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/I The general 1lg—problem with infinite time horizon for well-posed \
infinite—dimensional systems has been investigated in (Weiss and Weiss,
1997), and in (Staffans, [1997,/1999), (Mikkola and Staffans, 2004).

B Our aim is to present a solution of a general 1q - optimal controller
synthesis problem for infinite—dimensional systems in factor form. The
systems in factor form are an alternative to additive models, of the theory
of well-posed systems and enable us to lead the analysis exclusively
within the basic state space. As a result of applying the simplified analysis
in terms of the factor systems, we obtain an equivalent, but, astonishingly
not the same formulae expressing the optimal controller in the
time—domain and a complement to the method of spectral factorization.

B The results are illustrated by two examples of construction of the
optimal control/controller for standard lg—problems met in literature:
(Chapelon and Xu, 2003), to which we give full solution and an example

of improving a river water quality by artificial aeration (active control)

\LZolopa and Grabowski, [2008). /




/1 Introduction \

Consider a control system governed by the model in factor form

x(t) = A [x(@t)+ Pu(t)]
) = Ex(1)

where the state operator </ generates an EXS semigroup {S(7)},>0 on a

(1.1)

Hilbert space H with scalar product (-, )y, , i.e., there exit M > 1 and
o > 0 such that

1S()x0llg < Me™ ¥ ||xo0]| Vi>0, VxoeH ; (1.2)

¢:(D(¢)CH) — Y, ¢« ! €LH,Y), 2 € L(U,H) with
R(2)C D(¥),€2 € L(U,Y) and u € L?(0,00;U). Here Y and U are
Hilbert spaces with scalar products (-,-)y and (-, -)y, respectively.

\\The LQ-optimal control problem with infinite time horizon is to /
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/minimize the quadratic integral performance index \

/oo'ya)'*'Q N[ o
0

u(t) N* R u(t)

J(xp,u) = dr, (1.3)

where Q = Q* € L(Y), N € L(U,Y) and R = R* € L(U), on trajectories

of (

1.1

).

To solve this problem we shall assume that:

(A1) % is an admissible observation operator, i.e., Z(%) C D(%Yy),

-

where

Z € L(H,L?(0,,Y)), (Zx0) (t) := €/~ 1S(t)xo;
A f=f, D(Z)=W"([0,),Y) .

Since % generates the semigroup of left—shifts on L?(0,00;Y)

then, by the closed—graph theorem, the admissibility of & holds/
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/ iff \

¥ =A% cL(HL*0,2,)) ,
and W is called the system observability map.

(A2) & is an admissible factor control operator, i.e., Z(W ) C D(<f),
where

W € L(L*(0,00;U),H), W f:= /OOOS(t)@f(t)dt .
By the closed—graph theorem, the admissibility of & holds iff
® = oW € L(L*(0,;U),H) ,
and P 1s the system reachability map.

(A3) The system transfer function G(s) :=s€ (sl — ) ' D —€ P
satisfies
G e H*(Ct,L(U,Y))

\\ (recall that G € H*(C*,Z), for some Banach space Z, if /




G :C*t 35— G(s) € Z is holomorphic and \
H(A?HHOO(W’Z) = 81;:1)+ H(A?(s) Hz < oo; this definition applies as
NS

Z =L(U,Y) is a Banach space). If the latter is met then the
input—output operator, given by

!

(Fu) (£) = % /O (W[ Pu(1)]) (1 — T)dT — (€ D)ult) .
satisfies F € L(L?(0,0;U),L?(0,00;Y)). This follows from the
Paley—Wiener theorem (Arendt et al, 2001, Theorem 1.8.3, p. 48;
this version of the Paley—Wiener theorem does not require
separability of a Hilbert space) upon taking the Laplace
transforms: (Fu)(s) = G(s)i(s), s € C*.

Let us remark that since

Gs)=s* (€ ) (sI—) 1D —5 (€ ") D — € P then, by
EXS, G is analytic on a set containing C*+, which jointly with
(A3) yields H(A}(ja))HuU,Y) < H(A}HHm<C+7L(U’Y)) for every @ € IR/
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x(0)=x>H S(1) x(t) €H

Y

u € L*(0,00,U) F y € L2(0,00,Y)

»-
'

Y

Figure 1.1: Basic control-theoretic operators and their action.

Remark 1.1. If % is not admissible, the operator ¥ = %y 2 with natural
domain D(¥) = {x € H: Zx € D(%)} is closed and densely defined,
with W|p ) = 2o (for xg € D(&), Wxo is homogeneous part of the
system output), and therefore 1t has closed and densely defined adjoint
operator ¥* = .&/* 2" with natural domain

\\D(‘P*) = {y € L?(0,0;Y) : Z*y € D(a7*)}, with Y poay) = 2%y, /
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Similarly, if & is not admissible, the operator ® = .&/# with natural
domain D(®) = {u € L?(0,00;U) : #u € D(a7)} is closed and densely
defined, with ®| D(%y) = W Hy, Xy = Z7;, and therefore it has closed

and densely defined adjoint operator ®* = Zy#* with natural domain
D(®*) ={xeH:W"x € D(Ly)}, with ®*|p, 0y =W " "

2 Time-domain considerations

Lemma 2.1. By (A2), for every xo € H and u € L?(0,0; U)

x(t) :S(t)xo—F&R;u, (Riu) (1) := , (2.1)

~

ut—7) if 7<¢

0 if T<t

1S a weak solution of (

1.1

), and R; € L(L?(0,00;U)) is called the operator

\g‘reﬂection atz.
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Lemma 2.2. If in addition to (A2), the semigroup {S(¢) };>0 is EXS then
the weak solution (2.1) is for every xo € Hand u € L?(0,0;U) in
BUC([0,%),H), and t — (z,x(¢))y is in L*(0, o) for every z € H,

xo € Hand u € L?(0,00;U).

