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Hansen’s Generalized Interval Arithmetic
Realized in C-XSC

Hasssan EI-Owny
Department of Mathematics and Computer Science, UniyessVuppertal
hassan.el-owny@math.uni-wuppertal.de

Abstract

Generalized interval arithmetic reduces the dependenalylgmn in the interval arith-
metic. We present a C-XSC [5] implementation of a generdlinéerval arithmetic, which
has been proposed by Hansen [2] in 1975. The work is still agass

Key Words: generalized intervals, Hansen form, dependency probleXSC, interval arith-
metic.
MSC (2000): 65G20, 65G30, 65G99, 65Y99.

1 Introduction

One of the main obstacles in the wide-spread use of intereghads in numerical comput-
ing is that the range estimates computed with ordinary vatearithmetic (1A) tend to be too
large, especially in complicated expression or long iteeatomputations. This overestima-
tion is mainly due to I1A's underlying assumption that theKnown) values of the arguments
to primitive operations may vary independently over théweg intervals. If this assumption
is not valid - that is, if there are any mathematical constsabetween those quantities - then
not all combinations of values in the given intervals will baid. In that case, the interval
obtained by interval arithmetic may be much wider than thecerange of the result quantity.
This problem is known as the "dependency problem” [4]. Thal@d this work is to provide

a free, open-source software for the generalized interithinaetic (Hansen Arithmetic) which
reduces this effect in the environment of C-XSC [8], [5],.[A]he paper is organized as fol-
lows. In Section 2 we review interval arithmetic and the awfency problem. In Section 3
we describe Hansen forms. In Section 4 we introduce gemedhinterval arithmetic (Hansen
Arithmetic). In Section 5 two arithmetic operations (mplitation and division) are discussed
in more details with examples of how Hansen arithmetic hesitie dependency problem. The
elementary functions (exp(), sin(), In(),......) are ddeged in Section 6. In Section 7 we in-
troduce the algorithmic description. In Section 8 C-XSCgueon code and some numerical
examples are considered. Conclusion are given in the lasbee

We use the following notationsR, R”, IR, IR", to denote the set of real numbers, the set
of real vectors withh components, the set of intervals and the set of intervaloveatith n
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components, respectively.
Some formulation of this paper are taken directly from [2], [

2 The dependency problem in interval arithmetic

In interval arithmetic, real numbers are bounded by intenand basic operations and functions
are extended to operate on intervals. More precisely, am@gaberz € R is bounded by an
interval [a, b], wherea andb are floating-point numbers, with understanding that = < b.

Basic arithmetic operations can be extended to intervals:

la,b] + [c,d] = [a+ ¢, b+ d],

la,b] — [¢,d] = [a—d,b— ¢, 01
[a,b] - [¢,d] = [min(ac, ad, be, bd), maXac, ad, be, bd)], (2.1)
e = [a,b] - (52,0 ¢ [e,d),

with special care to round lower bounds downwards and upmendis upwards.

Once we have interval formulas for all primitive operati@ms functions, we then automati-
cally have formulas for all functions that can be obtainedbsbining these primitives. As a
consequence, it is easy to extend any funcfion) C R™ — R to an interval functionf’ that
operates on the interval boxpg C € and produces an interval([z]) C R such that

F(lz]) 2 f([z]) = {f(2) : = €[]}

Such a functiorF is called an inclusion function fof. The interval estimaté’([z]) often over-
estimates the exact rangé[z|), that is,F'([z]) is often strictly larger than the smallest interval
containingf ([z]).

Overestimation occurs frequently whe¢ns given by an expression that contains multiple in-
stances of one or more variables because the formulas faritméive arithmetic operations
given above assume that the operands are independent. \Whepdrands are partially de-
pendent on each other, not all combinations of values in tengntervals will be valid and
the exact result interval will probably be smaller than the produced by the formulas. This
is the "dependency problem”. The more complex the funcfiog, the worse the dependency
problem becomes. In particular, for long iterative compates, we often see a rapid growth of
the result interval at each stage.

As an extreme example of the dependency problem, fdke¢ = = — x. Then of course
f([z]) = {0} for every intervalz]. However, the interval subtraction formula gives

la,b] — [a,b] = [a — b,b — a], whose diameter is twice the diameter[@ft], instead of being
zero.

For a less extreme example, taker) = (10 + z) - (10 — x) for = € [z] = [—1, 1]. Using the
basic formulas (2.1) , we get

10 + [2] = [9, 11],
10 — [2] = [9, 11],
(10 4 []) - (10 — [z]) = [81,121].
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The interval formulas give an interval whose diametetliswhereas the exact interval result
f([z]) = [99, 100] has a diameter of only. Note that when one operand in the product

(10 4+ x) - (10 — x) is at the maximum valugl, the other must be at the minimum valghe
combinatiord - 9 and11 - 11, which gave the extreme values Bf|x]), never occur.

A simple remedy for this example is to rewrite) + ) - (10 — ) = 100 — 2, which has only
one occurrence of the variabte An interval computation of this new expression will giveth
exact result. Unfortunately, this remedy is often impolgsib apply in practice.

Several other methods have been proposed to attack theddpsnproblem. The main class
of methods is known as centered forms [9], in several indeansiand generalizations, such as
mean-value form [9], [10] and slopes [7].

3 Representation of a Generalized Interval
(Hansen Interval)

For our purposes, it is convenient to represent an intéeyak [a, b] in the form[z] = ¢ + [u]
wherec is the mid-point ofiz], [u] = [—r, r] is symmetrical interval, and is the radius ofz].
Thus an arbitrary point € [z] may be expressed as= ¢ + ¢ where( € [—r,r] andr > 0.

Definition 3.1. [2] A generalized intervalz] is given by

@] =[]+ ) Glvy] (3.1)
i=1
where[c¢®| and[v7] (i = 1,2, --- ,n) are (computed numerical) intervals agde [—r;, r;].

From the above definition, it is clear that
tet]|e=i=c"+> " Gurwithc® € [¢"],vf € [vf]and—r; < ( <.
When we reduce the generalized interval in (3.1) to an orgimaerval, we obtain

reducé[z]) = reducé[c’”]+Z[—ﬁﬂ“i][vﬂ)

=[]+ [-1,1] Zrivf
1=1
whereov? := |[vf]|. In general, the absolute value of an interiidl = [a,b] is defined as
|[z]| :=max(|al, |b]). Conversely, any ordinary interval can be represented bgreerglized
interval. The ordinary intervgl:| = [a, b] can be represented as the generalized inteéfyak
("] + (i [vf], where[¢®] := [(b+a)/2, (b+a)/2], (1 € [-(b—a)/2,(b—a)/2] and[v]] := [1, 1].

In general, if we have an interval vectar := ([z1],-- -, [x,])" € IR", thej-th interval[z;]
can be represented with the generalized interval form
['%J] = [cmj] + [07 O]Cl + et [07 O]Cj—l + [17 1]Cj + [07 O]Cj—l-l + -+ [07 O]Cn

= "]+ [1,1]G
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4 Generalized Interval Arithmetic (Hansen Arithmetic)

Assume two generalized intervald and[y] are expressed as

] = 7] +§f;ci[vf1 (@.1)
and _

3= (] + Z Glot), (@.2)
respectively. _

We now consider the four arithmetic operations applied ésé¢hintervals.

Addition or subtraction:

The sum (difference) dft] and[y] is another generalized intenial = [¢*] + >, G[vZ].
It holds

(@] £ [ =[]+ [¢'] + ZQ([U?] + [v]]). (4.3)

Thus we have to define

] == [c"] £ [Y], [vi]:=[f]x[v]], (i=1,2,--- ,n). (4.4)

Lemmad.l.z € [z]andj € [j] <= i+ g=c"+ v+ > 1 GF ) € [Z].

Proof: (Addition)

(=) 2 €[2)andj € .[y] Def. 1

T=c"4 > GuPwithe® € [¢*],vf € pf]and—r; < ¢ <1y

g=c"+> " Gulwithe? € [¢V],0f € [v/]and—r; < ( <, (1 =1,2,---,n)
hence,

=
+
N

Il

c’ + Zn: Gy +c¥ + Xn: Go?
=1 i=1
= " d ) G+ Y)
=1

€ [Cx]+[cy]+ZCi([vf]+[vf])

= [+ [l = [
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(=)
z € [z] Def.l (4.3)and (4.4)
z = cz+cy+zg(vf+vf)
=1
= FHd Y Gur Y G
=1 =1
— &4 ZQU%C‘U + ng;’.
=1 i=1
el el
The subtraction is proved in a similar manner.
Multiplication:
To obtain a rule for multiplication of two generalized intals, note that
[2]-[9] = {29l 2<(z], gegl}
C [+ D G + (i) + DY GGy -
i=1 =1 j=1
)
We shall choose to retain only linear term<(jr(z = 1,2, - - - , n) although higher order terms

could be kept.

