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Preliminary Concepts and Results:

A real vector space X is called an ordered vector space if a partial order
" <" is defined in X such that

x<yinX=x+z<y+zforall ze X, and
Ax < Ay forall0 < X\ eR.

Given such a partial order, the positive cone of X is defined by
XT={xeX | x>0}

[XT is a cone: ax + By € X whenever x,y € X* and 0 < «, 3 € R.
Xt N (=X")={0}, so X* is proper]

Conversely, given a proper cone K in X, a partial order in X is
defined by setting x < y whenever y — x € K, and then

(X, <) is an ordered vector space with positive cone X = K.
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Preliminary Concepts and Results:

A real Banach space (X, || - ||) is called an ordered Banach space if

X is an ordered vector space such that
X™T is norm closed, i.e. closed in the strong topology.

From now on we assume that

X is an ordered Banach space with positive cone X ™.
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Preliminary Concepts and Results:

A family (T(t))e>0 in L(X) is called a Cy-semigroup if
TO) =1, T(t+s)=T()T(s), Vt,s=>0
lim || T(t)x —x [|=0, Vxe X
t—0+
The infinitesimal generator A of a Cy-semigroup (T (t))¢>0 is defined by
T(t)x — x

t—0t t
on

— X
exists in X}

Definition

(T(t))e>0 is said to be positive if all the operators T(t), t >0, are
positive, i.e.
T(t)XT c X* forall t >0
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Preliminary Concepts and Results:

Proposition

A Co-semigroup (T(t))e>o is positive if and only if
its resolvent R(\, A) := (M — A)~L is positive for all X > wy,
where

I T(t
o g EL T _ o log ] T(0) |

t>0 t t— o0 t

is the growth constant of (T (t)):>o0.
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Preliminary Concepts and Results:

Characterization of the positivity of a Cy-semigroup
in terms of its generator A :

Definition

A linear operator A : D(A) — X is said to have the Positive
Off-Diagonal (POD) property if

(Au,¢) >0
whenever
0<wue D(A) and ¢ € (X*)* with (u,¢) =0

where
(X*)+:{¢EX* | <X,¢>ZO,VXEX+}

v
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Preliminary Concepts and Results:

Theorem

Let A be the infinitesimal generator of a Co-semigroup (T (t))t>0 in an
ordered Banach space X with int(X™) # @&. The following assertions
are equivalent:

o (i) (T(t))e>0 is a positive Co-semigroup.
o (ii) A satisfies the POD property.
Moreover, if one of the two assertions above hold, then

s(A) =inf{A €R | Au< \u for some u € D(A)Nint(X1)}

where
s(A) = sup{Re(A\) | A€ a(A)}

denotes the spectral bound of A.
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Algebraic Conditions of Positivity:

Algebraic conditions of positivity for systems defined on a space
whose positive cone has an empty interior ?

a) The positive cone |2 of I> has an empty interior.
b) The positive cone of any infinite-dimensional separable Hilbert space
(e.g. L?) has an empty interior.

Indeed:
every x = (x,) € 12 — 0

=
for any ball B = B(x,€), there exists a sequence y = (y,) which belongs
to B but not to /_%.

In this case, the POD property of the generator is still necessary but
not sufficient for the positivity of the semigroup.
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Algebraic Conditions of Positivity:

Let Z be an ordered Banach space such that int(Z") = @.
Let {en}n>1 be a positive Schauder basis of Z, i.e. each element z of Z

has a unique representation of the form

[
z= g Qp€n
n=1

such that the linear functional
z+— «a, =:(z,e,) is bounded

where a,, := the nth coordinate of z with respect to the basis {e,}5>1
and the positive cone is given by

o0
Z+:{z:Zanen | a,>0, Vn}.
n=1

10 / 31
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Algebraic Conditions of Positivity:

Consider a closed linear operator A: D(A) C Z — Z.

Assume that: {e,},>1 C D(A),
A is the infinitesimal generator of a Co-semigroup (Ta(t))e>0.

1) The operator A is said to be Metzler if apx = (Aek, e,) > 0, Vn # k.
2) The system z(t) = Az(t) is said to be positive if
Z7T is Ta(t)-invariant, i.e.

Ta(t)ZT c ZT, vt >0

If the system z(t) = Az(t) is positive on Z, then

A satisfies the POD property.

CDPS (Wuppertal, D) Positive Stabilization of DPS July 2011 11 /31



Algebraic Conditions of Positivity:

The POD property of the generator of a (3-semigroup guarantees
the positivity of the latter on invariant finite-dimensional subspaces.

Theorem

Assume that
Zy := span{ei, e, ...,en} (where N < c0)

is Ta(t)-invariant for all t > 0.

