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Null controllable :

Jh € L2(0,1)

u(T)=0.

Null controllability <= Observability Inequality :=

1 T
/ U(T,x)dx < c/ /U2(t,x)dxdt
JO JO Jw

Ut — (a(x)Ux)x + c(x)U =0

+ Boundary Conditions
U(O,X) = Uo(X)

x € (0,1),
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Null controllable :

Jh € L2(0,1)

u(T)=0.

Null controllability <= Observability Inequality :=

1 T
/ U?(T, x)dx < C/ /Uz(t,x)dxdt
0 0 w

Ut — (a(x)Ux)x + c(x)U =0

+ Boundary Conditions
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Null controllable :  3h € L(0,1)

u(T)=0.

Null controllability <= Observability Inequality :=

/Uszdx<C/ /U2txdxdt

Ur — (a(x)Uy)x + c(x)U = 0,
+ Boundary Conditions
U(O,X) = UO(X)7 X € (07 1))
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Non degenerate Case : a(x) > m > 0.
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Carleman Estimate for parabolic equations

T 1 T 1
//0122+//P223
o Jo o Jo
T 1
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Non degenerate Case : a(x) > m > 0.

Fursikov-Imanuvilov

Albano, Cannarsa, Zuazua, Yamamoto, Zhang,
Guerrero, Benabdellah, Dermenjian, Le Rousseau, ...



Degenerate case :

e.g. a(0) =0and a > 0,x € (0,1]
a(x) =x*xe€[0,1],a > 0.

Alabau-Boussouira, Cannarsa, Fragnelli, Martinez,
Vancostenoble ....
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Degenerate case :

e.g. a(0)=0and a> 0,x € (0,1]
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assumption (H1) : Weak degeneracy

(i) a € C[0,1] N C*(0,1]; a(0) =0; a>0on(0,1]
(i) 3K € [0,1); xa'(x) < Ka(x); Vx € [0,1]

assumption (Hz) : Strong degeneracy
(i) a € C[0,1]nC*(0,1]; a(0) =0; a > 0o0on(0,1].
(i) 3K € [1,2); xa(x) < Ka(x);

Vx € [0, 1].
In the case a(x) = x°

(Hi)<—=0<a<l1

(H)<—=1<a<?2

«Or <Fr o«
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A-B. C., F. Degenerate Carleman estimate

assumption (H;1) : Weak degeneracy :

(i) a € C[0,1]nC*(0,1]; a(0) =0; a > 0on(0,1].
(i) 3K €]0,1); xa'(x) < Ka(x); ¥x € [0,1].

assumption (Hy) : Strong degeneracy :

(i) a € C[0,1]nC*(0,1]; a(0) =0; a > 0on(0,1].
(i) 3K € [1,2); xa'(x) < Ka(x); ¥x € [0,1].
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A-B. C., F. Degenerate Carleman estimate

assumption (H;1) : Weak degeneracy :

(i) a€C[0,1]nC(0,1]; a(0) =0; a> 0 on(0,1].
(if) 3K € [0,1); xa'(x) < Ka(x); Vx € [0, 1].

assumption (Hy) : Strong degeneracy :

(i) a€C[0,1]nC(0,1]; a(0) =0; a> 0 on(0,1].
(if) 3K € [1,2); xa'(x) < Ka(x); Vx € [0,1].

In the case a(x) = x“ :
(H)<=0<a<1l.
()<= 1<a<2.






A-B, C., F. Carleman estimate

/ i / 150()a(x)22 + $203(8) X~ 2125t ddl

o Jo X a(x)

< C(/0 /0 F2e?s¢ dxdt+a(1)/0 22(t,1)e?#(t) dxdt
Ple.x) = (6. O(8) = T

¢(X) =C (f(f %dy — C2> C > m, cL > 0.



A-B, C., F. Carleman estimate

/ i / 150()a(x)22 + $203(8) X~ 2125t ddl

o Jo X a(x)

< C(/0 /0 F2e?s¢ dxdt+a(1)/0 22(t,1)e?#(t) dxdt
Ple.x) = (6. O(8) = T

¢(X) =C (f(f %dy — C2> C > m, cL > 0.

a(x) = x: Y(x) = (x> = ).