Lemma 2.3. If (A2) holds then for every u € W!?(]0,0);U) and xo € H
such that xo + Zu(0) € D(<7), (2.1) is a classical solution of (1.1).

The output equation
y(t) =Cx(t) =C|x(t) + Du(t)] — € Pult) (2.2)

is well-posed and is a continuous function of ¢. If, in addition (A1) holds,
then

y(t):(‘Pxo)(t)—I—% /0 W2u(D)]) (- T)dT—CIu(t) . (23)

Finally, if all assumptions (A1), (A2) and (A3) are met then for every




/xo € Hand u € L?(0,; U):

y=Wxo+Fu .

Now we are in position to present the main result of this section.

Theorem 2.1. Let o/ generates an EXS semigroup on H and the
assumptions (A1), (A2) and (A3) hold. If the operator

R :=R+NF+FQF +F*N = Z* € L(L*(0,0;U))

1s coercive then there exists a unique optimal control, given by

value is J(xo) = (X0, #ptX0)H, Where

Hopr =V Q¥ - (QF +N)Z~ (F*Q+N")¥ = ;5 € L(U)

|

. (2.6)

(2.4)

topt = Mxg, M:=-Z " (F*Q+N")¥ € L(H,L*(0,0;U)) , (2.5)

on which the performance index J achieves its minimum. The minimal

/
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4 N

Next, define
N_:=N-Q(¢9),R_:=R—(¢ZY)'N—N"(€2)+(¢2)" Q(¢Z)=R"

and assume, in addition, that R_ is coercive. Assume that 57 € L(H),

JC = F* solves the Riccati operator equation

(A7, 2+ (2, A )u+(Q€7,€C7)y =
= (~D*H A+ N C2,R_ (—~D* H A2+ N*Cz)),, z€D(A).

(2.7)
Define
G:=—-D*H A7+ N6z, z€D(A) (2.8)
and consider the feedback control law
d
u(t)=—-R-'— (977 'x(t)] | (2.9)

—dr

- /

11




ﬁesulting in the closed—loop system \

— [ﬁ%_lx} =x—9R_" — [%ﬁ/_lx(t)} & d [sz_lx—k .@R:I%%_lx] =X

dr
(2.10)
(@) If u € L?(0,00;U) then u = Uopt, H = Hop (In particular, this means
that S%p solves (2.7)) , ¥ = Yopt, S — R— + 5Gp1 (I — 427’)_1@ is in
H>(C*,L(U)) and the solution x,p of (2.10) with initial condition xo,
corresponding to uop reads as Xop (1) = Sopt(t)x0 = [S(t) + PR, M]xo,

and {Sopt(?) }+>0 is an EXS semigroup on H.

(II) If a solution o7 = 5* € L(H) to the Riccati operator equation (2.7)
is such that for the corresponding ¢, defined by (2.8)), the
operator—valued function s — [R_ +s4 (s — 2/ ) "1 9] is in
H*(C*,L(U)) jointly with its L(U)—inverse
s+ [R_+59 (sl —o/) ' 9]~!, then the implicitly defined feedback
control (2.9) is in LZ(O, oo; U) and therefore it is optimal, i.e.,

\\ U= Uopt, H = Hop and G = Gy /

12




/Remark 2.1. If ¢, originally defined on D(.«7), extends to an operator\
Gx with domain D(¥,) such that: (i) R(2) C D(¥9y), (ii) (R— +9\2),
(R_+%,2)"" € L(U) then the equation z + PR 'Yz = x, in definition
of D(.2Zypt), can be explicitly solved:

2+ DR Gyz = x = Gnz+GINDR_'Grz = (R_ +G\D)R_'Gr7 = Gpx
— R z=R_ +9D) 'Gx=71=x— P (R_+9D) Y.
Consequently, the closed—loop state operator can be rewritten as
dyyx = o [x IR +9D)  Gx
D(Ay) = {x ED(DN): x— D(R_+GD) " Gyx e D(d)} .
This form of #%.x suggests that the optimal feedback reads as

u=—R_+9%2) " %x, xeD() , (2.11)

Qhat can easily be confirmed by the Laplace transformation. /
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KA part of a proof of the Hille-Phillips—Yosida generation theorem is to \
show that the operator <7, € L(H), o, f := s/ (s] — o/ )~ f satisfies
limg_ye0 ser s f = &7 f for every f € D(<7) (Pazy, 1983, Lemma 3.3, p.
10). Therefore .<7; has been called the Yosida approximation of <f. Since
¢.o/~! € L(H,U) the limit limy e s ¢ (s — o7 ) 17 exists for
z € D(7) and it is well-known that it may exist on some domain larger
than D(«). Thus the Yosida approximation of Yy,

Grz:= lim Y (sI — d)_lz,

s—oo s€R

D(G\)={z€H:3 lim sGyu(sl— <) "2} ,

s—roo,s€R

or even its restriction to R(Z), may serve as the needed extension of ¥,
provided that the limit

(R-+9\P)u= 1lim (R_u+sGop(sl— /) ' Du), ucU

s—roo s€R

\ieﬁnes a Banach isomorphism on U. /
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/3 The frequency—domain approach \

By the Paley—Wiener theorem (Arendt et al, 2001, Theorem 1.8.3, p. 48)
J(u,x0) = J (i, x0) = <ﬁaH’2>L2(j|R,U) + (4, [G*Q‘|‘N*] \?x\()>L2(j[R,U)+
‘|‘<‘?x\07 [0G+N] )2 (Ry) T <‘§;O,Q\?X\O>L2(]R,Y)v i eL*(jR,U),xo € H

where I1 stands for the Popov spectral function,

[I(jo) := R+2Re[N*G(jw)]| +G*(jo)0G(jw) =IT*(jo) , (3.1)

which, thanks to the continuity and boundedness of G on R, is
L(U)-valued bounded and continuous on jR. Here we use the notation
2ReZ:=7+7*,7Z € L(U).