Note that in ¢) the terms fori = j involve ¢? which can be replaced by-r;,r;]?> = [0,72].
Fori # 7, we cannot take advantage of the special result that theesg@ian interval must be

positive. We replace;(; by ¢;[—r;,r;] since(; € [—r;,r;]. Then

2] -] < [T+ Z G+ [ + Y0 D GGl

i=1 j=1

c ][]+ Z G([e][vd] + [][of])

+ 210! + D Giler] Y[l
1=1 1=1 ;;1
= [E =[]+ 3 Gli]

where

[05]

(4.5)

(4.6)
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and

o
= [Nof] + [@Ifof] + =1, 10f Yy (4.7)
j=1
JF

where as before? := |[v7]| andv! := |[v!]|. Thus we define the product of two generalized
intervals[z] and|[y] to be that given by (4.5) witfx?] defined by (4.6) anfb?] defined by (4.7).

Lemma4.2. 2 € [7] andy € 7] =
Teog=c" 4> Guivd + 300 Gl + of) + D0 Gt Z%ﬁl Gy € [2].
A

Proof:
z € [z] andy € [g] Def. 1

T=c"4 > GuFwithc® € [¢®],vf € vf]and—r; < ¢ <1,
g=c"+> " Gulwithe? €[], ) € [v/]and—r; < <7y, (6 =1,2,---,n),
hence

iy = ("+ ZQUZC) (! + ZQU?)
i=1 i=1
= "+ Zn: Gl + ¢ z”: Gvi + z": Gvy Zn: vy
i=1 i=1 i=1 =1

= T+ Gl + ol + z; Gup Gof + Z; Givy Z; (V5
1= = J=

1=1 —
JFi
n n n n
_ T 2 2 x, Y § T, Y T E T § Yy
i=1 i=1 i=1 j=1
JFi

n n n
= "+ Z Cofv! + Z G(c*v] + Pvf 4+ of Z Gvy), i.e.
i=1 i=1

j=1

J#i
n n n
-y € {f+ Z CGofol + Z G v + ol + o Z Gvf) with ¢” € [¢"],
i=1 i=1 g;é
vf e ], e, v/ €] and —r; <G <1}
C

[e]1e”] + ZCE[UZ”][UE’] + ZQ([C“”][UE’] + [][vf] + o] ZCJ'[U?])-

i

= [ =]+ 3Gl
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Example 4.1. Consider the expressioh= z - y, withz € [1,2] andy € [3,4].

Ordinary interval computation givé’ = [1,2] - [3,4] = [3, 8].

Using Hansen forms and using (4.6) and (4.7) gives

Fhansen= [5.25, 5.25] + [3, 4]¢; + [1.5, 1.5]¢, which reduces t2.5, 8.

This means:

& € (2] = [1.5,1.5] + [1,1]¢ + [0,0]¢; and g € [g] = [3.5,3.5] + [0,0]¢; + [1, 1]¢2, where
¢ € [-0.5,0.5]and(, € [-0.5,0.5] — 2 - g € [z] - [9] = [2.5, §].

But the converse is not correct, this means if we choose tm p@5 € [2.5, 8], then we see
that there is nat € [z] andy € [g] such thati - y = 2.75.

The reduced Hansen form overestimates the (ordinary)vateesult.

Division:
Division of two generalized intervals can also be done, N

Claeld sell +Z<z (4.8)

with
= o @.9)

and
SRS ) I o .10)

il = [¥]([e¥] + [-1, 1] Z?:l ijé'/)

The denominator in (4.10) should not be written as

n

[+ (=1, )yl

7j=1

since this form will always yield a wider interval unless thiglth of [¢!] is zero. No advantage
can be gained by using the special definition of the squarae oftarval to computé-¥]? since
0 ¢ [¥]. For0 € [¢Y], we have) € [g] and we cannot perform the division.

Lemma 4.3. & € [#] andy € [§] with0 ¢ [j] =

n

Z@(H{L&) 4=+ Gl

| 8

Proof:
& € [z] andg € [g] Def. 1
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T=c"4 > GuFwithc® € [¢®],vf € ] and—r; < ¢ <1,
0#£g=c"+> 1 Gv/withe? € [¢¥],v! € [v!]and—r; < <71, (i =1,2,--- ,n),

I G

¥+ Z;L:I ijjl‘/

(e + D00 Gvf)

c(cv + 30 GvY)

(¢ + 251 GvY) + o Gl — o)
(v + 320 Guj)

¢ TGl )

cy (¥ + Z;’L:1 CjU;-J)

cyuf — c*v!
- chuzﬂg>

< | &

Y

vy — cv;
€ i with ¢* € [¢], o] € [v]], ¢ € [¢Y],
ZX ST ) ], o €[], ¢ € [e

U?E [Uﬂ and —r; <G <}
y

] o)
) Zgww+zﬂqb

— =[]+ Yo Gh]

Example 4.2. Consider the expressioh= z/y, withz € [1,2] andy € [3,4].

Ordinary interval computation givé’ = [1,2]/[3, 4] = [0.25, 0.66667].

Using Hansen forms and using (4.9) and (4.10) gives

Fiansen = [0.428571,0.428572] + [0.25, 0.33334]¢; + [—0.142858,0.107142]¢, which reduces
t0 [0.190476, 0.666667].

This means:

&€ [2] = [1.5,1.5] + [1,1]¢; + [0,0]¢; and g € [g] = [3.5,3.5] + [0,0]¢; + [1, 1]¢2, where
¢; € [-0.5,0.5] and(, € [-0.5,0.5] — 2/9 € [2]/[y] = [0.190476, 0.666667].

But the converse is not correct, this means if we choose tiné (2@ < [0.19048, 0.66667], then
we see that there is nb e [2] andy € [y] such thatt /g = 0.2.

The reduced Hansen form overestimates the (ordinary)vateesult.

N

(4.9) and (4.10)

In the next section, we shall consider the multiplicatiod division for generalized intervals
(Hansen Arithmetic) in more detail and present some exasnple



5 MULTIPLICATION AND DIVISION 11

5 Multiplication and Division

5.1 Multiplication:

We first note that to obtain the square of a generalized iatewe can use a special definition
as in the case for ordinary interval arithmetic. Fgr= [y], equation (4.6) becomes

(] = [C””]”Z[O,T?Hvﬂ?

SRS BN (T3 CE

The term[c*]? should be computed using the special definition for the sgoéan interval.
Equation (4.7) becomes

7] = 20of] + =1, 100 Yol (5.2)
j=1
i
Consider the square of an interyal = ¢* + ( with ¢ € [—r, r]. In this case¢” is a real number
and (5.1) and (5.2) yields

[2]% = (¢")* 4 [0,7°] + 2¢c".
Reducing to an interval,
2] = [(¢")? = 2r|c”], (") + 1 + 2r|c”]
= [(¢")? = 2r|e"], (| +7)?].
The right endpoint is correct. However, the left endpoirtdgt be
0 if 0e€][z],
(|c*| —r)* if 0¢[2].
Hence we will obtain an incorrect left endpoint for our résulless:” = 0.
The magnitude of the error is
|(c")? —2r|c*|| if 0 €[],
r? if 0¢[2].
Thus ifr is small, the error is small. In fact, the error i$®) since in the case € [], we must
have|c”| < r. If r is much greater than the error can be unacceptably large.

Example 5.1. ConsiderF’ = [z]?, with [z] = [-0.2,0.3].
Using ordinary interval arithmetic giveg' = [0, 0.09]
Using generalized interval arithmetic, whefig = [0.05, 0.05]+[1, 1]¢, ¢ € [-0.25, 0.25] gives
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which reduces t0—0.0225, 0.09]. The reduced Hansen form overestimates the (ordinary-inte
val result.

However, letF’ = [z]? — [z]?, with [z] = [-0.2,0.3].
Using ordinary interval arithmetic giveg = [—0.09, 0.09]
Using generalized interval arithmetic gives

Fiansen= [—0.0625,0.0625] + [0, 0]¢

which reduces t¢—0.0625, 0.0625]. This is an improvement over the ordinary interval arith-
metic result?” = [—0.09, 0.09].

As a final note on multiplication we consider multiplicatioha generalized interval by a
real number or by an interval which we choose not to be reptedeas a generalized interval.
Let B be such a number or interval and

)= [+ Y Gl

Then
(Bl elil} CB-[i] = [C“"’Hzn;(z[vf’],
where .
@ = B[], (5] = B[]
5.2 Division:

For an intervalz] = ¢* + (v” depending on only one datum interval, if the quantitieand
v are real numbers, then from the forms (4.9) and (4.10) wefindl [2]/[Z] = 1. This will
never be true for interval arithmetic if the width [of| is nonzero.

