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Abstract

In C-XSC the complex interval arithmetic is completely implementadthe modules
cinterval.hpp andcinterval.cpp . In release 2.1 or higher the complex interval
standard functions like the exponential or trigopnometuoctions are additionally imple-
mented ircimath.hpp  andcimath.cpp . For such a functiorf(z) and a given rectan-
gular complex intervak, some intervalV’ is computed that contains all function values of
fforall z € Z. In nearly all cases the inclusion intervadg are nearly optimal, such that
W is almost the smallest rectangular interval containingrémge of f. For all complex
standard functions the user will find many hints, how to dalisuthese interval$l’ and
how the implemented multi-valued functiorfsare defined on their principal branches. In
general these definitions are chosen, such that the fuscfi@me inclusion isotone The
functions under consideration are root and power functitresexponential, trigonometric
and hyperbolic functions, and their inverse functions.

MSC Subject Classifications:30-04, 65G30, 65K05.
Key Words: Complex interval functions, reliable compuiat, mathematical software, C-XSC

1 Introduction

In [27, 19, 20] and [9, 8, 10] algorithms for calculating thengplex standard functions are
published together with guaranteed error bounds for tHearehimaginary part of the function
values, evaluated in floating-point arithmetic. Compusiigh a priori error bounds is a very
demanding task. Because of the great effort associatedtiwi#timethod, M. Neher [25] used
a more simple way, which in general will enlarge the runtini¢ghe algorithms and which is
briefly described as follows:

With 2z = x + i -y, i = /=1 the functionf(z) = u(x,y) + i - v(z,y) under consideration
is assumed to be analytic on the given interalso that the extremal values ofzx,y) and
v(z,y) lie on the boundary of/. In general these extremal points are the corner points of
Z, but in some cases the extremal points lie somewhere on tivedboy and are possibly not
representable in the IEEE-System. In these cases the ettpomts must be enclosed by
small machine intervals or otherwise by appropriate paitérivals. If for example the real
intervals enclosing the maximum point of the real pétt, y) are denoted byM, = [z, 5]
and M, = [y1, 2], an upper bound of the maximum afz, y) can be found by evaluating
u(z,y) with interval arguments, substitutingandy by M,, M, respectively. If therU is a
machine inclusion ofi(A/,, M,) C U, a guaranteed upper bound of the maximum of the real
part is given bySup(U) > u(x,y) Vz € Z. In this way the inclusion of the real and imaginary
part of f(z) with z € Z can be computed without the need of a priori error boundst (aasi
been done in [10],[20]).

The advantage of this strategy is the simple interval ev@naf the two functions:(z, y)
andv(z,y) composed in most cases of the elementary interval funcibeady implemented
in C-XSC [18, 17]. The disadvantage is the rather expensies\val evaluation ofi(z, y) and
v(z,y) described above.

At least one of the intervals?,,, M, is a point interval because the extremal points lie on thentlary of the
machine intervak.



Some simple expressions likg¢z? + y? are evaluated in the CoStLy library [25] in naive
interval arithmetic by using the instructidh = sqrt(sqr(x)+sqr(y)) , so for sufficient
great values of or y an overflow occurs and leads to a significant overestimatidmeoinclu-
sions. In this example the overestimation can be avoidedinguhe C-XSC function call =
sqrtx2y2(x,y) . In this function a premature overflow doesn’t occur. In thene manner
the following expressions are treated:

In(z? + y?), V1 + 22, V1 — 22, /22 — 1,arctan(y/x), /1 + = — 1,In(1 + x), arcostil + z).
The last three functions allow an evaluation without ovemestions forx — 0 and the first
function is used for? + > — 400 or 22 + y? — +1. The appropriate improvements in the
algorithms are not described here, more details can be fioddl

The implementation of the complex interval functions dimited with C-XSC are essen-
tially based on the source code of the CoStLy library devedidpy M. Neher in 2004 [25].

2 Notation and Preliminary Remarks

2.1 Real Intervals

o X =[2,7] :={r e R|z <r <7|}. Intervals are denoted by capital letters.
e The set of all compact real intervals is denoted Ry

e diam X) := 7 — z is called thediameterof X .

2.2 Complex Numbers, Intervals and Sets

e Complex numbers are denoted by= x + iy, wherex = R{z} andy = 3{z}. The set
of all complex numbers is denoted by

e abgz) = |z| := /2% + y? is the absolute value af

e A rectangular complex intervad is defined byZ := X + ¢ - Y, with X = [z, 7] and

e The set of all complex rectangular intervals is denoted®y

e abgZ) :={reR|r=abgz) Az € Z}.

e A complex analytic function can be written in the form
f(z) =ulz,y) +i- v(z,y),

whereu(z,y) = R{f(2)} andv(z,y) = S{f(2)}.



e The setC—(—o0, 0], the complex plane with the negative real axis and the oragimoved,
is denoted byC~.

e The sefC — (—o0,0) is denoted byC, containing the origin.

e Foragiven bounded subset of C theintervall hull oM of M is the smallest rectangular
interval that containg/.

o 2 =|z|-{cos(¢) +i-sin(p)}. Due to the periodicity of the sine and the cosine functions
this polar form ofz is not unique. But for € C~ together with the restrictiorr < ¢ <
+7 the argument functiop = Arg(z) is unique. For complex intervals the appropriate
argument function(s) are defined separately.

2.3 Definition and Features of Inclusion Functions
e ForD C C, therang€ f(z) | z € D} of a functionf : D — C is denoted by Rgf, D).

e An inclusion functionF of a given functionf : C — C is an interval functionF' :
IC — IC that encloses the range §g~Z) of f on all intervalsZ C D: Rg(f,Z) C
F(Z) ¥ Z C D, however in general we have R§Z) C F(Z) and notF(Z) =
Ra(f, Z); see the example on page 43.

o If F(Z)=0Rg(f, Z) holdsforallZ C D, thenF is called aroptimalinclusion function.

e [is calledinclusion isotongf Z, C Z, — F(Z,) C F(Z,) holds forallZ,, Z, C D.
This important feature should in general be realized fonalusion functions, if they are
used in self-validated algorithms.

2.4 Notation of Inclusion Functions

The notation of the complex inclusion functions is identiw#éh the names of the elementary
functions in C-XSC. If different definitions for the inclusi of a specific elementary function
are provided, then of course different notations are nacgs$he following set of elementary
functions is considered:

Sy :={ exp In, arg sqr, sqrt power, pow, cos sin, tan cot, cosh sinh
tanh coth acosasin atan acot acoshasinh atanh acoth}

The notation inS; is the notation of the elementary functions in C-XSC. Usinghsa C-XSC

function is indicated with théypewriter font, so the inclusion of V2 can be written in the
form:
eV? e exp( sqrt(interval(2)) ) ;

The program input of an interval € IC of typecinterval can be done by

(1) Z=X+iY = ([z,7][y,7)



using the right-hand side in (1). Then with= ([2, 2], [1,1]) > z = 2 + i the inclusion of>*!
can be written in the form:

e W = exp(Z), W,Zoftypecinterval
where the exponential function simath.hpp is declared as follows:
cinterval exp(const cinterval& Z);

The available inclusion functions for complex interval@mgentsZ are listed in the following
Table:

Table 1: Complex inclusion functions in C-XSC

interval Definition of the appropriate inclusion function declared
function in cimath.hpp
exp(Z) cinterval exp(const cinterval& 2);
In(2) cinterval Ln(const cinterval& Z);
cinterval In(const cinterval& Z);
Arg(Z) interval Arg(const cinterval& Z2);
arg 2) interval arg(const cinterval& Z);
Z? cinterval sqr(const cinterval& Z);
JZ cinterval sqrt(const cinterval& Z);
std::list<cinterval>sqgrt all(const cinterval& 2);
V7 cinterval sqrt(const cinterval& Z, int n);
std::list<cinterval>sqrt all(const cinterval& Z,int n);
n cinterval power _fast(const cinterval& Z, int n);
cinterval power(const cinterval& Z, int n);
p cinterval pow(const cinterval& Z, const interval p);
cinterval pow(const cinterval& Z, const cinterval p);
cos(Z) cinterval cos(const cinterval& Z);
sin(Z) cinterval sin(const cinterval& Z);
tan(2) cinterval tan(const cinterval& Z);
cot(Z) cinterval cot(const cinterval& Z);
cosh(Z) cinterval cosh(const cinterval& Z);




Table 1: (Continuation)

sinh(Z) cinterval sinh(const cinterval& Z);
tanh(Z2) cinterval tanh(const cinterval& Z);
coth(Z) cinterval coth(const cinterval& Z);
acos”) cinterval acos(const cinterval& Z);
asin2) cinterval asin(const cinterval& Z);
atan2) cinterval atan(const cinterval& Z);
aco{(”) cinterval acot(const cinterval& Z);
acoshz) cinterval acosh(const cinterval& Z);
asini2) cinterval asinh(const cinterval& Z);
atani{2) cinterval atanh(const cinterval& Z);
acoth(Z) cinterval acoth(const cinterval& Z);
Forpower _fast(Z,n), power(Z,n), sqrt(Z,n) it holdsn € Z ={0, +1, .. .}.