Proposition 3.1. Assume that the assumptions (A1), (A2) and (A3) hold,
and .« generates an EXS semigroup. Let Il be coercive. Then % is
\j)ercive and, by Theorem|2.1, the LQ—problem has a unique /
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/LZ(O, oo; U)—minimizer, whence, by the Paley—Wiener theorem, a unique\
H?(C";U)—minimizer.

There exists a spectral factorization
[(jo) = Z*(jo)E(jo) | (3.2)

where Z € H*(C™,L(U)) jointly with C* > s — E~!(s) € L(U). This
spectral factorization is uniquely determined up to a constant, 1.e.,
independent of s, unitary operator multiplier which belongs to L(U).

Let P, stand for the projection from L?(jR;U) onto its closed subspace
H?(C™;U). Then the H*(C";U)—minimizer is given by

i(s) = —2 7' (5)P {27 (jo) [G(j@)0+ N (Fn) (jo) } . (3.3)

Proposition 3.2. .o/ generates an EXS semigroup. Assume that the

assumptions (A1), (A2) and (A3) hold. Let IT(j®) be coercive. Then

R_ =TI(0) = E*(0)E(0) is coercive, so we can discuss the operator
\\Riccati equation (2.7). To each its solution .7, or to each ¢ given by /
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Finally,

/(2.8), there corresponds a spectral factorization (3.2), where

Z(s) =V +V *Ys(sI— /)2 € L(U)

and s — Z(s) € H*(C*,L(U)). Furthermore, V~*¥ is admissible.

If L(U)-inverse of E is in H*(C*,L(U)) then the implicit formula (
defines optimal feedback controller.

FliMy_yeo ser 59 (I — )V Du =G\ Du +— iMoo ser Z(5)1t 1= Du
and then V™" (R_4+9\2) = D. Thus R_ + 9\ is invertible iff so is D, a
fact important for verification whether the explicit formula for the optimal

feedback controller (

2.11

) holds true.

-

~

(3.4)

2.9)

/
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/4 The method of spectral factorization \

Let us treat (3.4) not as a definition of a spectral factor but an equation

determining ¢. Such the equation is said to be the realization identity or

equation. Then, by (2.8) and (3.4) a unique spectral factor corresponds to

the optimal cost, thus this spectral factor is necessarily in H*(C*,L(U))
jointly with its inverse and 1s determined up to a unitary operator which 1is

hidden in V. Thus if the LHS of (3.4) is a spectral factor in H*(C*,L(U))
jointly with its inverse then the realization identity must be satisfied, out

of uniqueness, by ¢, corresponding to the optimal control/controller.

It should be emphasised that the realization equation 1s generally not
uniquely solvable. Nevertheless, if the system is approximately
controllable, i.e., if Z(®) = H <= ker®* = {0}, then the realization
1dentity cannot have more then one solution, so it determines uniquely the

optimal controller (in its implicit form), provided that the LHS of the
\iealization identity is a spectral factor belonging to H*(C*,L(U)) jointl}y
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szith 1ts Inverse. \

Thus if, in addition, the system is approximately controllable, then ¢, or
D'V =*%, are uniquely determined by the following equivalent
realization equations

(x]

“(0)E(s) = R_ +GrD + Cy(s) < E(0)[E(s) — D] = Gy (s)

> E(s)=D[I+D 'V G (s - ) ' D]| |
4.1)
where Gy (s5) 1= Yp.a/ (sI — o/ ) ~' 2 and the second line arises by acting
with the operator D~ 'V ~* on both sides of the last identity in the first line.

Comment 4.1. If 7 is the operator of boundary control then, since
D(«/) C kert, ©% = —I, one has

1l (sI— ) ' D=st(sI—A) ' D—1D =1

and (4.1) can also be written as

K E(s) = (DT+V G A (sl — ) D . /
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/5 Comparison with earlier works \

Consider the fower (or scale) of Hilbert spaces
H; < H(: H*) —H_; |,

with continuous dense embeddings, where H; = (D(.%7), || - || o),

|x|| oz := ||«7x||g whilst H_; stands for the completion of H under the
norm ||x||g_, := ||/~ x||u; the latter arises by taking the limits of all

sequences of H, which are Cauchy sequences with respect to ||x||g_, .

Parallely, consider also the fower of Hilbert spaces
/_1 H(: H*) — 7 ,

with continuous dense embeddings, where Z; = (D(/™), || - || o*)»

|x|| o7+ := ||« *x||g Whilst Z_ stands for the completion of H under the

norm ||x||z_, := ||« *x||u; the latter arises by taking the limits of all
\ﬁ:quences of H, which are Cauchy sequences with respect to ||x||z_, . /
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ﬁ he bilinear form \

<x>Z>H_1><Zl = <‘%x7‘gf—*z>HxH !

where 7, € L(H,H_1) denotes the extension of <7 € L(H{,H), an
isometry from Hy, onto H, defines duality pairing between H_| and Z;.
Here H_ is isomorphic with [D(27*)|* whilst and Z_ is isomorphic with
[D()]".

It 1s proved in (Weiss and Weiss, |1997) that if IT has the spectral
factorization I1(jw) = [E(jw)]*E(jw), where £, 2! € H*(CT,L(U))
and Z(s) — D as s — oo, s € R with D and D~! € L(U) (regular spectral
function), then the optimal cost operator X solves the operator Riccati
(Weiss and Weiss, 1997, Theorem 12.8, p. 322, especially formula (12.7))
and (Staffans,| 1997, Corollary 45, p. 3712); see also (Mikkola and
Staffans, 2004, Theorem 3, especially formula (6))

\ o*X +Xo/ +C*QC = (By X +NC)*(D*D)""(By X+NC) , (5. 1)/
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4 N

where all terms are in L(H;,Z_) and, actually, X maps D(.2/) into
D(B} ). Here B€ L(UH_) < B* € L(Z,,U),

CeL(H,,Y) < C*cL(Y,Z,), B} (Bj) denotes weak (strong)
extension of B*, defined as the weak (strong) limit of sB*(sI — /) x as
s — oo, s € R and D(Bf\w) consists of those x € H for which the weak limit
exists (D(Ba+) consists of those x € H for which the strong limit exists).
The optimal controller is given on D(<7) as

Fx=—(D'D)"' (B, X+NC)x, xeD(&) .

