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lp Distances:

lp(x, y) = (|x1 − y1|
p + |x2 − y2|

p)
1
p , x, y ∈ R

2, , 1 ≤ p <∞

l∞(x, y) = max{|x1 − y1|, |x2 − y2|}, x, y ∈ R
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l1(x, 0) = 1
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Property 1: lp(x, y) decreases as p increases.
Porperty 2: As p→∞, lp(x, y) becomes the larger of |x1 − y1| and |x2 − y2|.

Weiszfeld Algorithm for 1/P/ • /l2/
∑

Input: Existing facilities a1, . . . , an ∈ R
2; weights w1, . . . , wn > 0.

Step 1: If CRr ≤ wr for r ∈ {1, . . . , n}, set x∗ := ar, STOP.

Step 2: Select a starting solution x(0) = (x
(0)
1 , x

(0)
2 ); set l := 0.

(x(0) could be chosen, for example, as the optimal solution of
1/P/ • /l22/

∑

.)

Step 3: For k = 1, 2 do

x
(l+1)
k :=

∑n

j=1
wjajk
l2(x(l),aj)

∑n

j=1
wj

l2(x(l),aj)

Step 4: If x(l+1) satisfies a stopping criterion, set x∗ := x(l+1), STOP.
Otherwise, set l := l + 1 and goto Step 3.

Output: Approximation x∗ of an optimal solution for 1/P/ • /l2/
∑

.

Hyperbolic Approximation Algorithm for 1/P/ • /lp/
∑

, 1 < p <∞

Input: Existing facilities a1, . . . , an ∈ R
2; weights w1, . . . , wn > 0; p ∈ R

with 1 < p <∞.

Step 1: If CRPr ≤ wr for r ∈ {1, . . . , n}, set x∗ := ar, STOP.

Step 2: Select a starting solution x(0) = (x
(0)
1 , x

(0)
2 ); set l := 0.

Step 3: For k = 1, 2 do

x
(l+1)
k :=

∑n

j=1
wjajk

d′(x(l),aj)·d′′(x
(l)

k
,ajk)

∑n

j=1
wj

d′(x(l),aj)·d′′(x
(l)

k
,ajk)

Step 4: If x(l+1) satisfies a stopping criterion, set x∗ := x(l+1), STOP.
Otherwise, set l := l + 1 and goto Step 3.

Output: Approximation x∗ of an optimal solution for 1/P/ • /lp/
∑

.



CRr =





















n
∑

j=1

j 6=r

wj(ar1 − aj1)

l2(ar, aj)











2

+











n
∑

j=1

j 6=r

wj(ar2 − aj2)

l2(ar, aj)











2









1
2

CRPr =













∣

∣

∣

∣

∣

∣

∣

∣

∣

n
∑

j=1

j 6=r

wj sign(ar1 − aj1)|ar1 − aj1|
p−1

(lp(ar, aj))p−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

p

p−1

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

n
∑

j=1

j 6=r

wj sign(ar2 − aj2)|ar2 − aj2|
p−1

(lp(ar, aj))p−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

p

p−1













p−1
p

d′(x, aj) =
(

((x1 − aj1)2 + ǫ)
p

2 + ((x2 − aj2)2 + ǫ)
p

2

)1− 1
p

d′′(xk, ajk) =
(

(xk − ajk)
2 + ǫ
)1− p2 , k = 1, 2.