Insqrt _all(Z,n) n is restricted tow € Ny = {0,1,2, ...}.

2.5 Design of Complex Inclusion Functions

The rigorous definition of an inclusion function often cocifli with the different requirements
of software users. For example, if analyticity is imposedtws square root function, then its
maximal domain is a slit complex plane. The plane is usudiiasthe negative real axis and
the domain will beC~. Then/—1 is undefined and a function call with this argument should
terminate program execution. On the other hand, if anatytis dropped, there are several
possibilities to define an inclusion function:

1. Only+i isincluded

2. Only—i isincluded

3. Both valuesti, —i are included: /-1 € W = ([0,0], [-1, +1]).
4. A list of the two inclusions for-i and—i is generated;

In C-XSC the implementation of the square root is realized byvhere the domain i§; and
the function values on the branch cut are defined coming freadant 11, this implies/—1 €
W = ([0,0],[+1,+1]) and many users will expect this result. The functeamt _all(Z)

is implemented by 4., and with = ([—1,—1],[0,0]) a list of inclusions for+: and —i is
calculated. This simple example shows that the definitioaawh inclusion function must be
described in all details.



All definitions of the complex-valued inclusion functionsist be chosen in a way that the
feature ofinclusion isotonicityis guaranteed, because in self-validated algorithms #aitufe
is mostly involved as a crucial point.

3 Inclusion Functions for the Complex Standard Functions
and their Implementation in C-XSC

Complex functions fall into two categories: single-valdadctions, such as the exponential
functione®, and multi-valued functions, like roots or logarithms.

3.1 Single-valued Functions

The exponential function, the trigonometric and hypeélinctions and the power function
for integer exponents are single-valued. Some of thesei@inmscare also separable, which
simplifies the construction of an inclusion function sigeafitly.

3.1.1 Separable Functiong?, sin(z), cos(z), sinh(z), cosh(z)

A complex functionf (z) = u(z, y)+i-v(x, y) is called separable, if both(z, y) andv(z, y) can
be written as products of two univariate real functions. Tdilewing functions are separable:

sin(z) = sin(x) - cosh(y) + @ - cos(x) - sinh(y),
) (

~— —

() -
cos(z) = cos(x) - cosh(y) — 7 - sin(z) - sinh(y

sinh(z) = sinh(x) - cos(y) + ¢ - cosh(x) - sin(y),

cosh(z) = cosh(z) - cos(y) + i - sinh(x) - sin(y).
For a given complex intervédl = X + i - Y the optimal inclusion function is found by sub-
stitutingz, ¥ on the above right hand side by the real intengls”, respectively and then by
evaluating the appropriate interval terms using the stahiierval functions implemented in
C-XSC.
With the complex-valued input interval

Z = ([3’3]!['61'6])
the sample program

/I Sample program for complex-valued inclusion functions

#include <iostream>  // for cout
#include “"cimath.hpp" /I for exp(...)

using namespace CXsc;
using namespace std;

10



int main()

{
cinterval Z;
cout << "Z = ? ", cin >> Z;
cout << SetPrecision(15,15)
<< Scientific << "exp(Z) = " << exp(Z) << endl;
}

delivers the following output

exp(Z) = ([1.928553574506357E+001,1.928553574506368E+ 001],
[5.612210305985390E+000,5.612210305985420E+000])

and withexp(Z) we have a guaranteed inclusion ef % ¢ exp(2) .
With Z = ([3,4],[-6,-6]) the following inclusion is calculated:

exp(Z) = ([1.928553574506357E+001,5.242352136790396E+ 001],
[5.612210305985390E+000,1.525556929225075E+001])
3.1.2 The Square Function?

The optimal inclusion function fot? is given by
Z2=(X-Y)- (X+Y)+i-(2-X-Y).

After substitutingX, Y by abg.X ), abgY’) respectively, the above real pat —Y) - (X +Y)
has to be evaluated on the appropriate extremal points idrgotl, [4]. A likewise optimal
inclusion for the imaginary part is given by the simple intrproduct2 - X - Y. Replacing
exp(Z) bysqgr(Z) inthe sample program on page 11, then vidth= ([0,0],[1,1])

we get:

(0+4)? = (=1) € ( [~1.000000000000000, —1.000000000000000],
[+-0.000000000000000, 4-0.000000000000000] )

and forz = ([2,3],[1,1]) the program output is given by:
sqr(Z) = ([3.000000000000000E+000,8.000000000000000E+ 000],
[4.000000000000000E+000,6.000000000000000E+000])

3.1.3 Power Function for Integer Exponents:”

The power function” is single-valued for. € Z. If n < 0, then0 ¢ Z must always be realized.
Forn = —1,0, 1, 2, the inclusion functions foZ™ are implemented as' Z, 1, Z, Z?2,respectively.
Forn < —2orn > +3, see [25].

There are two different inclusion functions:
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e power _all(Z,n)  uses™ = |z|"-{cos(ny)+i-sin(ny)}, where|z|" andcos(ny), sin(ny)
are evaluated in a naive interval arithmetic, which leadsaime overestimations, if Z is
not a point interval. Significant overestimations are pasty if the angle arg) for
z € Z intersects the cartesian axes more than once. The advasftdgs function is
the much cheaper calculation of the inclusion intervalsamparison to the following
function.

e power(Z,n) calculates even for thick intervals a nearly optimal induador all Values
2", with z € Z € IC.

For the complex point interval = ([1, 1], [1, 1]) we get:

power_fast(Z,4) = ([-4.000000000000015E+00,-3.9999999 99999987E+00],
[-2.793185071074522E-14,+2.358249763186233E-14])
power(Z,4) = ([-4.000000000000015E-+00,-3.999999999999 987E+00],

[-2.793185071074522E-14,+2.358249763186233E-14])

For the complex interval = ([1, 1.0001], [1, 1]) we get:

power_fast(Z,4) = ([-4.000800080004018E+00,-3.9999999 20007986E+00],
[-2.793743763955234E-14,+8.001200040244581E-04])
power(Z,4) = ([-4.000799999996026E+00,-3.999999999999 987E+00],

[-2.793185071074522E-14,+8.001200040244581E-04])

For the complex interval = ([1,1.125],[1, 1]) we get:

power_fast(Z,4) = ([-5.133056640625019E+00,-3.8900356 71819244E+00],
[-3.584394294393423E-14,+1.195312500000034E+00])
power(Z,4) = ([-4.991943359375036E+00,-3.999999999999 987E+00],

[-2.793185071074522E-14,+1.195312500000034E+00])

For the complex interval = ([1,1.125], [1, 1.25]) we get:

power_fast(Z,4) = ([-7.998291015625031E+00,-3.6145151 69541913E+00],
[-3.425799840125003E+00,+1.862527125445950E+00])
power(Z,4) = ([-7.822021484375056E+00,-3.999999999999 987E+00],

[-2.812500000000063E+00,+1.195312500000034E+00])
For the complex interval = ([1,1.125], [1, 1.25]) we get:

power_fast(Z,8) = ([+1.012943982169734E+01,+6.3972659 17062802E+01],
[-2.897499678121650E+01,+4.951984112013258E+01])
power(Z,8) = ([+1.599999999999992E +01,+5.839538103342 139E+01],

[-1.193386459350621E+01,+3.337646484375070E+01])

12



3.1.4 The Functionstan(z), cot(z), tanh(z), coth(z)
The real and imaginary parts of the tangent are defined by

sin(2x) ; sinh(2y)
cos(2x) + cosh(2y) cos(2x) + cosh(2y)

tan(z) = u(z,y) +i-v(r,y) =

If one of the poles;, = w(k + 1/2), k € Z lie in a given complex interval, then program
execution is terminated. Replaciegp(Z) bytan(Z) in the sample program on page 11,
then withZ = ([1,1],[3,3]) we get:

tan(1 4 3:) € ( [4.517137276658401FE — 003, 4.517137276658444F — 003],
[1.002054988245806 F + 000, 1.002054988245816 E + 000] )

and forz = ([1,1.5],[3,3.125]) the program output is given by:

tan(Z) = ([5.469399204418454E-004,4.517137276658444E- 003],
[1.001601819138448E+000,1.004919718908787E+000])

The cotangent can be defined as
cot(z) = tan(g — ),

where the poles are given by, := kx, k € Z. If such a pole lie in a given complex intervl
then program execution is terminated. Near the zerps= n(k+1/2), k € Z, tight inclusion
intervals can only be calculated for real poin-intenls= {7} and|k| < 5.

