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Parabolic Systems

.

.

. ..

.

.

ut − (a(x)ux)x + c(x)u = h11ω,

+ Boundary Conditions

u(0, x) = u0(x), x ∈ (0, 1),

ω ⊂ (0, 1).
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. . . . . .

Null controllable : ∃h ∈ L2(0, 1)

u(T ) = 0.

Null controllability ⇐⇒ Observability Inequality :=

∫ 1

0
U2(T , x)dx ≤ C

∫ T

0

∫
ω
U2(t, x)dxdt

.

.

. ..

.

.

Ut − (a(x)Ux)x + c(x)U = 0,

+ Boundary Conditions

U(0, x) = U0(x), x ∈ (0, 1),
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. . . . . .

Carleman Estimate for parabolic equations

∫ T

0

∫ 1

0
ρ1 z2+

∫ T

0

∫ 1

0
ρ2 z2x

≤ C

∫ T

0

∫ 1

0
ρ3 f 2.

Non degenerate Case : a(x) ≥ m > 0.

Fursikov-Imanuvilov

Albano, Cannarsa, Zuazua, Yamamoto, Zhang,
Guerrero, Benabdellah, Dermenjian, Le Rousseau, ...
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. . . . . .

Degenerate Carleman estimate

Degenerate case :

e.g. a(0) = 0 and a > 0, x ∈ (0, 1]

a(x) = xα, x ∈ [0, 1], α > 0.

Alabau-Boussouira, Cannarsa, Fragnelli, Martinez,
Vancostenoble ....
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. . . . . .

A-B. C., F. Degenerate Carleman estimate

assumption (H1) : Weak degeneracy :

(i) a ∈ C[0, 1] ∩ C1(0, 1]; a(0) = 0; a > 0 on (0, 1].

(ii) ∃K ∈ [0, 1); xa′(x) ≤ Ka(x); ∀x ∈ [0, 1].

assumption (H2) : Strong degeneracy :

(i) a ∈ C[0, 1] ∩ C1(0, 1]; a(0) = 0; a > 0 on (0, 1].

(ii) ∃K ∈ [1, 2); xa′(x) ≤ Ka(x); ∀x ∈ [0, 1].

In the case a(x) = xα :

(H1) ⇐⇒ 0 ≤ α < 1.

(H2) ⇐⇒ 1 ≤ α < 2.
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. . . . . .

A-B, C., F. Carleman estimate

.

.

. ..

.

.

∫ T

0

∫ 1

0
[sΘ(t)a(x)z2x + s3Θ3(t)

x2

a(x)
z2]e2sφ(t,x) dxdt

≤ C (

∫ T

0

∫ 1

0
f 2e2sφ dxdt + a(1)

∫ T

0
z2x (t, 1)e

2sφ(t,1) dxdt)

.

.

φ(t, x) = Θ(t)ψ(x), Θ(t) :=
1

[t(T − t)]4

ψ(x) := c1
(∫ x

0
y

a(y)dy − c2
)

c2 ≥ 1
a(1)(2−K) , c1 > 0.

a(x) = xα : ψ(x) := c1
(
x2−α − c2

)
.
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. . . . . .

Coupled Parabolic Systems

.

.

. ..

.

.

ut − (a1(x)ux)x + c1(x)u + b1(x)v = h11ω,

vt − (a2(x)vx)x + c2(x)v + b2(x)u = 0,

+ Boundary Conditions

u(0, x) = u0(x), v(0, x) = v0(x), x ∈ (0, 1),

u(T ) = v(T ) = 0.

Nondegenerate Case : ai (x) ≥ m > 0

Gonzalez-Burgos, De Teresa, Ammar-Khodja,
Benabdellah, Dupaix, Zuazua, ...
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Coupled Degenerate Parabolic Systems

Cannarsa and De teresa (2009)

a1 = a2, b1 = 0

.

.

. ..

.

