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Let T be a bounded operator on a Banach space X.
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Let T be a bounded operator on a Banach space X.

The class of contraction (power bounded) operators T (or operator
semigroups) on X :

ITI<1  (sup|IT"|| = ¢ < o0.)
n>0

is comparatively well-understood.
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Let T be a bounded operator on a Banach space X.

The class of contraction (power bounded) operators T (or operator
semigroups) on X :

ITI<1  (sup||T"[ = ¢ < o0.)

n>0

is comparatively well-understood.

Our aim is to try to understand an opposite class of expansion
operators (operator semigroups) satisfying

17Xl = el ]|

at least in a certain sense to be made precise.
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Hyperbolic operators
Definition A bounded linear operator T on a Banach space X is said
to be hyperbolic if

X = Xs 2] XUa

where Xs and X, are closed T-inv. subspaces of X, T [, is invertible,
and

(T Ix)"ll < (T 1x,)""|| < = forsomeneN.

N =
N —
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Hyperbolic operators

Definition A bounded linear operator T on a Banach space X is said
to be hyperbolic if
X = XS @ Xu,

where Xs and X, are closed T-inv. subspaces of X, T [y, is invertible,
and

1

IT 1)< 50 (T Ix) 7" <

5 for somen e N.

N —

In other words, for some o« < 1 and 5 > 1,
IT"x|| < Ca"||x|]] (x € Xs,neN), | T x| >cB"||x|| (x € Xy,neN)
Note:

for non-zero x € X either ||T"x|| > cxB3" or ||[T x| < Cxa",(n € N).
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Hyperbolic operators

Definition A bounded linear operator T on a Banach space X is said
to be hyperbolic if
X = XS @ Xu,

where Xs and X, are closed T-inv. subspaces of X, T [y, is invertible,
and

1

IT 1)< 50 (T Ix) 7" <

5 for somen e N.

N —

In other words, for some o < 1and g > 1,
1Tl < Callx|l  (x € Xs,n€N), [|T"x]| > 87| (x € Xu,n € N)
Note:

for non-zero x € X either ||T"x|| > cxB" or ||T"x|| < Cxa",(n € N).

T is hyperbolic if and only if o(T)NT =( (T is the unit circle).



One of motivations

Theorem [Krein] A difference equation
Xn_|_1 = TXn TF bn, ne Z,

admits a unique solution in /°°(Z, X) for every (bp)nez € 1°°(Z, X) if and
only if T is hyperbolic.

Here />°(Z, X) can be replaced by a variety of other spaces.
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Observation If T is hyperbolic and Y is a closed T-invariant
subspace of X, then T |y may not be hyperbolic, but each non-zero
orbit contracts exponentially or expands exponentially, with uniform
exponent.
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Observation |If T is hyperbolic and Y is a closed T-invariant
subspace of X, then T [y may not be hyperbolic, but each non-zero
orbit contracts exponentially or expands exponentially, with uniform
exponent.

Definition (Eisenberg, Hedlund (1970)): Assume T is invertible.
@ T is expansive if for each x there exists ny € 7 such that
IT™ x| = 2] x|;

@ T is uniformly expansive if there exists n € N (independent of x)
such that
max([| T"x|, [| T~"x|]) = 2]/ x|

for all x.
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Observation |If T is hyperbolic and Y is a closed T-invariant
subspace of X, then T [y may not be hyperbolic, but each non-zero
orbit contracts exponentially or expands exponentially, with uniform
exponent.

Definition (Eisenberg, Hedlund (1970)): Assume T is invertible.
@ T is expansive if for each x there exists ny € 7 such that
IT™ x| = 2] x|;

@ T is uniformly expansive if there exists n € N (independent of x)
such that
max([| T"x|, [| T~"x|]) = 2]/ x|

for all x.
Hedlund (1971):

T is uniformly expansive <= o,(T)NT =10
— (T-=XNx]|| >c|x]] (xeX,AeT)
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Quasi-hyperbolic operators

T is not necessarily invertible

Definition T is quasi-hyperbolic if there exists n € N (independent of
X) such that

max (|| T2"x]), 1xIl) > 2] T"x|

for all x € X.
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Quasi-hyperbolic operators

T is not necessarily invertible

Definition T is quasi-hyperbolic if there exists n € N (independent of
X) such that
max (|| T2"x]), 1xIl) > 2] T"x|

for all x € X.

