Norm-Based Approximation in Convex Multicriteria Programming^1

Bernd Schandl^2, Kathrin Klamroth^3, Margaret M. Wiecek^4

2Dept. of Mathematical Sciences Clemson University Clemson, SC, USA

3Dept. of Computer Science and Mathematics University of Applied Sciences Dresden D-01069 Dresden, Germany

4Dept. of Mathematical Sciences Clemson University Clemson, SC, USA

Abstract: Based on theoretical results on the applicability of specially structured block norms to multicriteria programs, an algorithm to find a piecewise linear approximation of the nondominated set of convex multicriteria programs is proposed. By automatically adapting to the problem’s structure and scaling, the approximation is constructed objectively without interaction with the decision maker. Moreover, all generated extreme points of the approximation are nondominated.

1 Introduction

Decision making with respect to many conflicting criteria and constraints has become a central problem in management and technology. In the presence of multiple criteria, trade-off information plays a central role in decision making since it facilitates the comparison of nondominated outcomes (efficient alternatives). Among many methodological approaches to quantify trade-offs, approximation of the nondominated set is most attractive as it can visualize the outcomes for the decision maker and provide this information in a simple and understandable way.

In this paper we suggest to use cones and norms, two concepts well known in convex analysis, to construct piecewise linear approximations of the nondominated set of convex multicriteria programming problems. Both cones and norms have been used in multicriteria programming quite extensively (see e.g. Steuer (1986) and Kaliszewski (1987)) but, to our knowledge, Kaliszewski (1994) is the only other source to combine both concepts in order to describe and solve multicriteria programs. There have been quite a few approximation approaches developed for bicriteria convex as well as general problems, see, e.g., Fruhwirth et al. (1989) and Jahn and Merkel (1992). For general multicriteria optimization problems, approximation approaches were developed by Helbig (1991), Sobol and Levitan (1997), and others. For an overview of approximation algorithms for multicriteria programming problems we refer to Schandl (1999). The approach presented in this paper uses concepts employed by other authors but puts them in the new framework of norms. This results in approximation properties not yet present in the literature such as scale independence, weight independence and the generation of a problem dependent measure of the approximation quality.

In the next section, we state the multicriteria programming problem and give some general definitions and notations. A theoretical basis for the approximation algorithm is discussed in Section 3. An approximation approach for problems with IR^n_≧-convex sets of criterion vectors is presented in Section 4. The last section includes a short summary and some concluding remarks.

1This work was partially supported by ONR Grant N00014-97-1-0784.

2 Problem Formulation

To facilitate further discussions, we use the following notation: Let u, w ∈ IR^n be two vectors. u < w denotes u_i < w_i for all i = 1, . . . , n. u ≤ w denotes u_i ≤ w_i for all i = 1, . . . , n, but u ≠ w. u ≦ w allows equality. The symbols >, ≥, ≧ are used accordingly. Let IR^n_≧ := {x ∈ IR^n : x ≧ 0}. If S ⊆ IR^n, then S_≧ := S ∩ IR^n_≧.

A set C ∈ IR^n is called a cone if for all u ∈ C and α > 0 we also have αu ∈ C. The origin may or may not belong to C.

We consider the following general multicriteria program

min {z_1 = f_1(x)} . . min {z_n = f_n(x)} s.t. x ∈ X, (1)

where X ⊆ IR^m is the feasible set and f_i(x), i = 1, . . . , n, are real-valued functions.

We define the set of all feasible criterion vectors Z, the set of all nondominated criterion vectors N and the set of all efficient points E of (1) as follows Z = {z ∈ IR^n : z = f(x), x ∈ X} = f(X) N = {z ∈ Z : ∄z̃ ∈ Zs.t.z̃ ≤ z} E = {x ∈ X : f(x) ∈ N}, where f(x) = (f_1(x), . . . , f_n(x))^T . We assume that the set Z is closed and that we can find u ∈ IR^n so that u + Z ⊆ IR^n_≧.

The set of properly nondominated solutions is defined according to Geoffrion (1968): A point z̄ ∈ N is called properly nondominated, if there exists M > 0 such that for each i = 1, . . . , n and each z ∈ Z satisfying z_i < z̄_i there exists a j ≠ i with z_j > z̄_j and z_i − z̄_i z̄_j − z_j ≤ M. Otherwise, z̄ ∈ N is called improperly nondominated.

3 Oblique Norms in Multicriteria Programming

The concept of oblique norms was introduced in Schandl (1999) and Schandl et al. (2000). They can be viewed as specific block norms that are suitable to generate nondominated solutions of multicriteria programs.

Let u ∈ IR^n. The reflection set of u is the set R(u) := {w ∈ IR^n : |w_i| = |u_i| ∀i = 1, . . . , n}.

Definition 1 A block norm γ with a unit ball B is called oblique if (i) γ(w) = γ(u) ∀w ∈ R(u), u ∈ IR^m , and (ii) (z − IR^n_≧) ∩ IR^n_≧ ∩ ∂B = {z} ∀z ∈ (∂B)_≧ . Observe that an oblique norm is a block norm where no facet of the unit ball is parallel to any coordinate axis. Moreover, the structure of the norm’s unit ball is the same in each orthant of the coordinate system. An example of an oblique norm in IR^2 is given in Figure 1.