The hyperbolic tangent is defined by

e? —e’ %

tanh(z) := n
e +e %

= —i - tan(iz).

If one of the poles;, =i - 7(k + 1/2), k € Z lie in a given complex interval, then program
execution is terminated.

The hyperbolic cotangent is defined by

ef 4+ e ?

coth(z) :=
6Z — 6—2

=1 -cot(iz).

If one of the poles,, = i- kw, k € Z lie in a given complex intervat, then program execution
is terminated.

3.2 Multi-valued Functions

Several multi-valued functions are implemented in C-X3@ @argument function, the natural
logarithm, root and power functions, the inverse trigontsin@nd inverse hyperbolic functions.
For each of these functions, there is a C-XSC procedure ttiyaieiments the principal branch
on its analyticity domain. Where suitable, additional gdares for function evaluations on
larger domains have been implemented.

13



3.2.1 Argument Functions

The polar representation of a complex numbef = + i - y is given by

2) r=r-cos(p), y=r-sin(p), 1=l =@+,

wherer is the absolute value afandy = arg(z) is theargumenbf =. Due to the periodicity of
the sine and cosine functions, the argumenf = is not uniquely defined, but withe C—, then
the principal value of the argument function is the uniquiapangle = Arg(z) € (—, +m)
that fulfills (2). Notice that with this definitiopp = Arg(z) is not defined on the branch cut
including the origin.

slit complex planeC—
] 4
|
} } \\\ //
| ~ /

| | N V2 // _ ez
‘ | T | S / ///////
; z | \,\/\—?/\/X@}/// X<p>0
|
! } 1 } /
} T o <0
: | . |
| [ /
. | S|

//

/

2

Figure 1: ArdZ) = [p1, p2]. The dashed intervals are not allowed.

Let us now consider rectangular complex Intendls: C; that may contain the origin, but do
not intersect the negative real axis. For those intervaérterval argument function A(g) is
defined as

undefined, Z N (—o00,0) #0,
3 Arg(Z) == ¢ 0, Z =0,

O0{Arg(z) |z € Z Az # 0}, otherwise.

Because ofZ N (—o0,0) # () the dashed intervalg in Figure 1 lie not in the domaift;
of Arg(Z). ©{....} denotes the interval hull of the sé¢t...}, and so in Figure 1 it holds:

Arg(Z) = O{AIg(z) | 2 € Z Az # 0} = [io1, ]
The exact intervals Arg/) are included by the C-XSC function

interval Arg(const cinterval& Z);

14



Z=X+1Y Arg(2) Arg (2)
([0, 0], [0, 0]) [0, 0] [0,0]
([0,0], 27", +1]) | [5.3] <3>
([0, 07, [0, +1]) (53] <5>
([0,0], -1, =271"]) | [-F, =] <-3>
([0,0,[=1,0) | [=5, =53] <-%>
([0,0], [=1,+1]) 5, +5] <=5, +5>
([0, +1], [-1,+1]) | [-5,+5] <=5, +5>
([0, +1], 0, +1]) [0, 7] <0,%>
([0, +1], [=1,00) (=5, 0] <-3,0>
([-1,+1],[-1,+1]) | undefined abnormal termination
([-1,0],[0,+1]) undefined| abnormal termination
([-1,0],[-1,0]) undefined| abnormal termination
([-1,0],[-1,+1]) | undefined| abnormal termination
([-2,—1],[-1,+1]) | undefined abnormal termination
([-2,—1],[—1,0]) | undefined| abnormal termination
([-2,—1],[0,+1]) | undefined| abnormal termination

Table 2: Inclusion results for A(&) C Arg (Z)

and for some machine intervals C C; the inclusion results are listed in Table 2:

In Table 2<0, 7> denotes the optimal machine interval includiog?] c< 0,7 >. The
inclusion intervals of the last column can be calculatedhwie program on page 11 substituting
Arg(Z) forexp(Z) .

Some remarks concerning thelusion isotonicity of Arg(Z2):
If 0# Z, C Zy C Cq, then ArgZ;) C Arg(Z,), so that inclusion isotonicity is fulfilled
for Z, # 0. However, ifZ; = 0 and for exampleZ, = 0 + ¢[0, 1], thenZ; C Z, holds, but
Arg(Z,) = [0,0] £ [3, 5] = Arg(Z2), so inclusion isotonicity is not realized in this case.

A frequent use of the argument function is the inclusion oketangular intervall =
X +¢-Y into a polar interval R, ®) = ([r1, 2], [¢1, ¢2]) such that

(4) Z C (R, ®)

holds. In Figure 2 the polar intervaR, ®) is plotted in bold face.
The optimal inclusion (inclusion with minimal overestirat) is

(5) R:=abg”7), & :=Arg(2),

15



complex planeC

Figure 2: Inclusion o into the polar interval R, ®).

provided that Arg~) is defined. This implies that the intervalmust not intersect the negative
real axis, even though the inclusion into a polar interval&l defined for anyZ € IC. To
remove this restriction o, we develop an argument function &g that will be used in (5)

instead of Arg7).
For minimal overestimation in (4), the following propegiare required:

() ZC(abgZ),argZ)) forall Z € IC

(i) forevery Z € C, there is no intervab such that
Z C(abgZ),®) and diant®) < diam(arg2)).

With Z = [z,7] +i - [y, 7] and

Arg(z), R{z} <0, 3{z} >0, seepage 14,
arg(z) ;== m, R{z} <0, 3{z} =0,
Arg(z) +2m, R{z} <0, 3{z} <0.

(i) and (ii) are fulfilled by the following argument function

([0,0], Z =

[7r, 7], r<0,7<0, y=7=0
(6) argZ) := < [0, ], r<0,7<0, y=7=0

o{arg(z) | z € Z}, r<0,7<0, y<0<7y

(0{Arg(z) |z € ZNC~}, otherwise.

arg(Z) has the following properties:

16



e arg Z) is defined for allZ € IC.
e arg”2)
)
)

Arg(Z), if Arg(Z) is defined.

e argZ) C [—m, %], diam(argZ)) < 2.

e arg(Z) is not inclusion isotone i¥ intersects the negative real axis. For example, if
Zy = [=2,=1]+i-[-1,0], Zy=[-2,—1]+i [-1,+1],

then we have

arg(2,) = [-m,~ ), argz) = [, 7).

Even thougl?,; C Z, holds, the computed function intervals have an empty iatgisn.

e The optimal inclusion of a rectangular intervalinto a polar interval is given by

R:=abg”Z), &:=argZ2).

The exact intervals afg) are included by the C-XSC function
interval arg(const cinterval& Z);

For some machine intervals € IC the inclusion results are listed in Table 3:

The inclusion intervals of the last column can be calculatéd the program on page 11 sub-
stitutingarg(Z) forexp(Z2) .

With Z; = [-2, —1] +i - [-1,+1] it holds:

37 57r]

47 4

and with(R, ®) we have the optimal polar interval including the rectangatanplex interval
Z5. An inclusion of the interval? can be calculated with the C-XSC function

interval abs(const cinterval& Z); declared ircinterval.hpp
The following function is defined for all rectangular comyplatervalsZ € IC:

R:=abg7Z,) =[1,V5], @ :=argZ) =

, — 0 <0<7wy

arginclmon Z) := =t 2 <0, d=T=Y
Arg(Z),  otherwise.

The exact intervals armclmon(Z) are included by the C-XSC function
interval arg_inclmon(const cinterval& Z);

For some machine intervals € IC the inclusion results are listed in Table 4:

The inclusion intervals of the last column can be calculatéd the program on page 11 sub-
stitutingarg _incilmon(Z)  for exp(2) .