If A is Metzler and an, > 0 for all n # k such that 1 < n,k < N,
then the system z(t) = Az(t) is positive on Zy, i.e.

Ta(t)Zy € Z3 ¥Vt >0

where

ZK,F = ZyNZ" := the positive cone of Zy
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Algebraic Conditions of Positivity:

Theorem
Assume that
A is Metzler
and
Zy is Ta(t)-invariant for all t > 0.
Then
the system z(t) = Az(t) is positive on Z. )

o0

Hint: Consider A, := A+ B, where B.z := Z(z, ex)Bcex and
k=1

(Beex,en) =€ >0 for all n,k < N and
(Bcek, en) = 0 for all n, k such that nor k > N.
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Algebraic Conditions of Positivity:

Corollary

Assume that
A has the POD property
and
Zy is Ta(t)-invariant for all t > 0.

Then

the system z(t) = Az(t) is positive on Zy.

Indeed: for all n, z+—— (z,e,) is a positive bounded linear functional such
that, for all k # n, (ex, en) = 0 (where 0 < e, € D(A)).

It follows by the POD property that A is a Metzler operator.
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Positive Stabilization:

Consider the infinite dimensional linear system (X) described by the
following abstract differential equation

{Z(t) = Az(t)+ Bu(t),
z(0) = 2z € D(A),

where

A is the infinitesimal generator of a Cyp-semigroup (Ta(t))s>0 on an
ordered Banach space Z with positive cone ZT,

B is a bounded linear operator from U to Z,

U={u:RT — U, continuous} and

U is a control ordered Banach space with a positive cone U™.

CDPS (Wuppertal, D) Positive Stabilization of DPS July 2011 15 /31



Positive Stabilization:

The system (X), i.e. the pair (A, B), is said to be positive if for every
7o € Z* and all inputs u € U™, i.e. Yu € U such that u(t) € UT, Vt >0,
the state trajectories z(t) remain in Z* for all t > 0.

The system (X), i.e. the pair (A, B), is positively stabilizable if there
exists a state feedback control law K € £(Z,U) such that the
Co-semigroup generated by A — BK is an exponentially stable positive
semigroup.

Conditions of existence of a state feedback such that the
corresponding closed loop system is exponentially stable and
positive ?
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Positive Stabilization:

The system (¥) is positive <= A is the infinitesimal generator of a
positive Cy-semigroup and B is a positive operator.

Consider U = R™ and B the bounded linear operator given by
Bu = Z b,-u,-,
i=1

whereu:[ul um]tand b e Zy for i=1,...,m.

Corollary

Assume that A is Metzler, Zy is Ta(t)-invariant for all t > 0 and B is a
positive operator.

Then for every zg € Zy and for every u such that Im(u) C R,

the corresponding state trajectory z(-) of the controlled system (X)
remains in Z,;,F.

4
CDPS (Wuppertal, D) Positive Stabilization of DPS July 2011 17 /31




Positive Stabilization:

Assume that the state space Z is an ordered Hilbert space and that:
(H1) 36 > 0 such that the set 0(A) N {s € C | Re(s) > —¢} contains
only a finite number of elements of the spectrum o(A), and

(H2) A satisfies the spectrum decomposition assumption at 4.

Then the spectrum of A can be decomposed as follows:

o (A) = o(A)N{A € C | Re()) > —d},
05 (A) = o(A) N {A € C | Re()) < —d}.

The spectral projection

1
Psz=—— [ (M —A)"tzd\
T Jr

induces a decomposition of the state space
Z2=2,027Zs, Z,:=PsZ, Zs:=(l-Ps)Z,

where Z, := PsZ is finite-dimensional.
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Positive Stabilization:

Using the subscript notations "u" for unstable and "s" for stable, one
can write the operators A and B as:

A 0
A:[ O” As:| where A, = A, , As:=A|,,

with o(Ay) := i (A), o(As) =05 (A),

S

B = [ g” ] where B, := PsB and Bs := (I — Ps)B.
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Positive Stabilization:

The spectrum decompaosition assumption is valid for a wide class of
infinite-dimensional systems:

e.g. systems whose generator is a Riesz-spectral operator, parabolic
systems and systems described by delay differential equations.

A, may have some stable eigenvalues.

As is the infinitesimal generator of an exponentially stable Cy-semigroup.

Proposition

(A, B) is exponentially stabilizable

(Ay, By) is exponentially stabilizable
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Positive Stabilization:

Let
ZF=z,nZtand Z =2Z.nZ"
Z and Z_ are proper cones and therefore define an order on Z, and Z;.

Clearly:
Zfezrczt

Lemma

If A is the infinitesimal generator of a positive Cy-semigroup, then A, and
As are infinitesimal generators of positive Cy-semigroups.