In general, a single division in generalized interval am#tic introduces errors which are
of second order in the interval widths. We now show this foirdarval [z| = ¢* + (v* where
againc® > 0 andv” > 0 are real numbers ande [—r, r|. Considefz’] = 1/[z].

From (4.9) and (4.10),

which reduces to
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The width of this interval is

2rv®

(e —ro®)’

’(U/ =
The correct result is

1 1
T 4yt ot — ot

[

l

which has width

2rv®

(C:c)Z _ TZ(U:(:)Z ’

w =

The error of the width is of amount
;o 2r%(v")?
T el =)

which is of second order in.

Example 5.2.[9] Consider

with [z1] = [1, 2] and[z3] = [5, 10].
Using (4.4) givesi |+ (2] = 9+ (1 + G and[zy] — [2s] = —64 (1 — (o, Where[z;] = 1.5+,
(5] = 7.5 4+ ( with ¢; € [-0.5,0.5] and(; € [—2.5,2.5]. Using (4.9) and (4.10) we get

9 5 5 11
F =_Z - — S
Hansen 6 _'_Cl[ 67 18] +<2|:187 6]7
which reduces t¢—%, —2] C [—2.334, —0.666].

This is the same result obtained by Moore ([9]) using the ermtt form with interval arithmetic
and better than the result-52, 2] c [—3.723,0.7223] he obtained using the mean value the-
orem. Incidentally, his latter result can be sharpened-té2=, —18] c [-2.738, —0.2627]
which obtained by Hansen ([3]).

Direct use of interval arithmetic yields-4, —2].

We obtain an exact result using interval arithmetic by réing F'asF = 1+2/([z1]/[x2] — 1)
since each variable occurs only once. We fifid= [—Z, —11] C [-2.334, —1.222]. Thus the
result using generalized interval arithmetic has a shafpéadpoint but not a sharp right end-
point.

Example 5.3. Let[z] = [0.001,0.003]. Evaluate

[z]”

14 [a]
F e

+
14 [a] +
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Using generalized interval arithmetic, where
2] = [0.002,0.002] + [1,1]¢, ¢ € [—0.001,0.001]

we obtain
1+ [z] + [52]2 = [1.002003, 1.002006] + [1.003999, 1.00400]¢,

and
1+ [2] + [2]* = [1.002007, 1.002011] + [1.007999, 1.00800]C,

with ¢ € [—0.001,0.001], so that
Fhansen= [0.999994, 0.999998] -+ [—0.003993, —0.003981]¢

which reduces t¢0.999990, 1.000001].

In interval arithmetic, we obtain the resul.997989, 1.002005]. We obtain an exact result
using interval arithmetic by rewriting’ as F = 1 —1/(([x] +0.5)? + 1.75) since each variable
occurs only once. We finl = [0.999991, 0.999999.

6 Elementary Functions

Elementary functions can be evaluated in generalizedvatarithmetic by making use of
Taylor series (only the first order).

We first describe the Taylor-form of order 1 for a real funitjoof one variable.

LetS C R be openg*, c € S,and letf : S C R — R be an once differentiable function on
the open sef. Then, there existg = z* + 6(z* — ¢), with 0 < § < 1, such that

f@*) = fle) + F )" — o).
Let F'([z]) be an inclusion function fof” of f. If n, z* € [z], then
f@*) € fe) + F'([2])([z] = ¢) = F([z],0).

In the practice, the optimal choice fois the mid-point ofx], ¢ = mid([z]).

In generalized interval arithmetic, we can expanded thetfan f as

f@) € F([c)+ F(z ZQ

n

= F(&'])+ > Gl = F([#],0),

i=1
where[v?] ;= F'([z])[v¥], (1 = 1,2, -+ ,n).
Example 6.1.Let [z] = [1, 1.1]. Evaluate

F = exp([z]).
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Using generalized interval arithmetic, wheig = [1.05, 1.05] + [1, 1]¢, ¢ € [—0.05, 0.05]
we obtain
Fransen = exp([1.05,1.05]) + [2.7182818, 3.0041661][1, 1]¢

F((2])
= [2.8576511,2.8576512] + [2.7182818, 3.0041661]¢

which reduces t¢2.7074428, 3.0078595]. In interval arithmetic, we obtain the result
[2.7182818, 3.0041661]

In case of the functiorf is a real function of multi-variable, we can extended a cdsme
variable, letf : S C R" — R, be an once differentiable function},c € S, whereS is an
open set. Then, there exists= z* + 0(z* — ¢), with 0 < 6§ < 1, sucht that

c) + Z 8% —¢j).
Let F([~]) be aninclusion function fab f /0z; =: f}, (j = 1,2,--- ,n). If n,2* € [z], then
+ZF’ ([2;] = ¢) =: F([a], ).
In generalized interval arithmetic, we can expanded a fanaf multi-variable as
R ) N n 8f N n N n ”
f(@y, - 2n) = fle )+Z$(C +0> Gup)- Y Gu,
j=1 " k=1 i=1

Whel’exl—cxl—l—zj LGUT (i=1,2,--+ ,n),¢" == (¢, ,¢™)T e R*and
vf o= (vt -, up)T E]R" (k=1,2,---

Then fori, ¢* + 03", _, (vi € [#], itis obviously that
f('%lv"'7i,n) < F +ZF )ZCZ[U;TJ]
=1
F(Ie) + Y Gl = F([E],0)
i=1

where[v] := 377 Fi([2])[v;"], (i = 1,2,--- ,n).
Example 6.2. Let[z,] = [5, 10], [x2] = [1, 2]. Evaluate
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Using generalized interval arithmetic, whetg | = [7.5, 7.5] + [1, 1]y,
(5] = [1.5,1.5] + [1, 1]¢x with ¢; € [—2.5,2.5], (» € [—0.5,0.5] we obtain

% = [1.5, 1.5] + [-0.166667, —0.0555555] (1 + [0.2777777,0.833334] (2

1 - 2 ~ Vo o ~ Vo -
[v71] [v52]

so that

Fhansen = /[1.5, 1.5] + [—0.6123725, 0.06804139] [—0.166667, —0.0555555] (4

- - 7
g '

OF ([#])/0x1 [v71]
+ [0.06061608, 1.0206207] [0.2777777,0.833334] (3

. - 7

'

OF([2])/0x2 [v52]
= [1.2247448,1.2247449] + [—0.0113402, 0.1020621]¢;
+[0.0168378, 0.85051728] (>

which reduces t¢0.54433105, 1.9051587]. In interval arithmetic, we obtain the result
[0.81649658, 2.0].

Example 6.3. Let[z,] = [5, 10], [x2] = [1, 2]. Evaluate

= [1.2247448,1.2247449] + [0.0113402, 0.1020621]¢
+1[0.0168378, 0.85051728](a,
where(; € [-2.5,2.5], (3 € [-0.5,0.5], so that

Fhansen = |—4.4408921F — 016,4.4408921F — 016] + [—0.11340231,0.11340231]¢,
+[—0.83367948, 0.83367948](;

which reduces t¢—0.70034550, 0.70034550]. In interval arithmetic, we obtain the result
[—1.1835035, 1.1835035].

7 Algorithmic Description

We now describe the algorithms for the elementary operatign-, - and/, and for elementary
functionss € {sqr, sqrt, power, exp, In, sin, cos, tan, cot, asin, acos, at®t, sinh, cosh, tanh,
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coth} of generalized interval arithmetic (Hansen Arithmetia) oonce continuously differen-
tiable function. For Hansen forms, we use quadruples

X = ([x]v [Cx]v [Ux]v [gx])v

with [z] € IR, [¢*] € IR", [v*] € IR", and[g”] € IR" for the description of the arithmetic
rules. Herdz], [¢*], [ *] and[¢”] denote the function value, the mid-point value, the argumen
value of¢;, (i = 1,--- ,n), and the gradient value, respectively.

In all of the following algorithms, the first step means thenputation of the result in ordi-
nary interval arithmetic.