Please notice thatrg _.inclmon (Z) is inclusion isotone. For example, if again we use

Zy=[-2,-1]+i-[-1,0], Zo=[-2,—1]4i-[-1,+1],

17



Z=X+1Y arg 2) arg (7)
([0,0], 0, 0]) [0, 0] [0, 0]
([0,1],]0,0]) [, 7] <m>

([=1,0], [0,0]) [0, 0] [0, 0]

([0,0], 27", +1]) | [5,3] <5>
([0,0], [0, +1]) 55 3] <3>
([0,0],[-1,=27"") | [-5, -3 | <-%>
([0, 0], [ , 0]) -3 -3 <3
(0,0, [-L,+1]) | [=5,+5] | <=5, +5>
(0, +1), [-1,+1]) | [=5,+5] | <=5, +5>
([0, +1], [0, +1]) [0, %] <0,%>
([0, +1],[-1,0]) =300 | <-5,0>
([-1,+1],[-1,+1) | [-m, +7] | <—m,+7>
([-1,0],[0,4+1)) (5. 7] <5, m>
([-1,0],[—1,0]) -7, 3] | <—m,—5>
(=10, [-1,+1]) | [5,F] <3, 5>
([=2,-1),[-1,+1]) | [5F°%F] | <F.%F>
([-2,-1],[-1,0) |[-m =3 | <—m,—2>
([-2,—1],[0,+1]) 3%, ] <3 >
([-1,+1],1]0,0]) 0, 7] <0, >

Table 3: Inclusion results for afg) C arg (7)

then for the argument intervals it follows
arginclmon(Z;) = arginclmonZy) = [—m, +7].
Remarks:

e The interval function argnclmon(Z) is not used in any function implemented in
cimath.cpp

e The functions Arg~Z) and ard”) are used for example in the natural logarithm, root and
power functions.
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Z=X+1Y arginclmon(2) | arg _incimon (Z2)
([0, 0], [0,0)) [0, 0] [0,0]
([0,1],[0,0)) [0, 0] [0,0]

([~1,0],[0,0]) [—m, +7] <—T7, 41>

([0,0], [271°7%, +1]) 5. 5] <z>

(10,01, 0, +1)) 2,3 <>

([0,0], [-1,—27""]) | [-F,-F] <-I>

(10,0}, [-1,0]) -5, —3 <>
([0, 0], [=1, +1]) [—5, +3] <—I,+4I>
([0, +1], [-1, +1]) [~5.+3] <—T, +I>
([0, +1], [0,+1) 0.7 <0.7>
(0, +1],[-1,0]) [-3.0] <—5,0>
((—1,+1],[-1,+1]) [—, +7] <—T,+m>
([ , 0], [0, +1)) [, +] <7, >
([=1,0],[-1,0]) [—m, +7] <—7, +7>
([=1,0], [-1,+1]) [—m, +7] <—T7, 41>
(=2, 1], [-1,+1]) [, +] <, >
([=2,-1],[-1,0]) [—7, +7] <—m,+7>
([=2,-1],[0,+1]) [—m, +7] <—T7, 471>
([=1,+1],[0,0]) [—, 7] <—7, 4>

In(z) is analytic for allz € C~.

3.2.2 Natural Logarithm

Ing(z) :=

In(z) :=

In(r)+1i- e,

In(r)+1i- (p+ 2km),

2The branch cut is the negative real axis including the origin

19

Table 4: Inclusion results for arigclmon(Z) C arg _inclmon (Z2)

For complex numbers = z4i-y € C,with z #£ 0, |z| = r := /22 + y2 andz = r - (¥ +2k7)
the natural logarithm is defined by

k=0,=+1,+2, ...
In C-XSC the principal branch of this function is defined fo& 0:
-1 < @ < +m;

If we defineln(z) on the branch cétby the appropriate
limits coming from quadrant Il, thel(z) is continuous, but not analytic on the branch cut, for




slit complex planeC—

Figure 3: Allowed and not allowed complex argumeftéor Ln(7).

example it holdsin(—e + i0) = 1 + i.
For complex intervals’ = [z, 7] + i - [y, 7] together with (6) we define

(7) Ln(Z) :=In(abg”)) +i-arg 2).
In the following cases

e 0eZ or

e r<0andy<0<y

the complex interval function L{¥) is not defined. With these restrictiodsin quadrant Ill
may not touch the real negative axis, butdflies in quadrant Il then the branch cut may be
touched from above. In Figure 3 allowed and not allowed aentrimtervalsZ are drawn with
solid and dashed lines respectively.

For Z in Figure 3 it holds: argZ) = [p1, g2, With 0 < 1 < ¢o, and forZ in quadrant Ill or
IV the appropriate angles; are negative, withp; > —.

For some machine intervals € IC the function values L{¥) are listed in Table 5.
The exact complex intervals L&) can be included by the C-XSC function
cinterval Ln(const cinterval& Z);

implemented ircimath.cpp
Replacingexp(Z) byLn(Z) inthe sample program on page 11, then with= [—4, —1]+
i - [—1,—271%0] the following inclusion is calculated:

20



Z=X+iY Ln(Z)
([=4, 1], 10, 1]) ([0, In(vI7)], [5F, 7))
([=4, - 1][ 1, —27%)) | (5-[In(1+27%%), In(17)], [atar{2~"%%) — 7, =)
([—4,-1],[-1,0]) not allowed
(=1, +1], =2, —1]) ([0, 5 -In(®)], [-°F, —5])
([ 3], [=1,+1]) ([0, 3 - m(10)], [-F, +5])
([-1,+1],[-1,4+1)) not allowed
([-1,0],[0,+1]) not allowed

Table 5: Exact function values L) for complex machine argumenis

Ln(Z) = ([+2.454546732648861E-091,+1.416606672028110E +000],
[-3.141592653589794E+000,-2.356194490192343E+000])

Note: LnZ) C Ln(Z), where the complex interval argumerifsof Ln(Z) must lie in the
capital branciC~.

An inclusion function for the natural logarithm with argunténtervalsZ Z 0 that may
intersect the negative real axis is defined by

(8) In(Z) :=In(absgZ2))+:-argZ), 0¢& Z;
In Figure 4 allowed and not allowed argument intervalare drawn with solid and dashed
lines respectively.

slit complex planeC—

Figure 4: Allowed and not allowed complex argumeftfor In(Z2).

Please notice that for the above intergahe function values are continued coming from quad-
rant I, so that the angleés < ¢; < ¢, < 37/2 are positive.
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For some machine intervals € IC, with 0 ¢ Z the function values If¥) are listed in the

following Table 6

Z=X+iY In(2)
([=2,-1],[-1,+1]) | ([0,5-WmG)][F, F])
([-2,-1],[0,+1]) | ([0,3 In(5)],[5F, 7))
([=2,-1],[-1,0]) | ([0,3 In(5)],[-7, —°F])
([=1,+1],[=2,-1]) | ([0,5 - W(5)], [T, —%])

([1,3],[=1,+1]) | ([0, 53 IWn(10)], [, +5])

([-1,+1],[-1,4+1))

not allowed,0 € 7

([0,+1],[-1,+1))

not allowed,0 € 7

([0,+1],[0,4+1]) not allowed, 0 € Z
([0,+1],[—1,0)) not allowed, 0 € Z
([=1,0], [-1,+1]) not allowed,0 € Z
([-1,0], [0, 4+1]) not allowed,0 € Z
([-1,0],[-1,0]) not allowed,0 € Z

Table 6: Exact function values(#) for complex machine arguments

The exact complex intervals(#) can be included by the C-XSC function
cinterval In(const cinterval& Z);

implemented ircimath.cpp
Replacingexp(Z) byIn(Z) inthe sample program on page 11, then with= [—2, —1]+
i - [-1,+1] the following inclusion is calculated:
In(Z) = (J0.000000000000000E+000,8.047189562170513E-0
[2.356194490192343E+000,3.926990816987244E+000])

01],

Because of the possible analytic continuation we adviceitiee ofin(Z) to carefully check if
analyticity is required in his computations, and if so, eedhat it is not violated by switching
to different branches of the logarithm in the course of thagotation.

3.2.3 Square Root

Withz =2 +i-y = |z| - (cos(p) +1i-sin(p)) and|z| = r := /2% + y? the principal branch
of the square rooy/- is defined for alk: € C~ by
9) Vz = /1 {cos(p/2) +i - sin(p/2)},

- < p < +;
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If additionally we define,/z = 0 for z = 0 and if we define,/z on the branch cut by the
appropriate limits coming from quadrant Il, than

(10) Vz = {cos(p/2) +i-sin(¢/2)}, —-T<o<+7

is analytic inC~ and continuous on the branch cut realized by the negativexeaincluding
the origin.
We define the interval function s¢#) as follows:

(11) sqrt2) :=o{sartz) | z € Z € IC}.

However for intervalsZ = [z, 7] + i - [y, 7], with < 0 and(y < 0 andy > 0) sqr{7) is not
defined. In Figure 5 allowed and not allowed argument interaare drawn with solid and
dashed lines respectively.

slit complex planeC;

F—_—————

Figure 5: Allowed and not allowed complex argume#téor sqrt 7).