Elementary properties

@ T hyperbolic = T quasi-hyperbolic

@ T is uniformly expansive <= T is quasi-hyperbolic and invertible
@ T quasi-hyperbolic = T |y quasi-hyperbolic

@ Tis quasi-hyperbolic = o,,(T) N T =0
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Theorem (Read 1986,88; Miiller 1988) Let T be a bounded linear
operator on X. There is a Banach space Y and a bounded operator S
on Y such that X is isometrically embedded in Y, S [x=T, ||S|| = || T||
and o(S) = o4p(T).
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Theorem (Read 1986,88; Miiller 1988) Let T be a bounded linear
operator on X. There is a Banach space Y and a bounded operator S
on Y such that X is isometrically embedded in Y, S [x=T, ||S|| = || T||
and o(S) = o4p(T).

Corollary

T is the restriction of a hyperbolic operator to a closed invariant
subspace.

T is quasi-hyperbolic <—-
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Theorem (Read 1986,88; Miiller 1988) Let T be a bounded linear
operator on X. There is a Banach space Y and a bounded operator S
on Y such that X is isometrically embedded in Y, S [x=T, ||S|| = || T||
and o(S) = o4p(T).

Corollary

T is the restriction of a hyperbolic operator to a closed invariant
subspace.

T is quasi-hyperbolic <—-
T is quasi-hyperbolic <= o,p(T) NI =0
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Examples
1. Weighted shifts (Ridge, 1970)

X = /2(2)7 Sw(X) = (WnXp—1)ncz, X = (Xn)nez € X

The spectrum of Sy, is an annulus centered at 0.

The approximate point spectrum is either equal to the spectrum, or it is
the union of two annuli.
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Examples
1. Weighted shifts (Ridge, 1970)

X =P(Z), Sw(X)=(WnXn-1)nez, X = (Xn)nez € X
The spectrum of Sy, is an annulus centered at 0.

The approximate point spectrum is either equal to the spectrum, or it is
the union of two annuli.

If

then o4p(Sw) = T U2T.
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Examples
1. Weighted shifts (Ridge, 1970)

X =P(Z), Sw(X)=(WnXn-1)nez, X = (Xn)nez € X
The spectrum of Sy, is an annulus centered at 0.

The approximate point spectrum is either equal to the spectrum, or it is
the union of two annuli.

If

then oqp(Sw) = ST U2T.
If

ry .1
then o,,(Sy,) = {A: 53 <A < 2}



2. Wave equations (Cooper, Koch 1995)
The problem

sin(rt) !

Q = R2 : 1
{(x,t) eRT:0<x <1+ .

Ug —Uxyxy = 0 in Q

u = 0 on 90
u(-,0) = fe W)*?0,1)
u(-,0) = gel?0,1)

is well-posed.
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2. Wave equations (Cooper, Koch 1995)
The problem

Q = {(x,t)e[RfL:O<x<1+Sln(ﬂ)}

Ut — Uy = 0 in Q
u = 0 on 9Q
u(-,0) = fe W;?0,1)
Ut('ao) = g¢c L2(07 1)
is well-posed.
For the monodromy operator U(2,0) : (f,g) — (u(-,2), us(-,2)) on
X=W*2xIL2:

o (U(2,0)) = {A 7 <A< VEY 0 (U(2,0))NT = 0;
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2. Wave equations (Cooper, Koch 1995)
The problem

sin(rt) !

Q = R2 : 1
{(x,t) eRT:0<x <1+ .

