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Abstract

The 1D Cauchy problem for the Zakharov system is shown to be locally

well-posed for low regularity Schrodinger data ug € H*5P and wave data

(ng,m1) € HHP x H'=1P under certain assumptions on the parameters k,[
and 1 < p < 2, where HUOHIjk\p = [[{&)*Up || , generalizing the results for
p = 2 by Ginibre, Tsutsumi, and Velo. Especially we are able to improve
the results from the scaling point of view, and also allow suitable & < 0 ,
I < —1/2 ,ie. data ug & L? and (ng,n1) ¢ H~'/?2 x H=3/2 which was

excluded in the case p = 2.

1 Introduction and main

results

Consider the (141)-dimensional Cauchy problem for the Zakharov system

Ut + Uy
ngt — Nagg
u(0) = w , n(0)

where u is a complex-valued und n a

RxRT.

= nu (1)
= (|u’2)m (2)
= ng , m(0) = m (3)

real-valued function defined for (z,t) €

The Zakharov system was introduced in [Z] to describe Langmuir turbulence

in a plasma.

The Zakharov system (1),(2),(3) can be transformed into a first order system

in ¢ as follows: With

ny :=nt iAT1?

1
ng,i.e.n = §(n+ +n_), 2%A Y, = ny —n_, A= -0
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we get

1
WU+ Upgy = §(n+ +n_)u (4)
ine TAY e = £AY?(|lu?) (5)
w0 =uy , ne(0) = ngEid Y*ny =inyy. (6)

This problem was considered for data in L?-based Sobolev spaces in detail in the
last decade, especially low regularity local well-posedness results were given by
Ginibre, Tsutsumi, and Velo [GTV] for data ug € H* , ng € H' , n; € H"!
under the following assumptions:

1 1
—o<k-I<1 ., 2%k>145 >0,

In this paper there were also given corresponding results in arbitrary space
dimension. It was also shown that these results are sharp within the used
method, namely the Fourier restriction norm method initiated by Bourgain and
Klainerman-Machedon and further developed by Kenig, Ponce, Vega and others.
It could also be shown by Colliander, Holmer, and Tzirakis [CHT], that global
well-posedness in the case k = 0, [ = —1/2 holds true. Holmer [H] was able to
show that the one-dimensional local well-posedness theory is sharp in the sense
that the problem is locally ill-posed in some cases, where the assumptions on k, [
in [GTV] are violated, more precisely: if 0 < k < 1and 2k >[+1/2,0or,if k<0
and | > —1/2, or, if k = 0 and | < —3/2. Moreover, the mapping data upon
solution is not C?, if k € R, < —1/2. Ill-posedness for k < 0 and [ < —3/2 was
shown by Biagioni and Linares [BL].

The minimal values k = 0, [ = —1/2 are far from critical, if one compares
them with those being critical for a scaling argument, namely £k = —1 and [ =
—3/2 . The heuristic scaling argument here is the following (for details we refer
to [GTV]): Ignoring the term Aing in equation (5) the system (4),(5),(6) is
invariant under the dilation

wzt) — wu(e,t) = piu(pe, pt) (7)
ne(z,t) — na(r,t) = @Pne(pa, 1t) . (8)
Because
(2, )| g = 12" luwo | (9)
and )
s (@, O)ll e = 1% ol s (10)
the system is critical for k = —1 and [ = —% . If namely the lifespan of (u,n4,n_)

were T the lifespan of (u,, n4,, n—,) would be T2, So,if k < —lorl < —%, one
would have both the norm of the data and the lifespan of the solution (u,n4,n_)
going to zero as y — 0o , which strongly indicates ill-posedness.

It is interesting to compare the situation with the corresponding problem for
the cubic Schrédinger equation

ity + g + [ulPu=0 , u(0)=ug (11)



which is known to be (globally) well-posed for data ug € H* , s > 0 [Y] (cf. also
[CW]) , and locally ill-posed for s < 0 [KPV3], whereas scaling considerations
suggest as the critical value s = —1/2. This problem is of special interest also for
the Zakharov system, because the cubic Schrodinger equation is the formal limit
for ¢ — oo of the Zakharov system modified by replacing 87 — 92 by ¢~29? — 92.
Now, for nonlinear Schrédinger equations it was suggested to leave the H*-scale
of the data by Cazenave, Vega, and Vilela [CVV] and Vargas and Vega [VV]. For
the cubic Schrédinger equation local (and even global) well-posedness has been
shown for data with infinite L?-norm. A. Griinrock [G2] was able to show in this
case local well-posedness for data ugy € Hsr , Where