The following two theorems justify the application of oblique norms for the generation of nondominated solutions.

Figure 1: Example of the unit ball of an oblique norm with R(z) = {z, z^1, z^2, z^3}

Theorem 2 Assume wlog that 0 ∈ Z + IR^n_≧. Let γ be an oblique norm with the unit ball B. If z̄ ∈ IR^n is a solution of max γ(z) s.t. z ∈ −IR^n_≧ ∩ Z (2) then z̄ is nondominated.

Proof. Assume z̄ /∈ N, that is, there exists z̃ ∈ Z with z̃ ≤ z̄. Since z̄ is feasible for (2), we have z̃ ∈ −IR^n_≧, and it follows that z̄ ∈ −IR^n_≧ ∩ (z̃ + IR^n_≧). Since γ is oblique and therefore absolute, we can use the fact that an oblique norm γ with the unit ball B has the following properties: (z − IR^n_≧) ∩ IR^n_≧ ∩ ∂(γ(z)B) = {z} ∀z ∈ IR^n_≧ , (3) and (z − IR^n_≧) ∩ IR^n_≧ ⊆ γ(z)B_≧ ∀z ∈ IR^n_≧ , (4) see Schandl et al. (1999). Using (3) and (4) in −IR^n_≧ instead of IR^n_≧ we can infer that z̄ ∈ int((γ(z̃)B) which implies γ(z̄) < γ(z̃), a contradiction to the optimality of z̄. □ Unfortunately, we cannot guarantee to find all nondominated points using an oblique norm with its unit ball’s center in Z + IR^n_≧ in the general setting of Theorem 2. Therefore the next theorem applies only to problems with an IR^n_≧-convex feasible set Z.

Theorem 3 Let Z ⊆ IR^n be IR^n_≧-convex and assume wlog that 0 ∈ Z + IR^n_≧. Let z̄ be properly nondominated with z̄ ∈ −IR^n_≧ ∩ Z. Then there exists an oblique norm γ so that z̄ solves problem (2).

Proof. From Geoffrion (1968), we know that there exists a weight vector w ∈ IR^n_> with ∑_n i=1 w_i = 1 so that z̄ solves min_{z∈Z} n∑ i=1 w_iz_i. Let H be the hyperplane with normal vector w and passing through the point z̄, and let H^+ be the halfspace defined as H^+ := {z ∈ IR^n : ⟨w, z⟩ ≥ ⟨w, z̄⟩}. Then the set R(−IR^n_≧ ∩ H^+) is the unit ball of an oblique norm γ.

Since z̄ ∈ H, it follows that z̄ is located on a facet of the unit ball and thus γ(z̄) = 1. So there cannot exist z ∈ Z with γ(z) > 1, because H is a tangent plane of Z. Therefore z̄ solves (2). □

4 Approximation of the Nondominated Set

For multicriteria programs with an IR^n_≧-convex feasible set Z, an approximation algorithm based on Theorems 2 and 3 can be designed that utilizes oblique norms for the generation of nondominated solutions. To keep explanations straight-forward, the general idea of this approach will be outlined using a bicriteria example problem.

Starting from a given reference point z^0 ∈ Z + IR^2_≧ (z^0 may be for example a currently implemented solution, or the nadir point in bicriteria problems), a first approximation is obtained by exploring the feasible set along m ≥ 2 search directions d^1, . . . , d^m ∈ −IR^2_≧, specified by the decision maker. To obtain nondominated points along these search direction, an adaptation of the direction method introduced in Pascoletti and Serafini (1984) can be used (see Schandl (1999)). In the example given in Figure 2(a), the search directions are chosen as the negative unit vectors in IR^2, d^1 = (−1, 0) and d^2 = (0, −1), yielding the points z^1 and z^2.

Figure 2: The steps of the approximation algorithm

These two points together with the reference point z^0 are used to define a cone and a first approximation, see Figure 2(b). Interpreting this approximation as the lower left part of the unit ball of an oblique norm γ (or, more general, of an oblique gauge) with z^0 as its center, this norm is then maximized in Z ∩ (z^0 − IR^2_≧). Consequently the next point (z^3 in the example problem) is found as a solution of problem (2), where γ is an oblique norm (gauge), see Figure 2(c).

The point z^3 is added to the approximation by building the convex hull of the points generated so far and thus updating the approximation and the underlying norm (gauge) simultaneously as shown in Figure 2(d). Continuing this process, we get a finer approximation of the nondominated set while generating nondominated points and updating the unit ball of the oblique norm (gauge), see Figures 2(e) and 2(f). In each iteration, the point of maximal norm (gauge) is added. Since this point is “farthest away” from the approximation with respect to the current oblique norm (gauge), we always add the point of worst approximation with respect to this norm (gauge).