U — Uy = 0 inQ
u = 0 on 90N
u(-,0) = fe W;?0,1)
Ut('vo) = ge¢ Lz(oa 1)
is well-posed.

For the monodromy operator U(2,0) : (f,g) — (u(-,2), us(-,2)) on
X=W*2xIL2:

T(UR0)= [ = <IN < VB o (U2 O)NT =0

U(2,0) is quasi-hyperbolic and the energy || U(t,0)x||?, x € X \ {0},
grows exponentially in either forward or backward time.
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3. Hyperbolic and quasi-hyperbolic operators appear naturally in the
smooth dynamics on manifolds (operator-theoretical
characterization of Anosov and quasi-Anosov maps; Mather-Mané
theory)

Skip.
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A question:

Is there a nice condition which characterises those operators T on X
such that

@ there exists a hyperbolic operator S on a Banach space Y
@ X is continuously embedded in Y and
@ T=S|x?
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Hyperbolic Semigroups
Definition A Cy-semigroup 7 = {T(t) : t > 0} (with generator A) is
hyperbolic if there is a splitting

X:XS@Xu,

where Xs and X, are closed T -invariant subspaces of X, T(t) [x, is
invertible for some (or all) t > 0, and

1 1 1
IT@) I [ < 5, T T X)) < 5

for some (or all) t > 0.

Wuppertal, 18 July, 2011 12/1
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Hyperbolic Semigroups
Definition A Cy-semigroup 7 = {T(t) : t > 0} (with generator A) is
hyperbolic if there is a splitting

X:XS@Xu,

where Xs and X, are closed T -invariant subspaces of X, T(t) [x, is
invertible for some (or all) t > 0, and

1 1 1
IT@) I [ < 5, T T X)) < 5

for some (or all) t > 0.

T is hyperbolic if and only if T(1) is hyperbolic.
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Hyperbolic Semigroups
Definition A Cy-semigroup 7 = {T(t) : t > 0} (with generator A) is
hyperbolic if there is a splitting

X:XS@Xu,

where Xs and X, are closed T -invariant subspaces of X, T(t) [x, is
invertible for some (or all) t > 0, and

1 _ 1
IT@) 1 < 50 1T TX) 7' < 5
for some (or all) t > 0.
T is hyperbolic if and only if T(1) is hyperbolic.

The problem: spectral mapping theorem ‘o(T(t)) \ {0} = e/(4)’ does
not in general hold for Cy-semigroups.
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Hyperbolic Semigroups
Definition A Cy-semigroup 7 = {T(t) : t > 0} (with generator A) is
hyperbolic if there is a splitting

X:XS@Xu,

where Xs and X, are closed T -invariant subspaces of X, T(t) [x, is
invertible for some (or all) t > 0, and

1 _ 1
IT@) 1 < 50 1T TX) 7' < 5
for some (or all) t > 0.
T is hyperbolic if and only if T(1) is hyperbolic.

The problem: spectral mapping theorem ‘o(T(t)) \ {0} = e/(4)’ does
not in general hold for Cy-semigroups.

For Hilbert spaces, T is hyperbolic < A — is is invertible for each s € R
and supgcg [|[(A — is)™'|| < oo (Gearhart-Priss).
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A motivation for hyperbolicity

Theorem[Krein, Daletskii, Latushkin, Pruess, Schnaubelt, Zhikoy, ...]
If Ais the generator of a Cy-semigroup 7 then

X'(t) = Ax(t) + f(t), teR,

admits the unique bounded (mild) continuous solution on R for every
bounded continuous f if and only if 7 is hyperbolic.
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Quasi-hyperbolic Semigroups

Definition A Cy-semigroup 7 = {T(t) : t > 0} is quasi-hyperbolic
if there exists t (independent of x ) such that

max ([ T(2t)x[[, [[x[[) = 2| T(£)x]]

for all x € X.
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Quasi-hyperbolic Semigroups
Definition A Cy-semigroup 7 = {T(t) : t > 0} is quasi-hyperbolic
if there exists t (independent of x ) such that
max (|| T(2t)x|], [Ix[[) = 2([ T (t)x]|
for all x € X.