luoll 7= = K woll /7 + 1r'=1,

ifs>0and 1 <7 < o0 . Moreover, he could show global well-posedness for
2>r>5/3,uy € HO , and also local ill-posedness for the cubic Schrodinger
equation in Hs" for any 1 < r < oo and —1/r' < s < 0. The well-posedness
results were proven by a modified Fourier restriction norm method (for p # 2),
which was developed by A. Griinrock in [G1], where these ideas were applied to
the modified KdV equation.

The aim of the present paper is to prove local well-posedness results for the
Zakharov system with data ug € H¥? | ng € H-? | ny € H'=LP under suitable
assumptions on k, [, p , which allow to weaken the assumptions on the data from
the scaling point of view, thus improving the L2-based results in this sense, and
also allow to get results for certain data ug ¢ L? and (ng,n;) & H™1/2 x H=3/2,
Details are given in section 2 and 3. E/sgeciall/y\we can show that local well-
posedness holds for data (ug,ng,n1) € H*P x HLP x H=LP for suitable k < 0,
[ < —=1/2 ,and 1 < p < 2 in contrast to the above-mentioned ill-posedness
results of Holmer [H] for the Zakharov system, and also in contrast to Griinrock’s
ill-posedness results for the cubic Schrodinger equation, so that the limit of the
c-dependent Zakharov system as ¢ — oo must be singular. We are also able to
choose k = 0 and [ > —1/2 , a choice which was not possible in the L2-case (cf.
[H] again).

We prove our results by a modification of the Fourier restriction norm method,
originally due to J. Bourgain [B1],[B2], and derive the crucial estimates for the
nonlinearities using a variant of the Schwarz method introduced by Kenig, Ponce
and Vega [KPV1],[KPV2] adapted to the LP-theory. In principle these estimates
are proven along the lines of [GTV].

We recall the modified Fourier restriction norm method in the following. For
details we refer to the paper of A. Griinrock (cf. [G1], Chapter 2). Our solution
spaces are the Banach spaces

XM= {f €S (R?) : || fll yuo < 00},

where ,be R, 1<r<oo,1/r+1/r" =1 and

1/r

Il = ( [ deart@ s + sy 1)



where ¢ : R — R is a given smooth function of polynomial growth. The dual
space of X\ is X, bb , and the Schwartz space is dense in le;r . The embedding

Xbb ¢ CO(R,ﬁl\ﬂ') is true for b > 1/r . We have
/> 1/r

||fHX£b = (/d£d7-<§>l7"'<7_>br’ Fle —itp(— f)(f, 7)

and

H%ZJ@HM_WZ)UOHXL”’ < C¢HU0||§Z,7

for any ¢ € C°(Ry) .
If v is a solution of the inhomogeneous problem

ivg — @(—i0z)v =F ,v(0) =0

and ¢ € C3°(Ry) with suppy C (=2,2) , ¢ = 1 on [—1,1] , ¢(t)
Y(t) >0, s(t) :=1(5) ,0<d <1, wehaveforl <r<oo,b +1
> —1/r":

(1)
b

)
>0>

(AVANI

[¥50]l 10 < 051+b’_bHFHX5,b' :

For the reduced wave part ¢(£) = || we use the notation Xi{)r instead of X\t |

whereas for the Schrodinger part ¢(&) = £2 we simply use X.° . We also use the
localized spaces

X(0,T) = {f = flomxwr : f € X'},
where

HfHle(OT lnf{HfHle [= f|[0T ><R}

Especially we use [G1], Theorem 2.3, which we repeat for convenience.

Theorem 1.1 Consider the Cauchy problem
up — ig(—id)u = N(u) , u(0)=uge H, (12)

where N is a nonlinear function of u and its spatial derivatives. Assume for given
seR,1<r<oo,a>1 thereexistb>1/r ,b—1 < <0 such that the
estimates

IN(@)]| g < ellullGon

and
[N (u) = N@)| s < C(HUIIXS el Clips )llw = ol e

are valid. Then there exist T = T(|luoll757) > 0 and a unique solution u €

X200, 7] of (12). This solution belongs to CO([0,T), H>") , and the mapping
ug — u , Hsr — Xb(0,Ty) is locally Lipschitz continuous for any Ty < T .