The exact complex intervals sg#t) can be included by the C-XSC function
cinterval sqrt(const cinterval& Z);

implemented ircimath.cpp
Replacingexp(Z) bysqrt(Z) inthe sample program on page 11, then with:= [—1, 0]+
i-[0,0]andZ2 := [—1,0] + 1 - [0, 1] the following inclusions are calculated:

sqgrt(Z1) = ([0.000000000000000E+000,0.000000000000000 E+000],
[0.000000000000000E+000,1.000000000000001E+000])

sqrt(z2) = ([0.000000000000000E+000,7.071067811865478 E-001],
[0.000000000000000E+000,1.098684113467811E+000])
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For a given argument interval the C-XSC function
list<cinterval>sqrt_all(const cinterval& Z)

calculates a list of all two inclusion intervalssqrt{Z). With the complex interval/1 :=
[—1,0] + - [0, 0] the sample program

#include <iostream> /I for cout ...
#include "cimath.hpp" // for sqrt_all(2);
#include <list> /I for list<cinterval> a;

using namespace CXsc;
using namespace std;

template<class T>

ostream& operator <<(ostreamé& o0s, const list<T>& 1) {
if (l.empty()) return os << "empty";
for (typename list<T>::const_iterator i=l.begin();

i 1= Lend(); ++i)
0S << *| << " ™
return os;
}
int main()
{
list<cinterval> a;
cinterval Z;
while (1) {
cout << "Z = ? "
cin >> Z;
a = sqgrt_all(2); /I list of all solutions w_i of w2=z;
cout << SetPrecision(15,15)
<< Scientific << "sqgrt_all(Z) = " << a << end|;
}
} // main

delivers the output:

sqgrt_all(Z)=([+0.000000000000000E+000,+7.0710678118 65478E-001],
[+0.000000000000000E+000,+1.098684113467811E+000])
([-7.071067811865478E-001,-0.000000000000000E+000],
[-1.098684113467811E+000,-0.000000000000000E+000])
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3.2.4 n-th Root
According to (9) the principal branch of tleth root {/z is for all = € C~ defined by

(12) V2= ’{/?-{cos(%)%—i-sin(f)}, —T<p<+m, neN

n

and with 3/0 := 0 the analytic function is additionally continuous in thegin, whereby:/ is
defined for allz € C;;.
sgrt Z, n), the inclusion function for the principal branch of theh root function, is given
by
Sqri(Z,n) = D{(/El|z ez}, ZcCCy,neN,
undefined ZNR  #0, n=2,3,...

It holds sqrtZ,0) = [1,1] for all Z € IC. In Figure 6 allowed and not allowed argument
intervalsZ are drawn with solid and dashed lines, respectively.

slit complex planeC,,

F—_—————

Figure 6: Allowed and not allowed complex argumefitéor sqri{Z, n).

The complex intervals sdtt, n) can be included by the C-XSC function
cinterval sqrt(const cinterval& Z, int n);

implemented ircimath.cpp
Replacingexp(Z) by sqrt(Z,3) in the sample program on page 11, then with :=
[—1,—-1]+-[1,1]andZ2 := [0, 1] + ¢ - [-1, +1] the following inclusions are calculated:
sqrt(Z1,3) = ([7.937005259840970E-001,7.9370052598410 18E-001],
[7.937005259840969E-001,7.937005259841018E-001])

sqrt(z2,3) = ([+0.000000000000000E+000,1.084215081491 354E+000],
[-5.000000000000012E-001,5.000000000000012E-001])

25



It holds
V=1 +1i=2Y{cos(m/4) + i sin(r/4)} = 0.7937005 ...+ i - 0.7937005 . ..

and consequently/—1 + i € sqrt(Z1,3)
With Z = [—1, —1] + ¢ - [0, 0] the function calkqrt(Z,3)  leads to an error, becaugemust
not touch the negative real axis.

For a given argument interval C C — {0} the C-XSC function
list<cinterval>sqrt_all(const cinterval& Z, int n)

calculates a list of intervals including all solutionsof = 2, 2 € Z, n € Ny. The only
restriction forZ is now0 ¢ Z, and so function values of theth root can be calculated, even if
Z contains negative real values.

Replacingsqrt _all(Zz) bysqgrt _all(Z,2) in the sample program on page 24, then
with Z = [—1, —1] + 0 - ¢ the program output is

sqrt_all(Z,2) = ([+0.000000000000000E+000,+0.00000000 0000000E+000],
[+9.999999999999998E-001,+1.000000000000001E+000])
([-0.000000000000000E+000,-0.000000000000000E+000],
[-1.000000000000001E+000,-9.999999999999998E-001])

In the next example all solutions; of w® = —1 + 7 are to be included. With
—1+1i=+v2{cos(3w/4+ 2kn) +i -sin(3n/4 + 2k7)}, kEZ
and (12) we get

2M6{cos(m/4) + i - sin(m /4)}
wy = 2Y%{cos(117/12) 4 i - sin(117/12)}
ws = 2Y%{cos(197/12) +i - sin(197/12)}

E
|

Replacingsqrt _all(Z) by sqgrt _all(Z,3) in the sample program on page 24, then
with Z = [-1, —1] + i - [1, 1] the program output is

sqrt_all(z,3) = ([+7.937005259840979E-001,+7.93700525 9841020E-001],
[+7.937005259840979E-001,+7.937005259841020E-001])
([-1.084215081491354E+000,-1.084215081491348E+000],
[+2.905145555072493E-001,+2.905145555072533E-001])
([+2.905145555072494E-001,+2.905145555072535E-001],
[-1.084215081491354E+000,-1.084215081491348E+000])

and the above three complex intervals are inclusions ofithe = 1, 2, 3.
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3.2.5 Power Function for Real and Complex Exponents
The principal branch of the power functief is defined by
P =P = pn+0) <y zeC— {0}, peC.

2P is analytic for allz € C~ and continuous on the branch cut defined by the negative xeal a
including the origin.
For rectangular complex intervalsand P the inclusion function is defined as

(13) powZ, P) := "D D (7|2 € Z pe P}, PelC.
Writing Z = [z, 7] + i - [y, 7], in the following cases

e 0cZ or

e r<0andy<0<y

the complex interval function paii, P) is not defined. Typical allowed and not allowed inter-
vals Z are diagrammed in Figure 3 on page 20.
The complex interval poy, P) can be included by the C-XSC function

cinterval pow(const cinterval& Z, const cinterval& P);

implemented ircimath.cpp . With the following examples we show the practical applmat
of this C-XSC function.

Example 1.
Include the principal value ab = i'. It holds
o= @) — i {0ki(m/22mh)} _ pmm/24mk oy
= ¢ ™2 k=0 for the principal branch.
0.207879. ..

The sample program

#include <iostream> /[ for cout
#include “"cimath.hpp"  // for pow()

using namespace CXsc;
using namespace std;

real pil = 7074237752028440.0 / 2251799813685248.0;
/[ Pl is an optimal inclusion of pi
interval Pl = interval(pil,succ(pil));

int main()
{
cinterval Z,P,W;
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Z = cinterval( interval(0,0), interval(1,1) );
P = cinterval( interval(0,0), interval(1,1) );
W = pow(Z,P);
cout << SetPrecision(15,15)
<< Scientific << "pow(Z,P) = " << W << end|;
}
delivers the output
pow(Z,P) = ([2.078795763507614E-001,2.078795763507622 E-001],

[0.000000000000000E+000,0.000000000000000E+000])
and this complex interval is a guaranteed inclusion of tlecjal value ofw = ‘.

Example 2.
Include the principal value af = 7. It holds

ﬂ.i — ei.ln(ﬂ) — ei.{ln(n)+i(0+27rk)} — 6i-ln(7r)’ for k = 0’

= cos(In(m)) +i - cos(In(m)) = 0.4132... +-0.9105...

WithZ = cinterval( Pl,interval(0,0) ); the above sample program delivers the
output
pow(Z,P) = ([4.132921161015923E-001,4.132921161015961 E-001],

[9.105984992126129E-001,9.105984992126171E-001])

This complex machine interval is a guaranteed inclusiomefarincipal value ofy = .
In C-XSC another power function is implemented

cinterval pow(const cinterval& Z, const interval& P);

whereby the exponent is now a real inter¥ak IR. As in (13) it holds
pow(Z, P) := e!""%) C pow(Z,P) |,

and typical allowed and not allowed intervddsare diagrammed in Figure 3 on page 20. As an
application we consider

T mIn()

= ¢"™/2 with k = 0 for the principal value

= cos(m?/2) +i-sin(n?/2) = 0.22058 ... —i-0.97536. ..

With Z = cinterval(interval(0),interval(1)); P = interval(PI) ; the
sample prografhon page 28 delivers the output
pow(Z,P) = ([+2.205840407496965E-001,+2.2058404074969 99E-001],

[-9.753679720836335E-001,-9.753679720836295E-001])

This complex interval is a guaranteed inclusion of the ppakvalue ofw = i".