Properties:
T is quasi-hyperbolic <= T(1) is quasi-hyperbolic
<= T is arestriction of
a hyperbolic semigroup
= op(T(1))NT =0
— [[(A=is)x|| = c|x]|,s € R,
(A satisfies lower bounds on iR)
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Quasi-hyperbolic Semigroups
Definition A Cy-semigroup 7 = {T(t) : t > 0} is quasi-hyperbolic
if there exists t (independent of x ) such that
max (|| T(2t)x|], [Ix[[) = 2([ T (t)x]|
for all x € X.

Properties:
T is quasi-hyperbolic <= T(1) is quasi-hyperbolic
<= T is arestriction of
a hyperbolic semigroup
= op(T(1))NT =0
— [[(A=is)x|| = c|x]|,s € R,
(A satisfies lower bounds on iR)

Basic examples: weighted shift semigroups on LP(R)
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Remark There exist a semigroup T = (T(t))t>0 such that T is not
quasi-hyperbolic, but A satisfies lower bounds

I(A—is)x|| > cl||x|]|, (se€R,xe€ D(A)):
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Remark There exist a semigroup T = (T(t))t>0 such that T is not
quasi-hyperbolic, but A satisfies lower bounds

|(A—is)x|| > c||x|l, (seR,xe D(A)):
Leta>2q/p, 1<p<2<g<x

e (x<0),
1 (x > 0),

i ={ [ |f(x)rpe2de}1/p+{ [ 1eorwt dx}w.

X = Lp(R, €¥¥dx) N Lg(R, w(x)dx), w(x) = {
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Remark There exist a semigroup T = (T(t))t>0 such that T is not
quasi-hyperbolic, but A satisfies lower bounds

|(A—is)x|| > c||x|l, (seR,xe D(A)):
Leta>2q/p, 1<p<2<g<x

X = Lo(R, €dx) N Lg(R, w(x)dx), w(x):= {fax Ei i 8;
1/p 1/q
i = { [ oaperaxy ™ { [ froorweg e
Let (T(Hf)(s)=f(s+1) (s, teR).

Then o(A)NIR =0, supgp |(is— A" < .
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Remark There exist a semigroup T = (T(t))t>0 such that T is not
quasi-hyperbolic, but A satisfies lower bounds

|(A—is)x|| > c||x|l, (seR,xe D(A)):
Leta>2q/p, 1<p<2<g<x

X = Lo(R, €dx) N Lg(R, w(x)dx), w(x):= {fax Ei i 8;
1/p 1/q
i = { [ oaperaxy ™ { [ froorweg e
Let (T(Hf)(s)=f(s+1) (s, teR).

Then a(A)NIR =10, supsll(is—A)~"|| < co. However,

vi>0 e X fl=1: [T(=0Oflx <2lfllx, ITOFx <2[f]x-
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Characterisations of quasi-hyperbolicity

Theorem a) Let 7 be a Cy-semigroup on a Hilbert space X with
generator A. Then 7 is quasi-hyperbolic if and only if A satisfies lower
bounds

I(A—=is)x|[ = cllx|| (s €R,x < D(A))

Yuri Tomilov (IM PAN, Warsaw and Nichola

Quasi-hyperbolic semigroups

Wuppertal, 18 July, 2011 16 /1



Characterisations of quasi-hyperbolicity

Theorem a) Let 7 be a Cy-semigroup on a Hilbert space X with

generator A. Then 7 is quasi-hyperbolic if and only if A satisfies lower
bounds

I(A—=is)x|[ = cllx|| (s €R,x < D(A))

b)If X is a Banach space then 7 is quasi-hyperbolic if and only if the
multiplication operator

(Ma-.f)(s) = (A—is)f(s)
is a lower Fourier multiplier on LP(R, X),1 < p < oo, i.e.