The main result of this paper is the following
Theorem 1.2 Let1<p§2,%+]§:1 , 12b,b1>% .

e In the case k > 0 assume

1 1
z>_]; kel <2(1=bi) LS 2= ll—k < 2(1-0), 41—k < 201



e In the case k < 0 assume

1 1 1 1 1
k>, 0>—=,14k>-—2b,l+k>-—2b,1+k>———2(1—by),
p p b p p

1 1
k—1<2(1—b),2k>-—b,2k>1+—,2k>—(1—b).
p p

Let ug € HEp , N4g € HYP . Then the Cauchy problem (4),(5),(6) is locally well-
posed, i.e. there exists a unique local solution u € X;f’bl(O,T) , Ny € Xiljp(O,T).
This solution satisfies u € C°([0,T], H*?) , ny € C°([0,T], H'P) , and the map-
ping data upon solution is locally Lipschitz continuous.

The estimates for the nonlinearities are given in section 3 and the short proof
of this theorem as a consequence of the/sg estimates in section 4.

Remark: The assumption nio € HYP requires ng, A~/?n; € H-p. This last
assumption on nq can also be replaced by the condition n; € H'=1P. One way to
see this is to modify the transformation of the original Zakharov system into the
first order system in t as follows: replace the wave equation by ny — ng, +n =
(Jul*)ge + 1 and define ny := n £ iA~/2n;, where A := —92 + 1. This leads to
the modified reduced wave equation:

inee F APy = 2AATY2(Jul?) F (1/2) A2 (ny + o).

Now it is easy to see that this modified nonlinear term can be estimated exactly
in the same way as the original term A'/?(|u|?) , and also the additional linear
term is harmless. This remark was already used by [GTV].

Thus we have

Theorem 1.3 Let k,1,b,b1,p fulfill the assumptions of Theorem 1.2. Let ug €
HkP  ng e H-P [ ny € H=LP . Then the Cauchy problem (1),(2),(3) is locally
well-posed, i.e. there exists a unique solution

Lb Lb -1 -1
we Xph(0,T), ne X,(0,T) + X27,(0,T), ny € Xy ,°(0,T) + X7 ,°(0,T).
This solution satisfies

ue OO0, T), H+?), n € CO([0,T], H'?), n, € C°([0, T, H-1),
and the mapping data upon solution is locally Lipschitz continuous.

We use the notation (\) := (1 + A?)Y/2 | and a= to denote a number slightly
larger (resp., smaller) than a .

2 Comparison with earlier results

It is interesting to compare our results with those of [GTV] for the case p = 2.
The lowest admissible choice in this case was k = 0,1 = —1/2 , p = 2. This is
contained in our results, too.



e A choice, which improves this result from the scaling point of view for the
Schrédinger part is k =0, p=1+¢, =2 <1< - (with b= b = 1 +)
and € > 0 small. It is easily checked that this choice is admissible due to
Theorem 1.2.

HF? scales like H? , where o = k—%+% , here: 0 = %—#6 — —% (e — 0),
HUP scales like H , where A =1 — ]% + 3, here: A — —1 (e — 0).

That HE# scales like H° here just means that (cf. (7) and (9)):

ke~ k—1+32
NEF (& 0y = el O)ll g2, = 72 luoll 727

and
(2, 0)| o = 17 uoll o

and the exponents of u here coincide.

e Another admissible choice improving the result from the scaling point of

view for the wave partisk =0, = —% (withb =0, = Z%—F) and 2 > p > %

The conditions of Theorem 1.2 are fulfilled:
Lk=1<2(1-b) & 3 <2(1-3) = p>3,
2. Z§2k—; & p<2,

B l+1-k< +2(1-b) & —1+1<.+2(1-3), which is fulfilled,
and

1 2 3
4. l+1—k§2b1@—5+1§5@1§5.
H*P scales like H” Withaz—%Jr%H—% (p — %),ﬁl\vi’scales like H*

With/\:—%+%—>—% (p—3).