Addition
Algorithm 7.1. Operator + (X, Y)
1.[z2] =[z]+[y]; function value
2. [c*] = [¢"] + [¢]; mid-point
3. [v*] = [v"] + [v¥]; argument
4.19°] = [¢9"] + [¢¥]; gradient
5.return Z:=([z], [¢7], [v*], [¢7] );
Subtraction

Algorithm 7.2. Operator — (X, Y)

1.[z] =[z]—[y]; function value
2. [c] = [c¢"] — [¢Y]; mid-point

3. [v*] = [v*] — [v¥Y]; argument
4.1g°] = g"] — [¢"]; gradient
5.return Z:=([z], [¢7], [v*], [¢7] );

In Algorithms (7.3) and (7.4)sx], [sy], [szy], [svsy], [sTg] @and[syg] denote real intervals.
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Multiplication

Algorithm 7.3. Operator e (X, Y)
1.[z] =[] -[y]; function value
2. [sx] = 0; [sy] = 0; [spay] = 0;

[szy] = 0; [szg] = 0; [syg] = 0;
3.for i =1tondo
[c?] = 0; mid-point

[sz] = [sz] + [c]];
[sy] = [sy] + [c]];
[szg] = [sxg] + [c¢f] + [v]]-Interval —rad([z]) rad([z]));

[syg] = [syg] + [¢!] + [v]]-interval —rad([y]),rad[y]));
if (rad([z]) =0) r; =rad[y]);
else r; =rad[z]);
[Suay] = [Suxy] Hinterval0, 72) - [v?f] - [vY];
4.for i =1tondo
absu=AbsMax([v}]);

[szy] = 0;
for j =1tondo
if (i # j)

absv=AbsMax([v{]);

it (rad([z]) = 0) r; =rad([y);

else r; =rad([z]);

[szy] = [sxy|+interval—1,1)- absur;-absv;
(o7l = 7] - [oi] + []] - [v]] + [swy]; argument
971 = [syg] - [g7] + [szg] - [g9{]; gradient
5.[ci] = [sx] - [sy] + [Svay);  mid-point
6. return Z = ([z], [¢*], [v*], [97] );

In Algorithm (7.4), we do not take care of the case [y|, because it does not make sense to



7 ALGORITHMIC DESCRIPTION 19

go any further in computations when this case occurs. In g@heimentation, the standard error
handling (runtime error) should be invoked if a division l®ra@ occurs.

Division
Algorithm 7.4. Operator / (X, Y)
1. [z] = [z]/[y]; function value
2. [sz] = 0; [sy] = 0; [svy] = 0;
[szg] = 0; [syg] = 0;
3.fori=1tondo
[c?] =0;  mid-point
[sa] = [sa] + [c}];
[sy] = [syl + [c]];
[sxg] = [szg] + [cj] + [v]]-interval —rad([z]),rad([x]));
[sygl = [syg] + [¢] + [v]]-interval—rad([y]) rad([y]));
absv=AbsMax([v}]);
if (rad([z]) = 0) r; =rad([y]);
elser; =rad[z]);
[svy] = [svy]+interval—1,1) - r;-absv;
3.fori=1tondo
[07] = (Isy] - [o7] = [sa] - [v]])/(Isy] - ([sy] + [svy])); argument
l97) = (lg7] — ([sg)/[sy3]) - [9!))/[syg); gradient
4. 5] = [sx]/[sy]; mid-point
5.return Z = ([z], [¢?], [v*], [97] );

Our implementation of Algorithm (7.5) uses the automatftedéntiation module gradari
(see [1], Chapter 12jtemp and[sun] denote real intervals.
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Elementary function

Algorithm 7.5. S(X)
1. [z] := s([z]); function value
2. [temg := §'([z]); temporary value
3. [sun] = 0;
4.for i =1tondo
[c7] = 0; mid-point
[sunj = [suni + [¢Z];
g7] = [temg - [¢]; gradient
[v7] = [v7] - [g7]; argument
5. [¢5] = s([sum); mid-point
6. return s:=Z=(z], [¢*], [v7], [¢°] );

8 Implementation and Examples

8.1 C-XSC Program Code

In the following section, we present a module for multi-dimm®nal generalized interval arith-
metic.

8.1.1 Module hansenarith.cpp

The header file hansearith.hpp of module hansearith.cpp supplies the definition of the two
classes HansenType and HansenTygetor including operators and elementary functions for
a generalized interval arithmetic. The type name Hansem Ty gtPtr can be used to declare a
pointer to scalar-valued functions with an argument of tja@senTypevector.

[f-=-mmmm - I S e
/I File: hansen_arith.hpp (header)

/I Purpose: Definition of a one- and multi-dimensional gene ralized
i interval arithmetic which allows function evaluation

Il with Hansen Arithmetic

1

/I Types:

1 HansenType_FctPtr . pointer for a scalar valued function
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/I Class HansenType:

Il HansenType() . constructors

i Resize() . for resizing to a fixed dimension

1l operator = . assignment operators for arguments of
1 types HansenType, interval, and real
1 HansenVar() : to define HansenType variables

/l get_fValue(),
Il get_midValue(),

Il get_hansenCoef() . to get function value, mid-point
1 value and Hansen coefficients
Il operators +, -, *, . operators of diff. arithmetic
1 sqr(), sqrt(), power(),

Il exp(), sin(), cos(), ..: elementary functions

1 print_hVal() . to print Hansen value and the
1 linear Form

1 print_fVal() : to print function value only

Il print_fhval() . to print function, Hansen

1 value and the linear form
/I Class HansenType_vector:

Il HansenType_vector() . constructors

1 “"HansenType_vector() : destructor

Il operator = . assignment operator

1 operator [] : component access

/— s —
#ifndef __ HANSEN_ARITH_HPP
#define __ HANSEN_ARITH_HPP

/I C++ standard headers
#include <iostream> /I 1/0 Handling

/I cxsc headers

#include "imath.hpp" // Interval mathematical functions
#include <imatrix.hpp>

#include <idot.hpp>

using namespace CXsc;
using namespace std;
class HansenType;

class HansenType_vector;

typedef HansenType ( *HansenType_FctPtr)(const HansenType_vector&);

class HansenType {
int dim; // the dimension of the interval vector

21
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interval RIA; /I the Result value in
/[ (ordinary) Interval Arithmetic
/[---- --
ivector C, /I the mid-point value
V, /I the coefficients of zeta

/]---- -
/I By using the mid-point value and the
Il coefficients of zeta, we can get the
/Nlinear form of the function, after that
/lwe can get the Hansen Value

/[---- --
g; /I the gradient value, we will use it in
/I the elementary function routines
/[---- --
rvector r; /I the radius vector

friend void Resize (HansenType&, int);

public:

/I Constructors:

explicit HansenType (int n=0);

HansenType (const HansenType&); // copy constructors

/I assignment operators

HansenType& operator= (const HansenType&);
HansenType& operator= (const interval&);
HansenType& operator= (const real&);

friend HansenType HansenVar (int, const real&);
friend HansenType HansenVar (int, const interval&);
friend HansenType_vector HansenVar (const ivector&);
friend HansenType_vector HansenVar (const rvector&);

/I access to the components:

friend interval get fValue (const HansenType&);
friend ivector get midvalue  (const HansenType&);
friend ivector get _hansenCoef (const HansenType&);

/I operator +, - :
friend HansenType operator+ (HansenTypeg&);
friend HansenType operator- (const HansenType&);

/I operators +,-, [ for (HansenType, HansenType ):
friend HansenType operator+ (const HansenType&,const Han
friend HansenType operator- (const HansenType&,const Han

22
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friend HansenType
friend HansenType

/I operators +,-,

friend HansenType
friend HansenType
friend HansenType
friend HansenType

/I operators +,-,

friend HansenType
friend HansenType
friend HansenType
friend HansenType

/I operators +,-,

friend HansenType
friend HansenType
friend HansenType
friend HansenType

/I operators +,-,

friend HansenType
friend HansenType
friend HansenType
friend HansenType

23

operator * (const HansenType&,const HansenType&);

operator/ (const HansenType&,const Han senType&);
*,/ for (HansenType, interval):

operator+ (const HansenType&,const int erval&);

operator- (const HansenTypeé&,const int erval&);

operator * (const HansenTypeé&,const interval&);

operator/ (const HansenType&,const int erval&);
* [ for (interval, HansenType):

operator+ (const interval&,const Hanse nType&);

operator- (const interval&,const Hanse nType&);

operator * (const interval&,const HansenType&);
operator/ (const interval&,const Hanse nType&);
* [ for (HansenType, real):
operator+ (const HansenTypeé&,const rea 1&);
operator- (const HansenType&,const rea 1&);
operator * (const HansenTypeé&,const real&);
operator/ (const HansenType&,const rea 1&);
*,[ for (real, HansenType):
operator+ (const real&,const HansenTyp e&);
operator- (const real&,const HansenTyp e&);
operator * (const real&,const HansenType&);
operator/ (const real&,const HansenTyp e&);

/I The standard functions:

friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend
friend

HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType
HansenType

sqr (const HansenType&);
power (const HansenType&, const int);
sgrt  (const HansenTypeg&);
exp (const HansenType&);

In (const HansenType&);

sin (const HansenType&);
cos (const HansenType&);
tan (const HansenType&);
cot  (const HansenType&);
asin (const HansenType&);
acos (const HansenType&);
atan (const HansenType&);
acot (const HansenType&);
sinh  (const HansenType&);
cosh (const HansenType&);
tanh (const HansenType&);
coth (const HansenType&);

asinh (const HansenType&);
acosh (const HansenType&);



8 IMPLEMENTATION AND EXAMPLES 24

friend HansenType atanh (const HansenTypeg&);
friend HansenType acoth (const HansenType&);

/I Help function

friend HansenType For_Elementary Functions(const Hanse nType&,
interval&, interval&);

/I Output:

friend void print_fhvVal (HansenType_FctPtr, ivector);

friend void print_hVal (HansenType_FctPtr, ivector);

friend void print_ fval (HansenType_ FctPtr, ivector);

%
[f----—--- - e
class HansenType_vector {
int vector_dim; /I dimension of the vector
I----
HansenType =*ht; /lpointer to a dynamic array of

/lelements of type HansenType

public:
/I Constructors and Destructors:
explicit HansenType_vector (int n=0);
HansenType_vector (const HansenType_vector&);//copy co nstructor
"HansenType_vector ( );

HansenType_vector& operator= (const HansenType_vector& );
HansenType& operator[] (int) const;

h

#endif

For a scalar-valued function of type HansenType, pifivil() computes and returns only
the function value (in interval arithmetic). The functionm_fhVal() returns the value of (x)

(in interval arithmetic), mid-point value, the argumentuaof(;, (i = 1,--- ,n), and Hansen
value.