The spectral factor & can be realized as a transfer function of the system
with the state operator .o/, control operator B, observation operator —DFy
and the feedtrough operator D (Weiss and Weiss, 1997, p. 329, Formula
(12.5)), 1.e.,

E(s)=D—DFr(sI— /) 'B=D[I-FA(sI—</)"'B] . (5.2)

- /
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/Finally, the state operator of the optimal closed—loop system reads as \
%pt — o/ + BF}, D(%pt) = {X() c D(FA) : (d+BFA)x0 € H}

so the optimal controller 1s u = Fypixo, Where Fopexg = Faxg for

Our Riccati operator equation (2.7) slightly differs from (5.1) as:

(a) 1t does not employ the feedthrough operator D,
(b) it is stated in a weak sense within the state space H,

(c) even if we identify X with 57 (both operators express the minimal
cost), C with ¢ and notify that B), is an extension of Z*.</" then the
ordering of operators defining ¢ and F is not the same and in (2.7)
the operator N_ appears instead of N in (5.1). Thus our Riccati
equation (2.7) 1s astonishingly not the same as (5.1).

Next, EXS of {Sopt(?) };>0 is not shown in (Weiss and Weiss,|1997),
\ihough we still do not know whether it decays with the same rate or fastfy
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/than [5(1)}y>0. \

On the other side our results and those of (Weiss and Weiss, 1997) are
very close in the frequency—domain aspects as:

(d) the idea of Remark 2.1|coincides with the concept of a regular

spectral factor,

(e) comparing the second line of (4.1) with (5.2) we get a relationship
between ¥4, and Fj,

Fy=-D'v*9, . (5.3)
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6 Solution of the example by Chapelon and Xu

The state operator .« acts in H=12(0,1) ©L?(0,1),

X1 —mlx’l
4 - ,  mp > O, my >O;
X2 mzx’z
A x1(0) = ox> (0
D(o/) =S x= e W'2(0,1) & W'2(0,1) : 10) = 0 (0)
| X2 x(1) = Bx(1)

and generates an EXS Co—semigroup, provided that «?8? < 1. This fact
1s not explicitly proved in (Chapelon and Xu, 2003), where the authors
recall an older result due to D. Russell (Chapelon and Xu, 2003,
Proposition 3.1, p. 592), however we are able to give a separate
Lyapunov—type proof. For that, define the following matrix operators of

N /
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/multiplication &1 =67, 6 =46 and &3 = &5 € L(H), & > 0:

(61%)(6) = 1—252/32 diag{mil,o}x(e),
(620)(8) = — ézﬁz diag{O, miz}x(e)
(£4x)(6) = diag{ 1’;19 | nfz }x(@), veH .

Notice that its linear combination k1 &1 + k» &> + &3 satisfies

(A x, (k1 &1V + koo + E3)x)u + (x, (k181 + ko ba + E3) A X) =

B 0 ) k1 k,B? 2(1
__HXHH_'_ B — 1—062[32 + 1—062[32 xl( )+ (6.
ki o? k
+{062—1— 1—1052[32 — 1_;2B2}x%(0), xeD(H) .

Solving an appropriate linear system of equations determining k1, k» we
\istablish that & := (a? +1)B?& + (B + 1) a?> & + &3 satisfies the

1y

/
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/Lyapunov operator equation
(%, Ex)u + (x, £l x)u = — ||x|)5; xeD() .

Now EXS for a?? < 1 <= & > 0 follows from Datko’s theorem. If
the latter holds then & = I is admissible (A1).

(Chapelon and Xu, 2003) have used the framework of well-posed
systems rather than (1.1), so it is worth to note that the operator of
boundary control equals

X1 X1 (O) — OXy (0)

X x2(1) = Bxi(1)

U = R?, and the factor control operator & is given by

1 1 ol
Yu = Du, D=
aof—1| g1 1

\\ ! _

T = ,D(t) cWH(0,1) e Wh3(0,1). (6.

2)

/
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The adjoint operator of <7 is

JZf* Vi _ mlv,l |
V2| I —mpV) |
.
—Jyv=1| " | eWw'2(0,1)aW'2(0,1):
V2
Hence

1
D* oty = DT / (7*)(6)d0
0

and this observation operator is admissible (A2). Indeed, the operator

1
1 —a?pB?

(Hov)(0) =

-

D(a*) =

mvi(1) = fmava(1)
amivy(0) = myv;(0)

mivi (O)

WL2V2(1)

diag {((x2 + Dmy, (B> + Dmy }v(0),

veH
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G the system controllability gramian, because it solves the Lyapunov \
operator equation, i.e., for v € D(.7*) there holds:

(v, Ay} + (v, Ao V)i = —mivi(0) —mav3(1) = — | 7"/ V[,

The system is infinite-time exactly controllable as .77 is a coercive
operator, whence the method of spectral factorization is applicable
because for standard lg—problems the Popov function is always coercive.

Next,
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ﬁ-lence, taking z = Du, we get \

i _ 58 _ s _ 56 T
A 1 e "M e ™e ™
G(S): T s s(1-8) _ s(1-6) . (6.3)
1 . aBe—S<m_1+m_2> ] ﬁe mi e my e my ]

with G € H*(C*,L(U)), i.e., (A3) is met.