I(F~" Ma—i F)E(S)o 2 cllfleo

for all Schwartz functions f : R — D(A), where F is the Fourier
transform on L'(R, X).
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What do lower bounds for A imply?

For simplicity of statement, assume that (7(t)):cr is @ Cp-group, i.e.,
each T(t) is invertible.

Theorem Let A be the generator of a Cy-group (T(t)):cr on a Banach
space X, and assume that

(A —is)x| > clx]| (s € R, x € D(A)).

Wuppertal, 18 July, 2011 17 /1
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What do lower bounds for A imply?

For simplicity of statement, assume that (7(t)):cr is @ Cp-group, i.e.,
each T(t) is invertible.

Theorem Let A be the generator of a Cy-group (T(t)):cr on a Banach
space X, and assume that

(A —is)x|| > c]|x|| (s € R,x € D(A)).

Then for each non-zero x,
(i) [IT(t)x| grows faster than polynomially either as t — oo or as
t - —o0, and
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What do lower bounds for A imply?

For simplicity of statement, assume that (7(t)):cr is @ Cp-group, i.e.,
each T(t) is invertible.

Theorem Let A be the generator of a Cy-group (T(t)):cr on a Banach
space X, and assume that

(A —is)x|| > c]|x|| (s € R,x € D(A)).

Then for each non-zero x,
(i) [|T(t)x|| grows faster than polynomially either as t — oo or as
t - —o0, and
(i) There exists ex > 0 such that

/ IT(1)x|le=! dit = oo,

—00
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Continuous embedding ?

If A satisfies

I(A=is)x|[ = cllx|| (s eR,x e D(A))

can X be continuously embedded in a space Y in such a way that
there is a hyperbolic Cy-semigroup {S(t) : t > 0} on Y such that
T(t)=S(t) Ix ?
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Continuous embedding ?

If A satisfies
[(A—is)x|| > cllx]|  (s€R,xe D(A))

can X be continuously embedded in a space Y in such a way that
there is a hyperbolic Cy-semigroup {S(t) : t > 0} on Y such that
T(t)=5(t) Ix ?

A necessary condition for this:

each orbit nontrivial orbit T(t)x should grow exponentially in forward or
backward time, with uniform exponent.
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Continuous embedding ?

If A satisfies
[(A—is)x|| > cllx]|  (s€R,xe D(A))

can X be continuously embedded in a space Y in such a way that
there is a hyperbolic Cy-semigroup {S(t) : t > 0} on Y such that
T(t)=5(t) Ix ?

A necessary condition for this:
each orbit nontrivial orbit T(t)x should grow exponentially in forward or
backward time, with uniform exponent.

If (T(t))t>0 has growth bound 0 (the spectral radius of T(t) is 1) and A

satisfies the condition above, then T is not quasi-hyperbolic, but such
growth does occur (in negative time).
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THANK YOU FOR YOUR ATTENTION !

o [ = ) (
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M compact Riemann manifold, with tangent bundle TM, ¢ a
diffeomorphism of M.

Definition ¢ is Anosov if TM = TMs & TM, where Dy contracts TM;
exponentially in positive time and contracts TM, exponentially in
negative time.

C(TM) Banach space of continuous sections of TM (with sup norm)

Define push-forward operator on C(TM) :

(Eof)(0) = Do '0)f(¢7'0) (0 €M)

Mather (1968): ¢ is Anosov if and only if E, is hyperbolic.
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Definition ¢ is quasi-Anosov if, for all # € M and all non-zero x € TM,,
{(D,)"(0)x : n€ Z}
is unbounded.

Mané (1977): ¢ is quasi-Anosov if and only if M can be embedded in a
manifold N on which ¢ can be extended to an Anosov diffeomorphism.

Moreover, ¢ is quasi-Anosov if and only if o.5(E,) N T =0, i.e.,

E, is quasi-hyperbolic
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