[]-=-=-=-- - e

/I File: hansen_arith.cpp (implementation)

/I Purpose: Definition of a one- and multi-dimensional gene ralized

1 interval arithmetic which allows function evaluation

1 with Hansen Arithmetic

I

/I Types:

I HansenType_FctPtr : pointer for a scalar valued function

/I Class HansenType:
I HansenType() . constructors
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1 Resize() . for resizing to a fixed dimension

Il operator = . assignment operators for arguments of
i types HansenType, interval, and real
Il HansenVar() . to define HansenType variables

1 get_fValue(),
1 get_midValue(),

Il get_hansenCoef() . to get function value, mid-point

1 value and Hansen coefficients
Il operators +, -, *, . operators of diff. arithmetic

1 sqr(), sqrt(), power(),

Il exp(), sin(), cos(), ..: elementary functions

1 print_hVal() . to print Hansen value and the

1 linear Form

1 print_fVal() . to print function value only

1 print_fhval() . to print function, Hansen

1 value and the linear form

/I Class HansenType_vector:

I HansenType_vector() . constructors

1 "HansenType_vector() . destructor

I operator = . assignment operator

1 operator [] . component access

I-------- - e

#include <hansen_arith.hpp>

// kkkkkkkkkkkkkkkhkkkkkkkkkkkkkkkkkkkhkkkhkkkkkkkkkkkkkk

/— -

/I RIA: denote the result value (in interval Arithmetic)

/[ C : denote the mid-point vector

/I 'V : denote the coefficients value of \zeta i (i=1,.....,n
/[ g : denote the gradient value

/— -

// kkkkkkkkkkkkkkkhkkkkkkkkkkkkkkkkkkkhkkkhkkkkkkkkkkkkkk

[f-=mmmm - -
/I Constructors and resize function for the class 'HansenTy
[f-=mmmm - -
void Resize (HansenType& X, int n)
{

X.dim = n;

Resize(X.g,0,n);
Resize(X.C,0,n);
Resize(X.V,0,n);
Resize(X.r,0,n);

—— -

25
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HansenType::HansenType (int n):dim(n)//Constructor: re
{

if (dim <= 0) {dim = 0; return;}

Resize(g,0,dim);

Resize(C,0,dim);

Resize(V,0,dim);

Resize(r,0,dim);

/—

/—

/l Assignment operators and copy constructors of the class
/I 'HansenType'.

/—

HansenType& HansenType::operator= (const HansenType& X)

{

sizes internal

tructor

if (this == &X) return * this;
dim = X.dim;
if (dim > 0)
{
RIA = X.RIA;
C = X.C;
vV =XV,
g = Xg
r = X
}
return = this;
}
[]-=------
HansenType::HansenType (const HansenType& X) // Copy cons
{ [-=-mmmmme
dim = X.dim;
+xthis = X; [/l use previously defined assignment operator
}
[--------
HansenType& HansenType::operator= (const interval& u)
{
RIA = u; /I result value
C = 0.0;
C[0] = 0.5 =« (interval(Sup(u)+Inf(u))); /I mid-point
if(mid(u)==0.0) C[0] =u;
V = 0.0; /[ argument
g = 0.0; /I gradient

r =0.0;

26
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r[0] = 0.5 *(subup(Sup(u),Inf(u))); /Il radius
return  +this;

/—

HansenType& HansenType::operator= (const real& c)
{

+xthis = interval(c);

return  xthis;

/—

HansenType HansenVar(int n, const interval& u)

{
HansenType ht(n);

real RAD;
ht.RIA = u ;
for (int i = 0; i <= n; i++)
{
ht.C[i] = 0.0;
ht.V[i] = 0.0;
ht.g[i] = 0.0;
ht.rli] = 0.0;
}

ht.C[0] = mid(u);
if(mid(u)==0.0) ht.C[0]=u;
RAD = 0.5 (Sup(u)-Inf(u));
ht.V[0] = interval(-RAD,RAD);
if(mid(u)==0) ht.V[0]=0.0;
return ht;

[/ —

HansenType HansenVar (int n, const real& u) // Generate vari

{ /—

interval v;
V=Uu;
return HansenVar(n, v);

[/ —

|/ S
/I Transfer functions for variables

/—

HansenType_ vector HansenVar (const ivector& u) // Generat

e variable

27
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int d = Ub(u)-Lb(u)+1;
HansenType_ vector htv(d);

for (int i = 1; i <= d; i++)
{
htv[il.RIA = uli];
for (int k = 0; k <= d; k++)

{
if(i==k)
{
htV[I] CIK] = mid(ul[i]);
htv[i].VIK] = 10
htv[il.glk] =
htv[i].r[k] = * (Sup(uli])-Inf(uli]));
}
else
{
htv[l] Clk] = 0.0;
htv[i].VIK] = OO
htv[i].glk] =
htv[i].r[k] =
}
}
}
return htv;
}
[f-------- - e
HansenType_vector HansenVar (const rvector& v) // Generat e variable
{ [f-mmmmmmm e
int k=Lb(v), m = Ub(v);
ivector u(k,m);
for (int i=k; i<=m; i++)
ufi] = Vi,
return HansenVar(u);
}
[f-------- - e
[f----—--- e S e
/I Access functions for the function value, the mid-point va lues
/I and the Hansen coefficient values
If-------- - e
interval get_fValue (const HansenType& X) /[ Get function v alue

{ return X.RIA; } /S —

28
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ivector get _midvalue (const HansenType& X) //Get mid-poin t
{ return X.C; } /R ——

ivector get_hansenCoef (const HansenType& X) //Get Hansen
{ return X.V; } llcoefficients of zeta

— S ——

[-------- - e
/[ Unary operators + and - for HansenType operands
[-------- - e

HansenType operator+ (HansenType& X)
{ return X; }
I-------- - e

HansenType operator- (const HansenType& X)

{
HansenType min(X.dim);

min.RIA = -X.RIA;
for (int i = 0; i <= X.dim; i++)

{
min.C[i] = -X.CJi];
min.V[i] = -X.VI[i];
min.r[i] = X.r[i];
min.g[i] = -X.g[i];
}
return min;
}
[f-------- - e
If-------- - e
/I Operators +, -, * and / for two HansenType operands
[f-------- - e
HansenType operator+ (const HansenType& X, const HansenTy pe& Y)
{

HansenType res(X.dim);

res.RIA = X.RIA + Y.RIA;

/[----
res.C = X.C + Y.C;
res.V = XV + VY.V;
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res.g = X.g + Y.g;

]
for (int i = 0; i <= X.dim; i++)
{if(X.r[i]::0.0) res.rfi] = Y.r[i];

else res.rli] = X.rJi];
re}turn res;

HansenType operator- (const HansenType& X, const HansenTy

{

HansenType res(X.dim);

res.RIA = X.RIA - Y.RIA;

mmm -
res.C = X.C - Y.C
res.V = XV - Y.V,
res.g = X.g - Y.g;
mmm -
for (int i = 0; i <= X.dim; i++)
{
if(X.r[i]==0.0) res.rfi] = Y.rIi;
else res.rfi] = Xur[i];
}
return res;
}
f--=-----

HansenType operator

{

HansenType res(X.dim);

interval SXx, Sy, Sxy, S_vxy,
Syg, Sxg;

real cr;

Sx=0.0; Sy=0.0; S_vxy=0.0;
Sxg=0.0; Syg=0.0;

res.RIA = X.RIA  * Y.RIA;
for (int i = 0; i <= X.dim; i++)

{

* (const HansenType& X, const HansenType& Y)

30



8 IMPLEMENTATION AND EXAMPLES

res.CJi]=0.0;

Sx += X.CJ[i];

Sy += Y.CJi];