The transfer function can be represented in the right coprime form
G(s) = U(s)M~!(s) with

B 560 T s
e ™ 0 1 —0e ™
U(S) — s(1-8) ’ M(S) — _ 5

0 e ™ —ﬁe i 1

Denoting by Z,(s) := Z! (—s) the pam—Hermltlan adjoint of Z(s), we see
that U, (s) = U (—s) = U(—s) = U~ !(s), so U(s) is para—unitary. Now

[(s) =14+ G.(5)G(s) =T+ M T (—s)M ! (s)

thoh facilitates finding a spectral factor of I1( j@) > I by reducing the /
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problem to finding a spectral factor of an entire matrix—valued function \

2+ p? —qe ™ —ﬁemil

S 5
—Qae™ — e ™ 2+ o

We shall seek for a factorization I + M., (s)M(s) = X, (s)X(s) with

[+M,(s)M(s) =

X(s) = s

This leads to the system of equations:

m?+p> = 242 (6.4)
m = o (6.5)
pg = P (6.6)

n+q> = 24+a’. (6.7)

-
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/Eliminating n, p from (6.7)/(6.4) with the aid of (6.5)/(6.6), we get \

(07 B 2 2 o 2 B*m?
= —, = —, :2 o —— —> —=
n=- P g ™ m2 P 2+ a2)m? — o2

and a biquadratic equation determining m:

2+a)mt—[a? - B2+ 2+ a?)(2+ B3] m? +a*(2+B%) =0 . (6.8)

Observe that the LHS of (6.8) at m*> = 0 equals: o>(2+ %) > 0. Let

pi=af =R+ (2+0%)(2+ %) =
2+B)+2+a?)+a?(2+B%) >4+2a% >0

and observe that the determinant of (6.8) satisfies

p>A=p’—40*(2+0*) (24 p%) >
> [2+a2) + a2+ B%)])° — 40?2+ a?) 2+ B%) =

O (2+a?) —a?(2+B%)]" >0. Y
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-

Hence (

6.8

~

) has four real roots mgp > my > 0> —my > —mp with

equality signs iff @ = 0. Furthermore, the LHS of (

6.8

) at m? = 2 equals:

—B?(2+0a?) <0,s0mp > V2 (=<+= B =0)and gz > V2
(= < o =0). Take the solution

m—mB:—\/

(04

U+ VA o

n—
2(2—|—062) ’ mp

Y

\/(2 + o2)mz — o2

mp
p= P y 4=
\/(2 + a?)m3 — a?
Since
1
X~ 1(s) = o
ma|1 - S |
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/then s — X(s) € H°(CT,L(C?)) jointly with s — X~ (s) iff \

2.2 2R2
1> u2p2 — P S & [(2+a2)m,23—a2]2 > a’B?, (6.9)
M”24+ a?)m3 — o?]

but the last inequality holds as a?>3% < 1 and [(2 +a?)m3 — 062} > >4,

Consequently the spectral factor E(s) of IT reads as

E(s) = X(s)M ™! (s) =

p _i —

1 m—nﬁe_(miﬁmiz) (mo—n)e ™

I—aBe ™) | (qBple T q—pae i i)
and belongs to H*(C™,L(C?)) jointly with Z~!(5s),

) iy

1 i q—poce_(miﬁmiz (n—moa)e ™

N

N ma—npe M) | (o gB)e m m—npe Girta '/
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/For obtaining the optimal controller we get
m O 1 m—-np mo-—n
D= lim E(s)= , E(0)= " g

—aB | gf-p q-po

S—>°°,S€|R O q

and, since mq = \/(2 + a)zm% —a?>"2,

[
— 0 1 —pr n—mo
pl=| ™ . =27H0) = F .
0 % mg—=np | p—gqf m-—np
From the realization identity (4.1), which here takes the form:
:FA :G(S)
I-D7' Es) =-D' V™ GaI-o)'D=Fy Gs)
—X(s)M~(s) =27(0) =U(s)M~! (s)

<= M(s) — D 'X(s) = FAU(S)/

-
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/and (5.3) or (2.11), we determine the optimal controller \

n
u—=F\x = —( R_ —I—%\@)_l%\x: (m
—~— P
q

I1(0) : l

1 (m—nB)(am—n)x2(0) + (4B —p)*xi (1)
I=ab | (am—n)%x(0) + (a—par) (aB —p)xi(1)
D(Fp\)= D(%\)>W"0,1)®oW!'%(0,1) DR(2) .

%\x =

The Riccati operator equation (2.7) takes the form

(e x, 2x)u + (x, 0 x)u = — |x||5; + (om —n)2x3(0)+

. , (6.10)
H(Ba—p)xi(l) = —[|€x]y +[[V"Fx|g, xeD()

It is not difficult to see that its solution .77 € L(H), ¢ = J¢* equals

\\ %:(m2—2)(1—Otzﬁz)éal—|—(q2—2)(1—062[32)(502—|—éa3 >0 /
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/and 1t was found using (6.1), where ki, k» have been determined from the\

linear system of equations

—1

B2 | | hi(1—oa?p?)~! (Ba—p)*— B

—1 ko (1 —o?B?)~! _ (om —n)? — o

Using Theorem|2.1/(II) we can confirm optimality of the above ¥

Gx=—-DH Ax+N" Cx=—-D*" A x+x] =

1

- 1—af

— %\x,

(2—m*+B%q> = B2)x1 (1) + (2B — ¢*B + am’ — a)x2(0)
2a—m?a+Bq* —B)xi (1) + (2 —q* + o*m? — a?)x(0)
xeD() .