.

ut − (a(x)ux)x + c1(x)u = h11ω,

vt − (a(x)vx)x + c2(x)v + b2(x)u = 0,

u(t, 1) = v(t, 1) = 0

u(t, 0) = v(t, 0) = 0 (H1)

or

(aux)(0) = (avx)(0) = 0 (H2)

u(0, x) = u0(x), v(0, x) = v0(x), x ∈ (0, 1),
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. . . . . .

Coupled Degenerate Parabolic Adjoint Systems

.

.

. ..

.

.

Ut − (a1(x)Ux)x + c1(x)U + b2(x)V = 0,

Vt − (a2(x)Vx)x + c2(x)V = 0,

u(t, 1) = v(t, 1) = 0

u(t, 0) = 0 (H1) or (aux)(0) = 0 (H2)

v(t, 0) = 0 (H1) or (avx)(0) = 0 (H2)

U(0, x) = U0(x), V (0, x) = V0(x), x ∈ (0, 1),

a1 = xα1 , a2 = xα2 .
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. . . . . .

First Carleman Estimate

.
Theorem 1
..

.

. ..

.

.

∃C > 0, ∃ s0 > 0 / ∀(U,V ) , ∀s ≥ s0 :∫ T

0

∫ 1

0

[
sΘa1U

2
x + s3Θ3 x2

a1(x)
U2

]
e2sφ1dxdt

+

∫ T

0

∫ 1

0

[
sΘa2V

2
x + s3Θ3 x2

a2(x)
V 2

]
e2sφ2dxdt

≤ C

∫ T

0

∫
ω

[
U2 + V 2

]
e2sΦ2dxdt.
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. . . . . .

Weight functions

Θ(t) :=
1

[t(T − t)]4
,

ψi(x) := λi

(∫ x
0

y
ai (y)

dy − di

)
,

φi(t, x) = Θ(t)ψi(x), i = 1, 2,

Ψi(x) := eriζi (x) − e2ρi ,

ζi (x) :=

∫ 1

x

1√
ai (y)

dy , ρi := riζi (0),

Φi (t, x) := Θ(t)Ψi (x) i = 1, 2
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. . . . . .

Proof

ω = (a, b) ⊂⊂ (0, 1).

Estimate in (0, a)

ξ = cut-off function ;

w := ξU, z := ξV ,

.

.

wt − (a1wx)x + c1w = b2z − ξxa1Ux − (a1ξxU)x := f1,

zt − (a2zx)x + c2z = −ξxa2Vx − (a2ξxV )x := f2,

+ Boundary conditions

w(0, x) = w0(x), z(0, x) = z0(x).
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. . . . . .

Proof

.

.

∫ T

0

∫ 1

0
[sΘa1w

2
x + s3Θ3 x2

a1(x)
w2]e2sφ1dxdt

≤ C

∫ T

0

∫ 1

0
[b22z

2 + (ξxa1Ux + (a1ξxU)x)
2]e2sφ1dxdt

∫ T

0

∫ 1

0
[sΘa2z

2
x + s3Θ3 x2

a2(x)
z2]e2sφ2dxdt

≤ C

∫ T

0

∫ 1

0
(ξxa2Vx + (a2ξxV )x)

2]e2sφ2dxdt.
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. . . . . .

di ≥ max{ 1
ai (1)(2−K) , 4

∫ 1
0

y
ai (y)

dy},

eρ2 ≥ 4
d2−

∫ 1
0

y
a2(y)

dy

d2−4
∫ 1
0

y
a2(y)

dy
,

ρ1 = 2ρ2,

λ1 =
e2ρ1−1

d1−
∫ 1
0

y
a1(y)

dy
,

λ2 =
4

3d2
(e2ρ2 − eρ2).
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. . . . . .

Weight functions comparaison

For this choice we have :

φ1 ≤ φ2,

Φ1 ≤ Φ2,

φi ≤ Φi .
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. . . . . .

Hardy-Poincaré Inequality∫ 1

0

ai (x)

x2
g2(x)dx ≤ C

∫ 1

0
ai (x)|gx |2dx
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. . . . . .

Estimation in (a, 1)

W := (1− ξ)U, Z := (1− ξ)V .

