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Shape optimization: Shape optimization: Shape optimization: Shape optimization: isoperimetric problem    

D. Bucur, G. Buttazzo, 
Variational Methods in Shape Optimization Problems, 
Birkhauser, 2005

�     Many shape optimization problems can be seen in the larger   
framework of optimal control problems:  

 

�     The first and certainly most classical example of a shape 
optimization problem is the isoperimetric problem: 

 
Find, among all admissible domains with a given perimeter, the
one whose Lebesgue measure is as large as possible.

Perimeter is fixed

Max

is the circle
Hurwitz,1902

Simplicial
closed curve
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Shape optimization: Shape optimization: Shape optimization: Shape optimization: minimal aerodynamical resistance    

�     The Newton problem of minimal aerodynamical resistance:  The 
problem of finding the shape of a body which moves in a fluid 
with minimal resistance to motion

 

One of the first problems in the calculus of variations

 Newton (1685, Principia Mathematica):
         [an inviscid and incompressible medium]

Resistance of 
globe is half 
of cylinder!



July 18, 2011 DPSCJuly 18, 2011 DPSCJuly 18, 2011 DPSCJuly 18, 2011 DPSC

Shape optimization: Shape optimization: Shape optimization: Shape optimization: first eigenvalue of Laplacian    

�     The most famous shape optimization problem is on 
the  first eigenvalue of Laplacian:      

Fixed constant

Area



July 18, 2011 DPSCJuly 18, 2011 DPSCJuly 18, 2011 DPSCJuly 18, 2011 DPSC

Shape optimization: Shape optimization: Shape optimization: Shape optimization: nonexistence    

Conclusion: Conclusion: Conclusion: Conclusion:  

Solution does not always exist!

where is an open bounded set, is open set, 

is defined on with zero extension.

If is small enough, No smooth solves above problem! 

Too small!
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Shape optimizationShape optimizationShape optimizationShape optimization

�     For shape optimization: The control variable is domain!    

Minimizing sequence:             has convergent subsequence 

PDE +Geometry

A topology for admissible sets to have compactness! (weak enough)

A topology should be  to get continuity! (strong enough)

Involves: 
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Our problemOur problemOur problemOur problem

Consider an elliptic  problem: 

bounded domain

What class    of open sets     can be found so that there exists 
at least one solution for above shape optimization?
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Hausdorff distance Hausdorff distance Hausdorff distance Hausdorff distance 

Open sets class     becomes a metric space under Hausdorff distance: 

Principle 1 [Compactness]:

Principle 2 [Continuity]: 

Convex open set class (cannot be too small) meets the principles!

Existence
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Hausdorff distance: known factsHausdorff distance: known factsHausdorff distance: known factsHausdorff distance: known facts

Lemma 1: [  --property for open sets]

Lemma 2:

The class of all open sets of     is compact under 
Hausdorff distance! 

But it is too large to have continuity!
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Open set: interior ball conditionOpen set: interior ball conditionOpen set: interior ball conditionOpen set: interior ball condition

Definition 1: [interior ball condition]

Remark: This is first introduced by us, independent of convex!

Motivation: Smooth surface has interior ball property, like 
circle of curvature!     

cannot be too 
small!
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Open set: exterior ball conditionOpen set: exterior ball conditionOpen set: exterior ball conditionOpen set: exterior ball condition

Definition 2: [exterior ball condition]

Remark: This is completely motivated from interior ball condition!
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Open set: Property  Open set: Property  Open set: Property  Open set: Property  

Definition 3: [Property        ]

Connected compact

Motivation: connected domains converge to  connected doamin!

disconnected!
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Three open sets class: Three open sets class: Three open sets class: Three open sets class: 

Remark: 

cannot be too small! 

Advantage of     : Any open set in      is connected! 
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First main result: compactnessFirst main result: compactnessFirst main result: compactnessFirst main result: compactness    

Theorem 1 [compactness of open set class]: 

The proof is quite elementary!
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Special attention forSpecial attention forSpecial attention forSpecial attention for    

Let has both uniformly interior and exterior ball property

Expect:     is more smooth: 

Remind: any smooth surface has interior property!

The smoothness of    is the inverse of above property!

Lemma 3:
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Special attention forSpecial attention forSpecial attention forSpecial attention for

By rotation and translation, we may suppose that 

Lemma 4:
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Second main result:Second main result:Second main result:Second main result:

The property of   : 

a).

b).

No more!
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Second main result:Second main result:Second main result:Second main result:
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Exterior     Property of Exterior     Property of Exterior     Property of Exterior     Property of 

Theorem 2:

Theorem 3: [Exterior     property of           ] 
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Exterior     Property of Exterior     Property of Exterior     Property of Exterior     Property of 

Remind: interior    - property is always true if only 

However, the exterior    - property can not be deduced from 

Example:
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Continuity conditionsContinuity conditionsContinuity conditionsContinuity conditions

Needs special 
property of class

smoothness of 
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Existence for class Existence for class Existence for class Existence for class 

Lemma 5:

So condition (ii) is satisfied!

Condition (iii) is the direct consequence of fact

Theorem 4: [existence of optimal shape in the class               ]

It needs exterior    property 
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Boundary optimization problem in Boundary optimization problem in Boundary optimization problem in Boundary optimization problem in 

�     Consider boundary shape optimization problem:    

is the N-1-dimensional Hausdorff measure on

where

Newtonian resistance in N-dimensional body   : 

direction of the motion
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Boundary optimization problem in Boundary optimization problem in Boundary optimization problem in Boundary optimization problem in 

Write 

In the proof of Theorem 2:

 After rotation and translation: we have a 

(i). (ii).

(iii).

coordinate charts of 
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Computation of Hausdorff measure Computation of Hausdorff measure Computation of Hausdorff measure Computation of Hausdorff measure 

In order to show the existence of boundary shape optimization
we need 

 

To do so, we have to find how to compute measure? 

Find coordinate charts of 

Find coordinate representation

Riemannian manifold
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Find coordinate charts of Find coordinate charts of Find coordinate charts of Find coordinate charts of 

Write 

 

Coordinate charts of  

Lemma 6: is Riemannian manifold:
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Find coordinate charts of Find coordinate charts of Find coordinate charts of Find coordinate charts of 

 

Lemma 7: is Riemannian manifold:
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Representation of coordinate of    Representation of coordinate of    Representation of coordinate of    Representation of coordinate of    

 

Lemma 8: Coordinate representation:
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Coordinate charts of    Coordinate charts of    Coordinate charts of    Coordinate charts of    

 

Lemma 9:
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Boundary convergence     Boundary convergence     Boundary convergence     Boundary convergence     

 

Lemma 10:

Lemma 11:

Lemma 12:

Theorem 5:
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Existence of  boundary shape optimization Existence of  boundary shape optimization Existence of  boundary shape optimization Existence of  boundary shape optimization 

 

Theorem 6:

Proof:  Measure theory +

---The end--- 
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---The end------The end------The end------The end---