Finally, we determine the closed-loop system state operator. Let

-

2

1 oam—n 1 a(qﬁ—p)x(l)l

l—aff m 1—of q : ’ /
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/ 1 B(am—n) 1 qﬁ—pm(l)l. \

N = 0)1
1—af m x2(0) Jr1—05[3 q

Since for x € W2(0,1) @ W!2(0,1) one has:

. x| +&
X—D(R_+9G\D) " Grx= €eD(AF) <—
X2+

— x(0) = %xQ(O), xi(1) = gxzu)

then

-1 —mlx’l
DopiX = A X — D(R_+GrD )™ " Grx| = o x = e D(Aopt) =

— {x c W2 (0,1)eWH2(0,1) : x1(0) = %xz(O), x1(1) = Exz(l)} -

q

opt has the same structure as <7 with o and 3 replaced by - and %,
\iespectively. Hence the result concerning EXS of the semigroup /
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/{S(I)}Z>0 applies to {Sopt(?) }s>0, 1.e., {Sopt(t) }r>0 is EXS iff \

2
(% %) < 1. However, the last inequality was shown to be true — see

(6.9), confirming the general EXS result of Theorem 2.1,

Observe that Fi|p () = Tlp(,,)> Where T is the operator of boundary
control given by (6.2). This fact is basic for establishing the structure of

optimal control closed—loop system depicted in Figure|6.1}

0 1
X1<O> :u1+axz(0) | 0

O -

¢ XQ(G) % u @
x2(1) = up + Bx1 (1)

Figure 6.1: Open/closed—loop control system for the Chapelon—Xu exam-

ple; Cy := = —a, G ::%—[3.

where the external connections realize the optimal feedback control

\K: Fax=—(R_+9\2) '%x. /
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/7 LQ-problem of Zolopa and Grabowski \

7.1 The SISO case

In (Zotopa and Grabowski, 2008) the LQ—problem has been formulated
for the dynamical system modelling propagation of pollutants in a river.
In this section we solve the standard LQ—problem for a controllable part
of this model arising from a general one (Zotopa and Grabowski, 2008, p.
174) by extracting its second component. This 1s possible as the second
component is affected by the first component but not conversely and the
control does not excite the first component, which therefore remains
uncontrolled.

Suppose also that we consider the SISO case, i.e., the case of a one point
control (one aerator) located at 8 = 1 > 0 and one output (one sensor

measuring dissolved oxygen) located at 8 = y > n as depicted in Figure

@ Y
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Figure 7.1: Configuration of measurement and control in the SISO case.

The state space is H=L?(0,a), a > 0, whilst U =Y = R. The state
operator 1s

o x = —vx' — Kox, D() = W(l)’z(O,a), K, >0

and it generates an EXS or even decaying in a finite—time semigroup on
H. The observation functional 1s given by

Cx =x(y), D(%) ={x € H: xiscontinuous at 8 = y} .

Finally, the factor control vector d € H takes the form

\\d(@) = _le—?(e—n)ﬂ(g —n)= _le—?(ﬂ—n)x[ma](g% 0 € [0,d] /

Vv 1%
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KK is admissible as the operator J&y € L(H), 54 = J¢5 > 0, defined as\
(Hx) (0) = —e™ 7 "y y(0)x(6), x€H, (7.1

1s the observability gramian:
(ol x, Hox)u + (x, Hp A )y = —x>(y) = — |€x]*, xeD(H) .

Next, d 1s an admissible factor control vector. Indeed, by duality, its is
enough to show that the observation functional d*.</* is admissible with
respect to the adjoint semigroup. Here

*w=w' — Kw, D(a/*) ={we WH2(0,a) : w(a) = 0} (7.2)
and the admissibility of d*.o7* follows from Lyapunov characterization of
admissibility as .7p € L(H), 54 = % >0

1 2k

(Hax) (0) = —e v 1y 1(0)x(8), xe€H ,

N
\i)lves the Lyapunov operator equation (%% is the controllability /

42



Kgmmian) \

(ot *w, How)u + (W, Hpd Wiy = —w> () = — |d* *w[*, weDA").

ker 74y and ker.7¢g are both nontrivial, whence the system is neither
(infinite—time) approximately observable nor approximately controllable,
so the method of spectral factorization 1s not applicable.

Since
0 s+K»
(61=a)"x)(0) = L[ e 0= Ox(g)ae.
0 0o (7.3)
((sT— )" 'x)(8) = —x(8)+% /0 e O-8) () dE
thenwith6::%(y—n)>0
(A}(s):%;zf(sl—sz%)_ld:%e_%(y_me_‘S, GeH (C*) .

\\Recalling that the resolvent of .7 is Laplace transform of the semigroup/
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generated by .7 and substituting ¢t = # in (7.3) we get

X0 —vt) if a>60>wt
0 if 0 <vt

(S(1)X) (8) =e ™

7.1.1 Direct solution using Theorem 2.1/(I)

In the case of standard LQ—problem Q = R =1, N = 0 and thus

1
N =—-6d=—-e°, R_:=1+ e

v

Here the Riccati operator equation (2.7) reduces to

1
.

20

~

t>0,0€[0,al.

(7.4)

(A 7,720+ (2,769 7)u + (%z)2 =R (7, 50d) + (%d)*%z]z :

\\Where z€D().

/
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/As a result of seeking its solution in the form 7 = a7y + b7, Where\

1 2k, e?® 2%,
(H4x) () 1= —e= 11y 1 (0)x(6) = —e~+ T 1(6)x(6)
one obtains
2 —48
_ v _ 285 ¢
T e b={-a)e V2428
which yields
[ a on 0,7m) \
L2200
(Hx)(8)=—e 77"V 1 on [n,y] x(6) (7.5)
_ 0 on (v,al )
6_25
Gz:= (2= Hd)n—(€d) € = ——z(n), z€D() .

If z € Reg|0,a] — the space of regulated functions, i.e., functions having
\ine—sided (finite) limits at every point 6 € [0, a| then, by the Lebesgue /
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/dominated convergence theorem: \

—20 n s+K
- _ )= - —52=8) _
sﬁljor,{vleksg(ﬂ ) 2= V2 sJiTeRS/() ) A6 )45 =
_ o K
:625 lim S / e_tz n— Y t 1 ST 21’]—2‘ dr =
V' s seR S+ Ky Jo s+ K> %
8_25 e—25
— v Z(TI_) — gAZ = N Z(TI_)» D(g/\) — Reg[oaa] .
Hence, d € D(¥,) and (2.11) gives
—ve_25
U= z(n—), z€ D(¥9,) = Reg[0,a] .