3In the sample program the declaration interval P; is necgssa
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3.2.6 The Inverse Sine
ForZ C Rg:=C — {(—00,—1) U (1,00)} the C-XSC function
cinterval asin(const cinterval& Z);
calculates a rectangular complex interaain(Z) that includes the set
{arcsin(z) |z € Z C Rs} C asin(Z)

In Figure 7 some typical allowed and not allowed intervaluangntsZ are drawn with solid
and dashed lines respectively. On the two branch cuts thatitumvalues are defined by limits
using directions that are characterized by the respectiuble arrows.

slit complex planeRg

Figure 7: Allowed and not allowed complex argume#tfor asin( 7).
Replacingexp(Z) byasin(Z) inthe sample program on page 11, then with
Z =[1,1] +i - [2729 27209] the program output is

asin(Z) = ([1.570796326794896E+000,1.570796326794897E +000],
[7.888609052210116E-031,7.888609052210122E-031]).

With the inputZ = ([1E+200,1E+200],[-1E+200,-1E+200]) we get the
program output

asin(z) = ([+7.853981633974459E-001,+7.85398163397451 1E-001],
[-4.615567393696502E+002,-4.615567393696481E+002]).

41t holds[10%%°, 102%9] 44 - [-10%%°, —10%%°] C Z, but Z is no point interval!
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3.2.7 The Inverse Cosine

Because of the identityrccos(z) = § — arcsin(z) the inverse cosine function is defined on the
same slit complex planggs := C — {(—o0, —1) U (1, c0) }, which as well is the domain of the
principal value of the inverse sine.

Hence, forZ ¢ Rg the C-XSC function

cinterval acos(const cinterval& Z);

calculates a rectangular complex interaabs(Z) including the set
{arccos(z) |z € Z C Rg} C asin(Z)

In Figure 7 some typical allowed and not allowed intervaluangntsZ are drawn with solid
and dashed lines respectively. On the two branch cuts thatifumvalues are defined by limits
using directions that are characterized by the respectivbld arrows.

Replacingexp(Z) byacos(Z) inthe sample program on page 11, then with- [1, 1]+
i+ [27200 2720] the program output is

acos(Z) = ([+7.888609052210116E-031,+7.88860905221012 4E-031],
[-7.888609052210122E-031,-7.888609052210116E-031]),

and withZ = [—1, —1] + i - 272,220 we get

acos(Z) = ([+3.141592653589792E+000,+3.14159265358979 4E+000],
[-7.888609052210122E-031,-7.888609052210116E-031]).

Forarccos(4+0-4) together withZ = [4, 4]+ [0, 0] the sample program delivers the inclusion

acos(Z) = ([0.000000000000000E+000,0.000000000000000E +000],
[2.063437068895556E+000,2.063437068895566E+000]).

Be aware that = 4 + 0 - 7 lies on one of the two branch cuts. Now with= 4 + 4 - 10720
we choose an argument close above this branch cut, and tine inp
Z = ([4,4],[1e-200,1e-200]) 5 z delivers the inclusion

acos(Z) = ([+2.581988897471607E-201,+2.58198889747161 5E-201],
[-2.063437068895566E+000,-2.063437068895556E+000]).

That is,arccos(z) € acos(2)
With z = 4 — i - 1072 andZ = ([4,4],[-1e-200,-1e-200]) > z the output of
the sample program is

acos(Z) = ([2.581988897471607E-201,2.581988897471615E -201],
[2.063437068895556E+000,2.063437068895566E+000]).
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3.2.8 The Inverse Hyperbolic Sine
ForZ C Ry :=C — {i(—o0,—1) Ui(1,00)} the C-XSC function
cinterval asinh(const cinterval& Z);
calculates a rectangular complex interaainh(Z)  including the set
{arsinf(z) | z € Z C Ry} C asinh(Z)

In Figure 8 some typical allowed and not allowed intervaluangntsZ are drawn with solid
and dashed lines respectively. On the two branch cuts thatitumvalues are defined by limits
using directions that are characterized by the respectiuble arrows.

slit complex plandz

-

Figure 8: Allowed and not allowed complex argumeftfor asini Z).

The inclusion function is implemented in C-XSC as
asinh (Z) =i-asin (—i-2),

and the necessary multiplications withre error-free operations.

3.2.9 The Inverse Hyperbolic Cosine
Forz € R¢ := C— (—o0, +1) the principal value of the inverse hyperbolic cosine is defias

i-arccos(z),  S{arccos(z)} <0,
arcosliz) := ¢ arcostiz), 3{z} =0,

—i - arccos(z), S{arccos(z)} > 0.
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For Z C R¢ the inclusion function for the inverse hyperbolic cosindé$ined as
arcostiZ) := o{arcoshz) |z € Z},
and forZ C R. the C-XSC function
cinterval acosh(const cinterval& 2);

calculates a rectangular complex interaabsh(Z) including the interval arcosly), that is
arcostiZ) C acosh(Z) , Z C Re.

The rectangular complex intervalsmay not touch or intersect the branch cut giveribyo, +1).

Replacingexp(Z) by acosh(Z) in the sample program on page 11, then with=

([-1,-1],[1E-200,1E-200]) the program output is
acosh(Z) = ([9.999999999999997E-101,1.000000000000001 E-100],
[3.141592653589792E+000,3.141592653589794E+000]),
and withZ = ([-1,-1],[-1E-200,-1E-200]) we get
acosh(Z) = ([+9.999999999999997E-101,+1.0000000000000 01E-100],

[-3.141592653589794E+000,-3.141592653589792E+000]).

If we considerZ = ([-1,-1],[1E-200,1]) , then for arcosf) our sample program
calculates the following inclusion

acosh(z) = ([9.999999999999997E-101,1.061275061905038 E+000],
[2.237035759287405E+000,3.141592653589794E+000]).

3.2.10 The Inverse Tangent

With z = x + iy the principal branch of the inverse tangent function is

1 1+
arctan(z) : L Rl

= — =C—-1{2 > 1t
S ln—— z€Ra=C—{iy|lyl =1}

Let Z C R4 be any rectangular complex interval, then the inclusiorcfiom for arctan(z) is
defined as
arctan(Z) := o{arctan(z) | z € Z C Ra}.

In C-XSC the inclusion functioatan (7) is declared as

cinterval atan(const cinterval& Z);
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slit complex planeR 4

-

Figure 9: Allowed and not allowed complex argumeftéor arctar{ 7).

The improved implementation is explained in [4]. For&llc R, it holds
arctan(Z) C atan (2).

In Figure 9 some typical allowed and not allowed intervaluangntsZ are drawn with solid
and dashed lines respectively.

Replacingexp(Z) byatan(Z) inthe sample program on page 11, then with
Z1 = ([1E+300,E+300],[1,1]) and 72 = ([1E-300,E-300],[1,1]) the pro-
gram output i3

atan(z1) = ([1.570796326794896E+000,1.570796326794897 E+000],
[0.000000000000000E+000,4.940656458412466E-324]),
atan(Z2) = ([7.853981633974481E-001,7.853981633974486 E-001],

[3.457343375393865E+002,3.457343375393873E+002]).

3.2.11 The Inverse Hyperbolic Tangent

With z € R := C — {(—o0, —1] U [+1, +00) } the principal branch of the inverse hyperbolic
tangent can be defined as

artant{z) := —i - arctan(iz), =z € Ry.

510%% and10~3% are no machine numbers, herie and Z2 are no point intervals.
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Let Z C R; be any rectangular complex interval, then the inclusiormfiam for artanfiz) is
artani{Z) := ofartaniiz) | z € Z C R,}.

In Figure 10 some typical allowed and not allowed intervgluanents”Z are drawn with solid
and dashed lines respectively.

slit complex planer;

-

Figure 10: Allowed and not allowed complex argumefitior artani{ Z.)

The two end point$—1, 0) and(+1, 0) belong to the branch cuts, hence the function artanh
is analytic inR;.

Replacingexp(Z) by atanh(Z) inthe sample program on page 11, then with

Z1 = ([1,1],[1E+200,1E+200]) and 72 = ([-1,-1],[-1E+100,-1E+100])

the program output is

atanh(Z1)=([0.000000000000000E+000,4.94065645841246 6E-324],
[1.570796326794896E+000,1.570796326794897E+000]),

atanh(Z2)=([-1.000000000000001E-200,-9.999999999999 995E-201],
[-1.570796326794897E+000,-1.570796326794896E+000]).

3.2.12 The Inverse Cotangent

With z € Re := C — {iy | [y| < 1} the principal branch of the inverse
cotangent can be defined as

arccotz) := arctan(1/z), z € Re.
Let Z C Rc be any rectangular complex interval, then the inclusiorefiom for arccotz) is

arccot”) := o{arccotz) | z € Z C R¢}.
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Figure 11: Allowed and not allowed complex argumefitir arccot?).

Even though the code of the arccot procedure is very sinoléing code of arctan, it has been
implemented independently. Merely callingctan(1/2) would have simplified the program-
ming, but also would have caused considerable overestmatithe result.