It is also interesting to remark that it is possible to choose k < 0 and I < —%
(with a suitable 1 < p < 2) , and nevertheless achieve local well-posedness for
the Zakharov system (see details below). In this situation Holmer [H] proved in
the L?-case that the mapping data upon solution in not C?, so that a contraction
mapping method as in our case cannot be applied. Moreover, the cubic nogl\inear
Schrodinger equation (11) is known to be ill-posed for suitable data ug € H5P for
any —}% <k <0andp>1(cf [G2]). This equation, as already remarked in the
introduction, is the formal limit as ¢ — oo of a sequence of velocity-dependent
Zakharov systems (replacing 92 — 02 by ¢=20%2—0?). So this limit must be singular
in some sense.

In order to determine the minimal k, which fulfills all the assumptions in
Theorem 1.2 we argue as follows:

1. The conditions 2k > % — by and k < [ 4+ 2(1 — by) require i — %bl <

[+2-2b1 & b <3(+2)—3; .

2. The conditions 2k > l—l—z% and k < [4+2(1—b1) require %—1—2%, <I+2-20 &
1,3 1
b < 1 + 1 + Ip -



Thus b; has to be chosen such that <b < mm( (1+2)— ﬁ + % + 1), s0

4p
that the condition 2k > % — by can only be fulfilled, if

2k > — — =(1 42 —=———(14+2 13
R = ) (13
and I 3 1 3 1
2% > ——— —==_= . 14
k:>p 171 1 1 4(1—1—3) (14)
Moreover we need 1 1
2% >l+— =1+1-=. (15)
p p
The lower bound for 2k in (13) and (15) is minimized, if
4 1 1 5!
7_,l+2_l+1_,@, —l+1. 16
30+ e =3 (16)

One easily checks that under this assumption all 3 lower bounds for 2k coincide.
Thus we end up with (from (13)):

4.5 !
2k I+1)—=(1+2 fl k> —.
>3+ 3( th=3t & k>3
The minimal and optimal choice for [ here is | = —% (because [ > —7), which

means by (16): p =22 | and thus k > —% (from &k > 7) , and by (16):

5 1 5 7
?l:;‘lz‘ﬁ BT
Moreover, we should choose by < 2(I +2) — 5= = 3.
It is now completely elementary to see that that the choice k = — 2 +e,l= 172,
b=b=3—-€,p=2(¢>0 small) meets all the assumptions of Theorem 1.2.
In thls situation we have: HFP scales like H? with ¢ = —g + ¢, and Hp

scales like H* with A\ = —% .
This is an improvement from the scaling point of view for both the Schrodinger
and the wave part, compared to the L?-result of [GTV], where ¢ = 0 and \ = —%.

3 Nonlinear estimates

In order to estimate the nonlinearities we use the following simple application of
Holder’s inequality.

Lemma 3.1 For1/p+1/p'=1,1<p< oo, the following estimate holds:
[ [o0m@E@K G dade
Ip R .
< sup (1K PdG) 8l 011
1

where (== (1 — (s .



Proof:

|// C)o1(C1)v2(¢2) K (C1, C2)dCrdCa|

< ([ 1] 36 - TEK (G GG d0)

< Il f1f 196 - @B ) [ 16 @Pde) Flda
< Il [ 1K(G,@PaG) 7 [ 1066~ @)l deda)
<

1/p
sup ([ 1K (G P ) 15 15 -
1
Remark: Similarly one can prove
|// Qvr(¢1)v2(C2) K (Ci, C2)dCrd(a|

1/p
< sup ([IKC+ G @IPAG) 19150 80 15 -

Our first aim is to estimate the nonlinearity f = nywu in X;f’*cl for given
ny € ch’?p and u € X1 . We estimate F(€, ) = (x = 0)(&,71) in terms of
nx (&, 7) and u(&h, m2) , where &€ = & — &, , 7 =711 — 172 . We also introduce the
variables o1 =71 + &2 , 0o =0+ 2, 0 =7 £ €], so that

2= Tl =01 —0p—0. (17)
Define 175 = (€5)%(09)" 4 and © = (€)Y{o)’ny , so that HuHXsz,bl = |[vz2]|» and
[n+]l 1o = ||9]| - In order to estimate f in Xﬁ’_cl we take its scalar product
+,p
k,c1

with a function in X ;™" with Fourier transform (€DK {oy) 107 with U7 € LP .
In the sequel we want to show an estimate of the form

S| < elloll o 0]l 2o 121 o

where

0102 (€1)" e
S::/ d€1désdmidrs .