Sxg += X.C[i]+X.V[i] « interval(-X.r[i], X.r[i]);
Syg += Y.C[i]+Y.V]i] « interval(-Y.r[i], Y.r[i]);

if(X.r[i]==0.0)
{
if(Y.r[i]==0.0) cr=X.r[i] * X.r[i];
else cr=Y.r[i] *Y.r[i];
}
else  cr=X.1[i] * X.r[il;
S vxy += interval(0.0,cr) * X V[i] =*Y.VI]i;
}
for(int i=0;i<=X.dim;i++)
{
Sxy=0.0;
for(int j=0;j<=Y.dim;j++)
{
if(j!=i)
Sxy +=Y.r[j]  *AbsMax(Y.V[j]);
}
Sxy = Sxy *interval(-1,1) * AbsMax(X.V[i]);

res.V[il= Sx  *Y.V[i][+Sy = X.V[i]+Sxy;
if(X.r[i]==0.0) res.r[i]=Y.r[i];

else res.rli]J=X.r[i];
res.gli] = Syg *X.g[i] + Sxg *Y.g[i];
}
res.C[1]= Sx *Sy+S_vxy;
return res;
}
I--------

HansenType operator/ (const HansenType& X, const HansenTy
{
HansenType res(Y.dim);
interval SXx, Sy, Swy,
Sxg, Syg;
Sx=0.0; Sy=0.0; Svy=0.0;
Sxg=0.0; Syg=0.0;

res.RIA = X.RIA / Y.RIA; /| can propagate "division by zero"

J]---- -
for (int i = 0; i <= Y.dim; i++)
{
res.C[i]= 0.0;

rror
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Sx += X.CJi];
Sy += Y.C[i],
Sxg += X.C[i]+X.V[i] * interval (-X.r[i],X.r[i]);
Syg += Y.C[i]+Y.V][i] = interval(-Y.r[i], Y.r[i]);
Svy += interval(-1,1) *Y.r[i]  *AbsMax(Y.VI[i]);
}
for (int i = 0; i <= Y.dim; i++)
{
res.V[i] =(Sy * X V[il- Sx  *Y.V[i] )/ ( Sy * (Sy+Svy));
res.gfi] = (X.g[i]- (Sxg/Syg) *Y.g[i])/Syg;
if(X.r[i]==0.0) res.r[i]=Y.r[i];
else res.rli]=X.r[i];
}
res.C[1]=Sx/Sy;
return res ;

/— e ——

f----—-- I S e
/I Operators +, -, * and / for one interval and one

/I HansenType operand

[f-------- - e

HansenType operator+ (const HansenType& X, const interval & b)
{

HansenType res(X.dim);

int n=XxX.dim;

res=X+HansenVar(n,b);

return res;

/— S —

HansenType operator- (const HansenType& X, const interval & b)
{

HansenType res(X.dim);

int n=XxX.dim;

res=X-HansenVar(n,b);

return res;

/— S —

HansenType operator * (const HansenType& X, const interval& b)
{

HansenType res(X.dim);

int n=XxX.dim;

res=X * HansenVar(n,b);

return res;
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/—

HansenType operator/ (const HansenType& X, const interval
{

HansenType res(X.dim);

int n=X.dim;

res=X/HansenVar(n,b);

return res;

/—

HansenType operator+ (const interval& a, const HansenType
{

HansenType res(Y.dim);

int n=Y.dim;

res=HansenVar(n,a)+Y;

return res;

/—

HansenType operator- (const interval& a, const HansenType
{

HansenType res(Y.dim);

int n=Y.dim;

res=HansenVar(n,a)-Y;

return res;

/—

HansenType operator
{
HansenType res(Y.dim);
int n=Y.dim;
res=HansenVar(n,a) *Y;
return res;

/—

HansenType operator/ (const interval& a, const HansenType
{

HansenType res(Y.dim);

int n=Y.dim;

res=HansenVar(n,a)/Y;

return res ;

/—
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[f----—-- I S e
/I Operators +, -, * and / for one real and one HansenType operand
[[----—--- e S
HansenType operator+ (const HansenType& X, const real& b)

{ return X + interval(b); }

HansenType operator- (const HansenType& X, const real& b)
{ return X - interval(b); }

HansenType operator * (const HansenType& X, const real& b)
{ return X  « interval(b); }

HansenType operator/ (const HansenType& X, const real& b)
{ return Xlinterval(b);}// Can propagate ’'division by zero
[f-------- -
HansenType operator+ (const real& a, const HansenType& Y)
{ return interval(a) + Y; }

HansenType operator- (const real& a, const HansenType& Y)
{ return interval(a) - Y; }

HansenType operator * (const real& a, const HansenType& Y)
{ return interval(a) * Y, }

HansenType operator/ (const real& a, const HansenType& Y)
{return interval(a)/Y;} /I Can propagate ’division by zero

---- --
[f-------- - e
f----—-- I S e
/I Elementary function for HansenType arguments
f----—-- I S e

HansenType sqr (const HansenType& X)

{
HansenType res(X.dim);

interval S1, S2, S3,
M1, R1;
real cr, abs_uz, abs vz;

res.RIA = sqr(X.RIA);
S1=0.0; S2=0.0; M1=0.0;
T

/I calculate the gradient
S$3=0.0;

error
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for(int i=0;i<=X.dim;i++)

S3 += X.C[i] + X.V]i] * interval (-X.r[i],X.r[i]);

R1 = 2.0 * S3;
M

for (int i = 0; i <= X.dim; i++)
{
res.C[i] = 0.0;
res.gfi] = R1 « X.glil;
S1  += X.CJi;
cr = X.r[i] * X.r[i;

S2 += interval(0.0,cr) * X V[i] *X.\V]i;

}

for(int i=0;i<=X.dim;i++)
{
abs_uz=AbsMax(X.VJi]);
M1=0.0;
for(int j=0;j<=X.dim;j++)
{
if(j!=i)
{
abs_vz=AbsMax(X.V[j]);

M1 +=interval(-1,1) *abs_uz * X.r[j]

}
}
res.V[i] = 2.0 * S1x X V[i][+M1,;
res.rfi] = X.r[i];
}
res.C[1]= sqr(S1) + S2;

return res;

*abs_vz;

HansenType power (const HansenType& X, const int k)

{

int k1, i, I;
interval S1;
HansenType res(X.dim), help(X.dim);

if (k == 0)

{ res = 1.0; return res; }
if (k == 1)

return X;
if (k == 2)

return sqr(X);
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if (k == -1)
return (1.0/X);
if (k == -2)
return (1.0/sqr(X));
if (k < -2)
return (1.0/power(X,k));

/[ compute how many can sqr

Il ( X6 = (X"2)"3 this means three times)

/----

k1=Kk-2;

i=1;

if(k1>=2)

{

dof
kl=k1-2;
i++;
while(k1>=2);

I/l calculate the gradient k * X (k-1)

/----
help = double(k)  *power(X,k-1);

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1+= help.C[i]+help.VIi] * interval(-help.r[i],help.r[i]);

/----

res=sqr(X);
for(int j=2;j<=l;j++)
res=res =*sqr(X);
if(k1==1)
res=res =*X;

res.RIA=power(X.RIAK);
for(int i=0; i<=X.dim; i++)
res.glil= S1 = X.g[i];
return res;

HansenType sqrt (const HansenType& X)

{

HansenType res(X.dim);
interval R1, S, S1,;

36



8 IMPLEMENTATION AND EXAMPLES

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i]+X.V][i] * interval(-X.r[i],X.r[i]);
R1 = 0.5/sqgrt(S1);

res = For_Elementary Functions( X , R1, S);
res.RIA = sqrt(X.RIA);

res.C[1]=sqrt(S);

return res;

HansenType exp (const HansenType& X)

{

HansenType res(X.dim);
interval R1, S, Si1;

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i]+X.V][i] * interval (-X.r[i], X.r[i]);
R1= exp(Sl);

res = For_Elementary Functions( X, R1, S );
res.RIA = exp(X.RIA);

res.C[1]=exp(S);

return res;

HansenType In (const HansenType& X)

{

HansenType res(X.dim);
interval R1, S, S1;

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i]+X.V][i] * interval (-X.r[i], X.r[i]);
R1= 1.0/S1;

res = For_Elementary_Functions( X, R1, S );
res.RIA = In(X.RIA);

res.C[1]=In(S);

return res;

HansenType sin (const HansenType& X)
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HansenType res(X.dim);

interval R1, S, Si1;

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i]+X.V][i] * interval(-X.r[i], X.r[i]);
R1=cos(S1);

res = For_Elementary_Functions( X, R1, S );
res.RIA = sin(X.RIA);

res.C[1]=sin(S);

return res;

/—

HansenType cos (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, Si1;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i]+X.V][i] * interval (-X.r[i], X.r[i]);
R1=-sin(S1);

res = For_Elementary Functions( X, R1, S );
res.RIA = cos(X.RIA);

res.C[1]=cos(S);

return res;