Coupled Parabolic Systems

ur — (a1(x)ux)x + a(x)u + bi(x)v = hi1,,
vt — (@2(X)vx)x + c2(x)v + ba(x)u = 0,

+ Boundary Conditions
u(0,x) = up(x), v(0,x) = w(x), xe€(0,1),
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Coupled Parabolic Systems

ur — (a1(x)ux)x + a(x)u + bi(x)v = hi1,,
vt — (@2(X)vx)x + c2(x)v + ba(x)u = 0,

+ Boundary Conditions
u(0,x) = up(x), v(0,x) = w(x), xe€(0,1),

u(T)=v(T)=0.
Nondegenerate Case : a;j(x) > m >0

Gonzalez-Burgos, De Teresa, Ammar-Khodja,
Benabdellah, Dupaix, Zuazua, ...




Coupled Degenerate Parabolic Systems

Cannarsa and De teresa (2009)

d) = az, b1=0

ur — (a(x)ux)x + c1(x)u = hi1,,
v — (a(x)vx)x + c2(x)v + ba(x)u = 0,
u(t,1)=v(t,1)=0

u(t,0) = v(t,0) =0 (H1)
or

(aux)(0) = (av)(0) =0 (H2)
u(0, x) = wp(x), v(0,x)



Coupled Degenerate Parabolic Adjoint Systen

Ur — (a1(x) Ux)x + c1(x)U + ba(x)V =0,
Vi — (a2()Vi)x + e (x)V = 0,

u(t,1)=v(t,1)=0



Coupled Degenerate Parabolic Adjoint Systen

Ur — (a1(x) Ux)x + c1(x)U + ba(x)V =0,
Vi — (a2()Vi)x + e (x)V = 0,

u(t,1)=v(t,1)=0



First Carleman Estimate

3C>0, 3>0 / YU,V)
T 1

, Vs > 59

2

/ / [s@al U2 +s303 > U2} 2521 dlxft
al(X)

/ / [5632V2+s3@3

x* 2502 it
2(x) ]

<cC / / [U? + V2] e dxdt.
0 w
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1
o(t) := D

Pi(x) == N (fc;( myyjdy — d;),
QD,'(t,X) = @(t)’l/),(X), = 1727

Wi(x) = eiGix) — e2pi

. B 1 1 o
G0 = [ st = nGlO)

(¢, x) : HOVi(x) i=1,2

u]
i}
1
u
[y
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1
o(t) := T O

vilx) = A (fc;( 5y — d,),

pilt,x) = O, =12
Vi(x) :== efiSi(x) _ o2pi
1o

i(x) = = dy

o= [ e

pi := ri¢i(0),
Oi(t,x) = O(t)Vi(x) i=1,2

DA



w = (a,b) CC (0,1).

¢ = cut-off function;
w = ¢U,

z =

=&V,

Wr — (31WX)X +cw = bQZ = €l UX — (alfxu)x = fl
%t~ (a2ZX)X + @z = —{a VX o (a2fx V)X o f2s
+ Boundary conditions

w(0, x) = wo(x), (0, x) = zo(x).

«Or «Fr <

it
v
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w = (a,b) CcC (0,1).
Estimate in (0, a)
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w = (a,b) CcC (0,1).
Estimate in (0, a)

& = cut-off function;;
w= €U, z:=£V,

wy — (a1wy)x + aaw = bpz — a1 Uy — (a16xU)x == f1
%t~ (32ZX)X + @z = —{a VX o (a2fx V)X o f2s
+ Boundary conditions

w(0, x) = wo(x), (0, x) = zo(x).
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w = (a,b) CC (0,1).
Estimate in (0, a)

& = cut-off function;
w= €U, z:=£V,

=R R A



Proof

T 1 2
/ / [s@a1w? + s30% = w?]e®**1 dxdt
a1(x)

<C / / [b32% + (£xa1 Uy + (216 U) )2 €25°1 dxdt
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Proof

T 1 X2
/ / [s@a1w} + s*°0° ——w?|e**# dxdt
a1(x)

<C / / [b32% + (£xa1 Uy + (216 U) )2 €25°1 dxdt

T 1 X2
/ / [s@azzf aF 53@3722]85‘?2 dxdt
o Jo ax(x)

T 1
= C/ / (Exan Vi + (2264 V)x )% %92 dxdt.
0o Jo
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1
di > max{ma"'fo ?f{y_)dy}’

1y

e > 4. 270 20 Y
4, 2

f)l = :2l727

AL =

e2r1 -1

= _1—:1
di—Jy a1(y) dy

A2 = 3472(92‘)2 —eP).