(oo foa) P (G 1 T
This directly gives the desired estimate

Il e < clinaell e flull gron - (18)
Proposition 3.1 The estimate (18) holds under the following assumptions:
E>0,1>-1/p,k—1<2c,k—1<2/p,

where ¢y >0,b>1/p, b1 >1/p, 1 <p<2.



Remark: We simplify (17) as follows. If (17) holds with the minus sign and if
& = & (resp., § < &) , we have

p=ER R e~ = (61 F1/2)% — (&hF1/2)? =€ - &3

where & = & F1/2 . Thus the region & > & (resp., & < &) of S is majorized
by

[v(&,7) §1ﬂ:1/2 )03 (& £ 1/2,79)[(&1)F
s=cf o) () (€€ deadndr.,
where now
=G -g=01—0—0 , £=6—-& , T=T-T (19)

oi=Ti+(&E+1/2)? , o=Tx¢|=T%]0 &

Also, the plus sign in (17) can be treated similarly by again defining & = /+1/2.
If one wants to estimate S by ¢||0||||v1]| e [|[02]| 1, , the variables & and & +1/2
are completely equivalent, thus we do not distinguish between them.

Proof of Proposition 3.1: According to Lemma 3.1 we have to show

. e k d€ados
CP = s (o) M) [ o ey <

Case 1: [&1] < 2|&| (= [¢] < 3]&) -
If |€2] < 1 we have (§) ~ 1 and thus

CP<c Sup/ d§2/ (09) PPdoy < 00,
l€21<1 0

&1,01

because by > 1/p . If |&2| > 1 we get from (19) for &, 01,09 fixed: g—g = 2&
and thus
cr < esup [(€)77(6) " (0) " (ow) W Pdodos.

1,01

For [ > 0 we immediately have
Cr < c/<a>*bpda/(ag)*b1pdag < 00,

whereas for [ < 0 we use our assumption [ > —1/p and get the same bound by
using (€)P(€2) ! < el&) Pl <c.

Case 2: 61| = 2|&| (= ¢ ~ &) -

From (19) we conclude &7 < ¢(|o1| + |oa| + |o|) and distinguish three cases.

Case 2a: |o;| dominant, i.e. |o1| > |oal, |0 , (= & < cloy]) .
This implies, using our assumption k& — [ < 2¢; :

c? < cSup(51)(]“717201)1)/d€2d02<0>7bp<02>7b1p

&1,01

csup/dé’gdag bp o9) "~ bip

1,01

IN



If |&| < 1 this is immediately bounded by ¢ Ji¢, < dés [ dog{oe)™0P < oo |
whereas for |{3] > 1 we use d§ = 2&y ~ 2(&2) again and get the bound

c/d0<o>7bp/d02<02>7b1p < 00,

using b, by > 1/p .
Case 2b: |o3| dominant ( = &2 < ¢|og] ).
We have
CP < ¢ sup (&) k0P /dfzd@ (o) TP (&) TP

§1,01

The case k <[ is simple and leads to

C? < csup /d§2d02 bp (o >_b1p,

&1,01

which can be handled as in case 2a.
The case k > [ is treated as follows:

+(k—21)P

CP < csup /dfgdag P (gp) 1P (S

1,01

Substituting y = €3 , thus dé; = leads to

dy
2ly[1/2

C" < e s [l 72 % [(0) (o) doudy.

1,0'1

From (19) we have (¢) = (09 — (01 — &2 +3)) , and thus by [GTV], Lemma 4.2,
using b,by > 1/p :

(k=Dp o (k=Dp
[ donto) o) R < el — 4y TS

(k1)
because —bip + Tp

2/p. Thus

< —1+1 = 0 using our assumptions b; > 1/p and k — [ <

(k=Dp
2

1 k
cr<esw [l o) Fo -G +y) T ay.

1,01

The supremum occurs for o1 = {% by [GTV], Lemma 4.1, so that

Cp<6/|y\ (y)~ 15 dy—/ly! 3(y)" 8 dy < oo,
because [ > —1/p .

Case 2c: |o| dominant.
This case can be treated like case 2b, which completes the proof.