/—

HansenType tan (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, Si1;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i]+X.V][i] * interval (-X.r[i], X.r[i]);
R1=sgr(tan(S1)) + 1.0;

res = For_Elementary Functions( X, R1, S );
res.RIA = tan(X.RIA);

res.C[1]=tan(S);

return res;

/—
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HansenType cot (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, S1;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i[+X.V][i] * interval (-X.r[i],X.r[i]);
R1= -( sgr(cot(S1)) + 1.0 );

res = For_Elementary Functions( X, R1, S );
res.RIA = cot(X.RIA);

res.C[1]=cot(S);

return res;

/—

HansenType asin (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, S1;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i]+X.V[i] * interval (-X.r[i], X.r[i]);
R1= 1.0/sqrt(1.0-sqr(S1));

res = For_Elementary_Functions( X, R1, S );
res.RIA = asin(X.RIA);

res.C[1]= asin(S);

return res;

/—

HansenType acos (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, Si;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i][+X.V][i] * interval (-X.r[i],X.r[i]);
R1 = -1.0 / sqgrt( 1.0 -sgr(S1));

res = For_Elementary_Functions( X, R1, S );
res.RIA = acos(X.RIA);

res.C[1]= acos(S);

return res;

/—
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HansenType atan (const HansenType& X)

{

HansenType res(X.dim);
interval R1,S, S1;

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i][+X.V][i] * interval (-X.r[i],X.r[i]);
R1= 1.0/ (1.0+ sqr(S1));

res = For_Elementary Functions( X, R1, S );
res.RIA = atan(X.RIA);

res.C[1]=atan(S);

return res;

HansenType acot (const HansenType& X)

{

HansenType res(X.dim);
interval R1,S, S1,;

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i][+X.V][i] * interval (-X.r[i],X.r[i]);
R1 = -1.0/ (1.0+sqr(S1));

res = For_Elementary_Functions( X, R1, S );
res.RIA = acot(X.RIA);

res.C[1]=acot(S);

return res;

HansenType sinh  (const HansenType& X)

{

HansenType res(X.dim);

interval R1, S, S1,;

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i[+X.V][i] * interval (-X.r[i],X.r[i]);
R1= cosh(S1);

res = For_Elementary Functions( X, R1, S );
res.RIA = sinh(X.RIA);
res.C[1]=sinh(S);
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return res;

/—

HansenType cosh (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, Si1;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i[+X.V][i] * interval (-X.r[i],X.r[i]);
R1 = sinh(S1);

res = For_Elementary Functions( X, R1, S );

res.RIA = cosh(X.RIA);
res.C[1]=cosh(S);
return res;

/—

HansenType tanh (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, S1;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i]+X.V][i] * interval(-X.r[i], X.r[i]);
R1= 1.0 - sqgr( tanh(S1) );

res = For_Elementary Functions( X, R1, S );

res.RIA = tanh(X.RIA);
res.C[1]=tanh(S);
return res;

[/ —

HansenType coth (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, Si1;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i]+X.V][i] * interval (-X.r[i], X.ri]);
R1= 1.0 -sqgr( coth(S1) );

res = For_Elementary_Functions( X, R1, S );

res.RIA = coth(X.RIA);
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res.C[1]=coth(S);
return res;

/—

HansenType asinh (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, S1,;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i][+X.V][i] * interval (-X.r[i],X.r[i]);
R1 = 1.0 / sgrt( 1.0 +sqr(S1) );

res = For_Elementary_Functions( X, R1, S );
res.RIA = asinh(X.RIA);

res.C[1]= asinh(S);

return res;

/—

HansenType acosh (const HansenType& X)
{
HansenType res(X.dim);
interval R1, S, Si;
S1=0.0;
for(int i=0;i<=X.dim;i++)
S1 += X.C[i][+X.V][i] * interval (-X.r[i],X.r[i]);
R1 = 1.0 / sgrt( sqr(S1) -1.0 );

res = For_Elementary_Functions( X, R1, S );
res.RIA = acosh(X.RIA);

res.C[1]= acosh(S);

return res;

/—

HansenType atanh (const HansenType& X)
{

HansenType res(X.dim);

interval R1, S, Si;

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i]+X.V[i] * interval (-X.r[i], X.r[i]);
R1 = 1.0 / (1.0 -sqr(S1));
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res = For_Elementary Functions( X, R1, S );
res.RIA = atanh(X.RIA);

res.C[1]=atanh(S);

return res;

/—

HansenType acoth (const HansenType& X)
{

HansenType res(X.dim);

interval R1, S, Si1;

S1=0.0;

for(int i=0;i<=X.dim;i++)

S1 += X.C[i][+X.V][i] * interval (-X.r[i],X.r[i]);
R1 = 1.0 / (1.0 -sqgr(S1));

res = For_Elementary_Functions( X, R1, S );
res.RIA = acoth(X.RIA);

res.C[1]=acoth(S);

return res;

/—

HansenType For_Elementary Functions(const HansenType&
interval& S)
{
HansenType res(X.dim);
S=0.0;
for(int i=0; i<=X.dim; i++)
{
res.C[i] = 0.0;
S += X.CJ[i];
res.glil = R1 *X.g[i];
res.V[il= X.VJ[i] *res.gl[i];
res.rli]=X.r[i];
}

return res;

/—

[f--------

/I Constructors, copy constructors and Destructors for the
/I class 'HansenType_vector’

[f----—--

HansenType_vector::HansenType_vector (int n): vector_d

X,interval& R1,
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if (vector_dim <= 0)

{ vector_dim = 0; ht = NULL; return; }

ht = new HansenType[vector_dim];

for (int i= 0; i< vector_dim; i++) Resize(ht[i],vector_dim

[/ —

HansenType_vector::HansenType_vector (const HansenTyp

{

vector_dim = v.vector_dim;
*this = v; /I use previously defined assignment operator

/—

ht =NULL,

/—

[f----—--
/I Assignment operators the class 'HansenType_vector'.
f----—---

HansenType_vector& HansenType_ vector::operator= (

const HansenType_vector& v)

{
if (this == &v) return * this;
delete [] ht;
vector_dim = v.vector_dim;
if (vector_dim == 0) { ht = NULL; return *this; }

ht = new HansenType[vector_dim];
for (int i=0; i<vector_dim; i++)

ht[i] = v.ht[i];
return  xthis;
}
[-====---
/[--------

/I Component access for the type 'HansenType_vector'.
[f----—---

HansenType& HansenType_vector::operator[] (int k) const

{

return ht[k-1]; /I Index range starts at 1

e_vector& v)
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}

If-------- - e
If-------- - e
/I Purpose: Evaluation and print of function ’f(x)’ for argu ment 'X
1 in Hansen arithmetic, computing the function 'f(x)’ in

Il ordinary interval arithmetic too.

/[ Parameters:

Il In : ’'f : function of 'HansenType’

1 'xx' @ argument for evaluation of ’f(x)’

Il Out: 'fx’: the function value ’f(x)’

1 'Cx’: the interval mid-point ’

Il 'Hfx’: the Hansen interval vector (the argument

/! of \zeta_i,(i=1,...,n)

Il 'fHans’: the Hansen value of the function 'f(x)’

f----—-- I S e

void print_fhval ( HansenType_ FctPtr f, ivector xx)
{

int m = Ub(xx);

interval fx, Cx, fHans;

ivector Hfx(0,m), mvalue(0,m),
ONE(0,m);

HansenType XH(mM+1);

real r X;

idotprecision lAccu;

ONE=1.0;

fxH = f(HansenVar(xx));

fx = get_fValue(fxH);

mvalue = get_midvalue(fxH);

Hfx = get_hansenCoef(fxH);

IAccu=0.0;

for(int i=0;i<=m;i++)
accumulate(IAccu,mvalue[i], ONE[i]);
Cx=rnd(lAccu);
fHans = Cx;
cout << SetPrecision(15,6) << Scientific;  // Output format
cout<< " \n F([x]): " << endl << fx << endl;
for(int i=1;i<=m;i++)

{
r_x= 0.5 *(Sup(xx[i])-Inf(xx[i]));

45



8 IMPLEMENTATION AND EXAMPLES

fHans += Hfx[i]  =*interval(-r_x,r_x);

}

cout<< "\n Hansen Arithmetic: "<<endl << fHans<<endl<<end

cout<<"\n The linear form: "<<endl;
cout<<Cx;

for(int i=1;i<=m;i++)

cout<<" + "<< HIfX[i] <<" r['<<i<<"T "

cout<<endl;
cout<<"\n Where r is the interval radius of the interval vect
<<endl;
for(int i=1;i<=m;i++)
{
r x=0.5 * (Sup(xx[i])-Inf(xx[i]));
cout<<"\n r['<<i<<"] = "<<interval(-r_x,r_x)<<endl<<en
}
}
[f----—--
[f----—--
/I Purpose: Evaluation and print of function 'f(x)’ for argu
1 in Hansen arithmetic.
/[ Parameters:
1 In : ’f : function of 'HansenType’
I 'xx' : argument for evaluation of 'f(x)’

