�8q Ñ X , X - the state space,
u : r0,�8q Ñ BX , BX - the boundary space,
f0 P X , u0 P BX .



Abstract framework

Suppose that the linear operators Am, B, C and L are related
via the diagram:

DpAmq � X AmÝÝÝÝÑ X

L

���
���C

DpBq � BX B
ÝÝÝÝÑ BX

Am -the maximal operator, describes internal dynamics on X ,
B -describes a dynamics on BX ,
L - the boundary operator,
C - the feedback operator.



Abstract framework

Definition
We say that a function x : r0,�8q Ñ X is a classical solution
of pABSq if

1. x P C1pr0,�8q,X q,

2. xptq P DpAmq for every t ¥ 0,

3. Lx P C1pr0,�8q, BX q,

4. uptq P DpBq for all t ¥ 0,

5. x satisfies pABSq.



Main assumptions

The following assumptions are crucial in the sequel:

1 The restriction A0 � Am, DpA0q :� ker L generates a
strongly continuous semigroup tT0ptqut¥0 on X .

2 The operator B generates a strongly continuous semigroup
tSptqut¥0 on BX .

3 The boundary operator L : DpAmq Ñ BX is surjective.

4 The operator
�Am

L

�
: DpAmq � X Ñ X � BX is closed.
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Abstract framework

Suppose now for simplicity, that the feedback operator C � 0
and consider the Abstract Cauchy Problem:

"
9X ptq � AX ptq, t ¥ 0
X p0q � X0,

(ACP)



Abstract framework

Theorem
The solution of Abstract Boundary Feedback System pABSq
corresponds to solution of the Abstract Cauchy Problem pACPq.



Lemma
Let λ P ρpA0q. Then

DpAmq � DpA0q ` kerpλI � Amq.

Moreover, the restriction

Lλ :� L| kerpλI�Amq

is invertible and its inverse, called the Dirichlet operator,

Dλ :� pL| kerpλI�Amqq

is bounded.



Proof:
Let λ P ρpA0q. Take f P DpA0q X kerpλI � Amq.

Then pλI � A0qf � 0 and hence f � 0.

If λ P ρpA0q then

@f P DpAmq Df1 P DpA0q pλI � Amqf � pλI � A0qf1.

Thus for any f P DpAmq we have

f � f1 � pf � f1q,

where f1 P DpA0q and f � f1 P kerpλI � Amq.

Since DpA0q � ker L and L - surjective, thus

Lλ :� L| kerpλI�Amq : kerpλI � Amq Ñ BX - invertible.
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i.e., if and only if x P DpBq and pf � Dλxq P kerpLq � DpAmq.

Dλx P kerpλ� Amq � DpAmq ùñ

f P DpAmq and Lpf � Dλxq � 0 i.e. Lf � x .
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Theorem (wellposedness)
If 0 P ρpA0q, then the following are equivalent

A generates C0 � pT ptqq

(i) Qptq � �A0
³t
0 T0pt � sqD0Spsqds P LpBX ,X q

(ii) lim suptÑ0 }Qptq}   8



Claim: A generator ðñ Qptq P LpBX ,X q and lim suptÑ0 }Qptq}   8

Proof.
Consider pT ptqqt¥0 defined as

T ptq :�
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t ÞÑ T ptqstrongly cont. ðñ t ÞÑ Qptqstrongly cont. in 0
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Corollary

If A0,B generate analytic semigroups, then A
generates analytic semigroup.
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C � 0.
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The Cauchy-problem

Is the Cauchy-problem well-posed?
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*
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Proof well-posedness

3.
L : x ÞÑ x|BΩ

surjective?
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Proof well-posedness

3.
L : x ÞÑ x|BΩ

surjective?

x
|∂Ω

L2(∂Ω)

D(Δ
Ω
)

x

L
D� � Dp∆Ωq ñ

L|Dp∆Ωq
: x ÞÑ x|BΩ

surjective.



Proof well-posedness
4.�

∆Ω

L



: Dp∆Ωq Ñ L2pΩq � L2pBΩq closed?

For

xn Ñ x in L2pΩq

∆Ωxn Ñ g in L2pΩq

and

xn|BΩ
Ñ ϕ in L2pBΩq

must hold that

x P Dp∆Ωq, ∆Ωx � g, x|BΩ
� ϕ.
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Analytic semigroups

Zhandong:

A0
generates
ÝÑ pT0ptqqt¥0 analytic

and

B
generates
ÝÑ pSptqqt¥0 analytic

ñ

A �

�
∆Ω 0
0 ∆BΩ � µp�q



generates
ÝÑ pT ptqqt¥0 analytic.



The Cauchy-problem

Now the Cauchy-problem is well-posed.

9X �

�
9x

9x|BΩ



�

�
∆Ω 0
0 ∆BΩ � µp�q


�
x

x|BΩ



� AX ,

X p0q �
�

f0
u0



,

DpAq �
"�

f
u



P Dp∆Ωq � DpBq| Lf � u

*
.



σpÃq?

Proposition

If λ P ρpA0q, then

λ P ρpÃq ðñ λ P ρpB � CDλq
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Theorem

If C,Dλ ¥ 0 for a λ ¡ spA0q, then

spÃq   0 ðñ spA0q   0

& spB � CD0q   0
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Second example

Let t P r0,T s,

9xptq � ∆Ωxptq,

9x|BΩ
ptq � ∆BΩx|BΩ

ptq � µpzqx|BΩ
ptq � Cxptq,

Lxptq � x|BΩ
ptq,

xp0q � f0, up0q � u0.
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The operators
X � L2pΩq, BX � L2pBΩq.

Am � ∆Ω,

DpAmq � Dp∆Ωq � L2pΩq.

B � ∆BΩ � µp�q,

DpBq � L2pBΩq µpzq ¥ ε ¡ 0.

pCgqpzq �
»
Ω

kpy , zqloomoon
¥0

gpyqdy , g P L2pΩq, z P BΩ.

C : L2pΩq Ñ L2pBΩq.
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The Cauchy-problem

9X �

�
9x

9x|BΩ



�

�
∆Ω 0³

Ω kpy , �q__dy ∆BΩ � µp�q


�
x

x|BΩ



� ÃX ,

X p0q �
�

f0
u0



,

DpÃq �
"�

f
u



P Dp∆Ωq � DpBq| Lf � u

*
.

Ã generates pT̃ ptqqt¥0.



Question

Question:

If the semigroup pT0ptqqt¥0 generated by A0 is exp. stable,

for which boundary feedback operators

C : L2pΩq Ñ L2pBΩq does the semigroup pT̃ ptqqt¥0

remain exp. stable?



Theorem

If
1 L2pΩq, L2pBΩq are Banach lattices,
2 A0 and B generate positive semigroups pT0ptqqt¥0,
pSptqqt¥0,

3 C : L2pΩq Ñ L2pBΩq is bounded,
4 C ¥ 0 and Dλ ¥ 0 for all λ P R large enough,

then

rspA0q   0 and spB � CD0q   0s ô spÃq   0.

õ

õ

pT0ptqqt¥0 is exp. stable

pT̃ ptqqt¥0 is exp. stable
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Lets look at
spB � CD0q.

D0 � pLker Amq
�1 : L2pBΩq Ñ ker Am.

ñ D0x P ker ∆Ω ñ ∆ΩpD0xq � 0

ñ D0x is a harmonic function!
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Our message

For our system is

stability independent of diffusion.
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