It is also possible to prove (18) in certain cases where k is negative. This is done
in the following

10



Proposition 3.2 Estimate (18) holds under the following conditions:

1 1 1
k:—l§201,k—l<f l+k>—-—-2by,l4+k>—-——-2b,l+k>——2¢,
p p p p

where ¢; > 0 and by,b > % .

Proof:

Case 1: |§1] ~ |&2

This case can be treated exactly like case 1 in the previous proposition, using
[>-1/p.

Case 2: [§1] << |&| (= €] ~ &)

Using the notation of the previous proposition we have

C? < csup (o1) P (&))" / déadoa (&) TP (o) TP (o) TP
€1,01
From (19) we get £3 < c(|o1| + |o2| + |o]) .
Case 2a: |o;| dominant ( = &2 < cloy| ) .
Thus
CP < csup /d€2d02<§2>_lp_kp_201p<0>_bp(0’2>_b1p~

1,01

If |€&2] < 1 we easily get the bound
CP < c/ d&s /(org)_blpdcrg < 00.
|€2]<1

If |&2] > 1 we use (19) and get for fixed &1, 01,09 : j—g = 2|&| ~ 2(&) , so that,

using the condition [ + k > —]% — 2¢1 , we have <§2)—(l+k+201)p—1 < ¢, and thus
the bound
CcP < c/da<a>_bp/d02(02>_b1p < 0o

by b,b1 > 1/p .
Case 2b: |o3| dominant (= &2 < clog| ) .
Ignoring the factor (o1)~¢1P(£;)P we estimate

CP < ¢ sup / deadoy(Ca) TP IPH2=20PT () b ()1

1,01

The case |€2] < 1 is easy again, and for |{2| > 1 we again use dg = 2|&| ~ 2(&2)
and (&) ~P—kp+2=2bip=1+ < ¢ " using our assumption [ + k > 5 — 2by , and thus

C? < csup /da(a)_bp/d02<ag>_l_ < 00.

£1,01

Case 2c: |o| dominant .
This case can be handled like case 2b, using the assumption [ + k& > % — 2b.

11



Case 3: |&1] >> & (= €] ~ [&1]).
We have

CP < CgSllp<O’1> Clp fl (k bp /dfgda’g 52> kp< > bp<02>7b1p.
1,01
Again we distinguish three cases.
Case 3a: |o;| dominant ( = &7 < cloy|) .
By our assumption k£ — [ < 2¢; we get
CP < esup(y)hiTrer / deadars (62) (o) " o)™

1,01

< csup / dtados (€)™ ()" (0n) 0P

§1,01

which is easily handled for |{2] < 1, whereas for |{3] > 1 , using again C‘liTU =
2|&2| ~ 2(&2) and our assumption k > —1/p , we arrive at

Ccr < c/<0>7bpda/(ag>fb1pd02 < 00.

Case 3b: |o3| dominant ( = &2 < ¢|os] ).

CP < csup (&) F0p /d£2d02 (&) (0) 7P (gy) 0P

&1,01

In the case k <[ we have

CP < ¢ sup / déados(Es) P (o) P (g0) 1P |

§1,01

which is simple to handle for |{3] < 1, and for |[€2] > 1 we use 9 = 2|&a] ~ 2(&2)
and the assumption k£ > —1/p and estlmate

CcP < c/da<a>*bp/d02(ag)*b1p < 00.

In the case k > [ we use &7 < c|o»| and the substitution y = &2 and dé; = 2|;|73{/2
to get

cr < CSUP/d§2d02<§2>_kp<0>_bp<02>_b1p+(k;l)p
§1,01
_1 _kp b b +(
< cswp [Iy7H) % [ (o) o) S doudy.
§1,01

Now () = (09 — (01 — €2 +y)) by (19) , and [GTV], Lemma 4.2 implies

(k=Dp

(k=D
/<J>_bp<a2>b1p+ 7 doy < clo — & + y) I

where we used the assumption k —1 < 2/p . Thus by [GTV] , Lemma 4.3 , using
k>—-1/pand > —1/p:

cr < csup/lyl N & +y!

&1,01

< c/\y!_5<y>_%p<y>_

l
= C/Iyl_%<y>‘1‘7p_dy < oc0.

k—1
+( 2)p_dy

1+ (k;l)l’ _dy
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Case 3c: |o| dominant.
This case is treated like Case 3b.