Consequently, the closed—loop operator reads as
-25 K
Hoprx = v Kz, 2(6) = x(6) + 5 mx(n—)e 7 Oy

V2—|—€_26
2

D(ctop) = {x € H: € Wy [0,0], x(n+) = 7 E552(n—) |

- /
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/whence (on O—intervals [0, 7], [, a] there holds .@Zpx = —vx' — kox) \
X € D(Aopt) = (X, DoptX)H + (FoptX, X)H = (X, Z )0 + (F2,X)n =
=~ (=) —v¥(a) + v’ (N+) — 2K [l =

202
—ap =) = vl (@) = 2Ks [l e = e,

(14+c2%)? v
and
( 0 (kKtM)(6-¢) )
%/ TR (ENE i 0<6 <1
0
x(6) = 4 0 (5 4h)(0-¢) o (7.0)
O—I—%/ e v X(&)dE if n<6<a
\ n J
where

| m _ (K+2)(6-¢)
¢ = - v X(€)d
V(l —|—C2) /0 € (’é) g )

\j)lves the resolvent equation Ax — &%,x = X. By the Lummer—Phillips /
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/theorem, ope generates an EXS semigroup on H. Moreover, since \

ve2 (2 +2
(1(_|_C;_)2)x2(n—)

then, by Lyapunov characterization of admissibility, the functional

X € D(%pt) — <x7 %ptx>H + <~%ptx7x>H < —

x — x(n—) is admissible with respect to the semigroup generated by
Aopt, Which confirms that the control is in L?(0,00), 50 its is optimal.

Actually, we have more. Since (7.6) defines the resolvent of 2/, then,

substituting t = # in (7.6) and applying the Laplace transformation, we

obtain
[ x(0-w) if 0<r<fo0<6<n
| b
(Sopt(1)X) (6) =™ 4 X(—vr) if (:)S t< ——-,n<6<a >
14:02)((9_‘”) if S1<r<?n<6<a
\ 0 elsewhere )

\30111 which we deduce that the semigroup {Sopt(#) }+>0 decays to O in a /
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/natural finite time a/v. The rate of decaying of {Sopc(?) }+>0 is for 8 > n\
faster than that of {S(z) },>¢ given by (7.4).

7.1.2 Operator-theoretic approach

Since .o/ can be represented as &/ = v#r — K»1I, where %, stands for the
generator of the semigroup of right—shifts on H then the semigroup

generated by .7 equals (7.4). Hence the homogeneous part of the output,

due to initial condition xy € H=L?(0,a) is

e Kixg(y—vr) if (¢>)

¢ 2) 1>
0 if

yhom(t) — = (‘PXQ) (t) (7.7)

SIR <
N

5

for almost all t > 0, where ¥ € L(H,L?(0,0)) denotes the observability
map.

\\Recall that the system transfer function 1s G(s) — ¢ % 'K /
%
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~

G e H*(C™), whence the nonhomogeneous part of the output, due to a

control u € L?(0, ), takes the form

1 -6 0 .
;e u (t — K_Z) 1f t

0 itz

\Y
e Fe

Ynonhom (f ) — for almost allt >0

A

(7.8)

and therefore the extended input—output map and its adjoint are

I s /6 I s [
F=-e95, (> F*= e 05y [ —
v %(@)’ v E(Kz)

and I, F* € L(L?(0,0)), where {S%(t)};>0 and {S & () };>0 stand for the
semigroups of right—, respectively, left—shifts on L?(0, o).

By (2.5), the optimal control (to be more precise its time—domain form) is

u=—(F'F+1)""F"W¥x, . (7.9)

- /
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-

But

(F*Wxo) () = %65 (52 () Px) (1) =

1 s ) e™x(n—vr) if rel0,]]

v 0 if t> 1

Since S & ()84 (1) = I, then (F*F +1)"' = #2_251 and from (7.9

1%

) one

gets

p
. ve_25

u(t) = < V2420

\

e—KztxO(n —vt) for almost all ¢ € [0, %]

0 for almost all # > %

From (2.6) we get the optimal cost operator

Hxo = Hyxg—VF(FF+1) " F*Px .

(7.10)

/
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Girectly from definition of the adjoint operator we find

~

§ — 6 _Ky(r-9)
Since S (t)S. o (1 ) Xt o)1 then
* L ,—25
FEFD) T = s ]

whence

W (FF +1) " Frw e R 6 (6)

_ — v X
*0 v(v2 4 e729) © Ao °
and finally
(Hx0)(0) =
1 %, , e 2 409

\\The last formula coincides with (

7.5

) except for one point 6 = 1.

/
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4 N

Now, we show that the feedback realization of the optimal control (7.10)

1s correct. Indeed, an initial condition xy and a control u, not necessarily

optimal, give rise to the full state x(¢) = S(¢)xo + Xnonhom (¢), > 0. Since

1 s+K»

Enonhom (5)(0) = (& (s — /)~ 'd)(0)i(s) = e (0=1)1(6 — n)a(s)
1 K2 S
—  _ o, ~(e-m) —2(0-1m)n
v € X[n,a](e)e Lt(S) 9
then
K R R
. (") = %6_72(9_ >x[n7a](9)u (t— V”) it > ev"
nonhom 0 " [ < o—n

<

Thus if xo € Reg|0,a] then one has S(7)xo € Reg|0,a] for every ¢ > 0 and

- /
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/the optimal feedback controller equation yields \

20 26

u(t) =~ 25 lim x(1)(8) = — 25 lim (S(1)xp) (8) =

0—n— V2 4e 2 01—
s e Kixg(n—vi—) if 0<r<1
_ ve
- y2 420 ) y
0 if > %

what agrees with (7.10).

7.2 The TISO case

Consider the TISO case, 1.€., the case of two point controls (two aerators)
located at 6 = n; > 0, 6 = 1, > 1 and one output (one sensor measuring
dissolved oxygen) located at 8 = ¥ > 1, as depicted in Figure 7.2}

4

therefore still we have Y = R but now U = R?. The optimal controller can
\ie found by mixing the results of Sections|7.1.1/and|7.1.2 /
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Y \ 4

M T2

~

Y

Figure 7.2: Configuration of measurement and controls in the TISO case.