1 Out: 'Cx’: the interval mid-point ’

I 'Hfx’: the Hansen interval vector (the argument
I of \zeta_i, i=1,...,n)

1 'fHans’: the Hansen value of the function ’f(x)’
I--------

void print_hVal ( HansenType_ FctPtr f, ivector xx)
{

int m = Ub(xx);

interval Cx, fHans;

ivector Hfx(0,m), mvalue(0,m),
ONE(0,m);

HansenType fXH(m+1);

real RAD;

idotprecision |Accu;

ONE=1.0;

fxH = f(HansenVar(xx));

mvalue = get_midvalue(fxH);

Hfx

get_hansenCoef(fxH);
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IAccu=0.0;

for(int i=0;i<=m;i++)
accumulate(lAccu,mvalue[i], ONE[i]);

Cx=rnd(lAccu);

fHans = Cx;
cout << SetPrecision(23,15) << Scientific; // Output forma

for(int i=1;i<=m;i++)

{

RAD = 0.5 (Sup(xx[i])-Inf(xx[i]));

fHans += Hfx[i]] =*interval(-RAD,RAD);
}

cout<< "\n Hansen Arithmetic: "<<endl << fHans<<endl<<end

cout<<™\n The linear form: "<<endl;

cout<<Cx;

for(int i=1;i<=m;i++)

cout<<" + "<< HIfX[i] <<" r['<<i<<"] "

cout<<endl,

cout<<"\n Where r is the interval radius of the interval vect
<<endl;

for(int i=1;i<=m;i++)

{

RAD=0.5* (Sup(xx[i])-Inf(xx[i]));

cout<<"\n r['<<i<<"] = "<<interval(-RAD,RAD)<<endl<<en

}
}
If--------
I--------
/I Purpose: Evaluation and print of function ’f(x)’ in ordin
1 interval arithmetic.
/[ Parameters:
1 In : ' : function of 'HansenType’
1 'xx' : argument for evaluation of ’f(x)’
I Out: 'fx: the function value 'f(x)’
[f--------

void print_fVal ( HansenType_ FctPtr f, ivector xx)
{

int m = Ub(xx);

HansenType fxH(m+1);

interval fx;

or

X:
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fxH = f(HansenVar(xx));
fx = get_fValue(fxH);
cout << SetPrecision(23,15) << Scientific; // Output forma t

cout << " \n F([x]): " << endl << fx << endl<<end|;

/— S —

8.2 Examples

Here, we demonstrate how to use the modules defined in theopsesection. A sample pro-
gram contained in the distribution file hansex.cpp reads input data (starting interval vector)
from the console.

et --
/I Example: Automatic Hansen Arithmetic

[ mmm e e e e --
#include <hansen_arith.hpp> /[ Hansen arithmetic

using namespace CXScC;
using namespace std;

/I xDim the dimension of a vector.
const int xDim = 2;

ivector x(xDim);

HansenType f ( const HansenType vector& X )

{

/lplease don't forget changing the dimension

return exp(X[1]+(x[2]/(1+x[2])));

Il return power(x[1],4)+sin(x[1]);

Il return -(x[1]+x[2]) *X[3];
}

int main ()

{

cout << "\n expression: f(x) = exp(X[1]+(xX[2)/(1+X[2]))); "
<< endl << endl;
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cout << "Starting vector x = "iocin >> x;

/ kkkkkkkkkkkkkkkkkkkkkkhkkhkkhkkkkkkhkkhkkkkkkkkkkkkkkkkk

/[The following functions are to compute:
/[ 1) The expression in ordinary interval arithmetic
/I 2) The expression in Hansen Arithmetic and The linear

I form of the expression (the expression is,
I in general, nonlinear expression)
[fmmmmm e

/I we have written the goal of every function beside it

/ kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

print_fhval(f,x);  // function, Hansen and linear form
llprint_fVal(f,x); // function only
llprint_hVal(f,x); // Hansen and linear form

return O;

}

If we compile the above main program we will get the follownegult:

function: f(x) = exp(X[1]+(X[2])/(1+X[2])));
Starting vector x = [1.2,1.3] [13,13.5]

F([x]):
[8.138059200571847E+000, 9.624247682729886E+000]

Hansen Arithmetic:
[8.379173510681724E+000, 9.310335311913617E+000]

The linear form:

[8.844754411297660E+000, 8.844754411297681E+000] +
[8.402854155649450E+000, 9.309893894037638E+000] r1 +
[1.001654451902579E-004, 3.448236562108838E-004] r2

Where r is the interval radius of the interval vector x:
[r1] = [-5.000000000000005E-002, 5.000000000000005E-00
[r2] = [-2.500000000000000E-001, 2.500000000000000E-00

Example 8.1. Compute the function
f(z) = 2% — 25.20% + 242, — 61,

with z; € [1,2] andx, € [3,4].

*kkkk

*kk*k

2]
1]

L T S T
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We get the result

[X]:

[ 1.000000000000000E+000, 2.000000000000000E+000]
[ 3.000000000000000E+000, 4.000000000000000E+000]
F([x]):

[-2.006000000000000E+002, 3.680000000000002E+001]
Hansen Arithmetic:

[-1.573500000000001E+002, 1.299375000000001E+001]
The linear form:
[-90.806250001,-53.54999999]+[-127.08750000,-115.09 999999] r1 +
[-6.000000000,-6.0000000000] r2

Where r is the interval radius of the interval vector x:
[r1]=[-0.5, 0.5], [r2]=[-0.5,0.5]

Example 8.2. Compute the function
f(z) :=sin®*z +2* with z € [0.5,0.51].
We get the result

[X]:

[5.000000000000000E-001, 5.100000000000000E-001]

F([XD:

[1.726954073021381E-001, 1.839929588443123E-001]

Hansen Arithmetic:

[1.726250626886523E-001, 1.840059044076734E-001]

The linear form:

[0.178282383679,0.178348583418]+[1.1279994763506,1. 1314641979673] rl
Where r is the interval radius of the interval vector x:

[r1]= [-5.0000000000E-03, 5.0000000000E-03]

Example 8.3. Compute the function

T2

= (1 L
)= a1 (1 + exp(os + 0.02542,

)
with z; € [0.19,0.25], x5 € [13,13.5] andz3 € [—10.7, —10.6].
We get the result

(x]

[ 1.899999999999999E-001, 2.500000000000000E-001]
[ 1.300000000000000E+001, 1.350000000000000E+001]
[-1.070000000000001E+001,-1.059999999999999E+001]
F(XD:

[2.584169245534380E-001, 4.089083173012873E-001]
Hansen Arithmetic:

[2.620563818087385E-001, 3.882137431927534E-001]
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The linear form:

[0.325135062501,0.325135062502]+[1.4029183226,1.552 8549728] r1 +
[0.026736055843,0.040530934349] r2 +[0.086893581899,0 .12720595843] r3
Where r is the interval radius of the interval vector x:

[r1]=[-0.03, 0.03], [r2]= [-0.25, 0.25], [r3]=[-0.05, 0.0 5]

Example 8.4. Compute the function

X124

(1 + 0.0254225)

X2

flw) = 1+ 0.02542z,

)

5 exp(r3 +

with z; € [0.19,0.25], 5 € [13,13.5], 23 € [~10.7, —10.6] and x4 € [0.39, 0.40].
We get the result

(x]

[ 1.899999999999999E-001, 2.500000000000000E-001]

[ 1.300000000000000E+001, 1.3500000000000000E+001]
[-1.070000000000001E+001,-1.059999999999999E+001]

[ 3.899999999999999E-001, 4.000000000000001E-001]

F([x]):

[1.986539349139782E-002, 4.777545128791166E-002]

Hansen Arithmetic:

[2.087197960405794E-002, 4.124400622486913E-002]

The linear form:

[0.03105084241,0.03106514342] +[0.11621908695,0.1662 1468448] r1 +
[0.00727048500,0.01142400417] r2 +[0.02567517932,0.03 758661714] r3 +
[0.06587734361,0.09141807647] r4

Where r is the interval radius of the interval vector x:

[r1]=[-0.03, 0.03], [r2]= [-0.25, 0.25]

[r3]=[-0.05, 0.05], [r4]= [-0.005, 0.005]

9 Conclusion

We have introduced algorithms and C-XSC programs for a gdined interval arithmetic which
reduces the inherent lack of sharpness of interval aritiertiea second order effect, in addition
to enclosing ranges of nonlinear interval expressionsrimali interval forms. This method may
not be useful if second order quantities are not truly néglkg Moreover, this method is of
little value if the original data for a problem are reals mtthan intervals of non-zero width.
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