Albano-Cannarsa Carleman estimate :

∫ T

0

∫ 1

0
s3Θ3e3rζi (x)y2e2sΦidxdt

+

∫ T

0

∫ 1

0
sΘerζi (x)y2x e

2sΦidxdt

≤ C

∫ T

0

∫ 1

0
|yt − (aiyx)x + ciy |2e2sΦidxdt

− C

∫ T

0

[
ri sΘ(t)eriζi (x)e2sΦi (t,x)ai(x)y

2
x (t, x)

]x=1

x=0
dt.
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∫ T

0

∫ 1

0
s3Θ3e3rζi (x)y2e2sΦidxdt

+

∫ T

0

∫ 1

0
sΘerζi (x)y2x e

2sΦidxdt

≤ C

∫ T

0

∫ 1

0
|yt − (aiyx)x + ciy |2e2sΦidxdt

− C

∫ T

0

[
ri sΘ(t)eriζi (x)e2sΦi (t,x)ai(x)y

2
x (t, x)

]x=1

x=0
dt.



18/25

. . . . . .

Estimation in (a, 1)

W := (1− ξ)U, Z := (1− ξ)V .

Albano-Cannarsa Carleman estimate :

∫ T

0

∫ 1

0
s3Θ3e3rζi (x)y2e2sΦidxdt

+

∫ T

0

∫ 1

0
sΘerζi (x)y2x e

2sΦidxdt

≤ C

∫ T

0

∫ 1

0
|yt − (aiyx)x + ciy |2e2sΦidxdt

− C

∫ T

0

[
ri sΘ(t)eriζi (x)e2sΦi (t,x)ai(x)y

2
x (t, x)

]x=1

x=0
dt.
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Second Carleman Estimate

.
Theorem 2
..

.

. ..

.

.

If b2 ≥ µ in ω1,

∃C > 0, ∃s0 > 0 / ∀(U,V ), ∀s ≥ s0∫ T

0

∫ 1

0

[
sΘa1U

2
x + s3Θ3 x2

a1(x)
U2

]
e2sφ1dxdt

+

∫ T

0

∫ 1

0

[
sΘa2V

2
x + s3Θ3 x2

a2(x)
V 2

]
e2sφ2dxdt

≤ C

∫ T

0

∫
ω
U2dxdt.
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Observability Inequality

.

.

. ..

.

.

∫ 1

0
[U(T , x))2 + (V (T , x))2) dx

≤ C

∫ T

0

∫
ω
U2(t, x) dxdt.
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Non Cascade degenerate Systems

.

.

. ..

.

.

Ut − (xα1Ux)x + c1(x)U + b2(x)V = 0,

Vt − (xα2Vx)x + c2(x)V + b1(x)U = 0,

+ Boundary Conditions

U(0, x) = U0(x), V (0, x) = V0(x), x ∈ (0, 1),
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.

.

∫ T

0

∫ 1

0
[sΘa1w

2
x + s3Θ3 x2

a1(x)
w2]e2sφ1dxdt

≤ C

∫ T

0

∫ 1

0
[b22z

2 + (ξxa1Ux + (a1ξxU)x)
2]e2sφ1dxdt

∫ T

0

∫ 1

0
[sΘa2z

2
x + s3Θ3 x2

a2(x)
z2]e2sφ2dxdt

≤ C

∫ T

0

∫ 1

0

(
b21w

2 + ξxa2Vx + (a2ξxV )x
)2
]e2sφ2dxdt.
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New Carleman estimate of Parabolic
systems

yt − (xαyx)x = f ,

+ boundary conditions

y(0, x) = y0, x ∈ (0, 1).

ψ(x) = c1(x
2−α − c2).

ψ(x) = c1(x
2−β − c2).
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New Carleman estimate of Parabolic
systems

.

.

. ..

.

.

∫ T

0

∫ 1

0

(
sΘ(t)x2α−βy2x + s3Θ3(t)x2+2α−3βy2

)
e2sφ dxdt

≤ C

∫ T

0

∫ 1

0
f 2(t, x)e2sφ(t,x) dxdt

+

∫ T

0
sΘ(t)y2x (t, 1)e

2sφ(t,1)dt for all s ≥ s0
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