The factor control operator modifies as follows

9 = [ 4 d } di(6) = ——e

and consequently Z* =

Hp € L(H), Hp = A5 >0,

d
d;

2K2

K
SO g (), 0 € D], 1= 1.2

(o) (0):= [P Mg 4 (6)

. Similarly to the SISO case,
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/solves the Lyapunov operator equation (.77 is the controllability

gramian)

<%*W, %¢W>H + <W, %@%*W>H =

= —w*(m) —w*(n)

—|2* w5 we D(a*) |

whence Z is admissibility, though the system is not (infinite-time)

approximately controllable as ker.7% # {0}.

The observability map W is still given by (7.7

) whilst the input—output

operator has components somewhat similar to the SISO case:

[F”:[[Fl [Fz}

) [y
Fry= Y,
[

\\ L2

ui

us
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/where C; = %6_51', 0; = M (M <M < 01 > 0). \

Using the operator attempt of Section|7.1.2|we find the minimal cost
operator, & = &y —V*F (I +F*F) "' F*Y,

( 1 )

1+ci+c3 on [O’ M)

1 .
(%xo) (9) .y 1-|-C% on (”17 M2, >X0(9) .

1 on (2,7
0 on (V4]

\ /

Now we switch to the attempt of Section|7.1.1} From (2.8) we get

— o) 3 —_

l—f—C% Z(nl) + l—f—C% Z(TIZ)

VC% z2(n2)

Gr=—-DAHA7+N C7= (7.12)

forz € D(of) = W(l)’z(O, a). It is enough to determine an extension of ¢
\into Reg|0,al. Let z € Reg|0,a]. Then, by (7.3), (7.12) and the Lebesgue/
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/dominated convergence theorem: \

~ 2 3 -

vey o veics B
lim ¥ (sl — o) 'z= HC%Z(m A I+ <{tta=) = 9Y\Z
§—o0,5€R ] VC%Z(T}Q—> |
(7.13)
whence, by (2.11),
B ve? ]
e Xm—)
u=—(R_+99) 'Gx=— L (7.14)
l‘j:iZ x(nz_)
2 -

Remark 7.1 (Limit passage from TISO to SISO case). Taking 1y — —oo,

which implies 8; — oo, ¢; — 0 and fixing ), =1, & =68, co =c=1e7°
we get u; = 0 and up = u, where u 1s the optimal control or controller in

the SISO case.

The controller (7.14) has astonishingly simple realization, depicted in

\jigure 7.3| /
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VCl

o 2 .2

VC2

a 1+c%
7y

Figure 7.3: Optimal feedback controller realization in the TISO case.

Let x € Reg|0,a| and u be the optimal controller (7.14). A discussion of
conditions ensuring that z = x+ Yu € D(<7) (in particular, z = x+ Yu
must be continuous on [0,a]), leads to the following form of the

closed-loop state operator:

2

Aopx = —vZ —Kpz | 2(0) :=x(8) + I —px(m—)e T O Mg

2 2
1+61+c2
2

K
\\+ﬁx(n2—)€ O s D(ope) = /
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¢ R

{x cH:ze Wy%[0,a],x(n+) = mx(m—),x(nz—k) = chzx(nz—)} .

2

Hence (on O-intervals [0, 1], [n1,N2], [N2,a] there holds
GoptX = —vx' — kpx)

x € D(Aopt) = (X, DopeX)H + (LoptX, X)u = (X, X)) + (A2, X)n =

= (=) = 1) = v2() + v (I +) v (1 +) — 2K [ =

_ ve3 (c5+2) ved (¢342¢3+2)

= 292 (g —) - S22 2 () — v (@) — 2K

and
¢ %/096_(K2+Av)(9§)x(€)d€ if 0<O<m \
x(0) =« 23 it m<o<m (0D
& it M <0<a
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( here N

1 4+ 2 M (Ky+A)(6-8) 1 9 (k+0)(0-8)
® = 2 / e v X(&)d —I——/ e v X(&)d¢ |,
e ©ag+ | ()dg
1 M (Ky+A)(0-§)
= / e v X(E)dE+
I+ h (£)ds
1 /nz (Kp+2)(0—-E) 1 9 &6
e v X(E)dE+- | e v X(6)dS
V(l‘i‘C%) nl v n2

solves the resolvent equation Ax — @px = X which, by the
Lummer—Phillips theorem, implies that 7, generates an EXS semigroup
on H. Moreover, since

x € D(opt) = (X, DoptX) 1 + (AoptX, X)H <

B vex (e +2¢5 +2)x2(n 0
(1+32+3)2 7

vc2(02+2)
< Ya\9 2.
(1—|—C%)2 X (nl )

\ihen, by Lyapunov characterization of admissibility, the functionals /
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/x — x(M1—), x — x(Mp—) are admissible with respect to the semigmlb

we obtam

( X(6—wr)
2
h; 2-X(6—wr)

(Sopt(t)X) (9) — e_KZt < (1+C%)(11+c2+C%)X(9_W)

1
1+c2X(6 —vt)

X(6—wr)

\ 0

genarated by %%, which confirms that the optimal control is in
L?(0,00;R?). Now (7.15) defines the resolvent of . Thus substituting

r=5 5 in (7.15) and applying the definition of Laplace transformation,

if

if

if

if

if

if

from which we deduce that actually the semigroup {Sop(?) }/>0 decays to
0 is a natural finite time a/v. The rate of decaying of {Sop:(?) }:>0 is for

0<r<?, 0<6<m
Th<r<? mp<o<m
0<r< &M m<6<m
Sl <r<® m<o<a
<< m<0<a
0<r< 50, m<6<a
elsewhere

7.4

\\92 n faster than that of {S(¢) };>¢ given by (

). /
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