Replacingexp(Z) byacot(Z) inthe program on page 11, then with

Z1 = ([1E+300,1E+300],[100,100])
72 = ([1E+300,1E+300],[1E+300,1E+300])

the program output is

acot(Z1) = ([+9.999999999999996E-301,+1.0000000000000 01E-300],
[-4.940656458412466E-324,-0.000000000000000E+000]),

acot(Z2) = ([+4.999999999999997E-301,+5.0000000000000 03E-301],
[-5.000000000000003E-301,-4.999999999999997E-301]).
3.2.13 The Inverse Hyperbolic Cotangent

With z € Ry := C — {(—1,+1)} the principal branch of the inverse
hyperbolic cotangent can be defined as

arcoth(z) :=i - arccotiz), =z € Ry.
For anyZ C Ry the inclusion function is

arcotZ) := ofarcothz) | z € Z C Ry}.

In C-XSC the inclusion functioacoth (Z) is declared as
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slit complex planer

Figure 12: Allowed and not allowed complex argumefitior arcoth{ Z.)

cinterval acoth(const cinterval& Z);

anditholds arcotf¥?) C acoth (Z) forall Z C Ry.
Replacingexp(Z) byacoth(Z) inthe program on page 11, then with

71 = ([1,1],[1E-300,1E-300])
72 = ([1,1],[LE+100,1E+100])

the program output is

acoth(Z1) = ([+3.457343375393865E+002,+3.457343375393 873E+002],
[-7.853981633974484E-001,-7.853981633974482E-001]),

acoth(Z2) = ([+9.999999999999995E-201,+1.000000000000 001E-200],
[-1.000000000000001E-100,-9.999999999999997E-101]).

4 Applications

4.1 Evaluation of Complex Expressions

In this section we give some examples how to calculate gteedrenclosures of complex ex-
pressions, composed of the complex standard functions. dimeeters of the interval argu-
ments of these functions should be sufficiently small to dibe well-known overestimations
of the results.

Example 1.
To include

1 N\ 2 1_ 3
w := arctan < 3 +Z, -2 Z ,
1—1 141
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we use the simple C-XSC program

#include <iostream> /I for cout
#include "cimath.hpp" /I for atan()

using namespace CXsc;
using namespace std;

int main()

{
cinterval W,Z1,72;

Z1 = cinterval(complex(1,1));
Z2 = cinterval(complex(1,-1));
W = atan( 3 *power(Z1/22,2) - 2 * power(Z2/Z21,3) );

cout << SetPrecision(15,15)
<< Scientific << "W = " << W << endl;

The above program delivers the output

W = ([-1.338972522294496E+000,-1.338972522294491E+000
[-1.469466662255313E-001,-1.469466662255280E-001])

andlV is a guaranteed enclosure of the exact value
w = arctan(—3 — 2i) € W.

Example 2.

To include
w:=In{(1+ 272"}

we use the simple C-XSC program
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#include <iostream> /I for cout
#include "cimath.hpp" /I for Ln()

using hamespace CXSc;
using namespace std;

int main()

{
cinterval W1,W2,Z;

Z = cinterval(complex(1,comp(0.5,-199)));
/I point interval Z = [1,1]+i * [27(-200),2"°(-200)]

w1 Ln( power(Z,5) );

W2 = 5% Ln(2);

cout << SetPrecision(15,15) << Scientific
<< "W1 = " << W1 << endl
<< "W2 = " << W2 << endl;

}

The above program delivers the output

w1

([-2.664535259100383E-015,2.220446049250314E-015 1
[3.111507638930558E-060,3.111507638930587E-060])

w2

([9.681479787123287E-121,9.681479787123310E-121]
[3.111507638930570E-060,3.111507638930571E-060]).

With the assignmen¥Vl = Ln( power(Z,5) ) the inclusion of the real paft{w} =
2.In(1+427%) is almost useless, because here we first calculate theiimclofs(1 +2-20%)?,
which is a thick interval including the zerg = 1 of the complex logarithm function, and after
that the logarithm function is called with this interval argent. Hence the real part @f1is
only a rough inclusion oR{w}.

On the other hand, with the assignm@&f = 5 * Ln(Z) thelogarithm functionis called
with the complex pointinterval = 1 + i - 272%°, and although this intervat lies rather close
to the zeray, = 1, the logarithm functio.n() enclosesn(1 + 272%%) fairly good. Hencén?2
is a pretty well enclosure af.

The conclusion of this example is to choose the approprauigzalent expression for getting
tight enclosures of the particular expression value.

Example 3.

For real arguments > 0 andb > 0 it holds
(14) In(a-b) = In(a) + In(d).

In this example we show that (14) is not valid for complex angatsa andb, if arg (a) +
arg (b) > w. Witha = —1 + ¢ andb = i the C-XSC program
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#include <iostream> /I for cout
#include "cimath.hpp" /I for Ln()

using hamespace CXSc;
using namespace std;

int main()

{
cinterval A,B,W1,W2;

A = cinterval(complex(-1,1));

B = cinterval(complex(0,1));

W1 = Ln(A*B);

W2 = Ln(A) + Ln(B);

cout << SetPrecision(15,15) << Scientific
<< "W1 = " << W1 << endl
<< "W2 = " << W2 << endl;

}

delivers the output

W1 = ([3.465735902799723E-001,3.465735902799731E-001] ,
[-2.356194490192348E+000,-2.356194490192343E+000])
W2 = ([3.465735902799723E-001,3.465735902799731E-001] ,

[3.926990816987239E+000,3.926990816987245E+000])

and obviouslywlandW2differ with regard to their imaginary parts.
In Example 2we used the formula

(15) In(z") =n-In(z),

which of course was valid for = 1 + 272%; andn = 5, however it is well known that (15) is
not true for anyz to the power of.. So be careful by simplifying complex expressions to get
tight enclosures of particular expression values.

4.2 \ferified Root Enclosures of Complex Expressions

We consider complex expressions composed of complex sthfgactions and the arithmetic
operations. Finding the roots of such expressions is a maaltproblem in numerical math-
ematics. Most algorithms deliver only approximations @& #xact zeros without any or with
only weak statements concerning the accuracy.

In this section, we describe an algorithm that computedigdrenclosures of such roots
starting with an appropriate approximation for each of théhe used algorithm is based on

the following Theorem 1, [6, 19], where denotes the convex hull of two complex seﬁlsc,o: B
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means that! is fully contained in the interior oB, and[S] is the interval hull of a complex set
S.

Theorem 1.

Let Z be a complex intervat € C,0 # ¢ € C, and letf : C — C be an analytic function in
the convex regiotR D zU (z + Z). If

(16) e f(2)+[1—c-f(zU(z+2)-Z]CZ
holds then there exists a unique zeg@ff (z), with zy € z + Z.

The proofis given on page 44 (see also [19]). In practice émst@nt # 0 is settac = 1/f(z).

In this section/'(Z) denotes the interval function, associated with). For example, if
f(z) = sin(2? + z + 1), then the interval function is defined by (Z) = sin(Z% + Z + 1). In
other words, the variable must be substituted by the intenl

In the following algorithm it is not necessary to know initsts including the roots, on the
contrary we can start with any complex numbgrmwhich in general should lie sufficiently close
to the rootz,.

&, ©, &, & denote machine interval operations with complex machinervals. Let
Zi := [(p] be the point interval including the complex start vajyand letc := 1/Sup(F’(Zi)) #
0. Then with the point interval’ := [¢] on the machine we have to verify

(17) —COF(Zi)®(10COF(Zio(Zi® Z)© Z C Z,

where the left-hand side must lie in the interiorfand with (17) the inclusion relation (16)
holds more than ever.

In the following example we calculate’(Z) by symbolic differentiation. This sometimes
tedious procedure can be replaced by using an automaterelitiation, which delivers both
function valuesfF'(Z) andF'(Z) (see [11, 5]).

Example 1. The following example is taken from [19]:

f(z) = arctan ((z —a) -In(2* =52 + 8 +1))

—a)-(2-z-5)
In(2? =5 248 +1) + O
n(z z+8+1)+ PO ———

1+ (z—a)? (In(z2 =524+ 8+1))?

f'(z) =
Settinga = 4i the zeros off (z) are
20:2+i, 21:3—7:, 22:4i.

With appropriate approximations the following C-XSC praxgr calculates guaranteed enclo-
sures of the roots;.

81t should be noted that in this sectidf( Z) of course is an inclusion function, yet not the optimal one.
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/ *kkkkkkkkkkkkkkkkkhkkhkkkkkkkkkkkkhkhkkkkkkkkkkkkkhkkhkk *kkkkkkkkkk

[+ Program to enclose a simple zero of a complex expression
[+ composed of complex standard functions and arithmetic

[+ operations. Choose a complex start value sufficiently

[+ close to the zero!