Next, we want to estimate the nonlinearity (Ju|?),, namely
(W < cllollzelloxll o 02l £ »

where

|50102] €)' €] Lo
W= / oy (o (e TR A deadnidre.

This implies the desired estimate
H(|U|2)x\|X§;;c < CHuHi(S,bl : (20)
Proposition 3.3 Estimate (20) holds under the following conditions:

1 1
k>0, l<2k—; l+1—k<p—|—2c I+1—k<2b,

where ¢ >0,b; >1/p, 1 <p<2.

Proof: According to the remark after Lemma 3.1 we have to show

CP = SUP<0>_Cp<f>lp|f|p/d€2d02<§1>_kp<§2>_kp<01>_b1p<02>_blp <oo. (21)

§7o-

Case 1: & ~ |&2f (= [¢] < cl&,clé] ) -
Applying the remark after Proposition 3.1 we have
g-G=E+&o)’-G=01-0—0.

Thus, for fixed &, 0,09, we have dgl = 2¢ , so that

€7 < csup(©) 711 [ (01) P Pdor [(o0) de .
&0

This is easily seen to be finite under the assumption [ —2k+1 < 1/p < < 2k— 1%'
Case 2: [&1] >> [&| (= [€] ~ €] ) (and analogously [€a >> [&1] ) -

Case 2a: |o| dominant ( = &2 ~¢3 < clo]) .

Using the relation 3‘21 = 2¢ again and ignoring the term (&) %P we arrive at

cPr < csup<§>(_2c+l_k)p|§|p/d§2d02<01>_b1p<02>_b1p

Nea

< Csup<§>(_2c+l_k)p\§!p_l/<01>_b1pd01/<02>_blpd02a

Nea

which can be seen to be finite under the assumption [ +1 — k < }D + 2¢ .

Case 2b: |o1| dominant ( = &2 ~ &2 < c|o1| ) (and similarly || dominant).
We have

€7 < esup(€) I [ dadon €)™ (o0) PP () 0.
&0

13



Case 2ba: In the case [ +1 — k > 1/p we introduce the variable z := £ — ¢3 =
(€ + )% — €2 and get for fixed &: j—é = 2¢ . We also have z = €2 + 266, <

£ = Z;gz and z ~ £ ~ ¢2 | so that we get

Cp S CSHp<£>(l_k)p<5>p_1 / dZdO'Q<0'1>_b1p<0_2>_b1p<2_7€2>_kp
0<2<ct?

£7U 25
1 (ke ooz —E2
< esupl@) N [ dedonlon) TE ey )
to 0<2<ce? 28
Now we have by [GTV], Lemma 4.2:
/dag <01> (l—k2+1)p7b1p<0_2>7b1p < c(a n z) (lfk;rl)belp ’

where we used the assumption [—k+1 < 2b; as well as (19), namely 01 —09 = 0+2z,
so that we arrive at

2
(l—k;—l)p _b1p<z —¢ >—kp ‘

CP < csup(€) ™! /ch dz(o + z) %

&70
With y := 2z — €2 we have

2

c€
cr < csup(§>_1/ (0 +& +y)
&0 —cg?

U=k+Dp p0 Y\ _k
5 1P P
(25> Y

L qeE? (I—k+1p Y. _

— esup(@) ! [ ) T Ty,
; —og? 28

where we used [GTV], Lemma 4.3. The case || < 1 is easily handled. If |£| > 1

we get
(—k+Dp _
5 2 bir < 1 by our

assumption [ — k + 1 < 2b; , so that the integral is bounded by c|{| , thus
C? < o0.

b: In the region |¢| < |y| < c£2 we have (3e) ~ 3¢| ~ % , so that

a: in the region |y| < |£| we have <%>*kp ~ 1 and (y)

cg? _
CP < esup(€) 1 (6P /| () T b—kp gy,

¢ ¢l
If W —bip — kp < —1 we have
CP < esup(g) P kel — cgup(e) b,
¢ ¢

which is finite under the assumption | — k + 1 < 2b; .
If W —bip — kp > —1 we have

CP < CSup<€>—1+kp+(l—k+1)p—2b1p—2k:p+2+ _ csup<§>(l—2k’+1)p—2b1p+1+ < o0,
3 3

because (I —2k+ 1)p —2bip+ 1+ <0 & 1 — 2k < 2b; — 1 — 113 , which is fulfilled
under the assumption [ — 2k < % —1= —}% for by > % .

