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b ∈ dom Ar and c ∈ dom A∗r

and

(Ar−1b, c) 6= 0 and for j = 0, 1, . . . , r − 2 we have (Ajb, c) = 0.
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U : H → R
r × H0, x 7→ Ux :=





P0x
...

P r−1x
PH0

x




.

Then we have
AU∗ = U∗Â.
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ż(t) = Az(t) + u(t)b, y(t) = (z(t), c).
Set

x := (U−1)∗z use: AU∗ = U∗Â ⇔ (U−1)∗A = Â(U−1)∗.

We have



Rewrite the system
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ż(t) = Az(t) + u(t)b, y(t) = (z(t), c).
Set

x := (U−1)∗z use: AU∗ = U∗Â ⇔ (U−1)∗A = Â(U−1)∗.
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



0
...
0

(Ar−1b, c)
0




u,

y = (z , c)



Rewrite the system

ż(t) = Az(t) + u(t)b, y(t) = (z(t), c).
Set

x := (U−1)∗z use: AU∗ = U∗Â ⇔ (U−1)∗A = Â(U−1)∗.
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ẋ = (U−1)∗ż = (U−1)∗Az + (U−1)∗bu = Âx +
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We have
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ż = Az + ub, y = (z , c).

⇔
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Example: Heat equation

x = 0 x = 1

ż(t) =
d2z(t)

dx2
+ u(t)b, z(0) = z0,

dz(t)

dx
(0) =

dz(t)

dx
(0) = 0,

y(t) = (z(t), c)L2(0,1).

c(x) ≡ 1, b smooth with compact support in (0, 1). (b, c) 6= 0, i.e.
relative degree 1.



Thank you.