/ B R R S S P P e e P P P P LI e T P P P P P e D P P e e e e e e e e e e *kkkkkkkkkk
#include <iostream> /I for cout
#include "cimath.hpp" I for Ln(), ...

using namespace CXsc;
using namespace std;

/I The zeros of function F() are to be enclosed.
complex a(0,4); // a = 0 +4i, parameter of F().

cinterval F(const cinterval& Z2)

{
cinterval res;
res = atan( (Z-a) *Ln(sqr(2)-5 *Z+complex(8,1)) );
return res;

3

/I First derivative of F():
cinterval DERIV(const cinterval& Z)

{ cinterval U,res;
U =sqr(Z) - 5 *Z + complex(8,1);
res = (Ln(U)+(Z-a) * (2 * Z-5)/U)/(1+sqr(Z-a) * sgr(Ln(V)));
return res;

%

int main()

{

cinterval Y,Z0,Zb,Z,D,CH,Zi,C;

complex zetaO;

int kmax(12),incl,k; // kmax: Maximum number of iteration s
real eps=0.125;

while (1) {
cout << "Complex zero approximation (x,y) = ? "
cin >> zetaO;
Zi = cinterval(zetaO);

for (int p=1; p<=5; p++)

Zi = cinterval( Sup(zZi - F(Zi)/DERIV(Zi)) );
cout << "Improved zero approximation: " << Sup(Zi) << endl;
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C = cinterval(1/Sup(DERIV(Zi))); // C: point interval
Y = -C+xF(zZi); Z = Y; /Il Y,C: initial values of iteration
k=0;
do {

k++;

Zb = Blow(Z,eps); /I epsilon inflation of Z

CH = Zi | Zi+Zb; /I CH: complex hull

D = 1 - C+xDERIV(CH);

Z =Y + DZb;

incl = in(Z,zZb); /I Inclusion test
} /[ kmax: Maximum number of iteration steps

while ( (k<kmax) and (incl==0) );

if (incl) { /[ incl=1 <--> Inclusion verified
Z0 = Zi + Z;
cout << SetPrecision(15,15)
<< Scientific << "Zero found in: " << endl;
cout << Z0 << endl; }
else cout << "No inclusion found" << endl;

}

} /I main
Results:

Complex zero approximation (x,y) = ? (1.9,0.9)
Improved zero approximation:
(2.000000007788749E+000,1.000000008855897E+000)
Zero found in:
([1.999999999999997E+000,2.000000000000003E+000],
[9.999999999999975E-001,1.000000000000003E+000]).

Complex zero approximation (x,y) = ? (2.95,-1.05)
Improved zero approximation: ( 3.000000, -1.000000)
Zero found in:
([2.999999999999998E+000,3.000000000000002E+000],
[-1.000000000000002E+000,-9.999999999999987E-001])

Complex zero approximation (x,y) = ? (0.1,3.9)
Improved zero approximation:
(3.197344634236622E-036,4.000000000000001E+000)
Zero found in:
([-3.257083639014695E-030,3.147356704712094E-030],
[3.999999999999999E+000,4.000000000000001E+000]).
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The algorithm works well with sufficiently good approxinats to the roots. Hence in tier
loop of the program the input approximation is additionatiyproved using Newton’s method.
Of course, if convergence fails, then (17) cannot be fudill®n the other hand, if the inclusion
relation (17) is valid, then a calculated wide interval > 2, can probably be improved by
restarting the process and choosing supremum of the cothpiiézval as a new approximation
to the zero. We demonstrate this idea with the following

Example 2.
f(z) =sin(z2), f'(z) = cos(z).
The roots arez, = k- + 0i, k € Z. We start the program witty, = 2 + /2.

Complex zero approximation (x,y) = ? (2,0.5)
Improved zero approximation:
(3.141592653589794E+000,4.911384887033602E-025)
Zero found in:
([3.141592653589793E+000,3.141592653589794E+000],
[-1.653038930843842E-039,1.561203434685851E-039]).

With ¢ = (3.141592653589793 E + 000, 1.561203434685851 ' — 039 we get

Complex zero approximation (x,y) = ?
(3.141592653589793,1.561203434685851E-039)
Improved zero approximation:
(3.141592653589794E+000,3.248565551764031E-112)
Zero found in:
([3.141592653589793E+000,3.141592653589794E+000],
[-1.061792541045360E-126,1.061792541045360E-126]).

Proceeding in the same way, the imaginary part of the zgto 7 + 0 - 7 can be included almost
optimally in the IEEE system.

A Optimal Inclusion and Range of a Function

Let us consider the simple analytic functiftz) = 22, with = = z+i-y € C and a rectangular
complex interval Z=X+i-Y=[-21+i-]-1,+1] € IC.
As we can see in Figure 13, the range(Rd’) := {f(z) |z € Z} itself is not a rectangular
interval, however the optimal inclusion function

F(Z) = sq(Z) = [~1,4] +i - [~4, +4]

is a rectangle touching the range(RgZ) in four points.

With f(z) = 2 = (2* — y*) + i - 22y = u(z,y) + ¢ - v(x,y) the reader will easily proof that
in thew-plane the contour of the range §g~) is given by appropriate parts of the following

two parabolas
v==22-vV1+4u, v==24-v4—u.
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complexz-plane

\ w-plane
Z | JIRIELZD) N w = f(z)
|
?

Figure 13: Range R, Z) and inclusion functior(Z) for f(z) = 2%

For example, in the-plane the left parallel to the y-axis afis

2=—-2+1i-t, te[-1,1],

=4 =t} —i- At =ut)+i-v(t),

~ 11}—6:4—u, v==24-V4—-u
In this context it is important to observe that
F(Z)=2-Z=[-3,bl+1i-[-4,4 D F(Z)=sqnZ2)

is just as well an inclusion function, yet not the optimal one

B Proof of Theorem 1.

First some remarks and definitions:

o z=x+1i-yeC.
In this section we defingz| := |x| + |y|, with |z| > /22 + 2.

S c Cis an arbitrary subset d@f.
In this section we defines| := masx{\z|},
zE€

and| S| denotes the interval hull of.

With S; € C andS; C C the convex hull is denoted by, USs.

The diameter of a real intervl = [z, 7] is defined by dX) :=7 — z.

The diameter of a complex intervdl = X + i - Y is defined by d7) := d(X) +d(Y).
It can easily be shown thatd+ Z) = d(Z2).

S-Z={w|lw=s-2z;s€85,z€ Z}.
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With the above notations it holds
(18) d[S-Z]) = |S]-d(2).
Theorem 1.was formulated on page 40.

Let Z be a complex interval, € C,0 # ¢ € C, and letf : C — C be an analytic function in
the convex regiotkk O zU (z + Z), then with

(19) e f(2)+[1—c-F(zU(z+2)-Z]CZ
there exists a unique zetg of f (z), with zq € z + Z.

Proof (see also [19]):
Let f : C — C be an analytic function i&. For the range fx + Z) of the analytic help function

(20) Nz):=z—c- f(2)

it holds the inclusion relation, [6, Theorem 5., page 35]

(21) hz+2)Ch(z)+ [W:U(z+ 2))- Z].

With the definition of liz) we find

(22) hz+Z)Cz—c- f(2) +[(L—c- fi(2U(z + 2))) - Z],
and together with (19) we get the inclusion relation

(23) Nz+2)Cz+ 2.

So with Brouwer’s fixed-point theorem the help functiai hhas at least one fixed-poisf €
z + Z, that implies lizy) = 2, and with the definition of {x) it follows that f(z) has at least
one zeroy € z + Z.

In the next step it will be shown that this zetp € z + Z is even unique. The inclusion
relation (19) implies

s f()+[1—c-f(2U(z+2)-Z]C Z+2,
and for the diameter d we get the estimations

dz+2) > diz—c-f(2)+[1—c-f'(zU(z+2)))-Z])
= d([(1—c-f'(zU(z+2)))-Z])
> [l—c-f'(zU(z+2)) - d(Z).

The equal sign is substantiated by a simple displacemeneinplane, generated by—c- f(z),
and the last line follows with (18). If in Theorem 1. the caiwh (19) is fulfilled, thenZ cannot

"It should be noted that (18) is a generalization @ldB) > | A|-d(B), whereA andB are complex intervals,
(2, (15), page 72].
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be a point interval and so( &) must be positive. Hence(d+ Z) = d(Z) > 0, and, with the
above estimation, we get

(24) 1—c-f'(zU(z+2))| <1 resp. |W(zU(z+2))| < 1.

Soinz + Z C zU(z + Z) the function Rz) is a contractive mapping. Then, with Banach’s
fixed-point theorem, there exists exactly one fixed-pginHence

20 €z+ 27, and Hzy) = 2.
With (24) particularly we have
c#0 and 0¢ f'(zU(z+ 2)).

Hence, with the definition of () it follows that the unique fixed-poin, of h(z) is a unique
simple root off(z) a
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