14



Case 2bf: In the case [+ 1 — k < % we directly get by % = 2¢ (for 0,¢,09
fixed), ignoring the term (&)~ in the integral:

CP < csup(€)-Pp|gp / (1) ""7Pdory / (09) P doy < 0.

570.
The case k < 0 is considered in the following

Proposition 3.4 FEstimate (20) holds under the following conditions:

1 1
k<0,1<2k—-—,2k>—c,2k>—- -0y,
p p
wherel%>020,b1>%,1<p§2.
Proof: We again have to show (21) as in the previous proof.
Case 1: |£1| ~ [&2| , and &, & have different signs.
In this case we have || = {1 — &af ~ 2|&1] ~ 2|&2] , and thus

CP < csuple)PlelP / dgadas(or) 0P (rg) ~01P || 2k

£7U
< esup(© gt [ (o) rdoy [(o2) P 0den,
E?o—
using 991 = 9¢ again. Under the assumption [ — 2k 4+ 1 < L ook >1+ 1L thisis
8 & & p p
finite.

Case 2: 1] ~ |&2] , and &1, &2 have equal signs.
This implies |&1 + &| ~ 2|&1] ~ 2|&2| , and thus by (19):

1 +&)=(6—-8)6+8)=01—0—0

and
€]I€2] < c(|o1| + |oa] + [o]) -

Case 2a: |0;| dominant (= |£€2| < ¢|oi1]| ) (|o2| dominant can be handled in the

same way ).
This also implies |£](£2) < ¢{o1) , which is evident for |{3| > 1, whereas |&2| < 1
implies [£] = [€1 — &af < c|é2] (using |§1] ~ [€2]), so that [€](£2) < ¢ < ¢(o1). Thus

P < CSUP<E>lp|f\p/d§2d02<§2>_2kp<01>_1_(02>_b1p<€2>1_b1p+|§|1_b1p+.

)

Under the assumption 2k > % — by we have by [¢| < ¢|€2| and % =2¢:

CP < CSup<§>lp—2kp+1—b1p+‘£|p—b1p+/d0.1<01>—1—/d02<0_2>—b1p'
&0

Assuming b; < 1 without loss of generality, this is finite, provided Ip — 2kp + 1 —
bip+p—bip< 0 1-2k+1< —% + 2b1, which is fulfilled under our assumption

2k21+%@l—2k+1§%,becauseb1>%.

15



Case 2b: |o| dominant ( = [£[(&2) < c(o) ).
We have

€7 < esup(@) Plg 7 [ dada(€2) P (02) P {oz)
§o

Using (&) 72kP=P < ¢(€) 2= (by the assumption 2k > —c) and % =2¢, we
get

CP < csuplg)p-2ho—c|gp-cp-1 / doy (o7) P / do(oa) 0 .
The assumption ¢ < ]% implies p—cp—1 > 0 . Moreover we have lp — 2kp — cp +
p—ep—1<0<1-2k+1< % + 2¢ , which is fulfilled under the assumption
[ =2k +1< 3 & 2k>1+ 5, so that C? is finite.
Case 3: [&1| >> [&] (= €] ~ &1 and |&2] << [€] ) (and similarly |£2] >> |£1]).
We have by dé; = dQLg :

cr < csup/d52d02<§>(l*k)p\§|p<€2>*kp<01>*b1p<02>*b1p
&0

< esup(O PP e [ dor (o) [ dosfoa)
&0

which is finite, provided | — 2k 4+ 1 < %D S 2k>1+ ]% .

4 Proof of Theorem 1.2

Proof: We construct a solution of the system of integral equations which be-
longs to our Cauchy problem by the contraction mapping principle. This can be
achieved by using our Propositions 3.1, 3.2, 3.3, 3.4, which give the necessary
estimates for the nonlinearities, if one chooses ¢y =1 —b1— andc=1—-5b—. In
this case the assumptions on the parameters in these propositions reduce to the
assumptions in the theorem. We may apply Theorem 1.1 to our system, because
its generalization from the case of a single equation to a system is evident.
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