«o> «Fr o<
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For this choice we have

»1 < 2,

¢ < Dy,

«Or <Fr o«
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Hardy-Poincaré Inequality

1. 1
/ 70 2 (ydx < € / 2i() g [2dx
o X 0

«Or «Fr «=»
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Estimation in (a,1)
Wi=(1-U, Z:=(@1-§V

Albano-Cannarsa Carleman estimate :

T /1
/ / 53@363’<’(X)y2e25¢"dxdt
Jo Jo

T 1
+ / / S@erc"(x)yfezsq”dxdt
JO 0

T 1
<C / / lve — (aiyx)x + Ciy|2e25¢"dxdt
Jo Jo

.
- C / [r,-s@(t)eff<f<X>e2s¢f<fX>a,(x)y3(t,x)
JO

«4O>r «Fr «=»
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Estimation in (a,1)
W=@1-9u, Z:=(1-¢V.

Albano-Cannarsa Carleman estimate

T /1
/ / s303e37€i(¥) 2 625%i gyt
Jo Jo

T 1
+ / / 5@6’4"(X)y3e25¢’dxdt
JO 0

T 1
<C / / lve — (aiyx)x + Ciy|2e25¢"dxdt
Jo Jo

.
- C / [r,-s@(t)eff<f<X>e2s¢f<fX>a,(x)y3(t,x)
JO

«O> «Fr « =)
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Estimation in (a,1)

W:=(1-&U, Z:=(1-¢&V.

Albano-Cannarsa Carleman estimate :

T rl
/ / S3e3e3rC,-(x)y2 25 dxdt
0 0
T rl
+ / / s0e (¥ 2625®i gt
0 0

T 1
< C/ / lyt — (ajyx)x + ciy|?e*® dxdt
0o Jo

x=1

-
- C/ [r,-s@(t)er"c"(x)e25¢f(t’x)a;(x)y3(t,X) dt.
0

x=0
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Second Carleman Estimate

If b2 Z 1% in wi,

3C>0,3>0 / Y(U,V), Vs> s

/ / [s@alU2+s3@3 X( )Uz} e25%1 dxdt

X

+ / / [sea2v3+s3e3—v2] 2522 dlxlt

o Jo az(X)

T

<C / / U? dxdt.
0 w
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Non Cascade degenerate Systems

U — (X Ux)x + a(x)U + bo(x)V =0,
Vi — (x2Vy)x + a2(x)V + bi(x)U =0,

+ Boundary Conditions
U(0, x) = Up(x), V(0,x) = Wo(x), xe€(0,1),

21/25



T 1 X2
/ / [s©a; WS aF 53@37W2]e25¢1dxdt
o Jo a1(x)

T 1
<C / / [632% + (£xa1 Ux + (a16xU)x )] €% dxdt
0 0

T rl X2
/ / [5@3223 + 53@3722]e25¢2 dxdt
o Jo ax(x)

T 1
< C/ / (BEwW? + &xan Vi + (a28x V)x)z]ezs“’2 dxdt.
o Jo
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ye— (xXy)x = f,
+ boundary conditions

y(OaX) = Y0,X € (0? 1)

«O> «Fr «=>»

«E)»
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ye— (xXy)x = f,
+ boundary conditions

y(OaX) = Y0,X € (0? 1)

P(x) = C1(X2_a — ).
)(x) = a(x*" - o).

«O> «Fr «=>»

«E)»
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ye— (xXy)x = f,
+ boundary conditions
y(OaX) = Y0,X € (0? 1)

’QZJ(X) = C1(X2_a — C2).

P(x) = c1(x2_ﬁ — ).

«O> «Fr «=>»
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New Carleman estimate of Parabolic
systems

T 1
/ / (5@( 20-8,2 | 303(¢)x 2+2a73,3y2) 25 el
o Jo

T 1
<C / / F2(t, x)e>*?(t%) dxdt
0 0

-
+/ sO(t)y2(t,1)e*?tdt  forall s > sy
0
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«Or «Fr «=»

25/25
«E)»

ae



	 toIntroduction