Observe that in each iteration the maximization problem (2) has to be solved only in those cones whose facets were newly generated due to the addition of the last point. This includes new and modified cones. By updating the convex hull, the resulting approximation is always IR^n_≧-convex.

The following theorem shows that the quality of the approximation improves with each new point if we assume that Z is IR^n_≧-convex.

Theorem 4 Let Z ⊆ IR^n be IR^n_≧-convex and γ^k be an approximating oblique norm (oblique gauge) constructed from k nondominated points, or points on the boundary of Z. Let z̄ be the solution of

max γ^k(z) s.t. z ∈ Z ∩ (z^0 − IR^n_≧). (5) Let γ^{k+1} be the updated norm (gauge) including the new point z̄. Then γ^{k+1}(z) ≤ γ^k(z) ∀z ∈ Z ∩ (z^0 − IR^n_≧). Proof. Let B^k and B^{k+1} be the unit balls of γ^k and γ^{k+1}, respectively. Since Z is IR^n_≧-convex, it follows that γ^k(z̄) ≥ 1 and therefore B^k ⊆ B^{k+1}. Thus for every z ∈ Z ∩ (z^0 − IR^n_≧) we have

γ^{k+1}(z) = min{λ ≥ 0 : z ∈ λB^{k+1}} ≤ min{λ ≥ 0 : z ∈ λB^k} = γ^k(z). □ 5 Conclusions

In this paper we developed an approximation algorithm for convex multicriteria programs generalizing the ideas for the bicriteria case as given in Schandl et al. (2000).

The described approximation algorithm combines several desirable properties which have been confirmed by computational results, see Schandl et al. (1999). The most important and notable are:

• The approximation is always improved in the area where “it is needed most” because in each iteration, the point of worst approximation is added.

• Using the approximation or a norm induced by it to improve the approximation releases the decision maker from specifying preferences (in the form of weights, norms, or directions) to evaluate the quality of the approximation. Such preferences can be used in the initialization step (specifying the reference point z^0 and the initial search directions) but apart from that the approximation is carried out in a neutral manner without decision maker’s involvement.

The approximation algorithm described above can be generalized to nonconvex and discrete problems. However, in these cases a more detailed analysis is needed and the maximization problem (2) has to be combined with methods particularly designed to handle nonconvexity and/or discrete variables.

The algorithm yields a piecewise linear approximation of the nondominated set which can easily be visualized if not more than three criteria are present. For more criteria, plots of selected criteria against each other can be created. Such plots and the approximation in general should help the decision maker find a preferred solution within the nondominated set. While the approximation is carried out in an objective manner, the subjective preferences must be (and should be) applied to single out one (or several) final result(s).

References

FRUHWIRTH, B. and BURKARD, R.E. and ROTE, G. (1989): Approximation of Convex Curves with Application to the Bicriterial Minimum Cost Flow Problem. European Journal of Operational Research, 42, 326–338.

GEOFFRION, A.M. (1968): Proper Efficiency and the Theory of Vector Maximization. Journal of Mathematical Analysis and Applications, 22, 618–630.

HELBIG, S. (1991): Approximation of the Efficient Set by Perturbation of the Ordering Cone. ZOR - Methods and Models of Operations Research, 35, 197–220.

JAHN, J. and MERKEL, A. (1992): Reference Point Approximation Method for the Solution of Bicriterial Nonlinear Optimization Problems. Journal of Optimization Theory and Applications, 74, 87–103.

KALISZEWSKI, I. (1987): A Modified Weighted Tchebycheff Metric for Multiple Objective Programming. Computers and Operations Research, 14, 315–323.

KALISZEWSKI, I. (1994): Quantitative Pareto Analysis by Cone Separation Technique. Kluwer Academic Publishers, Dordrecht.

PASCOLETTI, A. and SERAFINI, P. (1984): Scalarizing Vector Optimization Problems. Journal of Optimization Theory and Applications, 42, 499–524.

SCHANDL, B. (1999): Norm-Based Evaluation and Approximation in Multicriteria Programming. Ph.D. thesis, Clemson University, Clemson, SC.

SCHANDL, B. and KLAMROTH, K. and WIECEK, M.M. (1999): Norm-Based Approximation in Bicriteria Programming. Technical Report, Department of Mathematical Sciences, Clemson University, Clemson, SC. Submitted for publication.

SCHANDL, B. and KLAMROTH, K. and WIECEK, M.M. (2000): Using Block Norms in Bicriteria Optimization. In: Proceedings of the 14th Conference on MCDM, June 1998, Charlottesville, VA. Eds.: Haimes, Y.Y. and Steuer, R.E., Springer, Berlin.

SOBOL, I.M. and LEVITAN, Yu.L. (1997): Error Estimates for the Crude Approximation of the Trade-off Curve. In: Multiple Criteria Decision Making. Eds.: Fandel, G. and Gal, T., pages 83–92, Springer, Berlin.

STEUER, R.E. (1986): Multiple Criteria Optimization: Theory, Computation, and Application. Wiley, New York.