If, in addition,
Z, + @ Z t =zt
the converse holds, i.e.

Ta,(t)Zf CZFVt>0

+ + >
Ta(t)ZT C Z ,Vt_0<:>{ Talt)ZF C ZF ¥t > 0.

v
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Positive Stabilization:

Theorem
Assume that
A is the infinitesimal generator of a positive Cy-semigroup

and (Ay, B,) is positively stabilizable such that there exists a state
feedback K, € L(Z,,U) such that the operator

—BsK, € L(Z,, Zs) is positive.
Then
(A, B) is positively stabilizable,

i.e. there exists a state feedback K € L(Z,U) such that
A — BK is the infinitesimal generator of an exponentially stable and
positive Co-semigroup with respect to the cone Z & Z;".

o

CDPS (Wuppertal, D) Positive Stabilization of DPS July 2011 22 /31



Heat diffusion model with Neumann boundary conditions:

%(x, 0= o3 e )+ bt
a(o, t) 0 = a(l, t).
Described on Z = L2(0,1) by:
z(t) = Az(t) + Bu(t) , z(0) = zy € D(A),

2

where Az = E is defined on its domain
dx?

d
D(A) ={z € [»(0,1) | z, e absolutely continuous,

d?z dz dz
22 € [»(0,1) and —(0) = a(l) = 0},

dx
and B € L(R, L»>(0,1)) is given by
Bu = byu, where b; € L5(0,1)
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A has a pure point spectrum o(A) which consists of the simple eigenvalues
An = —n’m?, n >0, and the corresponding eigenvectors g = 1 and
on(x) = \/Ecos(mrx), n > 1, form an orthonormal basis of L»(0,1).

So A is the Riesz spectral operator given by

oo

Az = Z —(n7'(')2<z7 @n>§0n7 for z € D(A)
n=0

and is the infinitesimal generator of the (Cy-semigroup:

Ta(t)zo = (20,1 —|—Z2e ) zo,cosmr( )) cos n7(-)
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(Ta(t))t>0 is a positive Co-semigroup, i.e.
Ta(t)(L2(0,1))" € (L2(0,1))F, Vt>0
where
[5(0,1))t = {h € L»(0,1) | h> 0 almost everywhere}.

A satisfies the spectrum decomposition assumption, so w.l.g. :

A, O
A:[ Y ], where Au:A|L5( A :A|L§(,

0 A, o174 o1
where " .
L5(0,1) = span{gg}={the constant functions}
L5(0,1) =span{g,, n>1}
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Ta,(t)=1, t >0, is a positive unstable Cp-semigroup on L5(0,1) and
Ta.(t) is positive on L3(0,1).
Indeed: let zs € (L5(0,1))T = L5(0,1) N (L2(0,1))T. Then (z;,1) = 0.
It follows that
Ta.(t)zs(:) = 22 —nm? (z¢(.), cos nm(-)) cos n(+)

= TA() 5()
£5(0,1) N (L2(0,1))* < (L5(0,1))*.

m

Hence, for all t > 0,

Ta(£)(L5(0,1))" < (L5(0,1))"

July 2011
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Let by = a be a strictly positive constant function. Then
B,u = «u

is a positive operator from R to L5(0,1) and Bs = 0. So, Yk, € RO,
A, — Byk, is the infinitesimal generator of the positive exponentially stable
Co-semigroup given by

TAU—Buku(t)Zu = e_ak“tzu, Vz, € L§’(0, ].)

Hence (A, B) is positively stabilizable.
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Moreover, for all K= [ k 0 | € £(L»(0,1),R), with k € RY,
A—BK = A OB”k /2 ] is the infinitesimal generator of a positive
S
exponentially stable Cy-semigroup, or equivalently, the closed loop system
0%z
g (x,1)(t) = ?(Xa t) — bi(x)k{po, z(-, 1)) (0.1)
z z ’
= —(1,t)=0
£(0,1) Z(10)

is a positive exponentially stable system for all k € Ri with respect to the
cone (L3(0,1))* @ (L3(0,1))*.
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Example:
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Figure: zo(x) = (x(x — 1))?> +0.05
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Example:

1.2+

z(x,t)

Figure: zyp = characteristic function of [0.4,0.6]
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Concluding Remarks and

@ The Metzler property guarantees the positivity whenever the positive
initial condition is chosen in a specific finite-dimensional subspace.

@ Necessary and sufficient conditions for the positivity of controlled
systems.

@ Sufficient conditions for the existence of a stabilizing state feedback
such that the closed loop system remains positive.

@ Positive stabilization without using spectral decomposition
assumption is currently under investigation.
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